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POSITIVE SOLUTIONS FOR 3 x 3 ELLIPTIC BI-VARIATE
INFINITE SEMIPOSITONE SYSTEMS WITH COMBINED
NONLINEAR EFFECTS

JINGLONG YE, JAFFAR ALI

ABSTRACT. We study the existence of positive solutions to 3 x 3 bi-variate
systems of reaction diffusion equations with Dirichlet boundary conditions. In
particular, we consider systems where the reaction terms approach —oo near
the origin and satisfy some combined sublinear conditions at co. We use the
method of sub-super solutions to establish our results.

1. INTRODUCTION
We study nonlinear elliptic 3 x 3 bi-variate systems of the form

—A’U/l = )\791 (ui,IUP)) n Q,
1

—Aug = )\792(1%’1“) in 0,
Uy ? (1.1)

CAuy = 282 g

as )
3

uy = us =uz =0; on IN

and
CAuy = 02y g
L)
CAup = 222 g
ug (1.2)
~Au :Ag?’(“la;“” n Q,
uy

uy = ug = ug =0; on 09,

where 2 is a bounded domain in RY with C*-boundary, g; € C([0,00) x [0, 00)),
9i(0,0) < 0 and «a, o; € (0,1), for i = 1,2, 3.

Here, if a = a; = 0, for ¢ = 1,2,3, the reaction terms are negative but finite.
Such problems are referred to as semipositone problems. (see [II [3], 4l @] [7], 8l 10,
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11]). It is well documented in the literature that the study of positive solutions
to such semipositone problems are mathematically very challenging. Since the
test functions for positive subsolutions must come from positive functions v such
that —Aw < 0 near 92 while —Avy > 0 in a large part of the interior of 2 (see
[5, [T4]). In this paper, we study the more challenging semipositone problem where
the nonlinearities approach —oo at the origin. Here we not only need to produce
subsolutions such that ¢ > 0 in Q, ¥ = 0 on 9 but also they must satisfy
limg_90(—A1) = —oco. We refer to such problems as infinite semipositone systems.
We will seek positive solutions in [C1(Q) N C(Q)]3.
To state our results precisely we introduce the following hypotheses:
(H1) There exist 0 > 0 and A > 0 such that @ — @ < 0 < @ and g;(s,t) > As”®
for s > 1,t > 1, for i = 1,2,3 where @ = max{aj,as, a3} and a =
min{aq, ag, as}.

(H2)
tim S5 MI(59) gy
5—00 S +ay

(H3)
i ©2M03(5:5),8) _ s o)

s§—00 gltaz
(H4) There exist o > 0 and A > 0 such that 0 < o < « and g¢;(s,t) > As? for
s>1,t> 1, fori=1,2,3.

(H5)
(H6) S

§—00 S
where §i(s,t) = gi(s.1)/s°.
We establish the following results.

Theorem 1.1. Assume (H1)—(H3) hold and g;(s,t) is nondecreasing in both vari-
ables for i =1,2,3. Then system (1.1) has a positive solution for X\ > 1.

Theorem 1.2. Assume (H4)—(H6) hold and g;(s,t)/s“ is nondecreasing in both
variables for i =1,2,3. Then system (1.2)) has a positive solution for X\ > 1.

We use the method of sub-super solutions to establish our results. Consider the

system
—Aul = )\hl(ul,U,Q,U3) in

_AUQ = )\hg(ul,’UJg,’LLg) in Q
(

1.3
7AU3 = )\hg ( )

uy =ug =uz3 =0 on 9.
We define (i1, )2,3) to be a subsolution of (T.3)) if ; € C1(2) N C(Q) and

— Aty < Ahi(Y1,102,43) in Q
;>0 in Q
¥, =0 on 09,

U1, Uz, uz) in
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for i = 1,2,3, and (Z1, Zo, Z3) to be a supersolution of (I.3)) if Z; € C1(Q2) N C(Q)
and

—AZ,L Z )‘hi(Zh ZQ, Zg) in Q
Z; >0 in
Z; =0 on 09,

for i = 1,2,3. For systems and 7 if there exist subsolutions (11, %2, 13)
and supersolutions (Z1, Zs, Z3) such that (¢1,19,%3) < (Z1,Z2,Z3) on , then
these systems have at least one solution (u1,uz,u3) € [CH(Q) N C(Q)]? satisfying
(1, 9,%3) < (u1,us,u3) < (21, Za, Z3) on €. This follows by the natural exten-
sion of the result in [9] for scalar equations to systems and under the
assumptions that g;(s,t)’s are nondecreasing and %’s are nondecreasing in both
variables, respectively.

In [13], the authors study such singular systems in the case n = 2. (See also [15]
for a study in the case n = 1.) Here we extend this study to 3 x 3 bi-variate systems
and . The main difference in these new systems is that our nonlinearities
depend on two variables instead of one variable, and this is more challenging in
constructing both sub and super solutions. We will prove Theorem [I.1]in Section 2
and Theorem in Section 3. In Section 4, we will consider the natural extension
of our results to p-Laplacian systems.

2. PROOF OF MAIN RESULTS

Theorem [I1l Let ¢ > 0 such that ||¢||oc = 1 be the eigenfunction corresponding
to the first eigenvalue of the operator —A with Dirichlet boundary condition, i.e.
¢ satisfies

~Ad =\, inQ

¢ =0, on9dN.
For v € (ﬁ, m), let ¢; = X’qS%‘M. Then
2 204 2 1—qy 2
R e [Mo? — (1+ai)|v¢| ]
Let § > 0, m > 0 and g > 0 be such that
1—qy _
( az)|V¢\2 —M¢?>m, inQs, fori=1,2,3,

1+Oéi

and ¢ > p > 0in Q\ Q5, where Qs = {z € Q| d(x,00) < §}. This is possible since
|[Vo| # 0 on 092. Hence even though ¢;(0,0) < 0, for A > 1, in Q,
2 1— oy 9:(0,0)
)\ 2 _ 7 2 < A 7 9
1+a7,)[ 1¢ <1+az)‘v¢| ]— ()\'Y)ai7
since 1 — v — a7y < 0. Therefore,
(0,0)

—Ay; < A(/\ f;ﬁ.)a- < Agi(wijpgiwi“) in Q5 (2.1)

(7

for A> 1. -
Next, in 2\ Qs, since ¢ > p > 0, from (H1), we know that for A > 1,

Gi(NIGTFET XTI §TIRT) > A(XT§TER )
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Also, since 0 < p<¢p<land 1+ (0 —a;)y—7>0, for A>1,

2
ANTgTT )7
A7 M2 <\ ——— 2
ot < AT
Then in Q\ Qs, for A > 1,
2 —294 49
—A i< Y by 1+a7;+
= ( 1—|—0¢i) 19
\GNGT NgT) (2.2)
- ()\v(bﬁ)al ’
_ )\gi("/}i+17'(/}i+2)
P
Combining ([2.1) and ([2.2), we see that for A > 1,
LAY < AQWL{JM Q.

Thus (¢1,12,13) is a positive subsolution of ([L.1)).
Now, we construct a supersolution (21, Za, Z3) > (11, %9,13). From [12], we

know that w; € C1(2) N C(Q) exists such that

1
—Aw; = —, inQ,
w

o)
i

w; =0, on I,

and satisfying w; > ee for some ¢ > 0. Here e is a positive solution of —Ae =1 in
Q and e = 0 on 99 which satisfies e € C}(Q) and % < 0 on 012, where v is the
outward normal vector on 9. Let w = max{||w1|], ||wz]], ||ws||}, and

(21, 22, Z3) = (m(A) w1, m(N)wa, gs(m(N)[[wi]], m(X) [ws [ )ws)-
Then, from (H2), we can choose m(A) > 1 such that

grmNw, gs(m(A)w, m(Mwyw) _ 1
() =5
Then
any A a(mNw, gs(m(N)w, m(A)w)w)
AZy = W > A (mO)w)™
g1(m(Awa, gs(m(A)[[wi [, m(A)[lws|[)ws)
= (n Q)
\91(Za, Z3)
— AT
From (H3), choose m(A) > 1 such that
g2(gs(mN)w, m(A)w)w, m(A)w) o1
() Py
Then
any . mA) | g2(gs(m(Nw, m(N)w)w, m(A)w)
AZy = wg? > A (M) wn)??

g2(g3(m(N) [lwy ||, m(N)[|wz || )ws, m(N)wy)
A (m(N)ws)
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_ )\92(23721)
Vi
From (H1), choose m(A) > 1 such that
A

(@s(m s, mV [

Then
g3(m(A)[lwy ||, m(A)[Jws]|)
w3
gs(m(N)wy, m(A)ws)
(g3(m(A)[[wa]], m(A) [[wa ) *sws®

_ /\93(217Z2)
= 7&?3 .

Thus (Z1, Zs, Z3) is a supersolution of ([I.1)). Further, m()) can be chosen large

enough so that (Z1,Zy, Z3) > (1,19,%3) in Q. Therefore, problem (I.1)) has a
positive solution (u1,us2,us) € [(¥1, %2, ¥3), (Z1, Z2, Z3)]. O

—AZs =

Proof of Theorem[I.3 Let ¢ = N pTia, v e (ﬁ,ﬁ), and ¢ as before.
Then by arguments similar to that in the proof of Theorem we can show
that (¢, 1,) is a subsolution. Now, we construct a supersolution (Z1, Zs, Z3) >

(1,1, ). From (H5), (H6), we can choose m(A) > 1 such that

él(m(A)IIGILA@s(ﬂ;f(AA))llellvm(A)Ilell)llell) < % (2.3)
gz()\flz’)(m()\)”@”»7;(()\/\))||@||)||6||7m()\)||6||) < % (2.4)

where e is as described before in the proof of Theorem [I.1] Let
(Z1, Z3, Z3) := (m(X)e,m(N)e, Ags(m(X) [[ell, m(A)[e])e).
Then by
—AZy = m(A) = Agi(m(A)llell, Ags(m(A)[lell, m(A)[[el)]e]])
gi(m(Nea, Ags(m(A)lell, m(A)le[)e)

(m(A)e)>
91(Z2, Z3)
A 75 3
and by (3.2)
—AZy =m(A) > Ag2(Aga(m(N)][ell, m(A)lel])e; m(A)][e]])
5 (92(Ags(mN)lell, m(A) [lellJe, m(A)e)
- (Ags((m(A)lell, m(A)[lell)e)>
_ 9223, Z4)
z8 ’
and

—AZs = Ags(m(A)ell, m(A)el])
> Ags(m(A)e, m(Ae)
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_ gslme m(N)e)
(m(A)e)*
_ )\93(Z1722)_
Ay
Thus (Z1, Zs, Z3) is a supersolution of (1.2)). Further, m(\) can be chosen large
enough so that (Z1,Z, Z3) > (¢1,1%9,93) in Q. Therefore, problem (1.2)) has a
positive solution (u1,us,us) € [(¥1,%2,v3), (Z1, Za, Z3)]. O

3. p-LAPLACIAN SYSTEMS

In this section, we discuss the extensions of our main results to the following two
p-Laplacian systems:

Ay = A0 g
1

7AP’U,2 = Ang(ui;UI), in Q,

Ay = ABUL)
3

uy = ug =ug =0, on I,
and

Ay = aI )
U2

—Apug = Aigg(u;;,ul)7 in Q,
ug (3.2)

CAjuy = A2
Uy

uy = uy =ugz =0, on IN.
Here Apu = div(|Vu[P~2Vu), © is a bounded domain in RY with C*-boundary,
gi € C([0,00) x [0,00)), 9i(0,0) < 0 and o, o; € (0, 1), for i =1,2,3.
To state our results for these p-Laplacian systems, we introduce the following
hypotheses:

(H7)
1
. gl(saM(g?)(S?S))pfl) _
lim oy =0, VM >0.
HS8
(H8) N
hm gQ(M(gg(s,s))P—l,s) 70 VM>0
85— 00 S;D—1+0£2 - ’
(H9)
1
~ MG =T
i 20 M@BEDT) oy
S§— 00
(H10)
o (M (G ﬁ
1im gQ( (93(87 S)) 78) — O7 VM > O,

S§—00 51)_1

where y(s,t) = gi(s, 1) /5.
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Theorem 3.1. Assume (A)p >3 or (B)p <3 and a; < §. Let (H1), (H7), (H8)
hold and g;(s,t) be nondecreasing in both variables for i = 1,2,3. Then system
(3.1) has a positive solution for A > 1.

Theorem 3.2. Assume (H4), (H9), (H10) hold and g;(s,t)/s® is nondecreasing in
both variables for i = 1,2,3. Then system (3.2)) has a positive solution for A > 1.

Here we prove these results again by the method of sub-super solutions. As
described in [13], the method of sub-super solutions holds for systems and
with the assumptions that g;(s,t)’s are nondecreasing and the functions g;(s,t)/s®
are nondecreasmg in both variables. First, by an argument similar to the proof of

Theorem 1.1} we can show that if i, := A\V¢p ptrer , for
1 1
_ Ty — )’
p—l+a' p—1+4(@—o)
then (1, 12, 13) is subsolution of (3.1)) for A > 1. Here ¢,, > 0 such that ||¢,[|cc =1

is the eigenfunction corresponding to the first eigenvalue of the operator —A,, with
Dirichlet boundary condition, i.e. ¢, satisfies:

—Apdy =M@, in 0
¢p =0, on .
Also, by [2], for (A) p > n, or (B) p<n and o; < £, the problem

ye(

—Apw; = 7, in {2
w;

w; =0, on 0f,
has a solution w; € C1(Q) x C(Q) such that w; > ee,, where —Ape, = 1 in €,
ep = 0 on 0. Let (Z1,Zs, Z3) := (m(X)wr, m(A)wa, gs(m(X)||wi ]|, m(A)||ws|)ws).
Then for m(A\) > 1, (Z1,Z2,Z3) is a supersolution of and (Z1,22,73) >
(11,12,13), by an argument similar to that in the proof of Theorem Hence
Theorem B.1] holds.

(li\lext, to establish theorem let 1 := ANy 7, for vy € (p_ha, p_1+1(a_0)),
an

(Z1, 2, Zs) = (m(N)ep, m(N) ep, A7 Gs (m(N) e[, m(N) e ep)-
Then by an argument similar to that in the proof of Theorem (¥, 9,7) is a
subsolution of for A > 1 and for m(\) > 1, (Z1, Zs, Z3) is a supersolution of
(3.2) with (Z1, Za, Z3) > (v,1, ). Hence Theoremholds.
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