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GLOBAL REGULARITY RESULTS FOR FOUR SYSTEMS OF 2D
MHD EQUATIONS WITH PARTIAL DISSIPATION

JINGNA LI, BO-QING DONG, JJAHONG WU

ABSTRACT. This article examines the global well-posedness problem on four
closely related systems of the 2D magnetohydrodynamic (MHD) equations
with partial dissipation. They all share the same partial dissipation in the
equation of the magnetic field b, only the vertical magnetic diffusion in the
horizontal component and the horizontal magnetic diffusion in the vertical
component. When the velocity equation has no fluid viscosity, the global
regularity problem is an outstanding open problem. We prove a weak-sensed
small data global existence result for the case when there is no fluid viscosity.
When the velocity equation involves partial dissipation of the same structure as
in the equation of b, we show that any L? initial datum leads to a unique global
solution, which becomes smooth instantaneously. When the partial dissipation
in the velocity equation is either in the horizontal or vertical direction, we prove
that any H'! initial datum generates a unique global solution.

1. INTRODUCTION

This article concerns the global regularity problem on four closely related systems
of the 2D magnetohydrodynamic (MHD) equations with partial dissipation. The
first one is the following MHD equation without fluid viscosity

du+u-Vu=-Vp+Db-Vb,
8tb1+u~Vb1 :n822b1+b~Vu1, 11
Otby +u - Vby = 1n011b2 + b - Vuo, (L.1)
V-u=0, V:-b=0,

where u = (ug,us) denotes the velocity field, b = (b1, b2) the magnetic field, p the
pressure and 1 > 0 the magnetic diffusivity. Here we have used 022 and 011 to
denote the second order partial derivatives in the vertical and horizontal directions,
respectively. The model equation in is rooted in the standard 2D MHD
equations with only magnetic resistivity, namely

Jdou+u-Vu=—-Vp+b-Vb,
Ob+u-Vb=nAb+Db: Vu, (1.2)
V-u=0, V-b=0.
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Equation (1.1)) differs from (1.2)) in that the resistivity term in (|1.1)) is only partial
1(022b1, O11b2), as opposed to the full resistivity nAb in (|1.2).

Equation is applicable when the fluid viscosity can be ignored while the role
of resistivity is important such as in magnetic reconnection and magnetic turbu-
lence. Magnetic reconnection refers to the breaking and reconnecting of oppositely
directed magnetic field lines in a plasma and is at the heart of many spectacu-
lar events in our solar system such as solar flares and northern lights (see, e.g.,
[1, 5, [@, [10]). The mathematical study of may help understand the Sweet-
Parker model arising in magnetic reconnection theory [9, [10]. The global regularity
problem on is not completely solved at this moment, although recent efforts
on this problem have significantly advanced our understanding (see, e.g., [7, [14]).
Global a prioribounds in very regular functional settings have been obtained. What
is lacking is a bound for the vorticity w in L*°(0,7; L*°). More details can be found
in [7] or a very recent review paper by one of the authors [13].

One goal here is to reduce the resistivity (dissipation) as much as possible and
still establish the global existence and regularity of solutions. Resistivity regularizes
solutions and helps facilitate the proof of global regularity. As aforementioned, the
global regularity problem on and remains outstandingly open. Our first
result shows that does possess global small solutions in a weak sense. More
precisely, we prove the following theorem.

Theorem 1.1. Let n > 0. Consider (L.1) supplemented with the initial data
(ug,bg) satisfying (ug,bg) € H® with s > 2 and V -uy = 0 and V - by = 0.
Then, for any T > 0, there exists 6 = 6(n,T) > 0 such that, if

[bollzs <6,

then has a unique solution (u,b) on [0,T]. In addition, (u,b) satisfies u €
L>([0,T); H®) and

T ) 1/2
Il o ([ I9BEIE 7)<
for a pure constant C.

Here we have written (ug,bg) € H® x H?® simply as (ug,bg) € H?® for the
conciseness of notation. We remark that the smallness condition depends on 7" and
is only imposed on by (not on ug). A similar result was shown in [7] for the 2D
MHD equation with full resistivity, namely . In order to prove Theorem
with only partial resistivity, we make use of the special structure of . A full
proof is given in Section

It is currently unknown that with a general initial data always possesses a
unique global solution. This is an extremely difficult problem. To help understand
this intriguing problem, we explore the existence and regularity of three systems
that are closely related to ,

Owur +u-Vuy = —01p+ vdzui +b - Vby,
Orug +u - Vug = —0op + v011us + b - Vbo,
Qb1 +u- Vby = 70y + b - Vuy, (1.3)
Oty +u - Vb = 101162 + b - Vuo,
V-u=0, V-b=0;
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du+u-Vu=-Vp+vdu+b-Vb,
8tb1 +u- Vbl = 773221)1 + b- V’U,l,

O¢bo +u - Vby = 101102 + b - Vus, (1.4)
V-u=0, V-b=0
and
oou+u-Vu=—-Vp+rvdpu+b- Vb,
Oib1 +u- Vb = 77622[)1 +b-Vuy,
(1.5)

Otby +1u - Vby :n811b2+b-Vu2,
V.ou=0, V-b=0,

where v > 0 is a real parameter. We show that (1.3)) supplemented with any
L?-initial data (ug, bg) always possesses a unique global strong solution.

Theorem 1.2. Letv > 0 andn > 0. Consider (L.3) with the initial data (ug, by) €
L?, and V-ug =0 and V -bg = 0. Then, (1.3)) has a unique global strong solution
(u,b) satisfying

(11, b) S LOO(O,OO;LQ), 82U1,61UQ,821)1,611)2 € LQ(O,OO;LQ). (16)

In addition, for any to > 0, the solution (u, b) becomes infinitely smooth on [tg, o0),
namely
(u,b) € C*(R? x [tg,0)). (1.7)

The key point of Theorem is that (ug,bg) is merely required to be in L2
and the solution of emanating from this data is unique and becomes infinitely
smooth instantaneously.

We are also able to establish the global existence and regularity for both
and when the initial data (ug,bg) € H'. In addition, the H!-level solutions
are unique.

Theorem 1.3. Let v > 0 and n > 0. Consider (1.4)) or (1.5 with the initial data
(ug,bg) € HY, and V-ug = 0 and V - by = 0. Then, (1.4) has a unique global
strong solution (u,b) satisfying

(u,b) € L*(0,00; H'), 0,Vu, Ab € L*(0,00; L?) (1.8)
and (1.5)) has a unique global strong solution (u,b) satisfying
(u,b) € L=(0,00; H'), 9,Vu, Ab € L*(0,00; L?).

Theorems|[I.2]and [T3] contribute to the global well-posedness theory on the MHD
equations with partial dissipation. In the last few years there have been substantial
developments on the global regularity problem concerning the hydrodynamic equa-
tions with partial dissipation. These partially dissipative systems are physically
relevant and mathematically important. The MHD equations with partial dissipa-
tion have attracted considerable interests and significant progress has been made
(see, e.g., [2, B, 4 [6l [, [T, T3], [14], [T5] [16], 17]). We apologize for not being able to
cite all related references simply due to the sheer number of papers available. A
more complete list of references can be found in the review paper [13]. Several pre-
vious results are especially relevant to what we obtain in this paper. Cao and Wu
in [4] established the global regularity for the 2D MHD equations with the mixed
partial dissipation given by d11u and 0aob (or dsou and d11b). Cao, Regmi, Wu
and Zheng ([2, [3]) examined the case when the partial dissipation in the 2D MHD
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equations is in the same direction, namely d11u and 911b (or dxou and da2b) and
obtained global bounds for high regularity of the solutions, even though a complete
solution to the same directional partial dissipation case is lacking. Later Du and
Zhou obtained global well-posedness and blowup criteria results for some other par-
tial dissipation cases [6]. Theorem[L.3|proves the global existence and uniqueness at
the H'-level for the partial dissipation case when the dissipation in one component
of b is in one direction while the rest is in the other direction.

The rest of this paper is divided into three sections. Section [2] proves Theorem

Section [3] proves Theorem [1.2] while Section [4] proves Theorem

2. PROOF OF THEOREM [I.1]

This section is devoted to the proof of Theorem We make several prepara-
tions. First we state the bootstrap argument (see, e.g., Tao [12]).

Lemma 2.1. Let T > 0 and I = [0,T]. Let H(t) and C(t) with t € I be two
statements satisfying the following conditions:

(a) C(t) holds for at least some tg € I;

(b) If C(t) holds for some t1 € I, then H(t) also holds for t1;
(c) If C(t) holds for t,, € I and t,, — t, then C(t) holds;

(d) If H(t) holds fort € I, then C(t) also holds fort € I.

Then C(t) holds for allt € I.
The continuity argument is a special consequence of Lemma [2.1

Corollary 2.2. Let T > 0 and I = [0,T]. Let fo > 0. Assume f = f(t) is a
nonnegative continuous function on I satisfying, for some Cy >0 and 8 > 1,

(1) < fo+ Co (f(2)”.
Then, there exists A = A(Cy, 8) such that, if fo < A, then f(t) < 2A for allt € 1.

The following simple Osgood type inequality is used in the proof of Theorem [T:1}

Lemma 2.3. Let T > 0. Let p1 and ps be non-negative integrable functions on
[0,T]. Let f be a non-negative measurable function on [0,T] satisfying, for a.e.

t €1[0,7T],
o< [ () () In(1 4 F()) dr - o).
Then, for a.e. t € [0,T],
F(t) < (1 + f(0)7 eCGa®) e

where

Gl(t):/o p1(T)dr and Gg(t):/o p2(7) dr.

Let J = (I —A)l/ 2 denote the inhomogeneous differentiation operator. We recall
two well-known calculus inequalities. (see, e.g., [8, p.334]).

Lemma 2.4. Let s > 0. Let p,p1,p3 € (1,00) and pa, ps € [1,00] satisfying
1 1 1 1 1
S =

p P11 P2 P3 P4
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Then, for two constants Cy and Cs,
17°(f e < CLUII fllzellglizes + [17°gllLes 1 fllzes)
17°(f 9) = fI°gllLe < Co (II7° fll Lo lglloe + 117°7 gl Los [V £l o) -

Proof of Theorem[I1. As we know, the local-in-time existence and uniqueness of
solutions follows from a standard approximation process and local energy estimates.
Our focus here is on the global existence and regularity and we use the bootstrap
argument in Lemma Let T' > 0 be fixed. Let 7 > 0 be suitably chosen (to be
specified later). For ¢t € [0,T], let H(t) and C(t) denote the following statements
||b||L°°(o,t;Hs) + "7||b||L2(0,t;HS+1) <7, (2.1)
7 (2.2)

Hb”L‘”(O,t;Hs) + 77Hb||L2(0,t;HS+1) < 5

It is clear that (a), (b) and (c) in Lemma[2.1] hold. It remains to verify (d), that is,
to prove (2.2)) under the assumption (2.1)). When ([2.1) holds, we show that w and
u are regular on [0, T]. It follows from the equation of w, namely

Jiw+u-Vw=Db-Vj
that, for s > 2,

t
(s 8) [ < Il + / Ib- V)| dr
0
t
< Juollar- + Bl o.are / IVl dr
0

t 1/2
< 1ol + bl ey VE( [ 19l r)

1
< ||u0||H° + 5\/572 = Co(u()vta’y)a

where we have invoked ([2.1]) to obtain the last inequality. As a consequence, ||u|| =
is also globally bounded. It follows from the velocity equation that

d
S lulle < ClVullz=[[ullm: + (b Vbl (2.3)
We bound ||Vul|p= in terms of the logarithmic Sobolev inequality
IVul[Lee < C(1+ Jlullr2 + [[w]|zee In(1 + [Jul[z:)).
Clearly, ||b - Vb| g is locally time integrable,
¢
1
/ b Vb||gs dr < =vt>2.
0 n
Applying Lemma yields a global bound on ||ul|g-,
la(t)| e < (14 [Jug o) elCHOHImolliz) e VET)et (24)
Taking the curl of the equation of b, we find that j = V x b obeys

8tj +u-Vj= 778111b2 — 773222()1 +b-Vw+ Q(VLL Vb), (25)

where
Q(VLL Vb) = 20:1b; (62u1 + ((911!2) — 281U1(82b1 + 811)2).



40 J. LI, B.-Q. DONG, J. WU EJDE-2017/CONF/24

Applying the differential operator J*~! to (2.5)) and then dotting with J*~1j, we

have
1d

i%HJHiIs—l - Kl + KQ + K3 + K4,

where

K =n /Js—l(amb2 — Oogoby) J* Vg, Ky = —/Js_l(u~Vj) J71y,

Ks = /Js_l(b-Vw) Jy Ky = /JS_IQ(Vu, Vb) J57 15
Writing j = 01by — O2b; and integrating by parts lead to
K, = —77/ ((311J87151)2 + (D02 J57101)2 4 (9115 1 bo)? + (322J57152)2)
= —nH(J"'b).
Because V - u = 0, we have
Ky = —/(JH(u Vi) —u-VJl) g

By Lemma [2.4]
Ko < Cllu -
Integrating by parts and Holder’s inequality,
1Kl < 11777 ()22 g < Clullzs ol e [z
(Kl < Clgllazes Il [0l 7 = Clrallzze 131

JllFrea

Furthermore, by Young’s inequality,

L/
K| < 1l + Cllall

Noticing that, due to V- b = 0,
. Aby
Vi= (—Ab1> ’

b3

we have
13- = 193121 = | AbI.— < 2H(J*b).
Therefore,
K3| < 2L H(J*"'b) + C|[ul % |b]2
K| < 55 H( ) + CllullF [[bll 7o
Combining the estimates above and noticing that ||j{| z.—1 = [|b||#+, we obtain
d .
S IPlEe +n H(J*b) < C(1+ [ulfF )b 7.
Therefore,

t
bl +n/0 H(J*~'b) dr < |[bo||%.efo OFlIullze) dr

Recalling the global bound for ||Ju|| g in (2.4]), we can certainly choose § = §(T,n) >
0 sufficiently small such that

0<r<t — 16 0 - 32’[7.
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when + is sufficiently large, say v > 10||bg||zz=. Therefore,

! 2 vz g
sup Hb(T)”HS"‘ﬁ(/ lar) < 2.
0<r<t 0

Therefore, we have verified all conditions of Lemma [2.1] It then follows that, for

any t € [0,T],
¢ 1/2 y
sup ||b<T>||Hs+n( A dT) <7
0

0<r<t 2
which is the desired global bound that ensures the global existence and regularity.
This completes the proof. (I

3. PROOF OF THEOREM

Proof. The proof for the global L?-bound is easy. Taking the inner product of (u, b)
with (1.3]), we obtain, after integration by parts and applying the divergence-free

condition,
1d
5@”(11’ b)|[72 + v[|(D2ur, Druz)||72 + 2l[(B2b1, Or1b2) |72 = 0

or
t t
I, b) (£)]122 + 20 / (Byur, Brun)| 22 dr + 21 / (Db, Dub2) |20 dr
0 0

= [[(uo, bo)|Z--

The uniqueness part is more delicate. Let (u®, b)) and (u®®,b®) be two solu-
tions of (1.3) satisfying (1.6]). Because of V - u(1 =0,

V@2, = [V x u®|2, < 2/|(@2ul”, 0us?)|3.. (3.1)

Similarly,
IVu® |3, < 2)(02ul®, 0ru?)3, (3.2)
VbW |2, < 2] (326", :05") 2. (3.3)
IVb®2, < 2926, 010813 (3.4)

Consider the difference (u, b) between (u), b)) and (u®,b®),
u=u® —u®, p=b" _p®,
which satisfies
Ouy +uV .V, +u- Vu?) = —O1p+ vdsou; + bV Vb + b - ngg),
dyus +ul - qu t+u-vul? = —0p + v011us + b - Vby + b - VB
Oybr +u® - Wby +u- Vb? = ndysb; + bM - Vuy + b - Vul?, (3.5)
Oyby +u® - Wby +u- Vb = ndy1bs + bM) - Vuy + b - Vul?,
u(z,0) =0, b(z,0)=0,
where p represents the difference between the associated pressures. Taking the
inner products of (u, b) with and integrating by parts, we have
1d

5@”(11, b)[172 + v||[(D2ur, Orus)||32 + n||(02b1, 01b2) |32 = I + Lo + I3 + I,
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where

Ilzf/(u-V)u(Q)'u, Ig:/(b-V)b(2)~u,
13:7/(u~V)b(2)~b, 14:/(b-V)u<2>-b.

These terms can be bounded as follows. By Holder’s inequality and Sobolev’s
inequality,

| 11]

IN

IVu® |2 ulZs < OV | 2]lul| 2 | Vul| 2

14
a1 VullZ + ClIIvaiZe ulZ..

N

The other three terms can be bound similarly, for example,
v n
[I2| < 6*4||Vu||%z + 6*4||Vblliz +C|Vb®[72|(u, b)|[7-.

Invoking (3.1) through (3.4]), we obtain

d

— Nl b)[[ 22 + v][(Bour, Drus) |2 + 1| (D2b1, D1b2)]|72

dt

< C(IVu?|[72 + [[VD®|[72)[|(w, b) |7

Gronwall’s inequality then implies the desired uniqueness.
Finally we show that, for any ¢y > 0, any solution (u, b) of (|1.3) satisfying (1.6)
is infinitely smooth. As we explained above,

IVul|Ze < 2[[(Daur, druz)l|7z,  [IVD]Z2 < 2/[(32b1, 01b2)] 22,

or (u,b) € L?(0,00; H'). Then (u,b) is in H' for almost every ¢ € (0, 00). For any
to > 0, there is 0 < t; < to such that (u(z,t1),b(z,t1)) € HY(R?). Starting with
(u(x,t1),b(xz,t1)), we then solve ([1.3)). The solution (u,b) satisfies

(u,b) € L>®(t1,00; HY) N L2(t1, 00; H?), (3.6)
which can be easily verified via energy estimates. (3.6) allows us to further choose
ta € (t1,%o) such that

(u(z, t2), b(x, o)) € H*(R?).

We then solve (1.3]) with this H? initial datum and repeating the process leads to
the desired smoothness. This completes the proof of Theorem O

4. PROOF OF THEOREM [L.3]

We need the following anisotropic Sobolev inequality for a triple product (see
[4]).
Lemma 4.1. There exists a constant C such that, for any f,g,029,h and O1h in
L?(R?),
1/2 1/2)7.11/2 1/2
[ 1£anldz < ClsLe gl 2100 12 VI 0un L2
Proof of Theorem[I.3 We shall only provide the proof for (1.4) since the proof for

(1.5) is very similar. The global H' bound follows from energy estimates. The
global L?-bound reads, for any t > 0,

t t
(), b() 22 + 20 / 1yu]j2, dr + 21 / 1(Baby, 0452) |22 dr = [|(uo, bo)| 2.
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As a special consequence, due to V - b = 0, we have the global uniform bound

t t t
/ Vb2 dr = / 17122 dr <2 / (Bab1, 04b2) |22 dr < Ol (w0, bo) 2. (4.1)
0 0 0

To prove the global H'-bound, we invoke the equations of w and 7,
Oyw +u-Vw =vdjjw+b-Vj
Orj +u-Vj=n0111ba — 7022201 + b - Vw + Q(Vu, Vb).

Dotting with (w,j) and integrating by parts yields

1d . . .
5%”(%])\\%2 +v||oww|3. = 77/] (011102 — Da22b1) +/]Q(VU7V5)-

Writing j = 01by — O2b; and integrating by parts, we have
/j(anle — Oag2by) = — / ((011b1)? + (D22b1)* + (911b2)* + (022b2)*) = —H(b).
The nonlinear term [ j@ contains similar terms and we bound a typical one.

| [ d0tbi0mua| < s osball s Oaus 1

< Clljll 21Vl 22 llwl 22

n . .
< 51 1VillZe + ClillZ:llwlze

[ Ab,
vj - (Abl> 9

we have |Vj||r2 < 2H(b). Combining the estimates above yields

Noticing that, due to V- b =0,

d ) .
@, D)7z +vlowwllz +nH(b) < Clljl7ellw]ze.

Gronwall’s inequality, together with (4.1]), then yields the desired global uniform
bound.

We now prove the uniqueness. Assume (u”),b(!)) and (u®,b®) are two so-
lutions of (T.4) satisfying (1.8). Consider the difference (u,b) between (u(¥), b))
and (u®®,b®),

u=u —u®, b=bW _p®,
which satisfies
ou + u® . Vu+u-vu® = —Vp+rvdiiu+ b® . Vb+b- Vb(Q),
Oby + 11(1) -Vby +u- Vb?) = 77822[)1 + b(l) -Vu; +b- Vuf),

O¢ba + 11(1) -Vby +u- VbéQ) = 77811[)2 + b(l) -Vug +b- Vug),
u(z,0) =ug =0, b(xz,0)=Dby=0,

(4.2)

where p represents the difference between the associated pressures. Taking the
inner products of (u,b) with (4.2) and integrating by parts, we find
1d

§@Il(u,b)|\%z +vl|ovulzs +nll(92b1, 01b2) |72 = 11 + Io + I3 + I, (4.3)
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where I; through I, are as before, namely

I = —/(u-V)u(Q) ‘u, Iy = /(b-V)b(z) -u,
I = 7/(u~V)b(2) ‘b, I :/(b-V)u<2> -b.
I, is of a quadratic form and contains four terms
I = / (é)lug )ulul + 81u;2)u1uQ + 82u§2)u1uz + 82ug2)uQuQ> dzx.

When we estimate the terms in I7, we keep in mind that the dissipation is only in
the horizontal direction. By Lemma [£.1] and Young’s inequality,

/ v wy uy da < Cllun gzl |20 un | 22100 [ 02010 ]2

v (2)12/3 2)112/3
< gpllovullza + Clluslz2 0vui™ 1727102000 727,

| [ 0 wn wa o) < Clfualo |71 2000 121 0o 12
2)),2/3 2),12/3

< s lonunllfs + Cllulfa o™ |35 020,872

By Lemmald.1l V-2 =0 and V- u(? =0,

| [ ouut? waend] < Ol ol 110,007

I /\

(2))12/3 2)112/3
||81u1||L2 + C |22 ]102ul? | 253 01 00uP | 2

2 2/3 2)12/3
< qulamnm + Cllullf12ug? —w® /757 0102us™ 727,

| [ 028 uz sz da| < Cllualzs a2 0vua 2000 1 00010 1}

(2),12/3 2)12/3
< o 9nuallfs + Clus 220t 727102000174,

We now turn to I5. Since the dissipation in the equation of b is effectively in both
directions, there is no need to split I into four terms, as we did in ;. By Holder’s
and Sobolev’s inequalities,

12| < [[ul 2Bl 4] VB 4
< Cllull e bl 2 [Vb]2* [V [V VB 17
2/3 2/3
< 64HvaL2 + Cll(u, ) [[72 [ VD [75° |V VB[4,
I3 admits exactly the same bound. Iy can be bounded in a similar fashion.
|14] < [Ibll74 Va2 < G%HVbllia +Cb| L2 Vu®|2..
Inserting the estimates above in (4.3)) and noticing the fact

1. 1
1201, D102)l[72 > S lllZ: = S IVbILe,
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we obtain

d 1
Sl b3z + wlorul + S0l Vb3

2/3
< Cllulige (I e + w®llz2) " 6 Va7

+Cl(u,b) 2. [ Vb2 W Vb @25 + C|Ib|[2.[|Vu® 2.

Since (u®,b?) is in the regularity class (1.8)),

(u? b)) e L>®(0,00; H'), 8 Vu®, vVb® e L%(0,00; L?),

Gronwall’s inequality then implies the desired uniqueness. This completes the proof.
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