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SECOND-ORDER FULLY DISCRETIZED PROJECTION
METHOD FOR INCOMPRESSIBLE NAVIER-STOKES
EQUATIONS

DANIEL X. GUO

ABSTRACT. A second-order fully discretized projection method for the incom-
pressible Navier-Stokes equations is proposed. It is an explicit method for
updating the pressure field. No extra conditions of immediate velocity fields
are needed. The stability and convergence are investigated.

1. INTRODUCTION

The projection method (or fractional step method) for solving the incompress-
ible Navier-Stokes equations was originally introduced and studied independently
by Chorin [I, 2] and Temam [9 [10], it has had multiple applications, see e.g.,
Guermond, Shen, and Yang [3], Guermond, Minev, and Shen [4], Kim and Moin
[7, Temam [I1I], Yanenko [I2], and the references therein, for the theoretical and
numerical aspects. Despite many advantages and extensive uses in the past by
numerous researchers, the projection method has a few major drawbacks for nu-
merical computations. In general, the original method is only first-order accurate
in time. It also needs the supplementary boundary conditions for the intermediate
level velocity field and the pressure, which are not supplied in the original equations.

A fully discretized projection method was studied in Guo [5] [6] on the staggered
grid. The idea was originated in the block LU decomposition, see Perot [8]. This
leaded to a whole class of methods (first-order, second-order and even higher order
methods). It depends on how the Navier-Stokes equations are discretized, higher
order methods can be possible.

In this article, we investigate the stability and convergence of a second-order fully
discretized projection method proposed in Guo [5} [6]. This article is organized as
follows. In Section 2, we introduce the Navier-Stokes equations and the boundary
conditions. The space discretization is listed in Section 3. The full discretization
of the Navier-Stokes equations is shown in Section 4. In Section 5, we present fully
discretized projection methods. The stability and convergence of second-order fully
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discretized projection method is studied in Section 6. The conclusion is in the last
section.
2. INCOMPRESSIBLE NAVIER-STOKES EQUATIONS

We will consider the non-dimensionalized unsteady incompressible Navier-Stokes
equations in space dimension two and three on a given regular domain {2, namely

Ju 1
a—&-(u-V)u—ﬁAu—i—Vp—ﬁ
V-u=0, (2.1)
u|t=0 = Uy,
with the boundary conditions on 9€:
ou
1—-n)=— =0.

Here Re is the Reynolds number; the parameter n has the limit values of 0 for the
free-slip (no stress) condition (Neumann) and 1 for the no-slip condition (Dirichlet).
In general, we will not specify 7, but keep in mind that 0 <n < 1.

For the stability and convergence, what we need are the boundary conditions
that guarantee the existence of the solution for the original equations. Actually,
the boundary conditions are also important in discretizing the equations near the
boundary. We may need to use different methods for the points near boundary. In
this article, we suppose that all discretizations have the same order on all of grid
points.

3. SPACE DISCRETIZATION

Two families of finite-dimensional Hilbert spaces X, and V} are given, which
depend on a parameter h € ]Ri (d = 2,3). For finite differences, h is the mesh,
ie. h = {h1,ho} = {Az, Ay} in space dimension two and h = {hy, ho, hg} =
{Az, Ay, Az} in space dimension three.

Two scalar products ((+,-)), and (-, ), with corresponding norms || - ||, and |- |y,
are defined on each V3. Since V}, is a finite-dimensional space the two norms || - ||,
and | - |, are equivalent. We assume that they are related as follows

lun|n < crllun|ln, (3.1)
lurlln < S(W)|unlp, Yup € Vi.
where ¢; is independent of h and S(h) depends on h. We assume that S(h) — oo
as h — 0.
When convergence be studied, we will be interested in the passage to the limit
h — 0. The spaces V}, with scalar product ((-,-)) will approximate in some sense

the space V, while the spaces V}, with scalar product (-,-); will approximate the
space H. The spaces V and H are defined as follows

V = the closure of V in H}(Q2), H = the closure of V in L?(Q),
V ={u € D),divu = 0}.
A trilinear operator by, is defined on V}, x V;, x V}, as follows:

br(un, vp, wr) = (un - V)vn, wp),  Yup, vp, wp € Vi,
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and we have the properties:

1/2

b (U, Vi, wa)| < calun )y, |lun | 1/2 1/2

3 lonllnlwnly lwnlly/*, Y, vn, wn € Vi, (3.3)

in space dimension two, and

i 3/4 i 3/4
|bn (un, vrs wr)| < calunlp lunlly lonllnlwnlf lwally™,  Yun, v, wn € Vi, (3.4)

in space dimension three. The constant c¢o in (3.3) and (3.4) is independent of h.
We also assume the skewness property:

by (un,vn,vn) =0, Vup,vp € Vi, (3.5)
which implies
by (un, vn, wn) = —bp(Un, Wi, vn),  Yun, Vh, wh € V.

We also define two operators Ay and By, that are the discrete analogs of A and
B as follows:

(Apun, vi)n = ((Un, v0))n, Yun, vy € Vi,

(Bn(un,vn), wn)n = by (un, va, wr), Y, vh, wp, € V.

4. FULL DISCRETIZATION OF NAVIER-STOKES EQUATIONS

Let T > 0 be fixed, and let the time step be denoted by At = T/N where N
is an integer. We construct recursively elements u}! € V,, n =0,1,2,...,N; u9 is
an approximation of up; we assume that uj is constructed by a different scheme
because our scheme has two levels in time.

Hence starting from u%, we recursively define uj, n = 2,..., N, by applying
the explicit Adams-Bashforth scheme of order two to the convective term and the

Crank-Nicholson scheme of order two to the viscous terms, the pressure term and
the right-hand side of equation (2.1)),

1 3 1 _

U ) + S B — 5 Ba(ap )

A X 2 ) 2 1 (4.1)
o AR ) DG B = S ),

Dyl = 0. (4.2)

where f}' is an approximation of f™ in Vj; Gy is the discrete gradient operator
(grad) mapping X}, into Vj,, and D, is the discrete divergence operator (div). In
fact, they are related as follows,

(un, Grpn) = —(Dpun, pr), for up € Vi, pn € Xp,. (4.3)

One can easily show that (4.1)) and are a second-order scheme in time for
the Navier-Stokes equations. We will assume that and are second-
order in space. It is possible to get higher order discretizations, but other procedure
would be needed. Therefore, and have the overall second-order accuracy.
They are a fully implicit coupled system. Generally speaking, it is hard to solve
this system.

Notice that if we consider the boundary conditions in equation and (4.2)),
we may need to add one or more terms to the right-hand side of equations
and . For the sake of simplicity, we suppose that these terms are combined
in the terms of the right-hand side. So, the idea is that during fully discretizing
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procedure in time and spaces, we need all boundary conditions. And the final
discretized equations are a complete linear system.
For the rest of this article, we drop the subscript h. Define ¢g"*! as follows,

g +1:§(f i f )*§B(U )+§B(u Y (4.4)
then we rewrite (4.1) and (4.2)) as
1 1
E(un—i-l _ un) 4 27R6A(un—‘,-1 + un) + 5Gv(pn—‘,-l +p7l) _ gn+17 (45)
and
Dy™tt = 0. (4.6)

5. FULLY DISCRETIZED PROJECTION METHOD

We then introduce the following method for the equations (4.5)) and (4.6]),

1 1 1 1
AU ) b A ) = g,
1 n n 5 1 At '3 T .
Kt(u iy +é)+§(l—ﬂA)G(p yp ) =0, (5.1)
Dutt = 0.

Observe that in (5.1), A is a known operator, say a square matrix; G and D
also are two known operators, but they may be two non-square matrices. However,
they satisfy the equation below,

(Du™, p™) = —(u",Gp"™), for u" € Vi, p" € Xp,.

Let us check the difference between (4.5) and (5.1). First, we add the two
equations in (5.1)) and we obtain:

1 1 1
- n+l . n o n+1 ny _ n+l _ ~ n+1 n n+1,
At(u u)+ReA(u +u™) =g 2G(p +p")+ R
ie.,
1 3 1
Zt(u"'Irl —u™) + §B(u") - §B(u"_1)
1 1 1 (5.2)
+ R AW ) £ S GO ") = S (T )+ R
Re 2 2
where
1 At
Rn+1 _ (= 2AAG n+1 ny
5(Ro) (" +p")

Since R is of order (At)?, this method is a second-order method to the Navier-
Stokes equations . However, to update p"*!, we need to solve a linear system
with the same size as A at each time step. In this paper, we study the stability and
convergence of the equations (|5.1]).
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6. STABILITY ANALYSIS AND CONVERGENCE

Let 1
(I)nJrl —_ §(pn+1 +pn).
Then At
R = (==)?AAGD" .
(Re)

Note that from the definition of G and D and the third equation of (5.1)), it holds,
(GO™, u" ) = — (", Du™ ) = 0.
6.1. Stability analysis. It is assumed that

n=N
WO <Ky ASD PR < K
n=0 (61)

At
[ul 1+ 22+ Sl 7 + (a2} < K,

where K1, K5 and K3 are independent of h and At. Let
gl — }(unJrl . un) 5n+% _ }(unJr% N un)
2 ’ 2 ’
then )
§(Un+1 =+ Un) = Un+1 — 6n+1, §(U”+% —+ Un) = ’U,n+% — 5n+%
Now rewriting the first equation in (5.1)) with g"*! defined in (4.4)), it reads

1 1
= (T3 -
At(u ’ u)+2Re

3 1

= S ) - DB + LB,

Solve the second equation in (5.1 for u*2 as follows

A(u"2 4 un) (6.2)

ntd ot Ayl — B gygemt
u w4+ At( o )G :

Substituting «"*2 in (6.2), it results,
1 n+1 n 1

- _ — A n+1 _ 5n+1

i u") + goAlu )

= §(fn-‘rl + fn) _ §B(u") + §B(U,n_1) _ GCI)"'H + Rn'H_
Multiply equation (6:3) with 2Atu"+1, we obtain
2
Re
= At(fn+1 + fn,un+1) . QAtb(un,un,unJrl)
_ At[b(u”, u”, un-H) _ b(un—l7 un—l’ u"“)] + 2At(Rn+1, un+1),

(6.3)

2(un+1 o un, un+1) + ((un+1 o 5n+1, un+1))

or
2At
n+112 n|2 4 5n+1 2
e e L e
2At
— Re ((6n+17un+1)) + At(fn+1 + fTL7u'IL+1> + 4Atb(u",(5"+1,u"+1) (64)
— 2At[b(6™, u™, u™ )+ b(u T, 8w 4 248 (R 4.

Jlu 12
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We now estimate each term in the right-hand side of (6.4]) in space dimension
two. The first one is majorized, thanks to the Schwarz and Young inequalities, and

(3:2) (note, S = S(h)):

Nt AL, .,
@((5 Tttt < 7”5 i [
2At
< S 5n+1 n+1
T 67l
SAt?
< = 5n+1 2 S2 n+1(2
< 8| By U

For the second term we use the Schwarz and Young inequalities again and thanks

to (3.1)):
AL 4 ) < A A [
< e AL D |
At
<

< qge e P 4 AR 4 1 f72).

For the third term we use , and and majorize it by
AAED(u™, 67w L) < dep At|u M2 ||u][ /2|2 5| 2 un |
< dep SA|u™ [ 6™ ||u | (6.5)
< é|5”+1|2 + 32¢2S2 AL | um™ [ |um T 2.
Thanks to the fourth term is approximated by
2AL[L(S™, u™, u™ ) + b(u" L, 67w )
< 20, A" [M2][67 2 (Jun 2 [l V2 4 a2 2 |

< 26, SAHS"|(u”| + ") [u" | (66)
1
< ZWF +ASGSZ A ([u™ [+ [un ) a2
Finally, by the definition of R"*! we have
At
2At(R™TL ) = 2At( ) Z(AAGO™ T T,
Rewriting the second equation of | -, it results
1 A
GO = — g1 — 2Ly 1t
1 At At n+1 n+i
[I—i——A—i—( VAA+ . (uT —u ),

A Re

if % is small enough.
Then, substituting G®"*! in R"*!, we obtain

2At(Rn+1 n+1)

. At At At n+1 , n+1
= (Re) (AA[I+R A—l—(Re) AA+ M e
At At At 1

+2(=)2 (AA[I+—A+( VPAA+ . Jun e T

Re Re
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At n " At . .
=— (Re) [(AAu™ ! u +1)+§(AAAU ™) ]
At 1 At 1
+ 2(R*)2[(AAUH+§,1L"+1) + Q(AAAu""’?,u"H) +...]
At At
< 2|l n 112 o Alm L2 o
<2(Bhs 4 B gt 4]
At ., 1, . il At . .
+2(g, ) [S 2(*”” +1H2+||u 3?) + Ro ( 2+ e ]2) 4
At 2 At 4 n+1(2 At 2 At 4 n+§ 2
<o(222 (52 Dttt 2Rl 4 Blety
At S2 . il
2(5-)? Sl TP 4 (a2 1?)

R 12 atse (4
= pS% e ),
where we assume that ££52 < 1/2.
Gathering all these estnnates we deduce from ) that

7At
|un+1|2 o |un|2 + 7|6n+1|2 |5n|2 7” n+1||2

4
A
< EReAL( [ + | f72) + 2L 82 unth|? (6.8)
€
37 At?
T e 5 S22 4 es SPAL (Ju? + Ju ) u 2,

where c3 = 32¢3.
We multiply equation (6.2) by 2Atu"2 to obtain

1 1 2At

2umE = ) £ P (= ut )

Re
= AH(f™H 4 fr ) — 2Ath(u" u" u R (6.9)
— Atfb(u”, u" u"TE) — b(u" T W )]
Thanks to (3.5, the above equation can be rewritten as
2At
|un+%|2 _ |un‘2 + 4|5n+%|2 + ﬂ“unJr%W
2At 1 . 1 1

= ﬂ((é”ﬂ-?,unﬁ-%)) + At(fn-i—l + f”,u""’?) + 4Atb(un,5n+§,un+§) (6.10)

— 2At[b(8", u" utE) 4 b 6" ),

Note that (6.10) is similar to (6.4) with «"*! and 6"*! replaced by u"*1/2 and
d"*1/2 respectively. So, we can repeat the estimation procedures as for (6.4). In
space dimension two we have the following estimates:

AL ux i 1 i1, 8AE L,
() < et o S
Aty < 2Ep P 4 AReA( R + |7

1
AAth(u™, 573 W) < g|5”+% 2 4 326282 AL w2 "t |2 (6.11)
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2AL[B(8", u",u"TE) 4 b(u" 6", u" R

1 2 2 A2 2 12 +312 (6.12)
< 107 4GS AL (ju” | [u ) 2.
We gather these inequalities with (6.10]), and obtain
15 1 7 At
e e e e L R L R o [
SAt?
< AROAY| U+ |F2) 4+ g S (6.13)
e
+ 3 SEAL ([u")? + |u"_1|2)||u”+5 %
Adding (6.13) to , we obtain
1 1 1
|un+1|2 + |un+%|2 _ 2|un|2 + Z5|5n+1|2 + £‘5n+%|2 _ 7|5n|2
TAt 3TAL
TRell = T8 = caReAtS (P 4+ fu T ] (2 + ) (O1)

< AReAH(| [T+ [ 1),

where c¢3 is the same as in .
We now prove the following result.

Theorem 6.1. In dimension two we assume that (6.1) holds. Then there exists
K, independent of h and At such that if

Re c
2
< .
At < 16¢iRe, AtS(h)? < max{-— 118" RekK, —} (6.15)
where ¢1 is defined in (3.1) and ¢ = ﬁ, c3 the constant is defined in . Then
lu"? < K4, n=0,...,N (6.16a)
\u"+%|2 < 14Ky, n=0,...,N (6.16h)
Z lu —u"1? < 3Ky, (6.16¢)
N
D jut—uTE | < 6Ky, (6.16d)
n=1
N
> junmr — TP < 3K, (6.16¢)
n=1
Ar Y
e Z |u™]|? < 17Ky, (6.16f)
At
Re Z w2 |2 < 17K, (6.16g)

Proof. Taking the inner product of the equation (6.5) with "' and in light of
(3.3), we obtain

At At
1 —A
T+ A+ (5

PAA + . ]t —utE) u ) = 0
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ie.,
At At
(=) = <SR (A (AT =),
(§
Thanks to (3.1)), we have
n n+1 n 5 At 1 n n+1
(=) < R T mrga (P + 2 P).

Since AtS? < Re/148 from (6.15]), then %52 < '1/6 and it results

S PP = Rt =t ) < 22 (2 gt 2)
4Re
or
3 At
T = TPt =P < S (TP 4 R P). (6.17)

~ 2Re
We first show (6.16a) by induction. Assuming that (6.16a)) holds for n =
0,...,m, we infer from (6.12)), (6.13) that

|un+1|2 + |un+%|2 . 2|un|2 + E|5n+1|2
15

1
76n+%2_75n2
I R

< C?ReA?f{\f”“I2 + 1%}

Adding (6.18) to , we obtain

2|un+1|2 _ 2‘un|2 4 |un+1 _ un-l—%|2 + §|5n+1|2

13At{” n+1||2 + ||un+2|| } (6.18)

A

15
+ Zlfs’”%l2 Lo + AL s Jlu"* 2%}

< C:{ReAt{\f”“\Q + If"I },

ie.,
‘un+1|2 _ |un|2 + %lun-&-l . un+%|2 + E|6n+1|2 + E|5n+%|2 . }|6n|2
At 2 12 2 1,2 2 (619)
+ g Ul P+ w2 ) < el ReAH{| 7T + 177}
Thanks to (3.1)), we obtain
15 1 At
|un+1|2 _ ‘UH‘Q 7|5n+1|2 _ 7‘5n|2 - |un+1|2
8 16¢iRe (6.20)

< A ReAH{| T+ 7}
Therefore, if we define
1
="+ 1677 " = cfReAH{| T+ (17},
then, from (6.20) the following inequality holds

At
(1+

Ton S <€
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By applying Lemma below with 8 =0 and a = —ﬁ (from (6.15), a < 1),
we find, for n =1,2,...,m, that

n
n+1 < (1 —n 1 2R At n+1(2 n|2 .
€1 < (1 i) e+ ARA Y17
ie.,
1 1 al
|un+1|2+7|un+17un|2 < |U1|2+f|u17’UJO|2+C%R6A1§Z|‘}”|2,
16 16 =
9 1 N
S gl + ghe - etRear S 1P,
9 1 5 9
S §K3+§K1 +01ReK2.
We choose

3
Ky = Ky + K} +2ciReK,

and conclude that (6.16a]) is proved for n = 0,1,...,m + 1, hence for all n. Then
(6.17)) is valid for all n and summing these relations forn =1,2,..., N — 1, we find

1 al 15 &
N2, + i j—1i2 j12 , 12 j—12
(RS DI [N BN Sl
j=2 j=2 j=2
N
At . 1
+ 35 AP + w217}
j=2
1 N
< Jut)? + Z|(51|2 +2c%ReAtZ |12
j=1

N
1 ;
< \u1\2+ﬁ|u1 —u’? 4+ 2ciReAt E 1712 < Ky.

j=1
Hence
N N
Dol TP 2Ky, Yl TP < K,
j=2 Jj=2
N At N
S 1 . . ;1
2T P S Ky D (I ) < 16K
j=2 Jj=2

Thanks to (6.1]), we know that
ut — 2P <2t 4 20u )P < 4K3 < 4Ky,
lut —u®? < 2lut|? + 2[ul|? < 2K3 + 2K < 2Ky,
[ul/? — w02 < 20ut/?1? 4 2ju°|? < 2K3 4 2K? < 2K,
At
Re
Then (6.16¢)—(6.16g]) are proved.

(a1 + [ 2)1%) < K.
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Finally, from the inequality
|un+%‘2 < 2|un+1|2 + 2|un+1 B un+%|2,

then ([6.16b)) holds following (6.16a]) and (6.16d)). d

We state the Lemma used in the proof of Theorem [6.1]
Lemma 6.2. Consider two sequences of numbers £, v, > 0 such that
1—a)g" <1+ + 7,
for alln > 1 and for some o < 1 and > —1. Then for all n:

14 B0 1+ 1S
n< " E ;. 6.21
¢ _(1—a) & (1—a) j:1% (6.21)
If v; <y, for all j, we also have
1+0 v
n< (g0 : 6.22
€ < (o€ + 510 (6.22)
Proof. For m=0,...,n— 1, we write
14 1
n—m n—m—1 -
¢ - lfa€ +1foﬂn

We multiply this relation by ((1+3)/(1 —«))™ and add the corresponding inequal-
ities for m =0,...,n — 1; (6.21) and (6.22)) follow easily. (|

6.2. Convergence. We introduce the approximate functions wyy, usg, i (k = At)
defined as follows:

uy = w3 for t € [nAL, (n+ 1)At), n=0,...,N —1,
ug = u"t for t € [nAt, (n+1)At), n=0,...,N —1,

@y is continuous from [0,7] to H, linear on each interval
((n — 1)At,nAt) and equal to u™ at nAt,n=0,...,N.

Then (6.14) yields the following result.

Theorem 6.3. As k = At — 0, the functions uyy, usy and Uy remain bounded in
L*(0,T; L2(Q)9); uig and ugx remain bounded in L°°(0,T; HY(Q)?), and the same
is true for iy if ug € V.

Furthermore uyy, — uap, and usy, — g converge to 0 in L>=(0,T; L*(Q)?) as k =
At — 0, their norm being bounded.

The above theorem follows directly from Theorem
Because of Theorem there exists a subsequence k' — 0 such that

Uiy — up in L%(0,T; H) weak-star and L?(0,T; H*(Q)?) weakly,
Ugpr — ug in L(0,T; H) weak-star and L?(0,T; H*(Q)?) weakly,
g — u in L0, T; H) weak-star and L?(0,T; H'(Q)?) weakly.
Theorem also implies that u; = us = u and thus
uw€ L®(0,T; H)NL*(0,T;V).
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Conclusions. In this article, we proved the stability and convergence of a sec-
ond order fully discretized projection method for the incompressible Navier-Stokes
equations. We did not specify the boundary conditions, but all necessary boundary
conditions should be supplied in order to have a solution. It is possible to construct
higher order methods, but the numerical analysis is much more complicated.
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