Two nonlinear days in Urbino 2017,
Electronic Journal of Differential Equations, Conference 25 (2018), pp. 133-147.
ISSN: 1072-6691. URL: http://ejde.math.txstate.edu or http://ejde.math.unt.edu

APPROXIMATE Q-CONDITIONAL SYMMETRIES
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ABSTRACT. Following a recently introduced approach to approximate Lie sym-
metries of differential equations which is consistent with the principles of per-
turbative analysis of differential equations containing small terms, we analyze
the case of approximate (Q—conditional symmetries. An application of the
method to a hyperbolic variant of a reaction-diffusion-convection equation is
presented.

1. INTRODUCTION

Lie continuous groups of transformations, originally introduced in the nineteenth
century by Sophus Lie [42] 43], provide a unified and algorithmic approach to the
investigation of ordinary and partial differential equations. Lie continuous trans-
formations, completely characterized by their infinitesimal generators, establish a
diffeomorphism on the space of independent and dependent variables, taking solu-
tions of the equations into other solutions (see the monographs [4, [5] 6] [8] [35] 36}, 45]
53, 54l [57], and the review paper [50]). Any transformation of the independent and
dependent variables in turn induces a transformation of the derivatives. As Lie him-
self showed, the problem of finding the Lie group of point transformations leaving
a differential equation invariant consists in solving a linear system of determining
equations for the components of its infinitesimal generators. Lie’s theory allows for
the development of systematic procedures leading to the integration by quadrature
(or at least to lowering the order) of ordinary differential equations, to the determi-
nation of invariant solutions of initial and boundary value problems, to the deriva-
tion of conserved quantities, or to the construction of relations between different
differential equations that turn out to be equivalent [5 [6, [19] 20] 21}, 32} 33} 50} (2.

Over the years, many extensions and generalizations of Lie’s approach have been
introduced, and a wide set of applied problems has been deeply analyzed and solved.
Here, we limit ourselves to consider conditional symmetries whose origin can be
thought of as originated in 1969 with the paper by Bluman and Cole [7] on the
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nonclassical method, where the continuous symmetries mapping the manifold char-
acterized by the linear heat equation and the invariant surface condition (together
with its differential consequences) into itself has been considered. Later on, Fuschich
[26], 27] introduced the general concept of conditional invariance. The basic idea of
Q-conditional symmetries consists in replacing the conditions for the invariance of
the given system of differential equations by the weak conditions for the invariance
of the combined system made by the original equations, the invariant surface condi-
tions and their differential consequences. As a result, fewer determining equations,
which as an additional complication turn out to be nonlinear, arise, and in princi-
ple a larger set of symmetries can be recovered. Even if the nonlinear determining
equations rarely can be solved in their generality, it is possible to find some particu-
lar solutions allowing us to find nontrivial solutions of the differential equations we
are considering. The available literature on this subject is quite large (see, for in-
stance, [T}, [14] 15 4T, 48] 49] [55, 56} [60]); many recent applications of Q-conditional
symmetries to reaction-diffusion equations can be found in [9, 10, 11 12| 13].

In concrete problems, differential equations may contain terms of different orders
of magnitude; the occurrence of small terms has the effect of destroying many useful
symmetries, and this restricts the set of invariant solutions that can be found. One
has such a limitation also when one looks for conditional symmetries. To overcome
this inconvenient, some approzimate symmetry theories have been proposed in order
to deal with differential equations involving small terms, and the notion of approxi-
mate tnvariance has been introduced. The first approach was introduced by Baikov,
Gazizov and Ibragimov [2] (see also [37]), who in 1988 proposed to expand in a per-
turbation series the Lie generator to have an approximate generator; this approach
has been applied to many physical situations [3, 18], 28] 291 [30 [38] 39} 40}, 58] [63], [64].
Though the theory is quite elegant, nevertheless, the expanded generator is not con-
sistent with the principles of perturbation analysis [47] since the dependent variables
are not expanded. This implies that in several examples the approximate invari-
ant solutions that are found with this method are not the most general ones. A
different approach has been proposed in 1989 by Fushchich and Shtelen [25]: the
dependent variables are expanded in a series as done in usual perturbation anal-
ysis, terms are then separated at each order of approximation, and a system of
equations to be solved in a hierarchy is obtained. This resulting system is assumed
to be coupled, and the approximate symmetries of the original equation are de-
fined as the exact symmetries of the equations obtained from perturbations. This
approach, having an obvious simple and coherent basis, requires a lot of algebra;
applications of this method to various equations can be found, for instance, in the
papers [I7, 22] 23] 24], 64]. In 2004, Pakdemirli et al. [58] compared the two differ-
ent approaches, and proposed a third method as a variation of Fushchich-Shtelen
one by removing the assumption of a fully coupled system. Another variant of
Fushchich-Shtelen method has been proposed in [62].

In a recent paper [16], an approximate symmetry theory which is consistent with
perturbation analysis, and such that the relevant properties of exact Lie symme-
tries of differential equations are inherited, has been proposed. More precisely,
the dependent variables are expanded in power series of the small parameter as
done in classical perturbation analysis; then, instead of considering the approx-
imate symmetries as the exact symmetries of the approximate system (as done
in Fushchich-Shtelen method), the consequent expansion of the Lie generator is
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constructed, and the approximate invariance with respect to an approximate Lie
generator is introduced, as in Baikov-Gazizov-Ibragimov method. An application
of the method to the equations of a creeping flow of a second grade fluid can be
found in [31].

For differential equations containing small terms, approximate Q-conditional
symmetries can be considered as well. Within the theoretical framework proposed
by Baikov, Gazizov and Ibragimov for approximate symmetries, approximate con-
ditional symmetries [44] [61] have been considered.

In this paper, we aim to define approximate Q-conditional symmetries along
the consistent approach developed in [I6]. The plan of the paper is as follows. In
Section [2] after fixing the notation, we review the approach of approximate symme-
tries introduced in [I6]. Then, in Section [3] we define approximate Q-conditional
symmetries of differential equations. In Section |4} an application of the method is
given by considering a hyperbolic variant of a reaction-diffusion-convection equa-
tion. Finally, Section [g] contains our conclusions.

2. LIE SYMMETRIES AND APPROXIMATE LIE SYMMETRIES
Let us consider an rth order differential equation
A(x, u, u(r)) =0, (2.1)

where x = (z1,...,2,) € X C R™ are the independent variables, u = (u1,...,uy) €
U C R™ the dependent variables, and u(") denotes the derivatives up to the order
r of the u’s with respect to the X’s.

A Lie point symmetry of (| is characterized by the infinitesimal operator

=Zfl

(1]

(%, u)% (2.2)

such that

(1

O(AGuu))| =0, (2.3)

where Z(") is the rth-prolongation of [ 5, 6l 8, 35, 36 45, 50, 53, (4, 57].
Condition leads to a system of linear partial differential equations (determin-
ing equations) whose integration provides the infinitesimals & and 7,. Invariant
solutions corresponding to a given Lie symmetry are found by solving the invariant
surface conditions

Q= Z@ x,u)2— —n(x,u) = 0, (24)
and inserting their solutions in .
Now, let us consider differential equations containing small terms, say
A(x,u, ul; 5) =0, (2.5)

where € is a small constant parameter, and review approximate symmetries following
the approach described in [16].

In perturbation theory [47)], a differential equation involving small terms is often
studied by looking for solutions in the form

Z efugyy(x) + 0P, (2.6)



136 M. GORGONE, F. OLIVERI EJDE-2018/CONF/25

whereupon the differential equation writes as

p
~ Z kA (r) (MY —
A= 3 A(k) (x,u(o),u(o),...,u(k),u(k)) =0. (2.7)
k=0

Now, let us consider a Lie generator
- 0 - 0]
E= (X, W (X, U] ) 2.8
;:1 &(x,u 5)6% +C§:177 (x,u 6)8ua (2.8)

where we assume that the infinitesimals depend on the small parameter ¢.
By using the expansion ([2.6)) of the dependent variables only, we have for the
infinitesimals
P

ZE E(k)u Na R Z "N (k)as (2.9)
k=0

where

Eoyi = oy = &Gi(xw,8)|__o Toya = N0y = Na(x, 1, 5)|8:0,
_ 1 _ 1 -~ (2.10)
o+ = 137 RIEwi,  Mkr1)a = mR[U(k)a],

R being a linear recursion operator satisfying product rule of derivatives and such
that

R[ ™ fry (x, “(0))} = O far) (%, u0))

ou’t (o)1 - au(T(’)’S m ou’t (0) L au(T(’)’S m
+Z (3' fow (%, U(o))) v (2.11)
8u(0 8%)1 8u(76'3m
Rlugry;] = (k + Dtugrg1);s
where k >0, j=1,....m, |7| =71+ + .
Thence, we have an approximate Lie generator
P
En ) R, (2.12)
k=0
where
= 0
Sk = Zf(k X, U(0); - - -5 U(k) +Zn(k X, 11(0),...,11(16))%. (213)

Since we have to deal with differential equations, we need to prolong the Lie gen-
erator to account for the transformation of derivatives. This is done as in classical
Lie group analysis of differential equations, i.e., the derivatives are transformed in
such a way the contact conditions are preserved. Of course, in the expression of
prolongations, we need to take into account the expansions of &;, 1, and u,, and
drop the O(eP*1) terms.
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Example 2.1. Let p =1, and consider the approximate Lie generator

Z (€0 + 2 (i + Z ag o (1)5))3%2,

=1
+ Z (Tl(o)a + 5(77(1)a + Z gui?a (1)5)) %,

where £0yi, §(1)is 1(0)a and 7(1)a depend on (x,u(y). The first order prolongation
is

[I]

(2.14)

=) o E ZZ"M au&, (2.15)

a=1i=1 311
where
na,i
D ( 10)
= M(0)a E(W(l)a + Z (1)5))
Da; du(o (2.16)
- 5 9 0); Ouya | _Ouq)
3 2 e e 5 ) (G L)
along with the Lie derivative
D 0u(0)a
Z O (2.17)

Dz; 6:01 ox; 8u(0)a

Similar reasonings lead to higher order prolongations.

The approximate (at the order p) invariance condition of a differential equation
reads:

=(A =0(ePth). 2.18

O] _pyor = O (21)

In the resulting condition we have to insert the expansion of u to obtain the de-

termining equations at the various orders in €. The integration of the determining

equations provides the infinitesimal generators of the admitted approximate sym-

metries, and approximate invariant solutions may be determined by solving the
invariant surface conditions

P n
= Ju _
= E Ek( E f(k)i(xyu(o),-owu(k))% - (k)(xa u(O)v'-'au(k))) =0(e"),
k=0 i=1 ¢

where u is expanded as in (2.6)).
The Lie generator =) is always a symmetry of the unperturbed equations (¢ =

0); the correction terms » &»_, &‘ké(k) give the deformation of the symmetry due
to the terms involving . Not all symmetries of the unperturbed equations are
admitted as the zeroth terms of approximate symmetries; the symmetries of the
unperturbed equations that are the zeroth terms of approximate symmetries are
called stable symmetries [2].
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3. CONDITIONAL SYMMETRIES AND APPROXIMATE CONDITIONAL SYMMETRIES

It is known that many equations of interest in concrete applications possess poor
Lie symmetries. More rich reductions leading to wide classes of exact solutions are
possible by using the conditional symmetries, which are obtained by appending
to the equations at hand some differential constraints. An important class is rep-
resented by Q-conditional symmetries, where the constraints to be added to the
differential equation are the invariant surface conditions and their dif-
ferential consequences. In such a case, Q-conditional symmetries are expressed by
generators = such that

=M =0 3.1
@), =0 (3.
where M is the manifold of the jet space defined by the system of equations
olsl
A=0, Q=0 7Q—O, (3.2)

oz . oz

where 1 <|s|=s1+ - -+s, <r—1
It is easily proved that a (classical) Lie symmetry is a Q-conditional symmetry.
However, differently from Lie symmetries, all possible conditional symmetries of
a differential equation form a set which is not a Lie algebra in the general case.
Moreover, if the infinitesimals of a Q-conditional symmetry are multiplied by an
arbitrary smooth function f(x,u) we have still a Q-conditional symmetry. This
means that we can look for Q-conditional symmetries in n different situations, where
n is the number of independent variables, along with the following constraints:
e &1 =1
o =1land§;=0for1 <j<i<n.
When m > 1 (more than one dependent variable), one can look [0, 1T} 12] for
Q-conditional symmetries of ¢g-th type (1 < ¢ < m), by requiring the condition

=7(A)],, =0, (3.3)
where M, is the manifold of the jet space defined by the system of equations
A:07 Qilz"':QiqZO,
1Q;, ey (3.4)
6xi1...3xf{’_.“_8:17?...81'2"_ ’

where 1 <|s|=s1+ - +5, <r—1,1<14; <--- <ig <m. It is obvious that we
may have (’;‘) different Q-conditional symmetries of g-th type, whereas for ¢ = 0
we simply have classical Lie symmetries.

Remarkably, Q-conditional symmetries allow for symmetry reductions of differ-
ential equations and provide explicit solutions not always obtainable with classical
symmetries.

Now we have all the elements to define approximate Q-conditional symmetries.

Definition 3.1 (Approximate Q-conditional symmetries). Given the differential
equation

P
~ % (r) (r)\ _
A= E SANTS: (x, (o), Ugp)s -+ s u(k),u(k)> =0. (3.5)
k=0
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and the approximate invariant surface condition

P n
) ~ ou
Q= ng(Zf(k)i(Xv (), .-, u(k))% — n(k)(x, (), -, u(k)))
k=0 i=1 v

=0(e"),

(3.6)

the approximate Q-conditional symmetries of order p are found by requiring
EN(A)] = 0", (3.7)
where M is the manifold of the jet space defined by the system of equations

||
A=OE), Q=0 O _oEt), @)

where 1 < [s| =51 + -+ + 5, <7 — 1.

When m > 1, i.e., differential equations involving more than one dependent
variable, approximate Q-conditional symmetries of g-th type may be defined.

Definition 3.2 (Approximate Q-conditional symmetries of g-th type). Given the
differential equation

p
~ 2: kA (r) () —
A 3 A(k) (X, 11(0), u(o), ey ll(k), u(k)> = 0. (39)
k=0

and the approximate invariant surface condition

P n
~ ou _
Q= ka(Z&k)i(X,u(o), . -711(14:))% = Ny (X, 00, - - - ,u(k)))
k=0 i=1 v

=0(e"),

(3.10)

the approximate Q-conditional symmetries of g-th type of order p are found by
requiring

=(A)],, =0, (3.11)
where M, is the manifold of the jet space defined by the system of equations
A=0@E"), Q= =Qi, =0,
o1*1Q; o1*1Q; (3.12)
347@15 == 5762(15 = 0",
Oxi' ...0zy" Oxy'...0zy"

where 1 <|s|=s1+ - +s, <r—1,1<4d; <--- < iy <m.

For simplicity, hereafter we will consider the case p = 1; for higher values of p
things are similar but at the cost of an increased amount of computations.

Similarly to the case of exact Q-conditional symmetries, we can look for approx-
imate Q-conditional symmetries in n different situations, where n is the number of
independent variables, along with the constraints

e {onn=LE&wm=0fork=1,...,p;
o 5(0)14:1,5(,‘3)1':0,5(0)]-:§(k)j:Of0r1§j<i§nandk:1,...,p.
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4. APPLICATION
In this Section, we consider the equation
et + up — (Ut )y — quug + Bu(l —yu) =0, (4.1)

where ¢ is a small constant parameter, that represents a hyperbolic version of the
reaction-diffusion-convection equation [46]

up — (Ulg)y — auuy + Bu(l —yu) =0, (4.2)

a, B and ~ being real positive constants.

In [59], the Q-conditional symmetries of a family of partial differential equa-
tions containing and some exact solutions have been explicitly determined.
Equation , supplemented by the invariant surface condition (and its first order
differential consequences)

ug + &(t, z, u)uy — n(t, x,u) =0, (4.3)
admits the following generators of Q-conditional symmetries:

S0 D 0,0
~1—at+f(t)ax+

SO (44
- 0
2= +g(t)u%,

where f(t) and g(t) are functions of time satisfying the following differential equa-
tions

ff =2 = Bff =0,

(4.5)
9 —Bg—g*=0,
whose integration provides
f — L7
1 — ko exp(St) (4.6)
k1 exp(Bt) '

g=_p or g=—0,

1 —kiexp(Bt)’
with k1 and ko arbitrary constants.

Here, we limit ourselves to report the Q-conditional invariant solutions of
corresponding to operator Zs in along with the assumption ¢ = — (3. By solving
together the invariant surface condition and , according to the values of the
parameters «, 8 and 7y, after some straightforward algebra, three exact solutions
are determined [59]:

o 803y —a? = 6%

u(t,x) = crexp (— Bt — %x) cos (gx + ¢2); (4.7
e 88y —a?=0:
u(t,x) = c1 exp ( — Gt — %x)\/x + co; (4.8)

o 803y —a? = 6%

u(t,z) = c1exp ( — Bt — @ I 633) vexp(dx) + ca, (4.9)
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c1 and ¢y being arbitrary constants.

Solutions , and have been already determined in [59], and are
reported here just to compare them with the approximate Q-conditional invariant
solutions of equation .

Now, let us consider equation and look for the admitted first order approx-
imate Q-conditional symmetries generated by the infinitesimal operator

_ 0 0 0
= at+§(t T,U; s)ax—i—n(t,x,u,e)%
5(0 0
(f(o) + 5(6 Dug) )) 2 (4.10)

el B}

The required computations for determining the infinitesimals of the approximate
Q-conditional symmetries are done immediately by using the REDUCE [34] package
REeLIE [51].

Here, we restrict to consider a subclass of first order approximate Q-conditional
symmetries; the complete classification of the admitted approximate Q-conditional
symmetries and the corresponding approximate solutions to equation will be
the object of a paper under preparation.

Expanding u(t, z;¢) at first order in ¢,

u(t, z;€) = (o) (t, z) + cug)(t, z) + O(e?), (4.11)

let us consider the approximate Q-conditional symmetries that are first order per-
turbations of the Q-conditional symmetry generated by

0 0

Bu .
8t © 8u(0)

(1]

(4.12)

By solving the determining equations, we have the approximate generator

= o (5 exp(90) fala)idy) — exp(—50)(0)) o
~ (Buy + =(Buy — exp(-380 () - 2D (g0 —app(an)udy (413

+—F exp( 5) (f3(x) — afs(x))uq) — (kle%(_m) a ﬂQ)u(O)»aﬁu’

with f1, fo and f3 functions of = subjected to the constraints:

U+ afi 4267/ =0,
3 —aff +26vf2=0, (4.14)
y —(a®—80y)fs+ka =0,
and ki, ko arbitrary constants.

Three cases have to be distinguished depending on the values of the coefficients
a, B and v:
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o a2 — 803y =62

flzkgexp(— a;5x> +k4exp<— a;(sx),

fa =k5exp<a_2’_6:c) —|—k6exp<a;6:c>, (4.15)
f3 = krexp(dz) + kg exp(—dz) + %;
e a?—83y=0:
Jr=exp (= S) (ks + kaw),
f2 =exp (%m) (ks + ko), (4.16)

k
f3= —?2392 + k7x + ks;

o o -8By =—6%

f1 =exp ( - %m) (kg cos (gm) + k4 sin (g:c)),

fo =exp (%x) (kg cos (gx) + k4 sin (gaz)>, (4.17)

ko
ﬁ)

f3 = krcos(dx) + kg sin(dzx) —

where ks, ..., kg are arbitrary constants.

FIGURE 1. Plot of solution (4.19) with the parameters ¢ = 0.03,
a=20=04,v=133,c1=1,¢c0=0,¢c3=1,c4 =0.

By considering the approximate generator

_ 0 0

(obtained by choosing f1 = fo = f3 = k1 = k2 = 0 in (4.13))), after some algebra,
we are able to find the following approximate solutions of equation (4.1]) that, for
¢ = 0 are those reported above for the reaction-diffusion—convection equation (4.2]):
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FIGURE 2. Plot of solution (4.20) with the parameters e = 0.03,
a=2,0=04,v=125,¢c1=1,c0=2m,¢c53=1,¢c4=0.

FIGURE 3. Plot of solution (4.21)) with the parameters ¢ = 0.03,
a=20=04,v=117,¢1=1,c0=0,c3=1, ¢4 =0.

o 803y —a? =62
«@ 1)
u(t, ye) = exp (— Bt — Z:v) cos (Ex + c2)
cos(2x + cq) (4.19)
2 4 2
- e @7 t .
X (Cl +€(03COS(%I+CQ> Clﬁ ))7
e 88y —a?=0:
«
u(t, z;e) = exp ( — Bt — Zx) VI +co
(4.20)

X (cl —l—z-:(w - clﬂ2t)>;
T+ co
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o 803y —a? = —6%

u(t, ;e) = exp (— Bt — 596) exp(dz) + co

(oe(BER e )

(4.21)

with ¢; (¢ = 1,...,4) arbitrary constants.
Plots of these solutions are displayed in Figures
By using different Q-conditional symmetries, other classes of approximate solu-
tions can be explicitly obtained. Here, we report only a few; a more complete list
will be contained in a forthcoming paper.
For instance, by using the approximate Q-conditional symmetry generated by

0 0
Ex — —cexp(—0t — dr)—

(- (o )

when o? — 887 = §2, we get the approximate solution

u(t,z;e) ~ exp(—pt) <01 exp (— z) + E(C%(a — 51)(104 +30)
+ (c2 —e18%t) exp (— aTHx)
+ <03 — %exp( ﬂt)) exp ( — a—z36m)>).

When o? — 83y = 0, by using the approximate Q-conditional symmetry generated
by

- _ 0 0
SE il exp(— ﬁt)%
«a 0
+ ( — Buy + 5((1 exp(—ft) — ﬁz)u(o) - 5“(1))) E
we obtain the approximate solution
(= +2)D(+~

u(t, z;€) ~ exp(—pt) (01 exp(——m)\f + 8( - —+ Jar'a B

# (T (e - 22T 4 ey — ety e (- )

azx ax, [Vor/?
D(g) =exp(— T) /o exp(—22) dz (4.24)

(4.23)

2 2 m)

where

is the Dawson function.

Concluding remarks. In this paper, by adopting a recently proposed approach to
approximate Lie symmetries of differential equations involving small terms, we have
given a consistent definition of approximate Q-conditional symmetries. The theo-
retical framework has been applied to a partial differential equation that represents
a hyperbolic version of a reaction-diffusion-convection equation [46]. We obtained
some classes of approximate Q-conditional invariant solutions. The complete clas-
sification of approximate Q-conditional symmetries, as well as the derivation of the
corresponding approximate solutions, will be contained in a forthcoming paper.



EJDE-2018/CONF/25 APPROXIMATE Q-CONDITIONAL SYMMETRIES OF PDES 145

Acknowledgments. This work was supported by GNFM of “Istituto Nazionale
di Alta Matematica”.

(1
2]
(3]
[4]
(5]
(6]
7]
(8]
(9]

(10]
(11]

(12]

(13]
[14]
(15]
(16]
(17)
(18]

(19]

20]

21]

(22]

23]

24]

REFERENCES

D. J. Arrigo, P. Broadbridge, J. M.Hill; Nonclassical symmetry solutions and the methods of
Bluman-Cole and Clarkson-Kruskal, J. Math. Phys., 34 (1993), 4692-4703.

V. A. Baikov, R. I. Gazizov, N. Kh. Ibragimov; Approzimate symmetries, Mat. Sb., 136
(1988), 435-450; English Transl. in Math. USSR Sb., 64 (1989), 427-441 .

V. A. Baikov, S. A. Kordyukova; Approxzimate symmetries of the Boussinesq equation, Quaes-
tiones Mathematicae, 26 (2003), 1-14.

G. Baumann; Symmetry analysis of differential equations with Mathematica, Springer, New
York, 2000.

G. W. Bluman, S. C. Anco; Symmetry and integration methods for differential equations,
Springer, New York, 2002.

G. W. Bluman, A. F. Cheviakov, S. C. Anco; Applications of symmetry methods to partial
differential equations, Springer, New York, 2009.

G. W. Bluman, J. D. Cole; The general similarity solution of the heat equation, J. Math.
Mech., 18 (1969), 1025-1042.

L. A. Bordag; Geometrical properties of differential equations. Applications of the Lie group
analysis in financial mathematics, World Scientific, Singapore, 2015.

R. Cherniha; New Q-conditional symmetries and exact solutions of some reaction-diffusion-
convection equations arising in mathematical biology, J. Math. Anal. Appl., 326 (2007),
783-799.

R. Cherniha; Conditional symmetries for systems of PDEs: new definitions and their appli-
cation for reaction-diffusion systems, J. Phys. A: Math. Theor., 41 (2010), 405207.

R. Cherniha, V. Davydovych; Conditional symmetries and exact solutions of the diffusive
Lotka- Volterra system, Comp. Math. Model., 54 (2011), 1238-1251.

R. Cherniha, V. Davydovych; Conditional symmetries and exact solutions of nonlinear
reaction-diffusion systems with non—constant diffusivities, Commun. Nonlinear Sci. Numer.
Simulat., 17 (2012), 3177-3188.

R. Cherniha, O. Pliukhin; New conditional symmetries and ezxact solutions of reaction-
diffusion systems with power diffusivities, J. Phys. A: Math. Theor., 41 (2008), 185208.

P. A. Clarkson, M. Kruskal; New similarity reductions of the Boussinesq equation, J. Math.
Phys., 30 (1989), 2201-2213.

P. A. Clarkson, E. L. Mansfield; Symmetry reductions and exact solutions of nonlinear heat
equations, Physica D, 10 (1994), 250-288.

R. Di Salvo, M. Gorgone, F. Oliveri; A consistent approach to approrimate Lie symmetries
of differential equations, Nonlinear Dyn., 91 (2018), 371-386.

B. Diatta, C. Wafo Soh, C. M. Khalique; Approxzimate symmetries and solutions of the
hyperbolic heat equation, Appl. Math. Comp., 205 (2008), 263-272.

I. T. Dolap¢i, M. Pakdemirli; Approzimate symmetries of creeping flow equations of a second
grade fluid, Int. J. Non-Linear Mech., 39 (2004), 1603-1618.

A. Donato, F. Oliveri; Linearization procedure of nonlinear first order systems of PDE’s by
means of canonical variables related to Lie groups of point transformations, J. Math. Anal.
Appl., 188 (1994), 552-568.

A. Donato, F. Oliveri; When nonautonomous equations are equivalent to autonomous ones,
Appl. Anal., 58 (1995), 313-323.

A. Donato, F. Oliveri; How to build up variable transformations allowing one to map nonlin-
ear hyperbolic equations into autonomous or linear ones, Transp. Th. Stat. Phys., 25 (1996),
303-322.

N. Euler, M. W. Shulga, W. H. Steeb; Approzimate symmetries and approximate solutions
for a multi-dimensional Landau-Ginzburg equation, J. Phys. A: Math. Gen., 25 (1992), 1095—
1103.

W. H. Euler, N. Euler, A. Kohler; On the construction of approximate solutions for a mul-
tidimensional nonlinear heat equation, J. Phys. A: Math. Gen., 27 (1994), 2083-2092.

N. Euler, M. Euler; Symmetry properties of the approximations of multidimensional gener-
alized Van der Pol equations, J. Nonlinear Math. Phys., 1 (1994), 41-59.



146

[25]

[26]

27)

(28]

29]
(30]
(31]

(32]

33]

34]
(35]

[36]
[37]
[38]
[39]
[40]
[41]

[42]
[43]

[44]
[45]
[46]

[47]
(48]

[49]

[50]
[51]

[52]

M. GORGONE, F. OLIVERI EJDE-2018/CONF/25

W. I. Fushchich, W. H. Shtelen; On approximate symmetry and approximate solutions of
the non-linear wave equation with a small parameter, J. Phys. A: Math. Gen., 22 (1989),
887-890.

W. I. Fushchich; How to extend symmetry of differential equation? In: Symmetry and
Solutions of Nonlinear Equations of Mathematical Physics, Inst. Math. Acad. Sci. Ukra.
(1987), 4-16.

W. L. Fushchych, I. M. Tsyfra; On a reduction and solutions of the nonlinear wave equations
with broken symmetry, J. Phys. A: Math. Gen., 20 (1987), L45-148.

R. K. Gazizov, N. H. Ibragimov, V. O. Lukashchuk; Integration of ordinary differential
equation with a small parameter via approximate symmetries: reduction of approximate
symmetry algebra to a canonical form, Lobachevskii J. Math., 31 (2010), 141-151.

R. K. Gazizov, N. H. Ibragimov; Approxzimate symmetries and solutions of the Kompaneets
equation, J. Appl. Mech. Techn. Phys., 55 (2014), 220-224.

Y. Gan, C. Qu; Approximate conservation laws of perturbed partial differential equations,
Nonlinear Dyn., 61 (2010), 217-228.

M. Gorgone; Approximately invariant solutions of creeping flow equations, Int. J. Non-Linear
Mech. (2018), https://doi.org/10.1016/j.ijnonlinmec.2018.05.018.

M. Gorgone, F. Oliveri; Nonlinear first order partial differential equations reducible to first
order homogeneous and autonomous quasilinear ones, Ricerche di Matematica, 66 (2017),
51-63.

M. Gorgone, F. Oliveri; Nonlinear first order PDEs reducible to autonomous form polyno-
mially homogeneous in the derivatives, J. Geom. Phys., 118 (2017), 53-64.

A. C. Hearn; Reduce Users’ Manual Version 3.8, Santa Monica, CA, USA (2004).

N. H. Ibragimov; Transformation groups applied to mathematical physics, D. Reidel Publish-
ing Company, Dordrecht, 1985.

N. H. Ibragimov; Editor, CRC Handbook of Lie group analysis of differential equations (three
volumes), CRC Press, Boca Raton (1994, 1995, 1996).

N. H. Ibragimov, V. K. Kovalev; Approzimate and renormgroup symmetries, Higher Educa-
tion Press, Beijing and Springer-Verlag GmbH, Berlin-Heidelberg (2009).

N. H. Ibragimov, G. Unal, C. Jogréus; Approzimate symmetries and conservation laws for
Ité and Stratonovich dynamical systems, J. Math. Anal. Appl., 297 (2004), 152-168.

A. H. Kara, F. M. Mahomed, A. Qadir; Approzimate symmetries and conservation laws of
the geodesic equations for the Schwarzschild metric, Nonlinear Dyn., 51 (2008), 183-188.
V. F. Kovalev; Approzimate transformation groups and renormgroup symmetries, Nonlinear
Dyn., 22 (2000), 73-83.

D. Levi, P. Winternitz; Nonclassical symmetry reduction: example of the Boussinesq equa-
tion, J. Phys. A: Math. Gen., 22 (1989), 2915-2924.

S. Lie, F. Engel; Theorie der transformationsgruppen; Teubner: Leipzig, Germany, 1888.

S. Lie; Vorlesungen dber differentialgleichungen mit bekannten infinitesimalen transforma-
tionen; Teubner: Leipzig, Germany, 1891.

F. M. Mahomed, C. Qu; Approzimate conditional symmetries for partial differential equa-
tions, J. Phys. A: Math. Gen., 33 (2000), 343-356.

S. V. Meleshko; Methods for constructing exact solutions of partial differential equations,
Springer, New York, 2005.

J. D. Murray; Mathematical biology. 1I: Spatial models and biomedical applications, Springer-
Verlag, Berlin, 2003.

A. H. Nayfeh; Introduction to perturbation techniques, Wiley, New York, 1981.

M. C. Nucci; Nonclassical symmetries and Backlund transformations, J. Math. Anal. Appl.,
178 (1993), 294-300.

M. C. Nucci, P. A. Clarkson; The nonclassical method is more general than the direct method
for symmetry reductions. An example of the FitzHugh—Nagumo equation, Phys. Lett. A, 164
(1992), 49-56.

F. Oliveri; Lie symmetries of differential equations: classical results and recent contributions,
Symmetry, 2 (2010), 658-706.

F. Oliveri; Relie: a Reduce package for Lie group analysis of differential equations. Submitted
(2018).

F. Oliveri; General dynamical systems described by first order quasilinear PDEs reducible to
homogeneous and autonomous form, Int. J. Non-Linear Mech., 47 (2012), 53-60.



EJDE-2018/CONF/25 APPROXIMATE Q-CONDITIONAL SYMMETRIES OF PDES 147

[63] P. J. Olver; Applications of Lie groups to differential equations, Springer, New York, 1986.

[54] P. J. Olver; Equivalence, invariants, and symmetry, Cambridge University Press, New York,
1995.

[55] P. J. Olver, P. Rosenau; The construction of special solutions to partial differential equations,
Phys. Lett. 144A (1986), 107-112.

[56] P. J. Olver, P. Rosenau; Group invariant solutions of differential equations, STAM J. Appl.
Math., 47 (1987), 263-278.

[67] L. V. Ovsiannikov; Group analysis of differential equations, Academic Press, New York, 1982.

(58] M. Pakdemirli, M. Yiiriisoy, I. T. Dolap¢i; Comparison of approzimate symmetry methods
for differential equations, Acta Appl. Math., 80 (2004), 243-271.

[59] O. H. Plyukhin; Conditional symmetries and exact solutions of one reaction-diffusion-
convection equation, Nonlinear Oscillations, 10 (2007), 381-394.

[60] G. Saccomandi; A personal overview on the reduction methods for partial differential equa-
tions, Note Mat., 23 (2004/2005), 217-248.

[61] M. Shih, E. Momoniat, F. M. Mahomed; Approzimate conditional symmetries and approz-
imate solutions of the perturbed Fitzhugh—Nagumo equation, J. Math. Phys., 46 (2005),
023503.

[62] A. Valenti; Approzimate symmetries for a model describing dissipative media, Proceedings of
10th International Conference in Modern Group Analysis (Larnaca, Cyprus) (2005), 236—243.

[63] R. J. Wiltshire; Perturbed Lie symmetry and systems of non-linear diffusion equations,
Nonlinear Math. Phys., 3 (1996), 130-138.

[64] R. Wiltshire; Two approaches to the calculation of approximate symmetry ezemplified using
a system of advection—diffusion equations, J. Comp. Appl. Math., 197 (2006), 287-301.

MATTEO GORGONE
DEPARTMENT OF MATHEMATICAL AND COMPUTER SCIENCES, PHYSICAL SCIENCES AND EARTH ScCI-
ENCES (MIFT), UNIVERSITY OF MESSINA, VIALE F. STAGNO D’ALCONTRES 31, 98166 MESSINA,
ITALY

E-mail address: matteo.gorgone@unime.it

FRANCESCO OLIVERI
DEPARTMENT OF MATHEMATICAL AND COMPUTER SCIENCES, PHYSICAL SCIENCES AND EARTH SCI-
ENCES (MIFT), UNIVERSITY OF MESSINA, VIALE F. STAGNO D’ALCONTRES 31, 98166 MESSINA,
ITALy

E-mail address: francesco.oliveri@unime.it



	1. Introduction
	2. Lie symmetries and approximate Lie symmetries
	3. Conditional symmetries and approximate conditional symmetries
	4. Application
	Concluding remarks
	Acknowledgments

	References

