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BOGDANOV-TAKENS SINGULARITY OF A NEURAL
NETWORK MODEL WITH DELAY

XIAOQIN P. WU

ABSTRACT. In this article, we study Bogdanov-Takens (BT) singularity of a
tree-neuron model with time delay. By using the frameworks of Campbell-
Yuan [2] and Faria-Magalhaes [4] [5], the normal form on the center manifold
is derived for this singularity and hence the corresponding bifurcation dia-
grams such as Hopf, double limit cycle, and triple limit cycle bifurcations are
obtained. Examples are given to verify some theoretical results.

1. INTRODUCTION

The objective of this manuscript is to study codimension-2 (Bogdanov-Takens
(BT)) bifurcation of the tree-neuron model with delay

dvét(t) — —1}1(t) + fl(U3(t) — b’Ug(t _ T))7
dv;t(t) = —vy(t) + fo(v1(t) — bvi(t — 7)), 1)
dv;t(t) = —v3(t) + fa(va(t) — bua(t — 7)).

Here f; is a C* functions with f;(0) =0 (i = 1,2,3), a; = f/(0) > 0 corresponds
to the range of the continuous variable v;, b > 0 is the measure of the inhibitory
influence of the past history, and 7 > 0 is the time delay due to the time for other
neurons to respond. This model is a little bit different from the ones studied in
[T, 8L 6, [7, [9] in which our functions f;(x) (i = 1,2, 3) can be different.

Neural networks or neural nets have been studied by many researchers since Hop-
field [7] constructed a simplified neural network model of a linear circuit consisting
of a resistor and a capacitor connected to other neurons via nonlinear sigmoidal ac-
tivation functions and have been applied to artificial neural network and artificial
brain and other fields. In this article, we focus on System .
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Let u;(t) = v;(t) — bvi(t — 7) (i =1,2,3). Then (1.1)) can be written as

du(;t(t) = —uy(t) + fi(us(t)) — bfi(us(t — 7)),
du;t(t) = —ug(t) + fa(ur(t)) — bf2(ur(t — 7)), (1.2)
du;t(t) _ —u3(t) + f3(uQ(t)) — bf3(u2(t _ 7_))

Clearly (0,0,0) is an equilibrium point of (|1.2)) and hence the linearized system at
(0,0,0) is

duy (t
u(;t( ) = —U1 (t) + al’LLg(t) — ba1U3(t — T),

dus(t
u;t( ) = —ua(t) + aguq (t) — baguy (t — 7),

dus(t
“;f ) (1) + asua(t) — basus(t — ),

whose corresponding characteristic equation is

AN =(A+1)?—a*(1—be )3 =0 (1.3)

where a® = ajasas and a; = f/(0) (i = 1,2,3).

The dynamical behavior and bifurcation of have been studied extensively
[T, BL 6, [@]. In [IL 6] @], Hopf singularity was studied for f;(z) = tanh(z) by using 7
as bifurcation parameter. In [3], the authors found critical values of b and 7 such
that a zero-Hopf singularity occurs.

Note that all the results mentioned above depend on the distribution of roots of
the characteristic equation . If has a pair of purely imaginary roots, a
Hopf singularity occurs and hence a limit cycle may bifurcate from the equilibrium
point. If has a simple zero root and a pair of purely imaginary roots, a
zero-Hopf singularity occurs. However, under certain conditions, the characteristic
equation may have double zero root and this has not been studied in the literature.
For a double zero eigenvalue, the corresponding Jordan matrix is either ($9) or
(3 4). Our study shows that only the latter case occurs for . More specifically,
we use (b, 7) as bifurcation parameter to obtain the critical value (b*,7*) such that
the characteristic equation has a double zero and then investigate its corresponding
dynamical behaviors. Note that we can find the conditions such that the equilibrium
point is asymptotically stable. But this is not practical since cyclic behaviors are
very common in real world. This leads to study Hopf singularity and in many
cases the condition for Hopf singularity is not always satisfied. We show that, for
double zero singularity, we still can obtain limit cycles under small perturbations
of (b*,7*) and under certain conditions despite of the fact that the condition for
Hopf singularity is violated. It turns out that double zero singularity has rich
dynamical behaviors. We use the frameworks of Campbell-Yuan [2] and Faria-
Magalhaes [4, [5] to conduct the center manifold reduction to obtain the normal
form for this singularity and hence the corresponding bifurcation diagrams such as
Hopf, double limit cycle, and triple limit cycle bifurcations.

The rest of this manuscript is organized as follows. In Section [2} the detailed
conditions are given for the linear part of at an equilibrium point in the
(b, 7)-parameter space to have a triple zero eigenvalue and other eigenvalues with
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negative real parts. In Section [3| the normal form of double zero singularity for
is obtained on the center manifold by using the frameworks from [2] and [4] [5].
In Section [4] the normal form in Section [3]is used to obtain bifurcation diagrams
of the original such as Hopf and homoclinic bifurcations, and two examples
are presented to confirm some theoretical results.

2. DISTRIBUTION OF EIGENVALUES

In the rest of this manuscript, we assume b = b* = aT_l and a > 1. Clearly if
T =1*= -1, we have A(0) = A’(0) = 0 and A”(0) = -7 # 0. Namely A(A) =0
has a zero root of with multiplicity 2 if 7 = 7*. Clearly is equivalent to the
equations
A—(a—(a—1) e )2/ =0, k=0,1,2.

For w > 0, letting A(iw) = 0, we have

1 +iw—(a—(a—1)e ™) =0, (2.1)
or
. ox
l+iw—(a—(a—1)e “M)es"' =0, (2.2)
or
. .y
l+iw—(a—(a—1)e ™“T)es" =0. (2.3)
From({2.1)), after separating the real part from imaginary part, we have
w
= 1 1 = —
cos(wT) , sin(wr) g
which give w = 0. Similarly, from (2.2]), we have
1+ 2a— \/gw \/§ +w

cos(wT) = sin(wT) =

2(a—1) 2(a—1)
Using cos?(wr) + sin?(wT) = 1, we obtain
4w* — aV/3w + 3a = 0.

Clearly if a < 4, this equation does not have positive roots. If a > 4, it has two
different positive roots
V3

wi = 7((1:& ala —4)).
In this case, define
1 14 2a— V3
Tji(a) = E[2(j + 1)m — arccos W], j=0,1,2,....
If a = 4 it has a positive root w = w* = 2v/3 with multiplicity 2. In this case, define
1 us
ri=—02G+)r—=], j=012....
= 552G+ Dm = 5]

Note that if wi is a root of (2.2)), then —wi is a root of (2.3). Now define
1
vy={(a,7): 7= —7¢ >1}, I={(a,7):a=4,7 >0},
+ _ R =
Iy = {(a,7): 7= T; (a),a >4},
and P; = (4,7;),7 =0,1,2,.... Thus we obtain the following result (see Figure
for j =0).
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I

FIGURE 1. Bifurcation diagrams in (a, 7)-plane for b = b*

Theorem 2.1. Let b= “;1 and a > 1. In the (a,T)-plane, we have

(i) if (a,7) is on the curve v, the characteristic equation has a double
zero root and hence a BT (double zero) singularity occurs;

(i) if (a,T) is on one of the curves F;r ={(a,7): 7= T;r(a)} (or 'y = {(a,7):
=1, (a)})(j=0,1,2,...), the characteristic equation has a simple
zero root and a pair of purely imaginary roots twii (+w_i) and hence a
zero-Hopf singularity occurs;

(iii) if (a,T) is one of the points (4,7;) (j =0,1,2,...), the characteristic equa-
tion has a simple zero root and a pair of purely imaginary roots 2v/3
with multiplicity 2 and hence zero-Hopf 1:1 singularity occurs.

(iv) if (a,7) is not one of the above, then the characteristic equation has
a simple zero root and hence a zero (or fold) singularity occurs.

For the distribution of the rest of eigenvalues for 7 > 0, we use the following
lemma.

Lemma 2.2 (Ruan and Wei [10]). Consider the transcendental polynomial
P\, e M e ) = p(\) + 1 (Ve ™M 4 ga(N)e 72,

where p,q1,q2 are real polynomials such that max{degq,degqs} < deg(p) and
71,72 > 0. Then as (11, 72) varies, the sum of the orders of the zeros of P in the
open right half plane can change only if a zero appears on or crosses the imaginary
azis.

Note that
AN)pmpr 7=0 = A(A2 + 3\ +3)
whose non-zero roots have negative real parts. By using Lemma[2.2] we obtain the
following result regarding the rest of eigenvalues.

Lemma 2.3. If b = b*, all roots of the characteristic equation (1.3 have negative
real parts except zero-root and purely imaginary roots.

We remark that in this manuscript, we only study BT singularity.
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3. COMPUTATION OF THE NORMAL FORM OF DOUBLE ZERO SINGULARITY

In this section, we use the theory of center manifold reduction for general delay
differential equations (DDEs) (see the detail in [4} 5]) to compute the normal form
of BT singularity. In the rest of this manuscript, we always assume that the as-
sumption (H1) holds. Now we treat (b, 7) as a bifurcation parameter near (b*, 7).
By scaling t — t/7, can be written as

du;t(t) = 7(—u1(t) + f1(us(®)) — bf1(us(t —1))),
du;t(t) = 7(—u2(t) + fo(ur(t)) — bf2(us(t — 1)),
dud3t(t> = 7(—uz(t) + f3(ua(t)) — bfs(ua(t —1))).

Let
fi(z) = a;x + %f{’(O)x2 + %f”’(O)x3 + O(x4).

Define C := C([-1,0],R?), C* := C([0,1],R**) and C! = C([-1,0],R3). Let
p1 =b—">0* po =7 —7* Then on C we have

T — (7 4 1) = 02(0) + arus(0) — a5 + (1) + 3 11(0)u3(0)
— S+ ) FOWE(-1) + 0 0)
— SO ) O] + Ol + il ),

22— (7 4 1)~ 02(0) + a1 (0) — a8+ Jn (~1) + 3 7 (0)uR(0)
— S ) O ) + £ 7 0)u30)
o ) O] + Ol + ),

M) (7 4 1) - ws(0) + a5a(0) — as(8" + nJual~1) + 3 4(0)u300)

— S+ ) FEOE(-1) + 2 0)30)
— S+ ) O]+ Ol + el

Let

Define

>

>
S~—"

Il

AL — (A + Be™™),
and the linear operator

LX; =AX(t)+BX(t—-1), for X eC.



180 X. P. WU EJDE-2016/CONF/23

From Section [2] we see that £ has a double zero eigenvalue and all the other
eigenvalues have negative real parts. It is easy to see that

A(0) = —(A+B), A(0)=1+B.
Let u = (ug,us,u3)” € C, p= (1, p2)”, and
F(uty,u/) = (Fl(utaﬂ)7F2(ut,M)7F3(Ut7N))T7

where
1
Fuyg, p) = —pnag ™ ug(—1) + po[—u1 (0) — arb*us(—1)] + if{’(O)u?),(O)
1., 1 L,
— 5B FONA(1) + A O)ud(0) — £ A O)ud(-1)
+ Ol + lellllwl®),
1.,
F2(uyg, ) = —pragm uy (—1) + pa[—u2(0) — agb*ui (—1)] + §f2’ (0)u(0)
1 * 1 /! K 1 x p//,
= 5"+ ) 5 (0)uf(—1) + gfz/'(O)U‘f(O) —gb 5 (0)uf(—1)
+ Ol + lellyl®),
1
F3(ug, p) = —prasm uz(—1) + po[—u3(0) — asb*uz(—1)] + §f§,’(0)u§(0)
1., 1 1,
— SV O + g O0)(0) — b O)ud(-1)
+O([lull® + lelllyll®)-
Then (3.1]) can be written as

Uu(t) = Luy + F(ug, p) (3.2)
whose corresponding linear part at 0 is

From [2], the bilinear form between C' and C* can be expressed as

0
() = $(0) - p(0) + / (€ + DBp()d. (3.4)

Then £ has a generalized eigenspace P which is invariant under the flow (3.3). Let
P* be the space adjoint with P in C*. Then C can be decomposed as C = P & @
where Q = {p € C : (¢, ) = 0,Vip € P*}. Furthermore, we can choose the bases
® and V¥ for P and P*, respectively, such that

(U, ®)=1, d=0J, U=-JT,

where I is the identity matrix and J = (§ ¢ ) the Jordan matrix associated with the
double zero eigenvalue with geometric multiplicity 1.

Next, we obtain the explicit expressions of ® and ¥. According to Campbell
and Yuan [2], the basis ® for P can be chosen as

= [p1, 2] = [v1,v2 + Ouvi]

(Y [(~wis+ws
v= (i) = ()

and the basis ¥ for P* as
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where v1, v, € R? and wy, wy € R3* satisfy
A(0)vy; = 0,A"(0)v1 + A(0)vy = 0,
w1 A(0) = 0, w1 A'(0) + w2 A(0) = 0.
Note that is equivalent to
(A+B)v; =0,(A+B)vy = (I +B)oy,

from which we obtain

1 1
v = |ax/a|, wva=|az/a
a/ay afay

Similarly, (3.6) is equivalent to, respectively,
wi (A +B) = 0, w2 (A +B) = wy (I +B).
In fact, we have wy = k1(1,a/az,a1/a), we = ka2(1,a/az,a1/a). We can choose
k1 =2/3, ky = —4/9 such that
(D,0) =1I.
Thus we obtain the bases ® and ¥ of P and P* such that ® = ®.J and ¥ = —J¥.

Next we compute the corresponding normal form. Let u = ®x + y (here z =
(z1,22)" € R? and y = (y1,92,93)" € C); namely

u1(0) =x1 + 0%2 + y1(9),

a as(1+6

u2(0) = fl’l + 2(T>$2 + y2(0)7
a a(l+46

uz(0) = ;11'1 + %392 +y3(0).

Then, on the center manifold y = g(x(t), 6), (3.2)) becomes
&= Jr+ V(0)F(Px + g(x,0), 1)

1 1 (3.7)
=Jx+ §f21(fﬂ,07u) + gfé(%()au) +O(|ullx? + |ul?lx] + |2|*)
where
1 4a 4 2a
5f21(w,07u) = (mﬂlxl - g(a — 1)ppxa, Rt +2(a — 1)#2962)
1 5 p1/ 2 4 1
_ 0 0
9a2az(a — 1)a* (a20°f1/(0) + a1a" 5 (0)
-2
+ o 0)(e? + 2aiza +as) ()
I 4
gfj (1‘,0,0)

2(a7a2f’”(0) + a5a3 ///(O) + a4a4f///(0)) —9
= L 27(a _1 12)a5a:{’ 17273 (23 + 3axizy + 3ax 23 + 13) 5 )
Using the result in [2] to project on the center manifold up to the second order and

after long calculation (we omit the detail), then (3.7) can be transformed as the
following normal form,

. 1 )
b= Jr+ 0b(w,0,0) + O(l?lal + 1),
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or
i’l = T2,
Ey = X171 + X2%2 + Azox] + Apzizs + O(|pl?|z] + |[?),

in which x; and Ajj are given by

(3.8)

_ 2a
X1 = a_l,ula
4a
= — 2(a—1
X2 3(a71)u1+ (a—1)pe,

aSas f1'(0) 4+ a*a? f3(0) + ata3 f5(0)
3a4a%a2(a -1)

2(3a — 2)(a’az f1'(0) + a’a? £3(0) + afa3 f5(0))
9atalas(a — 1)
if a®aa f1'(0) + a*a? f5(0) + a3a3 f§(0) # 0. Since
X Oxa
5| = det g o) E——

3#1 Oz

)

Ay =

All =

)

we have that (1, p2) — (Xl, X2) is regular and hence the transversality condition
holds. If a®as f1(0) + aa? £ (0) + ata3 £ (0) = 0, then (3.7) can be transformed as
the following normal form Wlth the third order,

. 1 1
&= Jo+ 5:05(@, 0, 1) + 5105(2, 0, 1) + O(|pf*|] + |2]"),

or

T1 = g,
3.9
b2 = a1 + xo2 + Asod? + Agiatas + O(uflal + [of), )

in which x; and Aj; are given by
a’az f{"(0) + a®ai f3"(0) + aja3 f5"(0)
9aataz(a — 1)
(3a — 2)(a’az1"(0) + a’a? f5"(0) + ata3 f5"(0))
9a®aias(a — 1) '

Aszo =

)

A21 =

4. BIFURCATION DIAGRAMS AND COMPUTER SIMULATION

In this section, we only give the bifurcation diagrams for since it has much
richer dynamical behaviors than ) does. Remember that, in this situation, we
have a®as f]'(0 ) + a*a? £ (0) + a1a3 4(0) = 0. Noting that a > 1 and that, if
a’az f"(0) + a’ai f3"(0) + atas f3"(0) # 0, then AzgAz > 0.

Case 1: Azg < 0 and As; < 0. Then under the substitution
Ao A3,

—F1 T2 — X2
v/ |Asol ’ |1430|3/2 ’

A
t— it, T — —
Aso

System (3.9)) is transformed into

jjl = T2,
. 5 (4.1)
To = €171 + E2X2 — X] — X1 X2,
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where
o Agy 2 _ 2a(3a—2)?
1= A30 X1 = a—1 M1,
Aoy 2(3a — 2)
= X2 T o5y
A30 3a ((l — 1)
The complete bifurcation diagrams of (4.1)) can be found in [§]. Here, we just list
two results.

€2 (2ap1 +3(a —1)%p2).

Lemma 4.1. Let
Fi={(e1,82) 161 =0, &2 >0},
H' ={(e1,82) 162 =0, 1 <0},
H? = {(e1,2) 1 82 = &1, €1 > 0},

4
P={(e1,e2) 1 e = 581 +o(e1), e1 > 0}.

K ={(e1,e2) : €2 = koe1 + 0(€1), €1 > 0}, ko & 0.752.
For small e1,e5, then
(i) if (e1,€2) is in the region between the curves F} and H' or between F} and

H?, has a limit cycle;

(ii) if (e1,€2) is in the region between the curves H* and P, has three limit
cycles: a “big” one and two “small” ones;

(iii) if (€1,€2) is in the region between the curves P and K, has two limit
cycles: the outer one is stable while the inner is unstable.

Using the expressions of €1, €5, we have the following result.
Theorem 4.2. Suppose that b =b* + 1 and 7 = 7% + po. Let
F—&l- = {(Hl:l@) CH1 = Oa pa > 0}7

H' = {(p, pa) = puo = _ﬁﬂl’ > 0},
H? = {(p1, pi2) : o = —Wm, p1 < 0},
P = {(p1, p2) : p2 = Mul +o(|u|), 1 <O
K = {(n1, p2) : 2 = —a(ﬁoé?s__f)); 2 1+ o(lal)s < 0.

For small py, pa, then
() if (1, p2) is in the region between the curves Fl and H' or between F'} and
H?, has a stable limit cycle;

(ii’) if (p1,pe) is in the region between the curves H? and P, has three
limit cycles: a “big” one and two “small” ones;

(i4i’) if (p1, p2) is in the region between the curves P and K, has two limit
cycles: the outer one is stable while the inner is unstable.

Case 2: Azg > 0 and Ay > 0. Then under the substitution

P A21t - Aoy vy, 1y A3, -
x b 1 e 17 T a/9 b
Asp VAsg A§é2
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System (3.9) is transformed into
i‘l = T2,

4.2
To =€121 + €222 + aczf — x%xg, (42)

where
(A21)2 2a(3a — 2)2
E1 = —_— e

! Ago X1 a—1
Ag 2(3a — 2)
e
A3Q 3a (CL — 1)
The complete bifurcation diagrams of (4.2) can also be found in [§]. Here, we just
list two results.

K1,

€2 = (2ap1 +3(a —1)*2).

Lemma 4.3. for small €1,¢2, we have:
(i) System undergoes a Hopf bifurcation for the trivial equilibrium point on
the line
H = {(e1,e2) : 62 =0, g1 < 0}.
(i) On the curve

1
C = {(51752) 1€ = —561 + 0(61), e < O},

(4.2) undergoes a heteroclinic bifurcation. Moreover, if (e1,e2) is in the region
between the curves H and C (4.2)) has a unique stable periodic orbit.

Using the expressions of &1, €5, we have the following result.

Theorem 4.4. Suppose that b = b* 4+ p1 and 7 = 7 + ps. For small py, pa, we
have:

(i’) System (1.1) undergoes a Hopf bifurcation for the trivial equilibrium point
on the line

H = {(ﬂl,ﬂz) 2 = —
(ii’) On the curve

2a
A ———— 0}.
3(a— 1)2#17 pa > 0}

a(9a +4)

—Wﬂl +o(p1), pa > 0},

System (L.1) undergoes a heteroclinic bifurcation. Moreover, if (1,€2) is in the
region between the curves H and C, (1.1)) has a unique stable periodic orbit.

Example 4.5. This example verifies the result in Theorem (iii). Let
filz) =2z + 23, fo(z) =2 —2.012%, f3(z) =z + 2>
Then we have a1 = 2, as = a3 = 1, a = ¥/2,and hence
b* = E, T = 1 .
V2 V21
Since f1'(0) = f4/(0) = f4(0) = 0, we have Ayg = A13 =0 and
Asp = —3.030700653228997, As; = —5.393929340342073.
Thus in Theorem [£.2]
H? = {(p1, po) : o = —45.62398206783447611, p1y < 0},
P = {(p1, p2) : 2 = —38.9857469152472051, j11 < 0},

C={(p1,p2) : po =
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K = {(ju1, p2) : j12 = —37.392570478626254411, 111 < 0}
If we choose (1, p2) = (—0.0001,0.0042), then it is easy to check that (g, ps) is
between H? and P (Figure [2(a)). According to Theorem has three limit
cycles (Figure 2{(b), 2fc) and 2[d)).
If we choose (u1,p2) = (—0.0001,0.0038), then it is easy to check that (u1, o)
is between P and K (Figure [3|a)). According to Theorem [£.2{iii), has two
“big” limit cycles (Figure 3(b) and fc)).

B

=il
i
|

T
‘i

e b e 1 N
—0.00020 —0.00015 —0.00010 —0.00005 0.00000

—

= |
—
i
<

—
= |

(a) (b)
~0011
001
-0.012 A Vi
- Y2 0 - Y2
— _
—001 ve
001
-0.0:
o.
-00:
001
~0.01
001
—~0.01;
X
0. /\
t t
20500 21000 21500 22000 20500 21000 21500 22000
(c) (d)

FIGURE 2. (a): (1, u2) is between H? and P; (b): Initial: y;(t) =
1,y2(t) = —0.14,y3(t) = —0.011 for ¢ < 0; (c): Initial: y1(t) =
0.0001,y2(t) = —0.001,y3(t) = —0.001 for ¢ < 0; (d): Initial:
Y1 (t) = 0.0178, ya(t) = 0.01417, y5(£) = 0.01 for ¢ < 0.

Example 4.6. This example verifies the result in Theorem ii). Let
fi(x) = tanh(z), fo =3tanh(z), f3(x)=9tanh(x).



186 X. P. WU EJDE-2016/CONF/23

AN
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-0.00020 —0.00015 —0.00010 —0.00005 0.00000 -O.
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0.00¢

20500 21000 21500 22000

FIGURE 3. (p1,p2) = (—0.0001,0.0038): there is one periodic
limit cycle for y;(¢) = 0.1, y2(t) = 0, y5(t) = 0 when ¢ < 0.

Then a1 =1, as = 3, a3 = 9 so that a = 3. Thus b* = %, ™" = % Then

_ 1
H = {(u, p2)  p2 = =5, > 0},

_ 11
C={(p1,p2) : po = 20t +o(u1), p1 > 0}.

Choose 11 = 0.0005, 2 = 0.0000875 and it is easy to see that (0.0005,0.0000875)
is in the region between the curves H and C. According to Theorem ii), (1.1)
has a unique stable periodic orbit (see Figure [4]).

Conclusion. Neural networks are important both in theory and in application. In
this article, we discussed BT singularity of a neural network model and obtained its
corresponding normal. Using this normal form, we obtained interesting dynamical
behaviors such as Hopf and double limit cycle bifurcations. Two examples were
given to verify our theoretical results.
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FIGURE 4. When (p1, p2) = (0.0005,0.0000875) lies between the
curves H and C, a periodic solution is bifurcated from the origin.
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