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HARNACK INEQUALITY FOR STRONGLY DEGENERATE
ELLIPTIC OPERATORS WITH NATURAL GROWTH

GIUSEPPE DI FAZIO, MARIA STELLA FANCIULLO, PIETRO ZAMBONI

ABSTRACT. We prove that positive and bounded weak solutions of a strongly
degenerate elliptic equation satisfy the Harnack inequality. The structure of
the differential operator includes a nonlinear term in the gradient with qua-
dratic growth. Moreover, the lower order terms belong to some Stummel
classes defined in term of sum operators introduced in [13].

1. INTRODUCTION

Recently the regularity of weak solutions of the equation

was studied in [6]. Here X = (X1, Xs,...,X,,) is a system of first-order locally
Lipschitz vector fields in R™, and the lower order terms belong to suitable Stummel
classes modeled on a special geometry introduced in [13]. Namely, local bounded-
ness and continuity of the weak solutions have been proved. Later, in [7], the results
in [6] were generalized to a class of operators satisfying a weighted degeneracy con-
dition. There, the principal part of is controlled by a As Muckenhoupt weight,
and the operators considered in [0, [7] have a controlled growth in the gradient. As
it is well known, this implies that any weak solution is locally bounded.

In this note we study an operator that is similar to those in [0 [7] but very
different in the growth. In fact, the operator considered here satisfies a quadratic
growth with respect to the gradient. It is worth to remark that adding such a term
destroy the local boundedness property of the weak solutions. This phenomenon
forces us to assume that the weak solutions are locally bounded and then we can
show regularity only for the bounded solutions.

To state our result, let us consider the equation

b
— X7 (ai Xiu + dju) + XOU)'XUF +b;Xu+cu=f—X'h;, (1.2)

where X is as before and the coefficients a;; satisfy weighted ellipticity condition
with respect to a Muckenhoupt A, weight. Assuming the lower order terms in
appropriate weighted Stummel classes (see section [2[ for definitions) we prove that
the bounded positive solutions of equation satisfy a Harnack inequality. As a
consequence, this will imply that the bounded weak solutions are continuous.
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Some comments are now in order. We assume that X satisfies the following (1-2)
weighted Poincaré inequality

L/|— lwdy < C (L/|X|2d)l/2v60°°
(B)Bu uplwdy < PTw(B)B ul“wdy u .

As showed by Franchi Perez and Wheeden [13], the above Poincaré inequality
implies the following subrepresentation formula

ulr) —u 3 r i(x # u2w V2
() =] < € 31 B0 (575, [, urua)

where {B;(x)}52, is special chain of balls related to a fixed ball By. The subrep-
resentation formula allowed us to prove a Fefferman type inequality and to define
suitable Stummel classes modeled on the geometry introduced in [I3] (for more
details see [5]).

The Fefferman inequality is a fundamental tool in our proof. Indeed, following
the classical pattern in Trudinger paper [18] (analogous results in different settings
are shown in [3, 4], 8l [@]) we are faced with products between lower order terms and
test functions. Due to the low integrability of the lower order terms we use the
Fefferman inequality to complete the iteration process and obtain our results.

2. STUMMEL TYPE CLASSES AND FEFFERMAN INEQUALITY

Let X = (X1, Xo,...,X,,) be a system of locally Lipschitz vector fields in R™
and d the associated Carnot-Carathéodory distance. We assume that d is finite
for any z,y € R™ and denote by B = B, = B(x,r) the Carnot-Carathéodory ball
centered at x of radius r. Let us recall the definition of Muckenhoupt weight A,,.

Definition 2.1 (A, Muckenhoupt weights). Let w be a non negative and locally
integrable function in R™ and 1 < p < +oo. We say that w is an A, weight if

p—1
[wlp sup |B|/ dx |B|/ = ldx < 400

where the supremum is taken over all metric balls B in R™. The number [w], is
called the A, constant of w.
Throughout this article we assume the following.

(A1) The distance d is continuous with respect to the Euclidean distance in R™.
(A2) There exists a positive constant Cp such that

|B(x,2r)| < Cp|B(a,r)| ¥z € R",r>0.

(A3) If By is a given ball in R™ and w € A, there exists a positive constant Cp
such that

L/ lu —uglwdy < C r(i/ | X ul?wd )1/2
w(B) Jp T =T w(B) !

for all B C By and all u € C*°(By). Here up = ﬁB)fBuwdy, w(B) =
Jpwdy and r is the radius of B.

The number @ = log, C'p will be called homogeneous dimension of R™.
To state and prove our results we need to define the Sobolev classes with respect
to the measure w dx where w € As.
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Definition 2.2 (Sobolev spaces). Let w € Ay and Q) be a bounded domain in R™.
We say that u belongs to W12(Q,w) if u, X;u € L?(Q,w) for any i = 1,...m.
Moreover, we denote by WO1 2(Q, w) the closure of the smooth and compactly sup-
ported functions in W2(Q, w) with respect to the norm

ullw2 @) = lull 2@ + 3 1Kt 2 @)

i=1

and we say that u belongs to WL2(Q,w) if u € WY2(Q,w) for any Q' cc Q.

oc
We recall the useful embedding Theorem for Sobolev spaces (see [12] [15] [14]).
Theorem 2.3. Let w € Ay and K be a compact subset of Q). Then there exist

ro > 0, go > 2 and C depending on K, Q and {X;} such that for any metric ball
B = B(x,r), z € K, we have

1 1/q 1 1/2 _
— —upliwd < —— [ | Xu]Pwd ~(B
(57 [ sl in) ™ < €r(oos [ 1xuPwan) ™. vue (@)

provided 0 < r < rg and 2 < q < qqp.

The following definition is useful for stating the subrepresentation formula that
we will use later (see [13]).

Definition 2.4. Given By = B(zg,r) and z € By, let us denote by {B;} =
{B;(x)}$2, a chain of balls, of radius r(B;), such that
(H1) B; C By for alli >0
(H2) 7(B;) ~27r(By) for all i >0
(H3) p(Bj,x) < Cr(B;) foralli >0
(H4) for all ¢ > 0, B; N B;11 contains a ball S; with r(S;) ~ r(B;).

Theorem 2.5. Given a weight w € Ay and a ball B let {B;(z)}52, be a chain of
balls as in Definition . Let u € WY2(Bg,w) be such that for any ball B C By

w(lB)/B|u—quda:§Cs(w(lB)/BXu|2wdy)l/2 (2.1)

where s is the radius of B. Then there exists C' > 0 such that

o)~ | < S B,) (Gy f XuPwl)dy)

§=0
where C' is a geometric constant which also depends on C.

Since we are interested to prove our result assuming low integrability properties
on the lower order term we introduce the Stummel and Morrey classes adapted to
our setting.

Definition 2.6 (Stummel and Morrey classes). Let w € As, By be a ball and
{Bj(z)}32; be a chain of balls as in Definition We say that V € L _(R", w)

loc
belongs to the class S(R",w) if

= r2(Bj(x T
ny(r) = sup sup/ ZWXBj(z)(y)w(w)dﬁr

zo€ER™ y€Bo J By j=0
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is finite for all » > 0. We say that V belongs to S(R", w) if, in addition, we have
lim, _ony(r) = 0. We say that V € S'(R™,w) if there exists § > 0 such that

/ 77V()dt<+
0 t

We say that V' belongs to the Morrey space M, (R™,w) if there exist C' > 0 such
that ny (r) < Cre.

We close this section giving the proof of the weighted embedding result. As we
have already noted, it will allow us to get our main results. The unweighted result
and some corollaries has been proven in [5] (see also [2], [10, 0T} [16, 19, 20l 21]).
Here we extend the embedding to the weighted case.

Theorem 2.7. Let w € Ay, By be a ball and V' a function in g(R”,w). Then,
there exists a positive constant C such that

/ |V (2)] |u(z) — uB0|2w dx < Cnv(r)/ |Xu(x)|2w dx
Bo Bo

for any uw € C*>(By).

Proof. Let u be a smooth function in By. Theorem [2.5] yields the following subrep-
resentation formula for u

S 1 1/2
w(x) —up,| <C ) r(Bj(@)| —m7 Xul?w(y)d 2.2
) um| < €3 ) omm /Bm)' Puly)dy) (2.2)
for a.e. x € By. Now from and Hélder inequality
[ W@l - us, o)
Bo
< [ W@t —u30|2
x [w(Bt(x)) /B‘( )|Xu(y)IQIU(y)dy} /2w(m)da:
<[ [ Wi fuBmw(x)dx} v
1/2

/B Z‘V (;C)))) /Bj(z) IXU(y)IQw(y)dyw(x)dz]

0 j=0

- [/BO IV (@)[lu(w) = UBo|2w(w)dx} -

< /B ivm)m /B Xu(y) P, o))y )]
0 j=0 j N
}1/2

/2

<| /B AV @)u(e) ~ g, P

<[ [ S v o)

0]0
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1/2 1/9
|

<[ [ W@lu@) - us, ot

<[] xaPun]

from which

/ V(@) [uz) — wp, [Pw(z)de < Cny(r) / Xu(z) Pw(e)de
Bo

By

From Theorem [2.7] we obtain the following corollaries.

Corollary 2.8. Let V' be a function in S'(Rn,w), Then, there exists a positive
constant C' such that

/n |V (x)] |u(z)|2w dr < Cnv(r)/ |Xu(:17)|2w dx

n

for any compactly supported smooth function u in R™.

Corollary 2.9. Let Q C R" be a bounded domain and V' in S(Q,w). Then, for any

e > 0 there exists a positive function K(g) ~ W (where 13" is the inverse
\4

function of ny ), such that

/ [V ()] |u(z) Pw dz < 5/ |Xu(x)|2dx+K(s)/ lu(x)|? da (2.3)
Q Q Q
for any compactly supported smooth function u in 2.

3. HARNACK INEQUALITY FOR STRONGLY DEGENERATE EQUATIONS

Let © be a bounded domain in R™. Let X = (X3, Xo,...,X,,) be a system of
locally Lipschitz vector fields in R™. For i =1,2,..., m we denote by X the formal
adjoint of the vector fields X;. Let {a;;(x)} be a symmetric matrix of measurable
functions in € satisfying the weighted ellipticity condition: There exists A > 0 such
that

M lw(2)|€)? < aij(2)€6 < Mw(z)|€* ae. € Q and VE € R™ (3.1)
for some Muckenhoupt weight w € As.

Let us consider the strongly degenerate elliptic equation in divergence form

b
— X7 (ai; Xyu + dju) + X0w|Xu|2 +bXiu+cu=f—X'h;, (3.2)
where
bl' 2 C dl 2 f hl 2
bo € R\ {0 — — — = — S'(Q ) 3.3
0 € \{ }7 (’U}) ) w’ <’LU) ) w’ (w) € ( ,’LU) ( )

To begin with we give the definition of weak super, sub solutions and solutions.

Definition 3.1 (Weak supersolutions, subsolutions, solutions). Let w € Ay and
uwe W2 (Q,w). We say that u is a local weak supersolution (subsolution) of (3.2)

loc

if for any ¢ € W3 2(Q,w), ¢ > 0

/Q {(ainiu +dju) X o+ (%Ow|Xu|2 +b; Xu + cu) ap] dz

> (<) / (Fo+ hiXig)di
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We say that u € Wéf(Q, w) is a local weak solution of (3.2) if it is both a super-
solution and a subsolution.

Our first result is the weak Harnack inequality for supersolutions of (3.2)). We
follow the pattern drawn in [I8].

Theorem 3.2. Let us assume conditions and (3.3)) are satisfied, w € As, and
let u be a weak nonnegative supersolution of equation (3.2) in a ball By, CC Q). Let
M > 0 be a constant such that w < M in Bs,.. Then, there exists C' depending on
Q, M, X and the Ay constant of w, such that

wil(BQT)/ uwdz
Ba,

) o f Y n hi\2 1/2
< O{ming,u+ 1700, + (17 Y NGD oz, ) -
1=1

Proof. Let

f 1/2
k==
w

N O YR
=1

and v = u 4 k. For n € C}(Bs,), n > 0, we set @(x) = n?(z)v?(x)e~IPolv@) 3 <0,
as a test function in (3.2). Since w is a supersolution in Bs, of (3.2]) we have

/ {2n(ainiu + dju — hj)Xj’lTUﬁe_lbolv
Bs,
+ (*|5‘U671 — |b0|vﬁ)n2€*|b°|”(ain¢u + dju — hj)Xj’U
b
+ X0w|Xu|2n2vﬂe_‘b0|“ + (b; Xju+ cu — f)n%ﬁe_lb”l”} dz >0
and
/ n’e” " (bov? + Bl 1) [ XvPwda
B3,
< [ e nolo? + 81 Xofuds
Ba,
< )\/ n26_‘b°‘”(|bo|vﬁ + |5|Uﬁ_1)ainivva dx
BBT
< )\/ 7726_“70‘”(|6|vﬁ_1 + |b0|v5)(hj —dju)X;vdx
3r
Y. o — B B oo v
+ 2\ n(a;; X;v + dju — hj) X;nvPe dx
BSr

+ / bow| Xv|*n?vPeIbolvdy
BST‘

+ )\/ (bi Xiv + cu — f)n*vPebolvgy
Bgs,
From this inequality it follows that

/ n?e 1Y 310P 1 | X v Pwda
Bsr.

<A [ e B o) by — ) Xyvda
3

3r
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+2A nai; X + dju — hj) X mPeIbolvdy
B3

+A (bi X0+ cu — f)n*vPeIPolvdy
Bs.

Since v is bounded, we may drop the exponential to obtain
[ 1el® o ude
Bs,.

< C(M, b) [2/\/

nainjonvﬂda:—&—)dm/ \dj||va|vﬁr]2da:
B, Bs,.

+2X \d; [P X jnmda + 2)\/ |hj|vP X mmda + /\/ b || X ivm*0?
Bs Bs, Bs

+ A le|n?oPde + A | f|n?*vP dx
Bs, Bs,

] [ b e [ o]
B37"

Bsr

Now, set
— |bi|* = |d,|? — |hq|?
v =S Bl e SR gy g gy B
- v = v iz v
Using Young’s inequality yields
/ 0?7 Xo|2wdz
BST

1 1
< C(M,bg, N ['m + / O X Pwdz + (lﬁ| s )2 Vnzvﬂ+1dw] (3.4)

62 Bg, 6 Bs,-
1
< C(M, bo,/\)(|ﬂ|ﬁ+ )2 [/B VP X Pwdx + ; V7721)5+1da:}.
3r 3r

Now we set

CJur () fB# -1
U) = {logv(x) itg=-1

and by (3.4) we have
/ | XUPw dx
Bsr.
(3.5)
2
§0(6+1)2(|ﬂ|7+1) {/ |Xn\2u2wdx+/ ViRi? dx}, 841
g Bs,. Bs,
while
/ 7| XU|w dx < C{/ | Xn|2wdx + Vn? dw} (3.6)
Bs,- B3, Bs,
if g=-1.

Let us start with the case 3 = —1. By Corollary [2.8 we have

/ 0’| XUPPw dr < C(/ \X77|2wdac—|—/ 772wd:c).
B37‘ B B37‘

3r
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Let Bj be a ball contained in Bsg,. Choosing 7n(z) so that n(z) = 1 in By,
0<n<1lin B3, \ By and |Xn| < %, we obtain

B 1/2
XU 25, ) < C 2B

By Theorem and John-Nirenberg lemma (see [I]) we have U(z) = logv(z) €
BMO. Then there exist two positive constants py and C, such that

(]{327. ePoty dx) e (]{3% e—PoU dx) 1/po <c. 57)

Let us consider the family of seminorms
1/p
wp.n) = ([ popwds)" p0,
B

By (3.7) we have
1
—
w(BQT)l/Po (

Now we consider 3 # 1 (see inequality (3.5))). By Corollary [2.9] we obtain

/ | XU|*n*w dx
Bsr

Po, 2r) < Cw(Bgr)l/pU(I)(—po, 2r).

SC{[(ﬁQH)2+1](1+|;|)2/B3T X0 UPw da s
1 @+2 2742
+Q*QW?rm+mrﬁ}-@ﬁ“wW}

By Theorem [2.3] we have

(/ [nU|™Pw dx) T
Bs,

SCU)(B?)T)%*l{[(%)Q_FQ} (1+ﬁ)2/g X2 d 59)
1 @t 27,2
) Lb*(z; ()70 él)‘z)} J,, i)

where c is a positive constant independent of w.

Now we choose the function 7. For r; and 79 such that r < ry < ro < 21 we
choose 1 such that n(z) = 11in B,,, 0 < n(z) < 1in B,,, n(z) = 0 outside B,,,
| Xn| < for some fixed constant c. Then we have

c
T2—T1

( /B U w dx) v

1 1 1
e . G

1 1 ]Q+2

+m) [¢1(Z;(52H)2(1+|23)2) U wdz.

B,

x (1
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Setting v = 8+ 1 and recalling that U (z) = v% (x), we obtain
1 1/
b(ry,m) = By (27 1]
1 }4 1 (3.10)
X B(y. 1),
ey mete

for negative ~. 4
We are going to iterate the inequality just obtained. Setting v; = 7'py and
ri =74 57,4 =1,2,... iteration of (3.10) and use of [I7, Lemma 3.4] yield

O(—o0,1) > c(gbz,diamQ)w(Bgr)l/p"(I)(fpg, 2r).
Therefore, by Holder inequality,

1

A1
(I)(pé)a QT) é @(p(h QT)w(B,?,T) py PO , plo S o
SO we obtain
wfl(BQT)CI)(l, 2r) < c®(—o0,r)
and the result follows. -

The following weak Harnack inequality for subsolutions can be obtained in a
similar way.

Theorem 3.3. Let u be a weak nonnegative subsolution of (3.2) in Bz, CC Q.
Assume (3.1) and (3.3)). Let M > 0 be a constant such that u < M in Bs.. Then
there exists C depending on Q, M, \ and the As constant of w, such that

n hi 1/2
r%axu < C{w_l(Bgr) /BZT wwdzr + TUH%HmBgr (r" ; I (E)QHU,B&») }

T

Now, from our previous results, we obtain the Harnack inequality for solutions.

Theorem 3.4. Let us assume conditions and are satisfied, w € As, and
let u be a weak nonnegative supersolution of in a ball Bs, CC Q. Let M >0
be a constant such that w < M in Bs,. Then, there exists C depending on Q, M,
A and the As constant of w such that

) i f Y n hiso2 1/2
I%H:XUSC{H&MH IIEIIU,B:,A(T ;II(E) IIU,Bsr) }

As a consequence of Harnack inequality we can show that the weak solutions of
(3.2)) are continuous with respect to the Carnot-Carathéodory metric.

Theorem 3.5. Let us assume conditions (3.1) and (3.3) are satisfied, w € As.
Let u be a weak solution of (3.2) in Q and let supg |u] = L < +oo. Then u is
continuous in €.

The next result is a natural consequence of the previous one if we assume the
lower order terms to belong to the Morrey classes M.

Theorem 3.6. Let us assume condition (3.1)) is satisfied, w € Ay. Let u be a weak
solution of (3.2) in Q, let supg |u] = L < 400 and moreover
Gy L0 (e Loy e 0,w).
w w w w w
Then w is locally Hélder continuous in €.
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