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EXISTENCE OF POSITIVE SOLUTIONS FOR A SUPERLINEAR
ELLIPTIC SYSTEM WITH NEUMANN BOUNDARY
CONDITION

JUAN C. CARDENO, ALFONSO CASTRO

ABSTRACT. We prove the existence of a positive solution for a class of nonlin-
ear elliptic systems with Neumann boundary conditions. The proof combines
extensive use of a priori estimates for elliptic problems with Neumann bound-
ary condition and Krasnoselskii’s compression-expansion theorem.

1. INTRODUCTION

The purpose of this paper is to prove that the system
—Au+au = pv+ fi(z,u,v) in Q
—Av+ v =vu+ fo(x,u,v) in Q
ou 0

v .
%—%—0 1n39,

has a nontrivial positive solution. In A denotes the Laplacian operator,
Q c RV is a smooth bounded domain, and o > 0, 3 > 0, v > 0, § > 0 are
real parameters. We also assume that fi(x,u,v), fo(x,u,v) are measurable in z,
differentiable in (u,v), and bounded on bounded sets. Our main result reads as
follows.

(1.1)

Theorem 1.1. If there exist b € (1, min{2, (N +1)/(N —1)}), m >0, and M >0
such that

m(u+v)° < fi(z,u,v) < M(u+0v)° fori=1,2,u,0>0, (1.2)
and By < ad, then the problem (L.1)) has a positive solution.

The main tool in our proofs is Krasnoselskii’s compression-expansion theorem
(see Theorem below) which we state for sake of completeness. For a proof of
this theorem the reader is referred to [I2, Theorem 13.D]. To apply Theorem
to Theorem [1.1} in Section 3 we use of a priori estimates for elliptic equation with
Neumann boundary conditions, see [I1].
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Theorem 1.2. Let X be a real ordered Banach space with positive cone K. If
T : K — K is a compact operator and there exist real numbers 0 < R < R such
that

Y(z) £z, forz € K, ||z| =R,
Y(x) # z, forz €K, ||z| =R.
then Y has a fived point with ||z|| € (R, R).

There is rich literature on systems like in the presence of variational struc-
ture and Dirichlet boundary condition, see [2, B 4 [6] [7, [8]. Costa and Magalhaes
[3] study system for nonlinearities with subcritical growth. The reader may
consult [2] for applications of the Mountain Pass Lemma to the study of fourth or-
der systems. In [§], is studied for Lipschitzian nonlinearities and oo = 6 = Ay,
where A1 is the principal eigenvalue of —A with Dirichlet boundary condition in €.
For a survey on the study of elliptic systems the reader is referred to [4].

Throughout this paper we denote by || - ||, the norm in LP(€2) and by ||cdot| p
the norm in the Sobolev space W*(Q) (see [1]).

2. LINEAR ANALYSIS
In this section we study the linear problem
—Au+au— fv=Pi(x) in
—Av—~yu+dv=PFPy(z) inQ

(2.1)
Oou Ov
_— = — = Q
5 = on 0 on 09,
where Py (z) >0, Po(x) >0,a>0,8>0,v7>0,and § > 0.
Lemma 2.1. For each Py,v € L?(2), then the equation
—Au+au=P(z)+0v inQ
ou (2.2)

has a unique solution. Moreover, there exists ¢ > 0, independent of (P1,v), such
that
[ull1.2 < ¢l P+ Boll2, (2.3)

Proof. Let H be the Sobolev space H(2), and B : H x H — R defined by Blu,v] =
Jo VuVu 4+ auv. Since o > 0, Blu,u] > min{l,a}|[u|®*. By the Lax-Milgram
theorem (see [5]) there exists u € H such that

Blu,z] = | VuVz+ a/ uz = / z(z)(Py(x) + po(zx))dz. (2.4)

Q Q Q
Hence u is a weak solution to (2.2)). Taking z = u and ¢~ = min{1, a} the lemma
is proved. O

Lemma 2.2. Let Py, v, and u be as in Lemma[2.1 If v >0 then u > 0.

Proof. Suppose u is not positive. Let A = {x € Q,u(z) < 0}, and z = uya. By
the definition of weak solution

/Qz(Pl +ﬂv):/QVqu-l-Ol/Quz:/AVuVu-i-oz(/Aug). (2.5)
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This is a contradiction since [, VuVu + a( [, u*) > 0, while [, z2(P1 + fv) < 0.
This proves the lemma. ([

Lemma 2.3. For each v € L?, let u(v) = u € HY(Q) be the solution to [2.2)) given
by Lemma . If w € HY(Q) is the weak solution to

—Aw + 0w = Po(x) +yu(v) inQ

2.6
0 _ o in o0, (2:6)
on
then
1 d By
< —|| P~ —|| P, — . 2.
lwlle < S1Psll + = Pala+ 5 ol (27)

Proof. Multiplying (2.6)) by w and using the Cauchy-Schwartz inequality we have

/QVwVw—ké/QwQ:/QPQ(:U)-w—kyu(vyw

2.8
< 1 Palla - lfwllz + yllu@)llz - ] (28)
< ([[Pell2 + d|u(v)]l2) - [Jwl|2.
Hence
1 Y
lwllz < S1P2ll2 + 5 llu()]2- (2.9)
Similarly,
1 B
lullz < =[P+ o]l (2.10)
Replacing (Z9) in (Z10),
1
w2 < §||P2||2 + %Ilu(v)\\z
1 51 8
< 2P 2= 1P, s 2.11
< ,yll 2||2+7(a|| Uz + 2 lvll2) (2.11)
1 ) By
< =[Pl + — P12 + 5*””“2’
a oy e
which proves the lemma. O

Theorem 2.4. Given (Py, Py) € L?(Q) x L?(R2), there exists a unique pair (u,v) €
H x H satisfying (2.1)). In addition, (u,v) depends continuously on (P1, Ps).

Proof. Let vi,vs € L?(). Let u(v;) and u(vz) be given by Lemma and wy, ws
as given by Lemma [2.3] Hence

/Q|V(w1 —wa)|” + 5/9 |(wy — ws)|
=7 /Q w(vr) = u(v:)) (wi — ws) (2.12)
< y(llulvr) = u(v2))ll.)wr = wa)|2-

Therefore,

w1 — well < %(IIU(W) — u(v2))l|L,- (2.13)
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Multiplying (2.2]) by w(vi) — u(ve) and subtracting we have

ngwl—wn?+aKQMm>—ww»2

=5 [ (01— v2)(uer) ~ u(v2)) (2.14)
Q
< Bllvr = va|l2flu(vr) — ulv2)]f2.
Thus
B
I(u(vr) = uv2)llz < Zll(v1 = v2)]2- (2.15)

Replacing this in ([2.13) yields [|w1 — wa|lz < 2Z||(v; — va)]l2. Hence by the con-
traction mapping principle there exists a unique w such that w = v. That is (u,v)
satisfies
—Au+ au=0v+ Pi(xz) in
—Av+dv=vu+ Py(z) inQ
ou v
—=0=—— o9
on an ’

By Lemma u depends continuously on (P;,v). Also, by Lemma v depends
continuously on (P, P»). Hence (u,v) depends continuously on (P;, Py), which
proves the theorem. O

(2.16)

Lemma 2.5. Let hy,hy € L>®(8). For each p > 1 there ezist C2(p) = Co > 0 such
that if (y,z) satisfies

—Ay+ ay = Bz + hy,
—Az4+d0z=7vyy+ ho, n)

5 5 (2.17)
y 0z o .
= on 0 n 09,
then
[yll2,p + 1zll2,p < Ca(l[Pa]loc + [Ih2]lo0) (2.18)

(see [B] ). In particular, by the Sobolev imbedding theorem, taking p > N/2 we may
assume that

ly(¢) —y(n)] 12(¢) — z(n)]
I =l 1€ =l

Proof. Multiplying the first equation in (2.17) by y we have

VyP+a | v* =8 [ (y2)+ [ hy
Q Q Q w

354@@+Wmumwwm2

/|Vz|2+5/22:7/(yz)+/hgz
Q Q Q w

évé@d+WMthﬂﬂa

19llo + sup + [[2lloc + sup < Co([lhallp + [[h2llp)- (2.19)

(2.20)

Similarly,

(2.21)
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Since a > 0 and ad — By > 0, the quadratic form G(s,t) = as? — (3 + 7)st + 6t2
positive definite. That is, there exists C' > 0 such that G(s,t) > C(s? + t2) for all

s,t € R. This, (2.20), and (2.21) imply

Olllylle + I1zll2) < 290 2(slloe + h2lloo) (2.22)
By Z20) and (222).

allylls 2 < lyll2(Blzll2 + 1902 (1hallso + 1h2]lo))
20 1/2
< 24 DIyl + z]c) 2.23)
= Csllyll2([[ha oo + 1P2]]o0)
< Gsllylli2(hlloo + [1h2]ls0)-
Hence
C
lyll1,2 < Eg(”hlnoo + 172 00)- (2.24)
Similarly,
Cs
2ll2 < =5~ (lhnlloe + [12]loc)- (2.25)

From (2.24)), (2.25) and the Sobolev imbedding theorem (see [5, Theorem ?7?]) we
see that

lyllany(v—2) + [[2ll2n/(v—2) < S(L2)(lyllr2 + [12]1,2)
Cs; (5
< : 2.26

= Cy([|P1lloo + [1P2]lo0)-

By regularity properties for elliptic boundary value problems there exists a positive
real number C5 such that if —Au+7u = f en Q and (Ju)/(9n) = 0 in OQ |ju||2 p

when p € (1,(N/2) +1). This and (2.26)) imply
N_2
Illa, 2, + ll2ll, 2a < C2(Ca+ |2 )(|[ha oo + [P2]lo0))- (2.27)

N—2

Iterating this argument finitely many times we see that there exist p > N/2 and
C3 > 0 such that

ly 20 < Cs([7llco + [[P2]lo0)); (2.28)

which proves the lemma. [l

l2,p + 112

3. PrROOF OF THEOREM [L]
Let p = max{a/m,d/m} and R = 2(2Mp|Q)'/2=?) (see (T.2)). For i = 1,2, let

gi(z,u,v) =

fi(z,u,v) for 0 <u+v <R,
fi(z, Ru/(u +v), Rv/(u+v)) foru+v>R.

Let X be the ordered Banach space C(Q) x C(Q) with positive cone

1 _
K:{(u’”)EXZUZO’WZO’HU_@/QUHOOSbMRb_l/Qu,

1 (3.1)

v — — voo<bMRb_1/v.
1= g Jo = )
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Let (see and Lema [2.5))
R € (0,min{R, (2CoM)'~"}). (3.2)

For (u,v) € K, ||(u,v)||x > R, we define Y(u,v) = (U, V) as the only solution to
—AU + aU = BV + g1(z,u,v) in Q
—AV + 6V =4U + ga(z,u,v) in

5 5 (3.3)
I 0= n in 09Q.
If (u,v) € K and ||(u,v)||x < R we define
T (u,v) = [|(u, v)[[ x T((R/||(u, v) [ x)(u, v)),  T(0,0) = (0.0). (3-4)

Since g1, g2 are nonnegative continuous functions, Y (u,v) = (U, V) satisfies U > 0
y V >0 for (u,v) € K (see Lemma [2.2).
Suppose that for some (U, V) = T (u,v) we have

1 _
U — @/QUHOO >bMRb‘1/QU, (3.5)

with [|(u,v)| x = R. Hence ||Ul|oc = bMR"~* [, U, which implies that if ||U||s =
U(z), z € Q, then there exists y € Q such that ||y — z| < m;RI=)/" and U(y) <
U(z)/2, with my a constant depending only on Q. Hence

U) ~U@) Ul

[e—ul = 2mBe-O/N (30
Let now p > N be such that
N+p—-bp-1) b
1N + » > 0. (3.7)
This and Lemma [2.5) imply
Ul RCD™ < Collga (-, 0) |
1/
< C’gM(/ (u—i—v)bp) 3
Q
(3.8)

< CQM(/Q(U+U)b(u+U)b(p1)>1/P

< CaMtfu+ o000

1/p
Q(u + v)b) .

Integrating the first equation in (3.3]) on Q,

a/QUZm/Q(u—HJ)b, (3.9)

(see ([1.2)). From (3.8) and (3.9),

R n 1/p
U]l R < 02M||u+v||ggp—1>/p<g/ )

m Jo

e

2mM

<CQM(zMRb—l/Q(uH))w(277‘13‘]\431—17/Q|U||00)1”’.

_ 1/
< CoMju+ ol 007 (S R U) ) (3.10)
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Therefore
Ol < RO [ )
Q
< m3R<b—1><%—%—%>(/(uﬂ)b)(p—l)/p
. (3.11)
< mSR(b_l)(b(pi,:l)—%—%) (g / U) (p—1)/p
< =
< my RO-DEEE=5-0) (]:31_b||UHOO)<P*1)/p.
Since mgy, ms, my are independent of U,
N (3.12)
By (L.2), there exists p > N such that
(b— 1)(M _____ P=1) -

Taking R sufficiently large we have a contradiction to (3.5). Thus T (u,v) € K. For
[I[(w,v)||x < R the proof follows from the definition of Y. Thus V' (K) C K.

Let Cs be as in and z € Q be such that U(z) = max{U(y);y € Q}. From
the definition of Cy we conclude that if y € Q and ||y — z|| < CoM (||ul|%, + [[v]|%)
then by the definition of g1, g2, if {uj,v;}; is a bounded sequence in X so are
{g1(z,uj,vj)}; and {g2(x,u;,v;)}; in C(). Since g1, g are bounded functions,
due to Lemmas 2.5 {U;, V;}; is bounded in W2P(Q) x W2?(Q). Taking p > N/2,
by the Sobolev imbedding theorem (see [5]) we see that {U;, V;}, has a converging
subsequence in the space X, which proves that Y is a compact operator.

Suppose that for some (u,v) such that ||u|e + [|V]|ec = R, U > u, V > v. By
E13).

R = ullsc + [[v]lcc < [Ulloc + V]l

< 2CoM||lu+v|%, (3.14)
<20, MR?,
which contradicts the definition of R. This proves that T (u,v) # (u,v) for ||(u,v)| x
=R.
Suppose that (U, V) = Y(u,v) < (u,v) for some (u,v) with ||(u,v)|]|x = R.

Without loss of generality we may assume that ||u|| > R/2. Hence, by the definition
of K,

_ 1 _
> _ > 2-b, 1
/Q“ = R2(|Q|—1 TOMR) < CsR (3.15)

Integrating the first equation in (3.3)) we infer that

a/QU:ﬂ/QV—i-/le(u,v)

:g/QVer/Q(quv)b (3.16)

Zﬂ/QVer/Q(UJrV)b.
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5/QV27/QU+m/Q(U+V)b.

By Holder inequality and the definition of p,

/(U VY <l (3.17)

Similarly,

Since (U,V) € K,
R <2||U]lo < 4MR”‘1/ U < 2MR*1p|Q, (3.18)
Q

which contradicts the definition of R. Thus Y satisfies the hypotheses of Theorem
Hence T has a fixed point (u,v) in {(y, 2); |(y, 2)|| € (R, R). Therefore (u,v)
is a positive solution to (1.1)), which proves Theorem
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