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REGULARITY OF TRANSMISSION PROBLEMS FOR
UNIFORMLY ELLIPTIC FULLY NONLINEAR EQUATIONS
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Dedicated to our loved Anna Aloe

ABSTRACT. We investigate the regularity of transmission problems for a gen-
eral class of uniformly elliptic fully non linear equations. We prove that, if the
forcing term is Lipschitz, then viscosity solution are C1:7.

1. INTRODUCTION AND MAIN RESULTS

In this article we consider viscosity solutions to the transmission problem
FH(D*u) = f* in Bf := B1(0) N {z, > 0}
F~(D*u) = f~ in By := By(0) N {z, <0} (1.1)
a(un,)™ —b(uy,)” =0 on Bj := B(0)N{x, =0},
where (u,)" and (u,)” denote the derivatives in the e, direction of u restricted
to the upper and lower half ball, respectively. Here a > 0,b > 0 and F* are fully

nonlinear uniformly elliptic operators, with ellipticity constants A > A > 0 and
F*(0) = 0. That is, for every M, N € 8",

MG A(N) S FH(M + N) — FH(M) < M, (N),

where S™ denotes the set of square symmetric n X n matrices and My ,, M:\”' A are
the extremal Pucci operators defined by
MG A(N)= inf Tr(AN), M, (N)= sup Tr(AN),
’ AEA),A ’ AGAA,A
Axa={AeS": N[ <A<AI}L

In the sequel we write F*(D?u) = f*, in ch to denote both interior equations in
(1.1). Now we define viscosity solution for problem (|I.1)).

Definition 1.1. We say that u € C(B;) is a viscosity subsolution (supersolution)

to (LI) if

(i) FE(D?u) > f* (< f*) in Bif in the viscosity sense;
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(i) Let zo € {x, = 0}, 6 > 0 small, and ¢ € C%(B; (z0)) N C(B, (o). If ¢
touches u from above (below) at xg, then

a(en) " (w0) = b(en) ™ (20) 20 (<0).

We say that u is a viscosity solution if it is both a viscosity subsolution and
supersolution.
It is easily seen that condition (ii) in Definition can be replaced by the
following condition
(ii") Let
U(z) = P(a’) + pry} — gy,
where P is a quadratic polynomial. If ¢ touches from above (below) u at
xo € {z, = 0}, then

ap—bg>0 (<0).

Transmission problems as play a key role for example in the regularity theory
for two-phase free boundary problems developed by the authors in [2 [38] 4]. Our
purpose here is to review and extend to the case of distributed sources the regularity
results about transmission problems provided in [4] for the homogeneous case. Our
main result is the following one.

Theorem 1.2. Let u be a viscosity solution to (1.1) in By. Assume that fre
COYBE) N L®(By). Then, for any p < 1, u € CH*(BF) with norm bounded by

a constant depending on n, M\, A, p, |[ullco, |fllee and ||f¥|cor. In particular the
transmission condition is satisfied in the classical sense.

2. HOLDER CONTINUITY

In this section we prove the Holder continuity of a solution w to problem .
Here we only need f* € C(BF)NL>®(B;). We introduce a special class of functions,
based on the extremal Pucci operators, in the spirit of [I]. Since a > 0 and b > 0 are
defined up to a multiplicative constant and the problem is invariant under reflection
with respect to {x, = 0}, we can assume that a =1,0<b < 1.

We denote by Sy 4 (f *) the class of continuous functions u in B; such that

M;\F’A(Dgu) > f* in Bf, and
(un)" = b(u,)” >0 on B}

in the sense of Definition [I.1] with comparison functions touching v from above.
Analogously, we denote by Sx A(f¥) the class of continuous functions u in B;
such that

M;7A(D2u) < f* inBf, and
(up)t —b(u,)” <0 on B

in the sense of Definition [I.I] with comparison functions touching u from below.
Finally we set

SEA(fF) = Saa= 1) NSxallf=)).

Theorem 2.1. Letu € SiA(fi) with f* € C(BE)NL>(By). Thenu € C*(B1/2)
with o and ||ul|ca (s, ,,) depending on n, A, A, /% oo and |Ju|co-
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It is sufficient to show that u € C%(B,,) with py small depending only on || f* /|-
Then after the rescaling u(x) — u(rz), the theorem follows easily from the iteration
of the following lemma. Here constants depending on n, A\, A are called universal.

Lemma 2.2. Let u € SiA(fi) with |[ullee < 1 and ||f¥|leo < €0 in B1, €0 small

universal. Assume that at T = %en

u(z) > 0. (2.1)
Then u > —1 + ¢ in By3 with 0 < ¢ <1 universal.

Proof. By Harnack inequality, if ¢¢ is small enough depending on the Harnack
constant, and by assumption (2.1f), we deduce that (co universal)

u Z —1 + Co in Bl/QO(‘i‘)' (22)
Let r = |z — z| and
1 3
w=n(07(r) +02) + a2 () =1 = (2/3)77, 6= —3I7(3)

be defined in the ring D = Bs;4(Z)\Bi /20(Z), with v > max{0, §(n — 1) — 1} and
1 to be chosen later. Since I'? is a radial function, in an appropriate system of
coordinates

D*w = npyr 7 2diag{(y + 1), —-1,..., -1}
Hence, in D,
MEAD%w) 20y 2(A(y + 1) = Aln = 1)) + €0 2 |fF e (2:3)
Since 9,I'" > 0 on {z,, = 0}, the transmission condition
(wy)t —b(w,)” >0 on {x, =0}, (2.4)
is satisfied. Now choose 1, ¢ small universal so that
w <o on IBy (7).

Then, by choosing ¢ possibly smaller, we also have w < 0 on 0B3,4(7). Thus, in
view of (2.2)) we obtain that

w<u+1 ondD.

From (2.3), (2.4) w is a strict classical subsolution of the transmission problem
for the operator M , with right hand sides |f *|. By the definition of viscosity
solution, we conclude that it must be

w<wu-+1 in D.

Since w > ¢ in By/3 the proof is complete. O

3. UPPER AND LOWER ENVELOPES
Given a continuous function u in B;(0) and B, C B1(0) we define for € > 0 the
upper e-envelope of u in the z’-direction,
1
(@ yn) = sup {u(@,yn) — =2’ =P} y=( un) € B,
z€B,N{zn=yn} €
Note that there is y. € B, N {x, = y,} such that

_ 1
u(y) = ulye) = e — Y



58 D. DE SILVA, F. FERRARI, S. SALSA EJDE-2018/CONF/25

with |y — vl < v/2¢]jul|oo, since u(y) > u(y) and
1
Zlol =P = ulye) — v (y) < ulye) — uly).

Lemma 3.1. The following properties hold:
(1) u® € C(B,) and u® | u uniformly in B, as € — 0.
(2) w® is CHY in the a'-direction by below in B,. Thus u® is pointwise second
order differentiable in the x’-direction al almost every point of B,.
(3) If u is a wiscosity solution to , then, in a smaller ball B, r < p —

2V/¢e|lulloo, u® is a viscosity subsolution to
FED ) = f* —wpe (V2¢e|ullwo) in BE

(w5)" —b(ug)” =0 on B, o

where wy+ denotes the modulus of continuity of f*.

Proof. (1) follows from
(o) — ()] < Ll — 94
and )
0 < u(y) —uly) = wly:) = Zlye = ¢/* — uly) < wu(v/2e]|ull)
where w,, is the modulus of continuity of u.
(2) follows from Alexandrov Theorem on concave/convex functions, since

1 1 2
)+ =P = sup {u(@yn) — =[P+ (2, y)}
€ 2€B,N{Tn=yn} € €
is convex, being the supremum of a family of affine functions of y'.
(3) Let ¢ € C?(B,) touch from above u® at a point Z € B;. Then (¢ small)
1
u (@) = u(@) - 2 [l — 7P
with |2, — #'|? < 2¢||ul|oo. Consider the function
- 1., _
®(y) = ply+7 — 7o) + —|7L — 2L
With our choice of r and y € B;‘ close enough to Z., the point y +z — Z. € B;.
Thus, by the definition of u?,
1
uly) <y +7 - 7e) + |7 — 7P
and therefore )
uly) <y +7 = 3e) + Z|7" = L
with equality at y = Z., since p(Z) = u¢(Z). Thus the function ® touches from
above u at Z.. Therefore
FH(D?¢(z)) = FH(D*®(z0)) 2 fF(22) 2 f(2) — wyrbig(v/2e]|ull o).
Similarly, we can check the transmission condition
()t —b(us)” >0 on B

n

Let
o(x) = P(2) + pa;} — qx;,
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touch from above u at a point Z = (#’,0) € B,, with P quadratic polynomial.
Then
P(a’) + pry} — qu, > u(2)
near T and
_ _ _ 1.,
P(&') = u(7) = u(z:) - Z[2' - AR
Then, for r small and y close enough to Z.
o 1., _
uly) < uly +7 - 2e) + —[a’ — 2L

o 1 _
< oly+7—7) + _[aL - 3L

with equality at y = Z. since P(z') = u*(z). Hence (y + 7 — Z.) + 1|z, — z.|?
touches from above u at y = Z. and therefore p — bg > 0, as desired. d

Analogously we can define
. 1
us(y'syn) = inf {u(@y) + e~y y = ya) € By
z€B,N{xn=yn} €

the lower e-envelope of u in the z’-direction. Properties (1)—(3) hold with obvious
changes:
(1’) u. € C(B,) and ue T w uniformly in B, as ¢ — 0.
(2") ue is OV in the 2/-direction by above in B,. Thus u. is pointwise second
order differentiable in the 2’-direction al almost every point of B,,.
(3’) If w is a viscosity solution to , then, in a smaller ball B, r < p —

2v/€||ul|co, ue is a viscosity supersolution to

FE(D?ue) = £ +wps (V2e|ulloo) in BE

3.2
(t)n)* — b((u)n)” =0 on B. (3.2)

4. PROOF OF THEOREM

For the proof of Theorem we use the following pointwise regularity result
(see [A]).

Theorem 4.1. Let F be a uniformly elliptic operator and u be a viscosity solution
to the Dirichlet problem

F(D?u) = f in B, wu(a’,0) = g(2') on B;.

Assume that g is pointwise C1* at 0 and f € L°°(Bf). Then u is poinwise C**
at 0, that is there exists a linear function L, such that for all r small

|u — L,| < Cr't® in Bf
with C depending only on n,\, A, || f||leo and the pointwise C1:* bound of g at 0.
Our main lemma reads as follows.

Lemma 4.2. Let f* € COY(BY) and u be a viscosity solution to (T.1)) in Bj.
Then, for any o > 0 small, and any unit vector €' in the x’ direction,

u(z + oe’) —u(x) € S3 p(wp=(0)).
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Proof. Let v = u(x+o¢e’), w = v — u. Following the proof of [I, Theorem 5.3|, with
minor modification, it follows that

Mj\"A(DQw) > —wys+(o) and M;,A(DQw) <wypx(0)

in Bli.
To show that the free boundary condition is satisfied in the viscosity sense, we
slightly modify the technique in [4] for the homogeneous case.

p(z) = P(2') + pa} — qz,, — Ca?

touch w from above at z¢ = (x(,0), where P is a quadratic polynomial. Choosing
suitably C' and possibly restricting the neighborhood around zg, we can assume
that

./\/lj\r’A(DQgp) < 2wy (0) = 2wp= (V2] Ul o) (4.1)
Assume by contradiction that
p—bg <O0.
Let § > 0 small, and consider the ring As(wg) = Bas(w0)\Bs(zo). Without loss of
generality we can assume that ¢ touches w strictly from above and therefore that
w—w>mn>0on As(zg). Since w, = u® — v, converges uniformly to u — v, for

¢ small enough (up to adding a small constant), we have that ¢ touches w. from
above at some point . and ¢ — w. > n/2 on dBs(x.). In view of (4.1)), we have

M;A(Dzws) > —Wwp (o) — 2Wfi(\/ 25”“”00) > M;A( 2%0)
and therefore z. € {z,, = 0}. Call
Y=p—w— 7]/2'

Since ¢ > 0 on dBs(z.), ¥(xe) < 0 and ¢ touches w, from above at x., from ABP
estimates ([I, Lemma 3.5]) it follows that the set of points in Bs(xz.) N {z, = 0}
where ¢ admits a touching plane (') from below, in the z’ direction, of slope less
than some arbitrary small number has positive measure. We choose the slope of
I small enough to have that @ = ¢ — 1 —1/2 > w. on JBs(x.) and hence in the
interior. By property (2) in Lemma we can deduce that @¢(y.) = w.(y.) for
some y. = (y.,0) where both v® and u. are twice pointwise differentiable in the z’

direction.
Now we call @ the solution to

FE(D*ac(x)) = f¥(2) —wpe (V2e]ull) in By (z.)

with w = u® on 0Bs(x.), and similarly let 7. the solution to

FE(D*0(2)) = fH(x + 0¢') + wp=(V2e|ulloo) in Bi(2.)
with w = v, on 0Bs(x.), Set
We = U — De.
Then M}, (D*w.) > —wys(0) — 2wy (\/2e]lulloc) > M, (D*@) in Bs(z.) with
¢ > we on the boundary. Thus, by comparison, we deduce that ¢ > w. > w, also
in the interior with contact from above at y..

Also note that, by comparison, the replacements @ and @, are sub and super
solution of the transmission condition on {z, = 0}, respectively.
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By the pointwise C1 differentiability at y. of the boundary data, we conclude
the C1@ differentiability of ©* and #%. up to y.. Thus there are linear functions
L,, L, such that, for all small r,

| — Ly| < Crite,
@ — Ly| < Cri+e
in B, (y). Since ¢ touches w. from above, we get p > p} — p", where
Py = (@) (Ye), Py = (0)F (ye)-
Arguing similarly in B, (y.) we infer ¢ < ¢;, — g, , where
G = (W), (¥e), @ = (V)5 (ye)-
In the next lemma we show that
Py — Py —blay — ;) >0
thus reaching a contradiction. O
Lemma 4.3. Let g= € C(BT) and u be a viscosity solution to (0 < b < 1)
FE(D%u) =g* in Bf (42)
(un)t —b(u,)” >0 (<0) on Bj. .

Assume that u 1s twice differentiable at x = 0 in the x’-direction. Then u is differ-
entiable at 0 and

ut(0) = buy (0) =0 (<0).
Proof. From Theorem there exists a linear function L,, such that, for all small
T,
lu — L,| < Cr*t® in E:_.
Without loss of generality, by subtracting a linear function, we may assume that
Ly = (un)T(0)zy, := d V.
Let w be the solution to
FH(D*w) =g" in B, w=¢, on dB;
where
20 x|t on OB N{x, > 0}
e {2C’ro‘_1|x’|2 on B!.
Since u is twice pointwise differentiable at 0, we get, for r small enough,
uw—dtz, <p,. on 63;r

and, by comparison,
u—dtz, <w in B. (4.3)
Now, the rescaling W,.(z) = r~ 172
G(D*W,) =r'"g"(rz) in Bf, W,(z') =2C|2'|* on B}
where G(M) = r1=*F+(r®~1 M) has the same ellipticity constants of F+.
By boundary O estimates we obtain that

||WrHcl,a(BIr/2) S O

w(rz) solves
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for a universal C. In particular

W,(z) <2C|2'|2 + Cx, in BT/Q.

Rescaling back we get

w(z) <20 !> + Cr®z, in B,

From ,

u <20 2|2+ Cr®ey, + dx, in B:'/2.
Arguing similarly in B we find

u < 207" Y2 |2 + CrP2, + d”x, in B,
with d= = (uy,)"(0). Thus

o(x) =207 a2 + (Cr* + dN)z) — (=Cr® + d ")z,
touches u by above at zero. Therefore
(Cr® 4 dF) —=b(=Cr*+d~) >0

for all small r so that d* — bd— > 0. O

From Theorem and the arguments in Chapter 5 in [I] we deduce the following
result.

Corollary 4.4. Let u be a viscosity solution to (L.1)). Then u € CY® in the z'-
direction in Bs/4 with norm bounded by a constant depending on n, A\, A, ||ul|o and

£l co.r-

We are now ready to give the proof of our main Theorem [T.2]

Proof of Theorem[1.3 Let, say p = 1/2. The C1® regularity and the bounds on
[ullcr.a (s, ) follow from Corollary |4.4{and the regularity theory for fully nonlinear
uniformly elliptic equations in [5] or [6]. It remains to show that the transmission
condition is satisfied in the classical sense. Let us prove that at z =0, ap — bg <0
where p = (u,)"(0),q = (u,)~(0). By the C%“ regularity of u, after possibly
subtracting the linear function u(0) + V, u(0) - ', we can write

lu(z) — (px} —qu;))| < Or*t® Jz| <. (4.4)
For r small, define

wy(z) = C’r"‘fl(f\mﬁ + Ka;i) — 2r°CK |z, +pz: —qx

-
Choose K large to have

M; A (D*w,) > CRAK — 1) = 2An) > || f* ] - (4.5)
Using (4.4), we get w, < u on dB,.. Let

m = min(u —w,) = (u— w,)(xo).
B

Since M;’A(Dzu) < FE(D?u) = f*, from (@.5) we deduce that x¢o ¢ BE. Also,
since (u — w,)(0) = 0 it follows that m < 0, hence x¢ ¢ 9B,. Thus zy € B]. and
w; + m touches u at xy from below. By definition it follows that

a(p—2r*CK) — b(qg+2r*CK) <0.
Letting r — 0 we get ap — bg < 0. (]
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