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STRONG BOUNDED SOLUTIONS FOR NONLINEAR
PARABOLIC SYSTEMS

NSOKI MAVINGA, MUBENGA N. NKASHAMA

ABSTRACT. In this article we study the existence of strong bounded solutions
for nonlinear parabolic systems on a domain which is bounded in space and
unbounded in time (namely the entire real line). We use nonlinear iteration
arguments combined with some a priori estimates to derive the existence re-
sults. We also provide conditions under which we have a positive solution.
Some examples are given to illustrate the results.

1. INTRODUCTION

We consider the nonlinear parabolic system
Ju
at
v
ot

(z,t)—Llu(x,t):fl(x,t,u,v) iHQX]R7

(z,t) — Lov(z,t) = fo(z,t,u,v) in Q xR,
Biu(x,t) = g1(x,t,u,v) on 90 x R, (1.1)
Bov(z,t) = go(x, t,u,v) on 0 x R,
ég%ﬂu(%t)% vz, 1)]} < oo,

where Q is a bounded, open and connected subset of RV with smooth boundary 9
and closure . We suppose that L;, are second order, uniformly elliptic differential
operators with time-dependent coefficients and By are linear first-order boundary
operators which are either Dirichlet, Neumann or regular oblique type. We suppose
that the coefficients of the operators L and B are measurable and bounded.
The reaction and the boundary nonlinearities fi and g; are, say, Carathéodory
functions.

We are interested in bounded solutions existing for all time. Steady-state, time-
periodic solutions and (bounded) attractors as well as almost-periodic solutions are
only a few examples of solutions existing for all times, see e.g. [B] [6] [0 18] 23]. The
study of nonlinear parabolic systems for large time have important applications in
ecology. Full bounded solutions are thus important in both backward and forward
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dynamics. Many papers have been devoted to the study of nonlinear parabolic
systems with given initial conditions. For some recent results in this direction and
bibliography we refer to [2, 13} 14} 19, 4} [9, 18] 23], and others. However, to the best of
our knowledge, not much seems to be done for system for the case of nonlinear
boundary conditions and in the unbounded time-domain (namely, the entire real
line). A few results were obtained in the scalar case by the authors [I5][16]. Since we
are dealing with nonlinear parabolic systems with nonlinear boundary conditions
and without initial conditions, many of the tools used for compact or semi-infinite
time interval such as the maximum principle and the fixed-point results are not
directly applicable. Thus, the need to develop new tools for studying the problem.
Moreover, we deduce the comparison principle which is valid on the entire real line
in time and used some nonlinear iteration arguments to obtain the existence results.

The paper is organized as follows. In Section 2, we formulate general assumptions
which are needed throughout, and state our main results concerning the existence
of bounded solutions existing for all times for nonlinear systems with (possibly)
nonlinear boundary conditions. We assume that the nonlinearities in the reaction
and on the boundary satisfy some growth conditions. In Section 3, we state some
results on (scalar) linear parabolic equations which are needed in the proof of our
main results. In Section 4, we prove the main results. We conclude the paper with
some examples which illustrate our results.

2. ASSUMPTIONS AND MAIN RESULTS

All functions in this paper will take values in R and all vector spaces are over
the reals. We assume that € is a bounded domain in RY with boundary 02 and
closure . We assume that 99 belongs to C?; u € (0,1) and p = (N +2)/(1 — p).
We consider the second order parabolic operators in 2 X R given by

ou
— — L 2.1
L, (21)
where
> (k) ( )
k k k
Lyu:= ) § b ") (z, ¢ k=1,2
LU ij:la (z, 53@ 6:3] + 2 + Y (x, t)u, ,

with symmetric positive definite coefficient-matrices (a; (k )) We assume that

(i) aff) € C(Q x R) NL®(Q x R), b, c®) € L®(Q x R).
(ii) There are constants ¢y > 0 and vy > 0 such that for a.e. (z,t) € Q x R,
) (z,t) < —¢o and Z” 1 a(k (z,1)&:&; > Yol€|? for all £ € RV,
Let e denote a variable which assumes the values 0 and 1 only. We define the
boundary operators By . by

Bycu = e% +a®(z, ), k=1,2 (2.2)

where (%) € Wlli{f(aQ x R)NL>®(Q x R), and for all (z,t) € 02 x R, a®) (z,t) >

ag > 0. The constant «q is such that g > 0 if ¢ = 0, and ag > 0 if ¢ = 1.
Moreover,

co + ag > 0, (23)
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which implies that the coefficients ¢*)(z,t) and a®)(z,t) do not vanish simulta-
neously. Thus, for € = 0, B ou is a Dirichlet boundary condition whereas for
€ = 1, By 1u corresponds to a Neumann or a regular oblique derivative boundary
condition.

In what follows, the inequality (u1,v1) < (ug,v2) means that u; < us and
v1 < vg. The functions fi, gr depend in general on v and v; except for the Dirichlet
boundary condition where g are independent of u and v; that is, gx(x,t, u,v) =
gr(z,t). The reaction functions fr € L (2 x R x R x R) are L>-Carathéodory
functions; that is,

(A1) fi(-,-,u,v) is measurable; fi(z,t,-,) is continuous for a.e. (x,t) € Q X R;

and for every r > 0 there is a function My, € L*°(Q2 x R) such that
| fi(z, t,u,v)| < My r(2,t) for ae. (z,t) € Q@ x R and all (u,v) € [—r, 7] X
[—r, 7]

The boundary functions g are also L°°-Carathéodory functions; i.e, they sat-

isfy (A1), but in addition if € = 0 (i.e Dirichlet boundary condition) then g €

W;l_olc/p’@_l/p)/z(aﬂ x R) and if € = 1 (i.e Neumann boundary condition) then

gr(w,t,u,v) satisfy the Lipschitz condition in J; x Jo C R2, uniformly in (z,t) €
Q x R, where J; and J, are closed intervals in R; that is
(A2) for every Jy x Jo C RXx R, there is a constant g = (02X R x Jy x J2) > 0
such that

‘gk(xvta ’LL1,’01) - gk(ya 81“27v2)|
1/2
< on [|z =y + |t — 5| + [ur — ua]? + o1 — va?] "/

for all (z,t,u1,v1), (y, 8, u2,v2) € 02 X R x J; X Ja.

(A3) The vector functions f = (f1, f2),8 = (91, g2) are quasimonotone in J; X Ja,
that is, they satisfy one of the following quasimonotonicity properties:
(f1, f2), (g1, 92) are quasimonotone nondecreasing (quasimonotone nonin-
creasing) in Ji x Ja; i.e.,

for fixed u € Jy, f1,¢1 are nondecreasing (nonincreasing) in v € J,
and
for fixed v € Ja, fa,g2 are nondecreasing (nonincreasing) in u € Jj.

We wish to emphasize the fact that this ‘additional’ local Lipschitz condition
(A2) on the boundary nonlinearities gi(x,t,u,v) is needed to obtain a priori es-
timates for the boundary traces of solutions. It ensures that the boundary su-
perposition (Nemytskii) operator associated with the function gx(x,t,-,-) maps
W;;)t/Pv(l—l/P)/Q(@QXR) XW;7;t/p’(l_1/p)/2(6Q><R) into W;Llc/p’(l_l/p)/Q(aQXR);
the latter is the condition needed on the boundary data to get strong solutions, i.e.,

solutions in W;’ltc(Q x R) x W;)ﬁ)c(ﬂ x R). In particular, for gi(x,t,u,v) = gr(x,t)

independent of (u,v), it implies that g5 € W;Llc/p’(l_l/p)/z(éﬂ x R).

Based on the type of quasimonotonicity property, we will use the following defi-
nitions for strong sub and supersolutions.
Definition 2.1. A pair of functions (u,v) and (z,7) in WL (QxR)xW?>! (QxR)

p,loc p,loc
are ordered subsolution and supersolution of the system (|1.1)) if

(1) (u,v) < (@w,0), that is, u <u and v < T, and one of the following conditions
holds.
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(2) When (f1, f2) and (g1, g2) are quasimonotone nondecreasing

% - Lia— fi(z,t,w,0) > 0> % — Liu— fi(z,t,u,v) in Q xR,
% _LQE_fQ(:L‘ﬂzﬂuﬁ) 2 0 Z % _LQQ_fQ(x7t7@7y) in Q x R7

\ :

Biu — gi(x,t,w,v) > 0> Biu — g1(x,t,u,v) on N xR,
BoT — go(x,t,w,0) > 0 > Bov — go(x,t,u,v) on 00 x R,

sup (|ul, |v], [, [v]) < occ.
QxR

(3) When (f1, f2) and (g1, g2) are quasimonotone nonincreasing

% —Liya— fi(z,t,w,0) > 0> % = Liu— fi(z, t,u,v) inQ xR,
%—Lﬁ—fz(%t,yﬁ)zoz% LQQ_f2($7tvﬂay) in xR,

Biu — g1(x,t,u,v) > 0> Biu — gi(x, t,u,T) on 9N x R,
BaU — ga(z,t,u,7) > 0> Bov — ga(x,t,w,v) on N x R,

sup (|ul, [zl [u], [v]) < oo.
QxR

For the rest of this article, we assume that the interval [u, @] x [v,7] C J; X Ja.
Our main result for the system (1.1]) is given by the following theorem.

Theorem 2.2. Assume (A1)—(A3) are satisfied and suppose that has an or-
dered subsolution (u,v) and supersolution (u,v) and (f1, f2) and (g1,92) are quasi-
monotone nondecreasing (quasimonotone nonincreasing) in [(u,v), (@,v)]. Then
the system has at least one solution (u,v) € W;lic(Q x R) x Wjéc(ﬂ x R)
such that

(w,v) < (u,v) < (w,v) in Q x R.

As an immediate consequence of Theorem we have the following corollary
on the existence of positive full bounded solutions.

Corollary 2.3 (Positive Solutions). Assume that the assumptions in Theorem
are satisfied. Suppose that either (f1, f2) and (g1,g2) are quasimonotone nonde-
creasing and

fl(xvtaovo) 207 fg(!l?,t,0,0) 207 gl(w,t,0,0) 207 gQ(xvtvovo) 20
When either (f1, f2) and (g1, g92) are quasimonotone nonincreasing and
fl(ar,t,O,v) > 07 fg(ﬂ?,t,u,O) > Oa gl(x7t70av) > 0) and g2(£7tau70) > 0.

Furthermore, assume that there exists a monegative supersolution (u,7) -
Then the system (1.1]) has a nonnegative solution (u,v) € sz 11)C(Q xR) % W; 12C(Q
R) such that (u,v) § (u, ).

Indeed, observe that (0,0) is a subsolution of the system (1.1). Therefore by
Theorem the system (1.1) has a nonnegative solution.
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3. AUXILIARY RESULTS AND PROOF OF THE MAIN RESULT

To prove the main result stated in the previous section, we need some auxiliary
results on scalar linear parabolic equations in  x R. We refer to [I5, [16] for the
proof of these results.

Consider the linear boundary value problem

%fLuff in Q x R,
Beu=¢ on 02 xR, (3.1)
sup |u(z,t)] < oo,
QxR

where L is a second order, time dependent, uniformly elliptic differential operators
and B, is a first order boundary operator as defined in the previous section.

Proposition 3.1 (A priori estimates). Let u € Wj lzc(Q x R) be (uniformly)

bounded at —oo. Then there exists a constant K such that

sup |ug] < K( sup |(@ — Lu
QxR QxR

50~ el + s (Bl (3:2)

which implies that
ou
sup |u| < K( sup |8— — Lu| + sup |B€u\).
QxR axr Ot AOQXR

The constant K depends only on the dimension N, the parabolicity constant 7,
diam(Q?), and the L™ -bounds of the coefficients of the operators L and Be.

We deduce from the above proposition the following (weak) maximum type-
comparison principle.

Corollary 3.2. (Weak Maximum/Comparison Principle) Suppose that the condi-
tions of Pmposz’tion are met. Assume that % —Lu>0 a.e in QxR and that
Bauw>0 on 00 xR, Thenu >0 in Q x R.

The next proposition deals with the existence result for linear parabolic equa-
tions.

el
Proposition 3.3. Suppose that f € L>®(2 x R) and ¢ € Wp loc oS ”)/2(89 X

R) N L (09 x R) with p = N—"‘i Then the problem (3.1) has a unique solution
we W (QxR)NL®(Q xR).

p,loc
Lemma 3.4 (Interpolation inequalities). Let @ x I C R" x R and 1 < p < 0.
There is a constant C > 0 such that for all u € W2 (2 x I) one has

<C|u|1/2 | |1/2

‘U|W,§’1/2(Q><I) w2t axn) U @xn):

Moreover, for every e > 0,

1
|u|W1}’1/2(QXI) < C(E|U‘W§'1(Q><I) + EW'LP(QXU)' (3.3)
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Proposition 3.5. Consider the nonlinear parabolic boundary value problem

%(xvt) - Lu(x7t) = f(x,t,u) a.e. in ) x ]R,
Bu = o(x,t,u) a.e. on IQ xR, (3.4)
sup |u(z,t)| < .
QxR

Suppose that u,w are ordered sub-solution and super-solution of (3.4]) and suppose
that f and @ are nonincreasing in u, for u € [u,u]. Then (3.4) has at most one
solution u such that u < u <.

Lemma 3.6. Let f satisfy (Al); that is, f € LS. (QXRXR). Then, for everyr € R

car
with r > 0, there is a continuous function m : [—r,r] x [—r,r] — R such that m(-,v)

is nondecreasing on [—r,r], m(u, ) is nonincreasing on [—r,r], m(u,v) = —m(v,u)
on [—r,r] X [=r,7], and

sup |f(z,t,u) — f(z,t,v)] < m(u,v) (3.5)
QxR

for all u,v € [—r,r] with u > v.

Proposition 3.7. Let (A1)—(A3) and the following condition hold,

(LL) The functions fi (k = 1,2) satisfy the one-sided Lipschitz condition in
J1 X Jo C R2, uniformly a.e. in (z,t) € Q x R; that is, there are constants
0 > 0 such that for every (ui,v), (uz,v), (u,v1), (u,v2) in Jy X Jo,

fl(xatvulvv) - fl(lU,t,UQ,’U) Z _gl(ul - u2)a fO'f' U Z uz,
fg(.’L’,t,U7’l}1) - fg(l‘,t,u, UQ) > _92(1}1 - ’U2>,f07”’l)1 > Va.
Suppose that (1.1) has an ordered subsolution (u,v) and supersolution (w,v) and
(f1, f2) and (g1,92) are quasimonotone nondecreasing (quasimonotone nonincreas-

ing) in [(w,v), (@,v)]. Then the system (1.1} has at least one solution (u,v) €
WA (QxR) x WA (Q x R) such that

p,loc p,loc
(w,v) < (u,v) < (w,) in 2 x R.

Proof. Let § = max{6,, 05, p1, p2}. Consider the following modified problem.

%7L1u+5u:f1($,t,u,v)+5u in Q x R,
v .
afL2v+5v:f2(x,t,u,v)+5v in Q x R,

Biu+ du = g1(x, t,u,v) + du  on 0N x R,
Bov + 0v = go(x, t,u,v) +dv on 9N x R,
sup{|u(z,t)|, |v(z,t)|} < co.

QxR

To prove the existence of solutions for problem (|1.1)), it suffices to show that the
modified problem (3.6) has a solution.
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First, we construct a sequence (u,,v,) from the (linear) iteration process

Ouy,

% — Lyup, + 0uy = f1(z, t,un—1,0n-1) + tup—1 in Q xR,
vy, .

i Lovy, + vy, = fo(z,t,un—1,0n-1) + 0v,—1  in Q X R,

Biuy, + 0un = g1(x, t,up—1,0p-1) + 0tp—1 on 92 x R, (3.7)

Bavy, + 6vp, = ga(x,t,tn—1,Vn—1) + 6Up—1  on 92 X R,
sup{|un(z,t)|, |vn(z, t)[} < oo,
QxR

where the initial iteration (ug, vg) is determined by the quasimonotonicity property
considered.

(i) If fx and gi are quasimonotone nondecreasing then we take either (ug,vo) =
(u,v) or (ug,v9) = (u,v), and we denote the sequences constructed from the two
initial iterations by (u,,,v,,) and (@, 7, ), respectively.

(ii) If f and gx are quasimonotone nonincreasing then we choose either (ug,vg) =
(u,?) or (up,v9) = (u,v), and we denote the sequences constructed from the two
initial iterations by (u,,,7,) and (@,,v,,), respectively. For sake of discussion, we
will present the rest of the proof for the case of quasimonotone nondecreasing
functions. Similar arguments can be used for the quasimonotone nonincreasing
case.

Observe that for each n € N, the above system consists of two 1inefxr uncolupled
problems and fi(.,.,ug,vg) € L= (Q x R) and gx(., ., ug,vo) € W;I:;;’(%Ei;)m
(02 x R)N L= (98 x R) whenever (ug, vo) € [u, @] X [u,T]. Set (ug,vo) = (u, v) then
it follows from proposition that problem has a unique solution (u,,v,) €
W21 (2 x R) N L=(Q x R) x W2l (Q x R) N L(Q x R). Moreover if (ug,vp) =
(u,v) then a similar argument shows that problem has a unique solution
(W1,71) € Wi:lloc(Q x R)NL®(2 x R) x Wi:lloc(Q x R) N L*( x R). Furthermore,
(Q,Q) < (21;21) < (ﬂlvvl) < (ﬂvU)'

Indeed, let wy = u —w; and we = ¥ — U1. By (A3), (LL) and the definition of
super-solution one gets

0
%—Llwl—l—éwlzo in Q x R,

Biwy + 0wy >0 on 9 x R,

sup {|wi(z,t)|} < oo.
QxR

and

%_LQ'U]Q"_(;U)QZO ianR,

Bows + dwo >0 on 9 x R,

sup {|wa(z,t)|} < cc.
QxR

By Corollary [3:2] it follows that wy > 0 and ws > 0; that is, u; < w and 7; < v.
Using the definition of subsolution we show in a similar way that u < u; and v < v;.
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We now need to prove that vy < @ and vy < 7;. Let wy = w; — uy and
we = U1 —vy. By (A3), (LL), (3.7)), and the quasimonotone property, we have

0
ﬂ - Llwl +(5’U}1 = [fl(l‘vtaﬂaﬁ) +6ﬂ] - [fl(l‘vta@7y) +6Q]

ot
=[0(T—u)+ f1(z,t,@,70) — fi(x,t,u,v)]

+ [fl(x7taaay) - fl(xatauvy)]
>0 in Q xR,

and

Biwy + dwy = [g1(x, t,u,0) + du] — [g1(x,t,u,v) + du)
=[0(u—u)+ g1(x,t,w,0) — g1(x, t,u,v)]
+lo1(z,t,%,0) — g1(z, ¢, u,v)]
>0 on 02 xR.

Since supqyr{|wi(z,t)|} < oo, it follows from Corollary that wy > 0; that is,
u; <u;. In a similar way, we prove that v; <v;.

For n > 2, a similar argument shows that depending on the choice of (ug,vp),
problem has solution either (u,,v,) or (gn,yn)Wijlloc(Q x R) N L*(2 x

R) x Wf}:lloc(ﬂ x R) N L>°(Q x R) which is such that (u,,_1,0,,_1) < (tn,vn) <

(ﬂn—la @n—1)~
Indeed, assume by induction that for some n > 2,
Uy 1

Qn_l S Qn é En S @nfl

S U, Sun Sﬂnfh

Then, by (A3), (LL) and the quasimonotonicity property, the functions wy = %,4+1—
Uy, 1 and we = Tpq1 — v, satisfy

QUL _ 1 oy + Gy = [ (2, ms ) + 5] — L1 (10, 0,) + G, ] = 0

ot
in Q x R,
Biwy + dwy = [g1(x, t,Up, Tp) + 00y] — (01 (2, t,u,,v,) +0u,] >0 on IQ xR,

sup{|wi (2, )|} < oo;
QxR

% — Lows + 511)2 = [f2($7t;ﬁna@n) + 65”] - [f2(z7tvgnvgn) + 5271] 20

ot
in 2 xR,
Bowy + dwa = [g2(2,t, U, Upn) + 00,] — [g2(2, t, 4y, v,) +0v,] >0 on 02 x R,
sup {|wa(z,t)|} < co.
OxXR
Using Corollarywe get that w; > 0 (i = 1,2); that is, u,,; < Ups1 and v, 4 <

VUny1. Using a similar argument as above we have that w, < w,, 1, Uny1 < Up,
V,, < Vpyq, and Uy, 11 <0, Thus,

=
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Since the sequences {u,} and {v,} (where are u,, represents either u,, or @, and
v, Tepresents either v,, or 7,) are monotone then the pointwise limits

u*(z,t) = lim up(z,t) and o*(z,t) = lm v,(x,t)
n—oo n—oo

both exist and u < u* <7, and v < v* <T. We now proceed to show that (u*,v*

is a solution of . For that purpose, consider @; = Q x (—1,1) and Q2 =
Q x (=2,2). For each n € N, define z,(z,t) = ((t)un(z,1t), wy(x,t) = ((t)vn(x,t),
for all (z,t) € Q x [~2,2], where ( € C*®(R),0 < ¢ <1 and ((s) =0 if s < -2,
C(s)=1if s > —(2—¢) with 0 < § < 1. Observe that z, = u, and w, = vy, in
Q x [~1,1], and satisfy the linear uncoupled system

0zp, _dC .
E—len—l—ézn— Eun—i—CFln in Q x (-2,2],
owy, _dg .
a5 Low, + 0w, = il +(Fy, in Q x (—2,2],
Bizy 4+ 02, = (G1,  on 00 x (—2,2],
Bow, + 6wy, = (Gay  on 80 x (=2,2], (3.8)

Zp(r,—2) =0 in Q,
wp(r,—2) =0 in Q,
sup {|zn (, 1), |wn (2, 1)|} < oo,
QxR

where

Fin = fi(z,t,un—1,0n-1) + 0un—1, Fop = fo(2,t,tn_1,0n-1) + 0Up_1,

Gin = g1(z,t,Un—1,0n-1) + 0Uup_1, Gon = g2(x,t,Up_1,Vp—1) + 0Vp_1.

By the solvability results on linear IBVPs with smooth coefficients [I3, pp. 341-
343], it follows that the linear problem (3.8)) have a unique solution (z,,w,) €

le),l(QQ) % W%’I(Qg) (with p = %) Moreover

g
‘ZW|W5’1(Q2) < KO('%UVL + <F1n|LP(Q2) + |<Gm|wj_e_%‘(2_i_%)/2(8Qx(—2,2)))

(3.9)
dg

n ’ <K(7n FnP Gn —e— —e— )7
|w |W§1(Q2) = N |dtv +§ 2 ‘L (Q2)+|C 2 |W§ 11),(2 ’1’>/2(6§2><(72,2))

(3.10)

for all n € N, where K is a constant which depends on Q2. Set V;, = (2, wy,) with

Valwz @,y = 2nlwz1(y) T [wnlwz (qu-

Observe that for e = 0, we get immediately that |Vn|W§~1(Q2) < C, for all n, since ¢g
does not depend on n. To show that |Vn|W§’1(Q2) < (' for all n for € = 1, we proceed

as follows. Using assumptions (A2) we compute |[(Gin| 1_1._1) (i=
w, ? PT(092x(—2,2))
1,2) to get that

|<Gzn| 1-1
W. P

—1y/z < C(l + Va1l 1m1a-1y
P Pro(0ax(-2,2) Wy P P

)))7 (3.11)

(0% (—2,2
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where C' is independent of n since |(Gin|rr(a0x(~2,2)) < const for all n € N.

Combining (3.9)), (3.10)), (3.11) we obtain

Vil <C(1+ Vit v 1aa )
Volwz (s < | 1|W; PO (g0 (<2,2))

where C is irElependent of n, but depends on |%vn+CFm|Lp(Q2), ICGinlLr00x (~2,2))
and the set  x [—2,2]. Using the continuity of the trace operator, we deduce that

|Vn|W5*1(Q2) S K(l + ‘Vn_1|W;’1/2(Q><(—2,2))>7 (312)
where K does not depend on n. By the interpolation inequality (3.3]), we get that

C
Valwz1 (@) < K(1 + Ce|Vaalyzr (g, + 47€|Vn71|LP(Q2)) (3.13)
From ([3.12) we deduce that
|‘/1‘W1?’1(Q2) < K(l + |CV|W;’1/2(Q><(72’2)))7 (314)

where V is either (u,v) or (%,v). Combining (3.13]) with (3.14) we get

C
|V2|W§’1(Qg) < K(l + Ca‘V1|W3’1(X) + Z€|W‘LP(Q2))

— C
S K(l + KCE + KCE|CV|WP1,1/2(Q2) + Z&‘V1|LP(Q2))

Proceeding by induction we have that for every n € N with n > 2,

n—1
i n—1|,Yy7
Vnlwz@a) < K( ; (reer s ves |CV|W;7%’(17%)/2(BQX(—2,2))
n—2
MC i
o Z (KCe)'),

where K is independent of n, and the constant M > [V,|1»(q,) for all n € N.
Therefore, we obtain the following estimate which involves a geometric series

— MCK\ & ;
Voot o < (K KICV] vaion ) KCe)'.
Valwz g, < (K +KIC |Wp La-1y (6Q><(—2,2))+ 1z ZZZ;( €)

Thus, ‘Vn|W3’1(Q2) < C for all n € N, provided ¢ is chosen sufficiently small such
that KCe < 1. It follows that |zp[y2.1(q,) < O, [wnly21 g, < C.
Now, we need to show that in @, the sequence {V,} = {(un,v,)} has a

subsequence which converges to a solution of problem (3.6). Indeed, define T :
(Wg’l(Ql)v |'|W5’1(Q1)) - (Lp(Ql)v |'|LP(Q1)) by

T(U)Z%—LU—F&J.

Hence, T is (weakly) closed. Since W2''(Q1) is a reflexive space and |Vn|W5,1(Q1) <
C for all n, there exist subsequences {u,} and {v,} such that

U, =4, and wv, — 07 in sz’l(Ql).
By the compact embedding of W2!(Q1) into C+m(+1/2(Q,), it follows that

there exist subsequences {ui,} and {vi, } such that wy, — 41, vy — 01 in
Ctr(+m/2(Q,). Since v, is a monotone sequence, it follows that the sequence
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vy, — 01 uniformly in Q. Therefore, any subsequence of {v,} converges uniformly
in @, to v in particular {v1,}. Moreover, since T"is (weakly) closed and T'(u1,) =
Fin — fi(.,., @, 91) + k @y uniformly in @, it follows that T'(@) = fi(.,., %1, 01) +
k. In addition, Biui, + €kui, — Biug + €kt in C“’“/Q(aﬂ x [-1,1]), and
Biui, + €kury = G — g1(sy ., @1,71) + k41 uniformly on 9Q x [—1,1], we get
Byt +ekay = g1(.,.,@1,01) + k@y. Therefore, @; satisfies the following problem

8’[1,1 -~ o~ ~ .

E—Lul—i—kul fi(z,t,01,01) + kt; in Qx(—1,1),

81’L~L1+€k"L~L1 :gl(x,t,ﬂhﬁl)—i—kﬂl on 0N x [—171],

sup |u1(z,t)] < 0.
Qx[—1,1]

Using similar arguments as above for v,,, we obtain

77LU1+]€’01 fg(.’ﬂ U1,1~)1)+k'171 in Q x (71,1),

Bi101 + €k v = QQ(Z‘,t,ﬂl,’Dl) + k0, on 00 x [—1, 1],
sup |01(z,t)| < 0.
Qx[—1,1]
For n > 2, let Q, = Q x (—n,n). Consider the subsequence {(u(n—1)k, Vn—1)r)}
and use similar arguments to the above to extract a subsequence {(uy, g, vng)} of
{(t(n—1)%, V(n—1)%)} such that it converges to (i, ¥,) in C*THIF/2(Qx [—n, n]) x
CHHm(H+m/2(Q) x [—n,n]) which satisfies

Oty - - R -
—g; — Ly, + kt, = f1(x, t,0n,0,) + ki, in QX (—n,n),
ovy, . N o .
E—Lvn+kvnzfg(x,t,un,vn)—i-kvn in Q x (—n,n),

By, + €kt = go2(x,t, Un, Vn) + ki, on IQ x [—n,n],
B10y, + €k 0y, = ga(2, t, Uy, Up) + kD, on O X [—n, 1],
sup  |ln(x,t), 0p(z,t)| < oo.
Qx[—n,n]
Note that by construction, (un,vn)lox[—(n-1)n-1] = (Un—1,Vn-1) for all n > 2;
that is, (un,v,) is an extension of (up—_1,vn—1). Now, set V,, = {(un,vn)}. By
the diagonalization argument, choose the sequence {V};} located on the ‘diagonal’.
Observe that Vj; € {Vir} = {(unk,vni)} for every n < j, and hence {Vj;} is a
subsequence of {V } We shall prove that the sequence {V};} converges to a solution
V* of problem (3.6). Indeed, let Q x [-n,n] and € > 0. Since {V,,1} converges to
Vi = (fin, 0,) in CH“ (H“)/z(Q X [-n,n]), there exists N € N such that for all
k>N, |Var — Vk|Cl+u,(1+u)/2(9><[_n7n]) < €. Using the fact that Vj; € {V,;} for all
j >n, we get that for all j > max{n, N}, |Vj; — Vy lorn., /2@ x [—nyn]) < €
Thus, {Vj;} is subsequence of {V,} which converges (on every compact set)

to a function V in C'+#(+m/2(Q x [—n,n]), where V|QX[ ] = V,, so that
Ve Cllot”’(HM)/Q(QXR) WEI})C(QXR) and supg, g |V| < M. Moreover, V = (i, 0)

satisfies the problem (3 . By unlquenebs of the limit we get V = V*=(u*,v*).
Thus, (u*,v*) is a solution of problem and (u,v) < (u*,v*) < (w,v). The
proof is complete. [
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To prove Theorem we will use (an improved version of) a nonlinear approxi-
mation argument inspired by the one considered in [I5] (see also [I]). However, the
main difficulty lies in the obtainment of required a priori estimates since there is a
lack of compactness herein. We will therefore need the preliminary lemmas that as
proved below. For sake of discussion, we will present the rest of the proof for the
quasimonotone nonincreasing case.

Lemma 3.8. Let f1, fo satisfy (A1); that is, f1, fo € L

car

(@ xR x R). Then, for

every r € R with r > 0, there are continuous functions my, ms : [—r,r]x[—r,r] = R
such that m;(-,v) is nondecreasing on [—r,r], m;(u,-) is nonincreasing on [—r,r],
m;(u,v) = —m;(v,u) on [—r,r] x [—r, 7], and
3up |f1(z, t,u,w) — fi(z,t,v,w)| < mq(u,v) (3.15)
xR

for all u,v € [—r,r] with u > v, and

sup | fa(z, t,w,u) — fa(z,t,w,v)| < ma(u,v) (3.16)
QxR

for all u,v € [—r,r] with u > v.
The proof of Lemma [3.6] is similar to [15, Lemma 3.4]. Setting (for instance)
7 = max (|y|L°°(Q><R)’ |E‘L°°(Q><]R) 7Q‘L°@(Q><JR) 7H|L°°(Q><]R)) +2,
it follows from the Stone-Weierstrass Approximation Theorem that for every n € N
there is a Lipschitz continuous function m; , : [—r,7] X [—r,7] — R such that

1
i, 0) = min (u,v)] < — (3.17)

for all (u,v) € [—r,r] x [—r,7].
Now, consider the modified problems

%(%ﬂ — Lu(z,t) = fi(z,t,u,v) + mi(u,u) a.e in Q xR,
%(x’t) - Lv(x’t) = fQ(x;tvgvy) + m2(y71}) a.e. in Q X R’
Beu = gi(x,t,u,v) + p1(u—u) on N x R, (3.18)
B = go(x,t,u,v) + p2(v—v) on 90 xR,
sup{|u(z,?)], [v(z,t)|} < oo,
QxR
and
Ju o - )
a(z,t) — Lu(z,t) = fi(z,t,w,0) + mi(w,u) a.e inQ xR,
%(IJ) — Lv(x,t) = fo(z,t,0,0) + mo(U,v) a.e. in Q x R,
Biu = g1(x,t,u,7) + 01(@ —u) on 9 xR, (3.19)
Baov = go(x,t,u,0) 4+ 02(v —v) on IQ x R,
sup{|u(z, t)|, [v(z,1)[} < .
QxR

Define the functions fi, fi e L

car

(X R x [u,@]) (i =1,2) by
fi(z,tu,v) o= fi(z, tu,v) +mg(u,u);
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f?(xatgvv) = f2(1'7t,ﬂ,y) + mQ(ﬂ, U)
fvl(xatvuvﬁ) = fl(wvtaﬂvﬁ) +m1(ﬂ7u);
folz, t,1,v) := folx,t,7,T) + ma(T,v).

Define the functions §; g;, which satisfy condition (A2), by

g1z, tu,v) = g1(z,t, u,0) + pr(u — w);
oz, t,u,v) = ga(x, t,u,v) + pa(v — v)
g1(z,t,u,0) := g1(z, t,u,v) + 01(T — w);
g2(z, t,w,v) := ga(z,t,w,0) + 02(T — v).

b

Observe that f1, 91 (f2, §2) are nonincreasing in u € (—oo, ] (in v € (—o0,v]), and
f1,01 (f2,g2) are nonincreasing in u € [u,o0) (in v € [v,00)). Moreover, by using
Lemma (3.15) and (3.16)), they satisfy the following inequalities:

fl(x7t7’7y)§fl(‘r 7)§f( x,t )

gl(aj ta ,’U) Sgl(x7t7 5 )Sg ( atv'aﬁ)
on [u,d.

fQ(‘ra ) )S AQ(xat,fv )S VZ(xvtaiv )7

AQ(.’E,LQ, S §2($7t7@, S 92($7t>u7 )
on [v, ).

We will show that problem (3.18) and problem (3.19) have unique solutions in
[(u,v), (@,7)]. In order to accomplish this, we first need the following lemma.

Lemma 3.9. Assume that (A1)-(A3) are satisfied and that (u,v) and (@,D) are
subsolution and supersolution of problem withu <7 andv <7 . Let § >0
and Us :=T+ 0z, ug :=u— 0z, U5 : =T+ 9z, v5 := v — 0z, where z is the (unique)
solution of the linear boundary value problem

g—?(m,t) —Lu(z,t) =1 aein QxR Bu=1+¢ ondQ xR, (3.20)

and supq g |u(x,t)| < co. Then the boundary value problems
Ju .
a(m,t) — Lu(z,t) = f(z,t,u,v) + my(us,u) ae in QxR
%(x,t) — Lv(x,t) = f(z,t,u,v) + ma(vs,v) a.e. in QxR
Biu = gi(x,t,u,v) + 01(us —u) on 90 xR, (3.21)
Bov = ga(z,t,u,v) + 02(vs —v) on O xR,
sup{|u(z,t)], |v(z, )|} < oo,
QxR
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and
ou _ _ ‘
—(z,t) — Lu(x,t) = f(z,t,u,7) + m1(Ts,u) a.e. in ,
O ) — Lu(r,t) = (o, t,,0) + m (15, ) QxR
%xﬂf — Lv(zx,t) = f(x,t,u,0) + ma(Ts,v) a.e. in xR,
ot

u, )
Biu = g1(x,t,w,0) + 01(us —u) on I x R, (3.22)
Bov = ga(x,t,u,0) + 02(Vs —v) on O X R,
3&%{|U($7t)|7 v(z, 1)} < oo,

have unique solutions (is,0s) and (ag,Vs) respectively such that
us <Us <us <us  and vs < U5 < 05 < Vs

Proof. Let us define the functions
flg(:c,t,u,g) = fi(z,t,u,v) + mq(ug,

w);
f25(x,t,g,v) = fa(z, t,u,v) + ma(vs,v)
fl(;(x,t,u,ﬂ) = fi(z,t,@,0) + mq(Us, u);

)

glg(x t,u, v) = g1($7t,u, U) + p1(us — u);
Gos(x,t,u,v) == ga(x,t,u,v) + pa(vs — v);
g1s(x, t,u,7) = g1(x,t,G,0) + 01(Ts — w);
G2 (2, 1,1, v) == go(x,t, T, D) + 02(Ts — v).

From the monotonicity properties of m;, one has that fh;, a1s ( fgg, Jos) are non-
increasing functions of u for u > ugs (of v for v > vy), and fis, g15 (fas,G2s) are
nonincreasing functions of u for u < s (of v for v < Ts).

Using the definitions and the monotonlclty properties of m;, the quasimono-
tonicity property of f;, and the fact that fl(x t,v) < fi(z,t,-,7) on [u,7] and
fo(z,t,u,-) < fa(z,t,@,-) on [v,7], it follows that

fh;(x,t,u,y) < fis(x,t,u,T) for all u € [ug, us] (3.23)
and

fg(;(x,t,g,v) < fos(x,t, @, v)  for all v € [ug,Ts). (3.24)
Now, by using (3.20)) and the fact that (u,v) and (u, ) are sub- and super-solutions,
it is seen that

—(x,t) — Lugs(z,t) — fl(;(z,t,g(;,y) < -0 ae. in Q xR,

(x,t) — Lug(ax,t) — fos(z, t,u,v5) < =6 ae. in Q xR,
Biugs — 915(33 t,us,v) < —25 on 9N xR, (325)
Bovs — Gos(z,t,u,v5) < —26 on 02 x R,
éUP{lua(fE )l lus (@, )]} < oo,
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and
00 1, 4) — (o) us(o, 615, 0) 25 s in O X R
%@’t) — Lvs(z,t) — f (x,t,u,v5) >0 ae in QxR
Bitus — g15(z,t,us,0) > 26 on 00 x R, (3.26)
Bavs — gas(x tﬂ@) 20 on 00 x R,
sup {[7s(z. ). sz )]} < o

Therefore (us,v;s) is a strict subsolutlon of problem (3 and (Us,7s) is a strict

supersolution of problem (|3 . The functions fl, fg, fl, fo, 01,62, 01, and §o de-
fined on Q X R x [ug, Us] X [Q5, Us] may be approximated, for n € N, by the following
functions

Fin(@ t,u,v) == f1(z,t,u,v) + ma, (ugs, u)
Fon(,t,u,0) := fo(w, t,u,0) + mon(v5,0)
fin(x, t,u, D) = fi(z,t,7,T) + mi, (G5, u)
fon(z,t,T,0) = fo(x,t,T,T) 4+ man(Ts,v).
gin(,t,u,0) = g1(2, 8,4, v) + pin(us — u);
Gan(x,t,1,0) := ga(x, 1,1, v) + pan(vs — V)
Jin(z, t,u,0) := g1(z, 1,0, D) + 010 (Ts — w);
Jon(z, 6,0, v) := ga(z,t,T,0) + 02, (Vs — V),

Y

)

where m;,, are the Lipschitz approximation of m; satisfying (3.17). Moreover, it
is easy to check that (ug,vs) and (us,Ts) are still supersolution and subsolution of
the following approximating equations

0
a—?(m,t) — Lu(z,t) = fi(z, t,u,v) + mip(us, u) a.e. in Q x R,
5}
%(m,t) — Lu(z,t) = fa(z, t,u,v) + man(vs,v) ae. in Q xR,
B]_U = gl<x7taﬂag> + Ql(ﬂ& - U) on 0} x R? (327)
Byv = ga(z,t,u,v) + 02(vs —v) on IQ x R,
sup {[u(z, t)], [v(z, )|} < oo,
QxR
and
ou .
T (z,t) — Lu(z,t) = f1(z,t,0,T) + mi,(Us,u) ae. in @ xR,
g: (2,t) — Lo(x,t) = fo(z,t,7,0) + mon(Ts,v) ae. in Q xR,

Biu = g1(x,t,w,0) + 01(us —u) on 92 x R, (3.28)
Bov = go(2, 6,0, V) + 02(Ts —v) on 90 x R,
sup {Ju(a. £)|.[o(z, )]} < oo.

Since (ug,vs) < (s, vs) and the functions f;, and fj, satisfy the (LL)-condition in
[us, Us] X [vs,Us], it follows from Proposition that there is a solution (@, 0s.n)
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of problem and a solution (s, ¥s,) of problem such that (ug,vs) <
(Usn,Vsn) < (Us,Vs5) and (ug,vs) < (Usn, Usn) < (s, Vs)-

Now we proceed to show that (a relabeled subsequence of) (s, Us,) converges
(uniformly on compact sets) to a solution (i, ¥5) of problem with (us,vs) <
(’&5,@5) < (ﬂg,ﬁ(;).

For that purpose, consider @1 = Q x (—1,1) and Q2 = Q x (—2,2). For each
n € N, define 2,(z,t) = ((t)Usn(z,t), Wn(z,t) = ((t)0sn(x,t), for all (z,t) €
Q x [-2,2], where ¢ € C®(R),0 < ¢ < 1 and ((s) = 0if s < =2, ((s) = 1 if
s> —(2—9) with 0 < 6 < 1. Observe that z, = u, and w, = v,, in Q x [-1,1],
and satisfy the linear uncoupled system

0%, . d¢. A .
E—len— E“én"‘(fln in  x (-2,2],
ob, . . dC. .
T Low,, = EUM + Cfon in Qx (—2,2],
Ble’n = Cgln on 0f) x (—2,2],
Botiin, = Cjan on OQ x (—2,2], (3.29)

Zp(r,—2) =0 in Q,

W (2, —2) =0 in Q,
sup{|Zn(z, )|, |n (z,t)|} < oo.
QxR

Using arguments similar to the proof of Proposition we show that (a subse-
quence relabeled as) (s, U5,) converges (on compact sets) to a solution (i, 0s)
of problem with (ug,vs) < (4s,0s) < (Us,Ts). Likewise, (a subsequence of)
(tign, Dsn) converges (on compact sets) to a solution (s, 95) of problem with
(us,vs) < (Us5,05) < (Us,Vs). Observe that, by and (3:24), fis(z, t, is,T) >
fis(z, t,ds5,v), fas(w,t,7,05) > fas(w,t,v,05), Gis(w,t,Us,0) > G15(w,t,Us,v), and
Jas(x,t,U, V5) > Gas(x,t,v,0s). Therefore,

w — L(tis — @is) > fis(x,t,1s,0) — fis(z,t,ds,v) ae. in Q xR,
Be(is — tis) > gis(w,t, 15, 0) — gis(, b, G5,v) on 9N x R,
W — L(vs — v5) > fza(az,t,ﬂ, 0s) — f275($,t,y, 0s) a.e. in Q x R,

B (05 — U5) > Gas(x,t,U, 05) — Gas(x,t,v,05) on 9N x R.

The monotonicity of the functions fi(;, Gis s fi[; and §;5, and an argument similar to
the one used in the proof of [I5, Proposition 2.7] imply that 45 < @5 and 05 < 05
in  x R. The proof is complete. [

Lemma 3.10. Assume that (A1)—(A3) are satisfied and that (u,v) and (u,v) are
subsolution and supersolution of problem (1.1) with u <& and v < T. Then there
exist unique solutions (4,v), (4,0) € W§71£C(Q x R)NL>(2 x R) x W;,ﬁ)c(Q xR)N

L>(Q x R) to the respective problems (3.18) and (3.19) such that
u<u<u<u and v<0<0<7.

Proof. Since the systems (3.18) and (3.19)) are uncoupled, we have that the unique-
ness follows from the (nonincreasing) monotonicity of the nonlinearities involved
and Proposition Forn € N, let w,, = u — %z, v, =V — %z, U, = U+ %z,
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and T,, = T + Lz, where z is defined in Lemma Consider the boundary value
problems and where the right hand sides are replaced by

Fin (@, t,u,0) == fi(z,t,u,0) + my(u,,u);

fon (@, t,u,0) = fo(z,t,u,v) + ma(v,,v)

fin(x, t,u, D) = f1(z,t,7,T) + my (T, u);

fon(z,t,T,0) = fo(z,t,1,T) + ma(Tp, v)

gin(@,t,u,v) = g1(x, t,u,v) + p1(u, —u);

Gan(z,t,u,0) := ga(, 1, u,v) + p2(v, — v)

Jin(z, t,u,0) := g1(z,t,W,0) + 01(Tn — w);

Jon(z, t, W, v) := ga(z,t,0,v) + 02(Ty, — v)

Y

)

respectively. By applying Lemmawith 0 = =, we get that, for each n € N there

exist unique solutions (ty,, 0y,), (Un, Op) € W; I:LC(Q x R)NL>®(2 xR) x W; L x

R) N L>(Q x R) of these corresponding problems such that

Uy KUy < Up <Up and v, < Op < 0y < Uy

Next, we show that the sequences {u,}, {0,}, {@,}, and {0,} are monotone and
converge to unique solutions of and , respectively. From the definitions
of u,,, v,,, Un, and 7,, we have that the functions fln(x,t, ,v) and g1p(x,t,-,v) are
nonincreasing for u € [u,,, 00), and fon (x,t,u,-) and Jon(x,t, u, ) are nonincreasing
for v € [v,,,00), and that they are nondecreasing with respect to m. Similarly,
the functions fln(x t,,U) are nonincreasing for u € (—o00,7,], and 1, (2,1, -, V) are
nonincreasing for fo, (z,t,, ) and go, (z,t,, -) are nonincreasing for v € (—oo, Ty,],
and they are nonincreasing with respect to n. Therefore,

Olin —B0t) _ 16y 101) 2 Frgnt) @) — Fotooy (@t .2,

ot
Be(an _'&n—l) > gl(n 1)(.’1) t un7 ) gl(n 1)($ t un 1,V )a
6. — b R .
W - L(’On - f]n—l) > f2(n71)('rat7ﬁa ’On) - f2(n71)(x7taﬂ7 f}n—l)a

Be(ﬁn - ﬁnfl) Z g2(n71) ($7t727 ﬁn) - g2(n71) ($7t7ﬂa ﬁn71)~

By the monotonicity of fln(x t,,v), in(z,t, -, 0), fgn(:c,t,g,~), Gon(z,t,u,-) and
Corollary [3.2] we show as in the proof of Lemma 3.9 that @, —1 < @, and 9,1 < 0y,.
Similarly, we get that @, < i,_1 and 9, < ¥,_1. Therefore,

Uy <l Kdlig <
v <O < g < -

Up, <.

2 <1
s <9 <T

Un,
It follows that {(dy,,?,)} and {(dy,,v,)} converge (pointwise) to (4, d) and (@, )
respectively, with (u,v) < (4,9) < (@,9) < (u,v). Now, we will show that

and v are respective solutions of and (3.19). Consider Q; = £ x (-1

and Q2 = Q x (—2,2). For each n € N, define 2, (z,t) = ((t)tn(z,t), Wy(z, )
C(t)0n(z,t), for all (z,t) € Q x [~2,2], where ¢ € C*®(R),0 < ¢ <1 and ((s ) =
if s < —-2,{(s) =1if s > —(2 —0) with 0 < § < 1. Observe that 2, = i,

Q.-O Hv\@
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Wy, = Oy, in Q x [—1,1], and satisfy the linear uncoupled system

%" — L3, = %an + Cfin (@, b, G, v) i Q x (=2,2],
a;;" — Loy, = %@n + Cfon (@, 8,1, 0,)  in Qx (—2,2],
Bi1Z2, = Coin(z,t, G, v) on 00 x (—2,2],
Boby, = Cijon (2, 1,7, 9,) on OQ x (—2,2), (3-30)
Zp(r,—2) =0 in Q,
W (2, —2) =0 in Q,
sup {|2, (2, 1)], [y (2, t)[} < oo.

QxR

Arguments similar to those used in the proof of Proposition show that (i, )
and (@, 7) € WAL (QxR)NL®(Q x R) x W;,)lt)c(ﬂ x R)N L (Q x R) are solutions

p,loc
of (3.18) and (3.19)), respectively, with (u,v) < (4,9) < (@,9) < (w,v). The proof

is complete. [

Proof of Theorem[2.3. We construct two sequences { (i, 0,,)} and {(tn,9,)} suc-
cessively from the nonlinear iteration processes

iaai;(xat) - Lﬁn(xat) = fl(l'ata ﬁn—la'ﬁn—l) + ml(ﬂn—laﬁ'n) a.e. in Q X R,
%L:(xat) - L'l}n(xat) = f2(1'7t3 ﬁn—lai)n—l) + mQ(@n_l,'ﬁn) a.e. in Q) x R’
Biti, = g1 (2, t, U1, 0p—1) + 01(Un—1 — @) on 92 x R,

Botn = ga(,t, Up—1,0n-1) + 02(0n—1 — 0,) on IQ x R,
sup{|in (z,t)|, [0n (z, t)|} < o0,

QxR
(3.31)
and
Otiy, 5 § § ) ) .
ﬁ(x,t) — Ly (w,t) = fi(z,t,Un—1,0n-1) + M1 (lp_1,%,) ae. in Q xR,
Oy,

E(x,t) — Loy (x,t) = fox,t, tip—1,0n—1) + m2(Vp—1,0,) a.e. in QxR
Bl’a’ﬂ = gl(xata’an—l7bn—l) + Ql(an_l - ’a’l’b) on 89 X R’
Bav, = gg(l‘,t,ﬂn_l,’tv}n_ﬁ + Qg(’(}n_l — 'Dn) on 0 x R,
sup { |ty (z, )|, |0 (z, t)|} < oco.
QxR
(3.32)

We show that these sequences are well defined and that they converge monotonically
to a solution of (1.1]). Indeed, set

fln($7t7u; ﬁnfl fl(xatvﬁnfla@nfl

fQ(:rata ﬁn—17ﬁn—1
f1($7t7ﬁn717ﬁn71

f2(l‘7t,ﬂn,1, ﬁnfl

gln(xa tv u, ﬁnfl
Gan (

)
an(xa ta 7ln—la U)
92n )

+
3

xataunfla v
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fl(xat7ﬂn—la{}n—l) +m1(v )
f2($7taan71,bnfl) +m2(vn 1,1])7
Ji(w, 1, 0p—1) + ma(ln—1,u)

f2(x7taan—1; ijn—l) + m2(vn—la U))

fln:z:tuvnl

)

( )
f2n($ taﬂnfla@)
gln(x t7u7{}n 1)

v)

b

92n($, t,Up—1,

where (tg,00) = (u,v) and (g, 9) = (u v) It follows immediately from Lemma
[3.10] that the first iterations (@, ¢1) in and (i, 0;) in exist and satisfy
the inequalities (u,v) < (t1,01) < (U1, V) ( v), when one starts with (tg, ) =
(u,v) and (g, 7) = (w,v). For n > 2, we use an induction argument to show
that (y—1,0n-1) < (ln, 0y) < (un,l,vn,l) < (@, 0yn). However, in order to apply
Lemma, inductively, we need to show that, at each iteration, the functions
(tip—1,0n—1) and (T, —1,0,—1) are ordered subsolution and supersolution of problem
(1.1). By using , (A2), quasimonotonicity decreasing and the equations (3.31))

and (3.32)), we get

Oy

5; ! Lun 1 7f1(x t Un 1avn 1)
= fi(z,t, Up—2,0n—2) + M1 (Un—2,Un—1) — fi1(z,t,Up—1,0n-1) <0,
Oy N . -

5t L Ly — fo(x,t, tp—1,0p—1)

= fo(z,t, Un—2,0n—2) + Ma(On_2,0n—1) — fox, t, Up_1,0n-1) <O,

Biiy—1 — g1(2,t, tin—1,0n-1)

= g1(®, t,Up—2,0n—2) + 0(Un—2 — Upn-1) — g1(T, ¢, Up—1,0p-1) <0,

Bip_1 — go(x,t, tip—1,0n—1)

= g2(x,t, Up—2,0n—2) + 0(Dn—2 — Vn_1) — g2(2,t, Un_1,0n1) <0,
Sg%{lﬁm(m)l, |On—1(z, )|} < o0,

and
8115;1 Liy 1 — fi(z,t, dn—1, Up-1)
= fi(z,t,Un—2,0n—2) + M1 (ln_2,Un1) — fi(z,t,Un—1,0,-1) >0,
avgf — Lip_1 — fo(@,t, i1, Tn1)
)

= fo(x,t, Up—2,0n—2) + Ma(Op—2,0n-1) — fo(z,t,Up-1,0n—1) >0,
Biin—1 — g1(z,t, tn—1, V1)

= g1(x,t, Uy—2,0n—2) + 01(Un—2 — Un—1) — g1(@, t,Up—1,0p-1) > 0,
Boy—1 — ga(,t,tin—1,0n—1)

= g2(2,t, Un—2,0n—2) + 02(Vn—2 — Vn_1) — g2(2,t, Up—1,0,_1) > 0,

SUP{mn*l(x’t)L |’Dﬂ*1(l’7t>|} < 00,
QxR

which shows that, for n > 2, the functions (&y,—1,0,—1) and (@,—1,0n—1) are or-
dered subsolution and supersolution of (1.1)). Since fln, fgn, fln, fgn, and §in, gon,
GJ1n, §on satisfy the conditions of Lemma with (@,,—1,0n—1) as subsolution and
(p—1,0n—1) as supersolution, the existence of solutions (i, 0,) to Eq. and
(i, Vy) to Eq.(3:32) such that (dp—1,9n-1) < (Qn,0) < (U, 0n) < (Up—1,0n-1)
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is ensured by Lemma [3.10] We therefore have that

Uy,

§>
I/\ I/\

w < U St << @
21§ﬁ1§ﬁ2§"'§

Un, v

It follows that {(dy,,0,)} and {(12n ¥p,)} converge (pointwise) to (ﬁj}) and (u, ),
respectively, with (u,v) < (4,0) < (4,0) < (w,v). Consider @1 = Q x (—=1,1)
and Q2 = Q x (—2,2). For each n € N, define zn(x t) = C(t)hn(z,t), wp(z,t) =
C(t)0n(z,t), for all (z,t) € Q x [-2,2], where ¢ € C*®°(R), 0 < ¢ <1 and ((s) =
if $<—-2,((s)=1if s> —(2—¢) with 0 < < 1. Observe that 2, = i, an
Wy, = Dy, in Q x [=1,1] and (2, w,,) satisfies the following uncouple system

1<
1<

I/\ I/\
I/\ I/\

Uy,

@>

-1

Qo

0%, . d¢. A . .
ot Lz, = dtun + Cfin(x,t, Gy, Op—1) in Q x (=2,2],
Oy, L dq. A A . .
5 Lo, = o On + Cfon(z, b, Gip—1,0,) in Q x (—2,2],

Bi1Z, = Coin(z, t, tp, 0p—1) on 00 x (—2,2],
Batby, = Cgon(x,t, tp—1,0,) on 9N x (—=2,2],
Zp(z,—2) =0 in Q,

Wy (z,—2) =0 in Q,
sup {22, O i (2,0)} < o,

where (z,, w,) € W2 (Q2) x W21(Q2) (with p = N+2) Moreover

‘Zn|W21 Qz) = K(](|7un+gfl n|LP (Q2) +|<gl n| 2757%,(2757%

dg .
|wn|W§’1(Q2) < KO(| dtvn +Cf2n|LP(Q2) + ‘492n| 2— E—f (2— e—l)/ (89><(—2,2)))7

)/2(8Q><(72,2)))7

for all n € N, where K is a constant which depends on Qq. Set V, = (2, wy)
with |V”|W§’1(Q2) = \zn|W3,1(Q2) + |w”|W§’1(Q2)‘ Observe that for the Dirichlet
boundary condition, we get immediately that \Vn|W3,1(Q2) < C, for all n. To show
that |V"|Wp2’1(Q2) < C for all n for the Neumann boundary condition, we proceed

as follows. Using assumptions (A2) we compute [(Gin| 1-1 -1,/ (i =
w, 7P (ax(-22))
1,2) to obtain

|ng n| 177 L(1—
2 (9ax(~2,2))

1+ Vi 1 Vi ” ’
( | \ 1-1.a 1>/2(8QX(72’2)) + | 1| 1-L.a 1)/2(89“7272)))

where C is independent of n since |Cgi,n|Lp(aﬂ><(72’2)) < const for all n € N. Using

the continuity of the trace operator and the fact that ,,, 9,, and fln are (uniformly)
bounded, we get that

‘VW|W2 1(Q2) < K(l + |V ‘Wl 120 + |Vn 1| 1 1/2(Q2)>

where K is independent of n. Using the 1nterpolat10n inequality (3.3] , we obtain

Vil q

1
D ST ek (1 + 2 Valzon) + |V"*1|W$'”2<Q2))’
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where e K < 1. Since V,, is (uniformly) bounded, we deduce that

|Vn|W§’1(Q2) S C(l + |V”_1|W;’1/2(Q2)>’
where C' is a constant independent of n. Using the same reasoning as in the proof
of Proposition [3.7} one shows that {V},} converges to a solution (@, 9) of (I.1)) with
(11,8) € W o (2 x R) N L®(Q x R) x Wi (2 x R) N L=(2 x R). An analogous

p,loc
argument shows also that (u,v) € W;’ﬁ)c(Q x R)NL>®(2 x R) x W;ﬁm(Q x R) N
L>( x R) is a solution of (L1)), and that (u,v) < (4,0) < (,0) < (u,7). O

4. EXAMPLES
In this section, we illustrate our results with the following examples.

Example 4.1. (Cooperative Model) Consider the system

% — Au = u(ar(x,t) — bi(z, t)u+ci(z,t)v) in Q xR,
ov .
5 Av =v(ag(z,t) + ba(x,t)u — co(x,t)v) in Q xR, (4.1)

u=0=v onJdQ xR,

sup{|ul, |v|} < oo,
QxR

where a; : QxR - R, b; : @ x R — R, ci:QXRHRareinC’{g’cﬂm(ﬁxR).
The coefficients satisfy the following conditions: For all (z,t) € Q@ X R, A\ < o <
By
0 <75 <ci(z,t) <C;, and 3 <o
Here, A1 is the first eigenvalue of the Laplacian, and «y, 5;,7;, As, Bi, C; € R. Ob-
serve that the presence of the u—population species encourages the growth of the
v—population species and vice versa. So, the reaction functions fi(z,t,u,v) =
’U’(al(x? t) - bl ($, t)u +c (l’, t)’l)) and f2($7 t,u, ?]) = ’U(GQ(J?, t) +b2(l‘, t)u - 62(377 t)?])
are quasimonotone nondecreasing in [0,00) X [0,00). In order to apply Theorem
we need to have an ordered sub-solution (u, v) and super-solution (@, ) of
that satisfy the following inequalities

% — Au < u(ar(z,t) — b1z, t)u + c1(x, t)v) in Q xR,
% — Av <wv(ag(z,t) + be(z,t)u — ca(z,t)v) in QX R,
% — Au > u(ar(z,t) — by (2, t)u + e1(z,1)D)  in Q x R,
% — AT > 0(ag(x,t) + bo(x, t)u — co(x,t)v in Q xR,
u<0<u ondQ xR,
v<0<7T onddxR,

sup{|ul, [ul, |z, [0]} < occ.
QxR

Choose (u,v) = (ep,ep) with 0 < & < min{o‘lT_l’\l,o‘zT_;‘l} where 0 < ¢ is the

eigenfunction associated with A;. Pick (@, 7) = (M;, Ms), where M; = T%
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and My = T%. The positive constant 7 is chosen so that (ep,ep) <
(M, Ms). Then by Theorem there exists a positive solution (u,v) such that
(ep,ep) < (u,v) < (M, Ms) in Q x R. Thus, (u,v) does not tend to zero as t tends

to Fo0, for each x € Q.

Example 4.2. (Generalized Cooperative Model with nonlinear Boundary condi-
tions)

% —Au=u"(ar(z,t) — b1 (z,)u+ c1(z, t)v) in Q xR,

% — Av=v"(az(x,t) + ba(z,t)u — co(x,t)v) in Q xR,
% =u" (6 —u+o1v) on I xR, (4.2)
v

£y =" (0g — v+ oau) on N X R,

sup{|ul, |v|} < oo,
QxR
where n,m e N, 0< ), e R, 0 < 0; < 1,
a; :AIXR—-R b : AOXxR—->R,¢; : 2 xR—R areinC{g’C”/z(ﬁxR).

For all (z,t) € Q xR, 0 < a; < a(x,t) < A;, 0 < B; < bi(z,t) < B, 0 <y <
ci(z,t) < Oy, where «, B;,7:, Ai, Bi, C; € R. Note that the nonlinearities satisfy
the quasimonotone nondecreasing property. Choose (u,v) = (D, D), where D > 0
is very small such that D < min{dy,d2}. Pick (w,v) = (M, M), where M is a

constant such that M > max q 3 o 152 .
—01 —02

Then it follows from Theorem [2.2]that the system (4.2) has a positive solution (u,v)
such that (D, D) < (u,v) < (M, M) in Q x R. Thus, (u,v) does not tend to zero
as t tends to +oo.

Example 4.3. (Competitive Model)

% — Au=u(a(z,t) — bi(x,t)u — c1(x,t)v) in Q xR,
v _ Av =v(ag(z,t) — ba(x,t)v — co(z,t)u) in Q x R,
ot ) 5 (4.3)
u v
% =0= 5 on 0 x R,

sup{ |ul, [v[} < oo,
QxR

where a; : QxR - R, b; : QxR =R, ¢ : QxRﬁRareinCﬁ’C”/z(ﬁxR). For all
(2,t) € xR, 0 < oy < ai(x,t) < A, 0< B < bi(x,t) < B, 0 < v <ci(x,t) <y,
where «;, 5;,7i, Ai, B;, C; € R. Observe that under competition, the growth of
each population is reduced at a rate proportional to the size of the population of
its competitor. We are concerned with the existence of positive solutions for the
problem , which can be translated as the co-existence of the two populations
without asymptotic extinction.

Note that the reaction functions are quasimonotone nonincreasing in [0, 00) X
[0,00). To apply Theorem we need to have an ordered sub-solution (u,v) and
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super-solution (%, v) of (4.3). As in Definition[2.1] they need to satisfy the following
inequalities

% — Au < u(ay(z,t) — bi(x,t)u — c1(x,t)T) in Q xR,
% — AT > 0(ag(z,t) — ba(x,t)T — co(x,t)u) in Q x R,
% — At > u(ay(z,t) — bi(z,t)u — ci(x,t)v) in Q xR,
% — Av < wlag(z,t) — be(z,t)v — co(z,t)u) in Q xR, (4.4)

ou ou

L)< =

EW <0< oy on 9Q x R,

ov ov

o <0< oY on 90 x R,

sup{|ul, [@l, [v], [v]} < oc.

QxR

Choose (u,v) = (M7, M) such that M; > % (i =1,2). Pick (u,v) = (e1,€2) such

that &; < % with C; < O‘ffj for i,7 = 1,2 and (i # j). With this choice of
sub- and super-solutions, one can see that (u,v) < W, 7) and inequalities in are
satisfied. Therefore, it follows from Theorem that problem has a positive
solution (u,v) such that (e1,e2) < (u,v) < (M, M3) in Q x R. Thus, (u,v) does
not tend to zero as t tends to oo, for each x € Q.

Example 4.4. (Competitive Model with Nonlinear Boundary Conditions)

% — Au=u(a(z,t) — bi(x,t)u — c1(x,t)v) in Q xR,

% — Av =v(ag(z,t) — ba(z,t)v — ca(z,t)u) in Q X R,
% —u"(6) —u—o1w) on 90 xR, (4.5)
& (5 v o) on 90 xR,

sup{ |ul, |v[} < occ.
QxR

where 0 < 0;,0; € R, a; : QO XR =R, b, : QO XR =R, ¢; : 2 xR — R are in
ClMI2(@QxR). For all (z,1) € QxR, 0 < a; < a;(w,t) < A;,0 < Bi < bi(x,t) < Bi,

0 <7 < ci(z,t) < Cj, where oy, B, i, Ai, Bi, C; € R.

Note that the nonlinearities satisfy the quasimonotone nondecreasing property.
Choose (@,7) = (My, M) with M; > §; + ‘3—(2 = 1,2), and pick (u,v) = (e1,¢€2),
where 0 < ¢; < min{d; — o;M;, a; — C;M;} with C; < 5.?’*1 (i,7 = 1,2 with

itay
i # 7). Then by Theorem the system has a positive sjolution (u,v) such
that (e1,€2) < (u,v) < (M7, M) in  x R. Thus, (u,v) does not tend to zero as ¢
tends to £oo.
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Example 4.5. (Nonlinearities with no one-sided Lipschitz conditions)

0
8—1: — Au= fi(z,t,u,v) in Q xR,
0
D pv= fo(z,t,u,v) in Q xR,
ot ) 5 (4.6)
U v
T _o0=2" naQxR
ov o xS
sup{|ul, |v|} < 0.
QxR
where
=by(z, t)utv  if 0 < u,v < oo, for some0 < p < 1
fl(xvtvuav) = .
0 if —co<wu,v<0
where
ol by, ) = —bo(z,t)vFu  if 0 < wu,v < oo, for some 0 < p < 1

if —co<wu,v<0

and b; € L>®(Q2 x R) such that 0 < 8 < b;(z,t) < B for a.e (z,t) € Q x R, where
B8,B € R.

It is easily seen that (u,v) = (0,0) and (w,v) = (K, K) (where 0 < K € R) are
ordered subsolution and supersolution of problem . Therefore, by Theorem
there exists a solution (u,v) of problem such that (0,0) < (u,v) < (K, K).
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