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NONHOMOGENEOUS SUBLINEAR FRACTIONAL
SCHRODINGER EQUATIONS

TERESA ISERNIA

ABSTRACT. We study the existence, uniqueness and multiplicity for the sub-
linear fractional problem

(=A)*u+ V(x)u + a(z)|uP sgn(u) = f  in RY,
where s € (0,1), N > 2s, (—A)® is the fractional Laplacian, p € (0,1), f €

p+1

L2RMYNnL » RY), V:RY — R and a : RY — R are positive bounded
functions.

1. INTRODUCTION
In this article we consider the nonlinear fractional Schrodinger equation
(=A)*u+ V(x)u+ a(z)|ulP sgn(u) = f in RY
u € H*(RN) N LPTH(RY)
where N > 2s, s € (0,1), p€ (0,1), f € L2(RN)n LP+HD/P(RN) V : RY — R and

a: RN — R are positive bounded functions. The nonlocal operator (—A)® is the
fractional Laplacian which is defined as

(1.1)

u(z) — u(y)
(—A)u(z) =CnsP. V. - mdy,

for any u : RY — R sufficiently smooth. The symbol P.V. stands for the Cauchy
principal value and C , is a dimensional constant depending on N and s; see [I1].

In the previous decade a great attention has been devoted to the study of frac-
tional and nonlocal operators of elliptic type since these operators arise in a quite
natural way in many different contexts such as phase transition phenomena, mini-
mal surface, game theory, continuum mechanics, crystal dislocation, optimization,
water waves and so on. For more details the interested reader may consult [13] 22]
and references therein.

A basic motivation for the study of problem is related to the search of
standing wave solutions of the type 1 (z,t) = u(z)e " for the time dependent
fractional Schrodinger equation

Zaaitb = (=A)"% + (V(z) + )¢ — g(I¥l) (1.2)
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where V : RY — R is an external potential and g is a suitable nonlinearity. The
fractional Schrodinger equation was introduced by Laskin [20] and it is a
fundamental equation of fractional quantum mechanic in the study of particles on
stochastic fields modeled by Levy processes.

Very recently, the study of problems of fractional Schrodinger equations has at-
tracted the attention of many mathematicians. Indeed several existence and multi-
plicity results have been established, under different assumptions on the potential
V' and nonlinear term, by using suitable variational methods; see [3, [, [5, [6] [7]
8, T4l M5, 16, 17]. In particular way, a special attention has been devoted to the
study of fractional Schrédinger equations involving superlinear nonlinearities; see
for instance [T, 2, 23]. On the contrary, to our knowledge, only few results deal
with fractional problems with sublinear terms; see [I8], (19, 25].

The aim of this article is to consider equation under the following assump-
tions:

(HL) f € RN LS (RY), £ >0 (f #0);

(H2) V € L>®(RY) and lim;| oo V(x) = v > 0;

(H3) a € L=®(RYN), lim|;| o a(z) = @ > 0 and there exists o > 0 such that

a(r) > o a.e. in RV,

Our main result is the following theorem.

Theorem 1.1. Assume that (H1)-(H3) hold. Then, there exists a positive constant
¢, such that for every f > 0 a.e. in RV, I fllL2@~y < ¢, problem admits a
nonnegative solution u; € H*(RN)NLPTYH(RN) that converges to zero in H*(RN)N
LPHY(RY) as || f|| 12wy tends to zero. Moreover:

(i) if
2
//Rm o — ng)' dzdy + /RN V(z)p?dz > 0 (1.3)

for every ¢ € C(RY), then the solution uy is unique;

(i) if
2
//RQN = |N-(‘r2)s| dx dy*/RN V(z)p?de <0 (1.4)

for some 1 € C(RYN), then there exists a second solution ug # uy.

We note that when s = 1 Theorem can be seen as the fractional analogue of
[9, Theorem 1.1] in which the author studies existence, multiplicity and uniqueness
of the corresponding nonhomogeneous elliptic equation

—Au+V(x)u+ a(z)|ulP sgn(u) = f in RV,

We recall that in the classical setting, sublinear problems in the whole RY in
presence of a small perturbation have been widely investigated by many authors;
see [9] 10, 12} 24]. In this paper, motivated by [9, [10], we continue the study started
in [19) introducing the potentials a(z) and V(z). Borrowing some ideas from [9],
we prove different existence and multiplicity results for . Clearly, due to the
nonlocality of the fractional Laplacian (—A)®, a more careful analysis is needed to
prove that the arguments developed in [9] also work in our setting.

The plan of this article is the following. In Section [2] we collect some useful
preliminary results which we will use along the paper. In Section [3] we prove the
existence of a first solution to provided that f is sufficiently small in L? sense.
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The last section is devoted to the proof of a second solution different from the
previous one.

2. PRELIMINARY RESULTS

In this section we briefly recall some properties of the fractional Sobolev spaces,
and we introduce some notation that will be used.
For any s € (0,1), we define the homogeneous fractional Sobolev space

52 N 27 N )|2

which is the completion of C2°(RY) under the norm given by

lu(@) —u@)* ,
Ds, Q(RN) ‘LU _y|N+2s Y.

The fractional Sobolev space H* (RN ) can be described as

lullz

HS ( {u€L2 RN) |u( ) u(y)| c LQ(RN XRN)}.
o —y| 5t

In this case the norm is defined as

Jul o) 4P oy + [ jufas) "
ul| s (mvy = // |x— |N+25 y—i—/RN ul*dx .

For the readers’ convenience we recall the following embeddings.

Theorem 2.1 ([13]). Let s € (0,1) and N > 2s. Then there exists a sharp constant
Sy = S(N, S) > 0 such that for any u € DSQ(RN)

|u(2) —u(y)?
el 72 ®v) S S //]R2N |x— |N+2s da dy.

Moreover, H*(RN) is continuously embedded in LY(RN) for any q € [2,2%] and
compactly in LL (RN for any q € [1,27).

Let X := H*(RY) N LPHL(RY) equipped with the norm

[ul|? = // '“ Ju(z) —u@P® ;- dy+/ P da.
R2N ‘N-"—QS RN

Since we are interested in weak solutlons to (|1.1), we look for critical points of the
functional 7 : X — R defined by

|2 / 1 p+1
//Rm ‘m_ |N+28 drdy+ [ V@luPde+—— [ a@ltis

— fudzx.
RN
It is standard to check that Z is well-defined in X, Z € C'(X, R) and its differential
is given by
u(y))(p(z) — ply
// ))(|N(+2)S (v) dx dy + V(z)updz
R2N RN

+/ a(x)\u|pgpda:—/ fodz
RN RN

for any u, p € X.
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We begin by proving the following Lemma to obtain the existence of a local
minimum for Z.

Lemma 2.2. Assume that (H1)—(H3) hold. Then, there exist positive constants
K, p and L such that if || f|| 2e~y < L then Z(u) > & whenever [Jul| = p.

Proof. Let u € X. By using (H2), (H3), Holder inequality and Young inequality we

obtain
|u(z) —u(y)]® V[l oo VY / 9
dedy — —————= d
//RzN \x — ‘N+25 4 2 RN ‘u| v
1/2 1/2
+ -2 \u|p+1dx - (/ |f|2dm> (/ |u\2dz>
p+1 RN RN

1 2 V [
,ﬂ )| dz dy — H ”L (RN)/ \u|2dx
2 J Jrew \x—y\N“S 2 RN (2.1)
1 1 )
—_ ptlg 2dy — = 2q
e [ pttae 5 [ e =5 [l

[u(z) — u(y)? 1 ,
/AQN ‘x— ‘N+25 dx dy—§(HV||L°°(]RN)+1) n |u| dx

1
el AT 2/N|f|2dx.

Now, by interpolation, there exists r = %f% € (0,1) such that
2(1—mr)

/RN lu|?dx < </]RN u|p+1d;v>ﬁl(/N |u *dac) *
< SH(/ |u\”+1d // [u(z) — ) )y )H
<5 on eon |x— |N+2s Y

o
< ulPdx
1) Hvumw +1>/ [

)‘2 (1—4:;(:024-.1)
+0 dz d) P
! // |x— |N+2s Y

where we used Theorern Hoélder inequality and Young inequality. Therefore,
putting together (2.1) and (| -, we obtain

1 2 1
7// i W)l dx dy — ,L/ Ju|P T da
2 R2N |x — | +2s 2p+1 Jpn

A=r)(p+1)

u(y)[® S |« 1

Cl //RQN \x—y|N+25 dx dy) +p+1 . |u|p dx
. / |f|2dx
)|2 1 « +1

// |x— |N+2s dwdy+ 507 Jo

)|2 (1'_l1)<p2+1) 1

P 2

Cl(//]RzN o |N+28 dx dy) _§/sz|f| dzx.

(2.2)
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Now, since % > 2, we can see that

A-r)(p+1)
Ju@) —u@P Ju@) —u@)? |\ S
o |x— |N+26 e o |x— |N+2é B
// )|2d dy
_4 R2N |x—y\N+25

for [[yon W dr dy < B, with 3 sufficiently small.
Hence, for [[o.n % dedy < 3 and ||ul|pe+1@yy < 1, by using the fact
that for any z > 0 and y € [0, 1] it holds (z + y)? < 222 + 2y?T!, we obtain

u(y)|® - / 1
dx d —_— pHlg
= 4//R2N |x_y|N+23 y+2(p+1) . |ul z
2
- d
24 7P
> mm{ // u(z) — uy)* dx dy—/ |u|p+1da:) (2.3)
4 2p+1 . |9c— |N+25 .

~5 [, e

> Callull = 51 B

Takmg p =min{B,1} and ||f|7. ®Y) = = (Oyp?, then for ||u|| = p we obtain Z(u) >
1 Cgp O
Let us define
= inf 7 24
mi= inf I(u) (24
where B, = {u € X: |lu|| < p} and p is defined in Lemma
Lemma 2.3. Under assumptions (H1)—(H3) it holds —oo < m < 0.

Proof. In view of (H1) there exists ¢ € X such that [,y f¢ dz > 0. Then we have

T(1) = tQ// @) =Wl ;g +t2/ V(@) [2d
R2N |$— ‘N+2S Y 2 RN * .

! / a(m)|w|p+1dx—/ fidr <0
RN RN

p+1
for t sufficiently small. As a consequence m < 0. It is clear that m > —oo in view

of . O

3. EXISTENCE OF A FIRST SOLUTION

In this section we study of the existence and uniqueness of solutions to (1.1).

Theorem 3.1. Assume that (H1)—(H3) hold. Then there exists uy € X which is a
nonnegative solution to (L.1). Moreover uy converges to zero in X as || f|| 2@y —

0.
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Proof. Let {u,} C X be a minimizing sequence of (2.4]). Since {u,} is bounded in
X, we may assume, up to a subsequence, that

Up — up  in X
(RM),Vq € [1,23),

Up, — U1 a.e. in RY.

up — uy in L,

Our aim is to prove that u, — wu; in X. Set v,, = u,, — u1. Let us compute Z(uy,):

Z(up) = Z(vy +uq)

|on(x) — vp(y) // |ui(z) —ur(y)[*
d dy dx d
//Rw |a: —y\ws T35 ) Jaan |a:—y|n+2s v

o) = @) =) g L[ e o
//Rzzv |z — y|N+2s da?dy+2/ﬂw V(z)lv,|*d

+*/ V(z)|u1] dz+/ V(x)vnulda:—/ fvndx—/ fuidzx
2 Jr~ RN RN RN

1
+ — ax wn Pt — (Jug [P + o, [PTH)dz
| (z)(|un] (Jua [vn[P70))
1
+ — U p+1d:c+7/ v [PHdx
[ el 2ol

|Un —vn(y )| /
//}RZN |£U— ‘N+2s dzdy+ Vi |U"| dz

Pl
o a(x)\vn| dx /]RN fopdz

// ente) = n0le) = 0D 4 [ V(e

|z — y| N2

b [ o) = )
(3.1)

From the fact that v,, — 0 in X we infer that

// (vn(z —vn(y))(ul() W) gegy o
RQN

‘N—FZS

fvpdz — 0 and / V(z)vpurdz — 0.
RN RN

Moreover, taking into account that
—clz[Ply| <l +yPT = (2P 4y < ez Py
holds for any z,y € R with ¢ > 0 (independent of x and y), we obtain
1
p+1
< Zﬁ /RN a(x)|vn||ui P dz — 0.

/ a(@)(Jun P = (Jus P70 [PHY) ) da
RY (3.3)
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Let us note that

|un(z) — un(y)?
p >//RZN |:r— |N+25 dx dy

L. |vTx_y|N+29 ® ey + // u1|x—mN b =W 4y (3
R2N

|£L‘ _ y|N+25

Using (3.2) we can see that

[vn () = va(y)?
dz dy <
//sz Ioc—y\n+2s ysr

for n large enough. Then, taking the limit in (3.1)) and by using (3.2)) and (3.3]), we
obtain

[on (@) — v (y)|?
m =T(uy) +711er;0 //Rm \m—y|N+29 dx dy+ V V|on|?dx

1
+ — a(x vnp+1dx}
— [ el

[on (@) — v (y)|?
> T(uy) +n1LIgo //RQN \x = |N+2& dx dy
+ L/ a(z)|vn|p+1dg:} >m
2(p+1) Jrn B

where in the last inequality we have estimated as in Lemma Then, (3.4) and
(3.5) yield v, = 0in X, 0 > m = Z(u1), w1 € B, and Z'(uq) = 0. Thus u; is a
weak solution to (1.1).

To prove that uy is a nonnegative solution to (L)), note that m < Z(|u,|) <
Z(up), thus Z(Juy,|) — m, and we can choose u,, > 0. As before, up to a subsequence
Up — ug a.e. in RY, u,, — uy in X and u; is a nonnegative solution to .

Let {f,} € L*(RY) be such that || fn|z2@~y) — 0 and let uy, be a solution to
. Now we aim to prove that uy, — 0in X.

Since uy, is a solution to , we obtain

<I/(uf’n)7ufn> =0,
that is,

|ufn ufn(y)|2 2 +1
J[ et OF oy [ vy e [ g, pas

= / fnuyg, dz.
RN

Recalling that Z(uy, ) < 0, by using (3.6) and Holder inequality we deduce
0> I(Ufn)

1
— 7(—/ a(z)|ug, |p+1dx+/ fnufndx —4—7/ \ufn\p'de

/ fnuy, dz

(3.6)
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1—-p pt1 1/
= do — = i, d
2(p+ 1) [RN a(13)|Ufn| €z 2 RN flufn €

EJDE-2018/CONF/25

1—p 1
> PH gy — f/ d
SRS /Na(z)|ufn| T =3 - Jouy, dx
> (1 ) p+1
30+ )II Follzoer vy = ||anL2(RN)”ufn”Lz(RN)-

Observing that p € (0,1) and « > 0, we obtain

(1 ) p+1

0< m” fn ||Lp+1(RN)

< §||anL2(]RN)”ufn”L?(]RN)
<cllfallL2@yy — 0,

thus uy, — 0 in LPH(RY).

Now, by using (3.6)), Holder inequality and Sobolev inequality, there exists r €
(0,1) (defined in Lemma such that

ug, (x) = uy, (y)?
n n d d
//R2N \w—le”q v

/V |ufn2dx—/ (x)|ufn|p+1dx+/ fauy, dz
RN

+1
4z RN)”uanLz(]RN + HaHLOO(RN)||ufn||ll),p+1(RN) + I fullee@myllug, | 2@y

IN

+1
< IVl ooy (g Noes oy 5, 1337 vy ) + e oy g, 2
+ 1 fallLz @y llug, [ L2 @y)

< OV iz @my g, e vy + lall ooy g, 1750 vy

+ 1l 2@ g, | 2@y — 0.

Combining this with uy, — 0 in LPY(RY), we deduce the thesis.

O
Now we recall the notion of supersolution and subsolution to (1.1f):
Definition 3.2. We say that w € X is a weak supersolution to (1.1)) if
u(y))(p(z) — ¢(y)) -
dx d 1% d
//sz |x— WLEST xdy + o (z)up dx
+ [ at@ul sn(a)pds (37)
RN
< | fedx
RN

for any ¢ € X such that ¢ > 0 a.e. in RV.
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Definition 3.3. We say that u € X is a weak subsolution to (1.1)) if

u(y)) (p(z) — ¢(y))
//Rzzv |x — y|N+2s dz dy + o V(z)up dv
+ [ ol sentwpds (33)
< fedx
RN

for any ¢ € X such that ¢ > 0 a.e. in RY.

Theorem 3.4. Assume that (H1)—(H3) and (1.3 hold. Let u € X be a subsolution
to (1.1) and @ € X be a supersolution to (1.1)). Then u < a.e. in RY.
Proof. From (3.7) and (3.8) it follows that

u—1)(z) — (u—1)(y)) () —¢(y)) Coda
//Rzzv |z — y|N+2s df”dy+/RNV(I)(@ )pd

[ o) senta) e sgn()pdo <0

(3.9)
Assume u £ W and let ¢ := (u —u)" in (3.9), then we have
(u—a)(z) = (u—1)(y)"? / 2
0< dxd \%4 — d
JI R vay+ [ V@l P
< */RN a(z)(|ul” sgn(w) — [al” sgn(@))(u —u)* <0,
and this gives a contradiction. Thus we have u < w a.e. in RN, O

At this point we are ready to prove that the problem ([1.1)) admits a unique weak
solution.

Theorem 3.5. Under assumptions (H1)—(H3) and (1.3), problem (1.1) admits a
unique solution.

Proof. Let u; and us be two solutions to (|1.1)). Then by Theorem follows that
u1 < ug and ug < uq, that is u; = us a.e. in RYV. O
4. EXISTENCE OF A SECOND SOLUTION

In this section we show the existence of a second solution to (|1.1]) under assump-
tion (1.4).
Lemma 4.1. Under assumption (1.4), there exists oo € X\ B, such that Z(pg) < 0.

Proof. Let ¢ € C (RN) satisfying . Then, as t — 400

// )|2 dx d +]52/ V(x)|p|?dx
R2N |$— ‘NJ"QS y 2 RN L4

—|—tp : [P dx — pdr — —
a(x T fodx 0.
p+1/]RN (@)l /]RN

Thus, choosing ¢y sufficiently large such that |[top| > p and Z(top) < 0, we can
take g = tgp to complete the proof. (]
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Let us consider the problem

M = inf max T(~( 41
inf, max T(y(¢)) (4.1)

where
I'={y € C([0,1],X) : 7(0) = 0, 7(1) = w0}
with g as in Lemma
Lemma 4.2. Under assumption (H1)—(H3) and (1.4)) it results M > 0.

Proof. Let v € T, then v(0) =0 € B, and (1) = o € X\ B,. Then, there exists
7 € (0,1) such that ||y(7)|| = p, and applying Lemma 2.2 we have Z((7)) > x > 0,
and thus M > 0. O

By applying Ekeland’s variational principle to (4.1]) there exists {u,} C X such
that Z(uy,) — M and Z'(uy,) — 0 in X'. In this case {uy,} is called a (PS) sequence
of the functional 7 at level M.

Theorem 4.3. Under assumptions (H1)-(H3) and (1.4), {un} is bounded in X.

Proof. Firstly note that it is possible to find a positive constant b such that, for n
large,
(Z' (un), un)| < llunll and  |Z(up)| < b.

By using Hélder inequality and Young inequality we can infer

1
b+ 3l

<I/(Un)7 Un>

1 1 1 T
> a(— — 7> / |un P dz — 7</ |f|p:f1dx> (/ |un|p+1d;v) o
p+ 1 2 RN 2 RN

« 1 1 1 pt1
> - np+1d _7/ = dx:
2(p+1 2)/RN|“| vy [ M

therefore

<C d d
3 //R2N \x—le”g v

Let 8 € (1,p + 1) and assume by contradiction that {u,} is not bounded in
LPTYRY). Then, for n large it results

P+1d <C Jun) = un W) 4.2
([ uapian)™ g [[ POt gy )
By using (4.2), Holder and Sobolev inequality, there exists r € (0, 1) such that

)

2(1— 2r
/ |un|2dx§ (/ |Un|p+1d:£) p+1 (/ |u |2 dm)z
RN RN
(1—7)

1 2p+1 |un (@) — un(y)[?
<sr(/ [t |p+d //RZN \1;7 ‘N+2s dccdy)

un @) = P N
<C dod )
(L. \m— g o
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|un(2) = un(y)® r
-‘ng //R2N \xf |N+25 dwdy).

Now,

b > Z(uy)

= //RzN |“nm |N+(25)| dz dy WlL;@W/RN |un|*da
1/2 1/2
+p+1 |un|p+1daﬁ (/ |f|2dx) (/RN |un|2da:)
= //RzN |“nzy|N+(25)| da dy MMQRN)H/RN |un[*dz
[ halrtae =g [P
> 2//RQN |unx_ |N+(2€)| dx dy—i—i/ |u"|p+1dx_§/RN \f[2d
20-r) |
“o [l e aem)
04 //RZN ufix_ylxigs) da:dy)
20— r) -
-a(/L.. UTI e d dy) o

|un (@) — un (y)]?
dedy) .
//sz Ifc—yIN“s xy)

Note that since r € (0,1), 8 € (1,p+ 1) and p € (0,1) we can infer that
2(1—r)
B

from which it follows that {u,, } is bounded in H*(RY), in contrast with (4.2). Thus,
{u,,} is bounded in LP*1(RY). From this we deduce that

0<

+r <2,

2r

2(1—7)
[ tede < ([ uptas) (]l )25
RN RN

2(1—7)

r p+1 un r
SS*(/ |, |p+1d " //RzN| |z — |N+(23)| da d?!) (4.3)

|un(z) = un(y)|?
<c( dzd ) .
//w Im—y\N”S v
Therefore, by (4.3)) we obtain

b > T(uy,)

[un () — un (y)|? / 1
drdy —C n|7d AP
=5 L st [ ubaes 5 [ s
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—1/]R |[f[Pd
%.//]RzN ‘un.’ﬂf NJ“(QS)‘ dody = //]RzN |unx7 N+(25)| dx dy)
|z =yl |z =yl
—*/ |f*da.
2

This implies that {u,} is bounded in H*(RM). O

Theorem 4.4. Under assumptions (H1)—(H3) and (1.4), problem (1.1) admits a
second solution us € X.

Proof. By Theorem {un} C X is bounded, thus
Uy — U2 in X
u, —ug in LL (RN, Vg€ [1,27), (4.4)
Up — Uz a. €. in RY.

Let ¢ € C2°(RY), then we can infer that

. un () — un(y))(e(z) — ¢(y))
hm //RQN 7~y dx dy + V(z)uny dx}

n—o0 RN

_ ) —uz(y))(p(x) — 9(y)) o d
_//WN |z — y|N+2s d dy"_/RNV( Juap d.

From u, — up in LPT!(supp ), it follows that there exist a subsequence still
denoted by {u,} and a function w € LP™!(supp ) such that |u,| < |w| and

|allun[Ple] < llall Lo @) 0[Pl € LT (RY),
alun |P sgn(u,)e — alus|Psgn(us)e  a.e. in RY.
By using the Dominated convergence theorem we obtain
lim a(x)|un|P sgn(u,)p de = / a(x)|usz|P sgn(uz)p d.

Therefore, for every ¢ € C°(RY)

(T’ (un), @) — (T'(u2), 0). (4.5)
Since {uy} is a (PS) sequence for 7 on X, we have (Z'(u,), ) — 0, that combined
with (4.5)) gives (Z'(u2), p)=0, hence us is a weak solution to ([1.1J).
Now we prove that us # uq, where u; is the first solution to (1.1)). Since u,, — ug
in X, then up to a subsequence |lug|| < lim, o ||un||. We distinguish two cases:

Case 1: compactness. We show that u,, — us in X.
By Theorem (4.3 {un} is bounded in X, so up to a subsequence we can say that

li ‘u” ( )|2 dx d p+1d
"1_{20 R2N |$ - y|N+25 v RN |un| v
// |’I,L2 - ’LLQ( )|2 dl'dy +/ |U2|p+1d1}
R2N |$ - |N+25 RN

from which it follows that

) TR I o S

(4.6)
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. |un(2) — un(y)®
_hgl—?olip //RQN |x7 |N+25 dz dy
|ug(z) — ua(y)|? pt1
<JL.. e

. |un(2) — un(y)|® )I
_hnnigf//RzN |x— |N+2s dz dy.
We also know that

Juz(a) — ua(y)* J[ et wn(y)P
dr dy < liminf dzr d
[ iy < [ \x—yvms v

/ |uz|p+1dx§liminf/ |, [Pt da;
RN oo JpN

n—
therefore
/ |ug|P T dz < lim inf/ |tn [P d < lim sup/ |un P da < / [uz [P da
RN n—oo JpN n—o00 RN RN
so we deduce that
un —wuy  in LPPLRN). (4.7)

Putting together (4.6)) and ( we obtain

. Iun (y)|? // ug(x) — uz(y)|?
1 drdy = dxd
3;0// |x— \N+28 v poyv

//Rw —uz ) |J(VU:25—U2)(Z/)|2 dz dy
) // ()~ (0)] ~ ) — I

|.’L‘ y|N+2s

4.8
R2N Iw—yIN“S RN Iw—yIN“S
un () — un (y)][uz(x) — uz(y)]
2 drd
//sz |z — y| N2 o
and by using (4.4]) we obtain
i [ ) =t @lts) —a) 4y,
n—oo | Jp2N |(Ij — ‘N-‘rQS (4 9)
// la) — 2 g4 '
rev |z —y|NE v
Combining (4.8]) and ( we have
. Uy — u2)(2) = (up —u2)(y)[?
1 =0. 4.1
nL»H;o //RzN |£U - y|N+25 du dy 0 ( O)

By (4.7) and ) follows that u,, — us in X.

Case 2: dichotomy. Assume that |lug|| < limp— oo ||tn]]. Let v, (x) = uy(x) —
uz(x) be such that v, — 0 in X.

Step 1: We show that there exists a sequence {y,} C RY such that
Un(-+yn) ~v1 #0 inX (4.11)
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Assume by contradiction that for any R > 0,

lim sup / |v,|PTda = 0.
Br(y)

n—00 RN
By using a variant of the Lions compactness principle (see [15, 23]) we can infer
v, — 0 in LYRY) forall ¢ € [p+1,27). (4.12)
Taking into account that u,(z) = v,(x) + uz(z), we obtain

(T (Un), up)

oz // |us () — ua(y)[?

//RQN \x - y|N+28 dw dy + o [ — y|N+25 dx dy

+2// (vn(2) = vn () (ua(®) — u2(y)) da:dy+/ V(@)|vn |*dz
R2N RY

|.’E _ y|N+25

+/ V (2)|uz|*dx + 2 V(x)vpugdx —|—/ a(z)(Jun|PT! = Jus|Pth) d
RN RN RN

—|—/ a(x)|uz|p+1dm—/ fvndx—/ fodx
RN RN
|vn (@) —va(y)]?
"(uz), ug) //RQN |x7 |N+2s dx dy+/ V(z)|v,|*da
—i—/ a(@) (Jun [P = (JuaPTH + [0, [PT1)) da +/ a(x)|v, [P da
RN RN
B (vn(z) — vn(y))(u2(x) — uz(y))
o fvnderZ//RzN [ — y|N 25 dzx dy

+2/ V(z)vpuzde.

RN

Putting together this and (4.12)) we infer
0= lim (I'(un),un)

L o () = va ()2 »
= (T'(ug),uz) + lim //RQN |$— ‘N+23 dxder/RN a(z)|v,|PT d.

n—oo

Hence v,, — 0 in X, and this gives a contradiction.

Step 2: Now we prove that {y,} is not a bounded sequence. Assume by contradic-
tion that {y,} is bounded. Then, up to a subsequence y,, — y. Let ¢ € C°(RY).
From the facts that y,, — y and v,, — 0 in X it follows that

lim p(x — yp)vp(z) de = 0. (4.13)

n—oo [pN
By using (4.11)) we can infer

lim oz — yn)vp(z)dz = lim p(x)vp(z + yp) dz

n—oo [pN n—oo [pN

= / o(x)vy (z) de.
RN
Putting together (4.13)) and (4.14) we deduce that
/ o(x)vy(z)de =0 Vo e CZ(RY),
RN

(4.14)
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that implies that v1(x) = 0 a.e. in RY, and this is a contradiction because of (#.11)).
Thus {y,} is not bounded.

Step 3: v; is a solution to (4.21). Since {y,} is not bounded,

Un (T 4+ yp) = v1 inX. (4.15)
Now, let ¢ € C2°(RY). Since {u,} is a (PS) sequence for Z, we have (Z'(uy,), p(- —
yn)> — 0. On the other hand we have

// — un ()@@ —yn) =Py —yn)) dy

|z —y[N+2s

+ [ V@@ - de+ [ @@l sl ) = ) do

- f( ) (x _yn) dx
// (Un(® + yn) — un(y + yn))(p(z) — ©(y)) dx dy
R2N

|z — y|N+2s

+ [ Vet mnte p)e()da
+ / 02 + ) i@ + Y|P 50t (2 + y) ()
RN

— [ f@)e(@—yn)dz.

RN
(4.16)
Since |y,| — +oo, f € L2 RY) and ¢ € C=(RY), we have
fl@)p(z —ypn)dr — 0. (4.17)
RN
Moreover, by (4.15) we have
lim // (un (@ 4 yn) — un(y +Ny+n2))(<p($) —v) 4. dy
n—0o0 R2N |fE - y‘ 5 (4 18)

[ e~ o) o,
]RQN

o — y|N+2s

Since uy, (- + yn) — v1 in L2(supp ¢), there exists a subsequence denoted again by
un(- + yn) and a function h € L?(supp ¢) such that |u, (- + yn)| < |h|. Then, by
(H2) it follows that
V(2 4+ Yn)tn (T 4 )@ — voov1  ace. in RY
V(@ + yn)un (@ + yn) ol < V]| @y) |hllo] € LHRY).
Thus, by the Dominated Convergence Theorem we obtain
/ V(x4 yn)un(x + yn)e(x) de — v / vipde. (4.19)
RN RN
Similarly, since u,(- + y,) — v1 in LP*(supp ), there exist a subsequence
denoted again by u, (-+¥,) and a function h € LP*(supp ¢) such that |u, (-+y,)| <
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|h]. Then, by (H3) we infer that
a(x + yn) |[tn (2 4 ) [P g0 (Un (% + yn))@ — oo|v1|P sgn(vy)e a.e. in RY,
|a(z + Yn)[tn(z + yn) Pe| < llall o @) Bl |o] € LY (RY).

Thus, by the Dominated Convergence Theorem we obtain

lim a(x + yn) |[tn (@ + yn)|P sgn(un (2 + yn))o(x) dx

n—oo [pN

(4.20)
= aoo/ |v1|P sgn(vy)p dx.
RN
Putting together (4.16)), (4.17), (4.18)), (4.19) and (4.20) we obtain
[ =m0 =) gy [
R2N |z —y|N+2 RN
+ aoo/ |v1|P(v1)pdx = 0,
RN
that is v; is a weak solution to
— AU+ vt + aso|ulPsgn(u) =0 in RY
(—4) [ul” sgn(u) (4.21)

u € H*(RN) N LPTH(RY)

But this problem only possesses the trivial solution, thus v; = 0 and this is an

absurd in view of (4.11)).

From Steps 1, 2 and 3 we conclude that the dichotomy does not occur. Then
Z(un) — M =T(uz) > 0(> Z(uy)) and ug # u;. O
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