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GROUND STATE SOLUTIONS FOR BESSEL FRACTIONAL
EQUATIONS WITH IRREGULAR NONLINEARITIES

SIMONE SECCHI

Dedicated to Anna Aloe

ABSTRACT. We consider the semilinear fractional equation
(I —A)u=a(2)uP"2u inRY,
where N > 3,0< s < 1,2 <p< 2N/(N —2s) and a is a bounded weight

function. Without assuming that a has an asymptotic profile at infinity, we
prove the existence of a ground state solution.

1. INTRODUCTION

To pursue further the study that we began in [19] 20], we consider in this paper
the equation
(I — A)*u=a(x)ulP?u in RY, (1.1)
where a € L*°(RY), N >2,0<s<1and 2 <p<2:=2N/(N —2s).
When s =1, (1.1]) formally reduces to the semilinear elliptic equation

—Au+ u = a(x)|ulP~?u,

which has been widely studied over the years. This equation can be seen as a
particular case of the stationary Nonlinear Schrodinger Equation

— Au+V(z)u = a(x)ulP2u in RY. (1.2)

When both V and a are constants, we refer to the seminal papers [B] [6] and to the
references therein. Since the non-compact group of translations acts on RV, when
V and a are general functions the analysis becomes subtler, and solutions exist
according to some properties of these potentials. For instance, when both V and a
are radially symmetric, is invariant under rotations, and it becomes legitimate
to look for radially symmetric solutions: see [12].

Without any a priori symmetry assumption, the lack of compactness in
must be overcome with a careful analysis, and the behavior of V' and a at infinity
plays a crucial role. The first attempt to solve in the case lim|y|— 400 V(7) =
+oo and a is a constant appeared in [16]. With similar techniques, it is possible
to solve under the assumption limsup ;. a(z) < 0. So many papers
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dealing with (or with even more general equations) appeared in the literature
afterwards that we refrain from any attempt to give a complete overview.

If 0 < s < 1, our equation becomes non-local, since the fractional power (I — A)®
of the positive operator I — A in L?(R¥) is no longer a differential operator. It
is strictly related to the more popular fractional laplacian (—A)®, but it behaves
worse under scaling. We offer a very quick review of this operator.

For s > 0 we introduce the Bessel function space

L2(RN) = {f € L*(RY) : f = G, % g for some g € L*(R™)},

where the Bessel convolution kernel is defined by

Gs(z) = m /000 exp ( — §|x|2) exp ( — %)tSEN—l dt.

The Bessel space is endowed with the norm ||f|| = ||g||2 if f = Gs*g. The operator
(I — A)~%u = G, * u is usually called Bessel operator of order s.
In Fourier variables the same operator reads

Go=F o ((1+1g?) 0 F),

so that
Il =11 = A2 £

For more detailed information, see [2, 22] and the references therein.
In [13] the pointwise formula

(I —A)’u(z)=cnsP.V. MI(H(M—yl)dyﬁ-u(@
BV [z —y[Te 2

was derived for functions u € C2(RY). Here cy s is a positive constant depending
only on N and s, P.V. denotes the principal value of the singular integral, and K,
is the modified Bessel function of the second kind with order v (see [13], Remark
7.3] for more details). However a closed formula for K, is not known.

We summarize the main properties of Bessel spaces. For the proofs we refer to
[T4, Theorem 3.1], [22, Chapter V, Section 3].

Theorem 1.1. (1) L¥2(RY) = W2(RY) = H*(RY), where the sign of equal-
ity must be understood in the sense of an isomorphism.
(2) If s > 0 and 2 < q < 2% = 2N/(N — 2s), then L%*(RY) is continuously
embedded into L1(RN); if 2 < q < 2% then the embedding is locally compact.
(3) Assume that 0 < s < 2 and s > N/2. If s—N/2 > 1 and 0 < p <
s — N/2 — 1, then L*>2?(RYN) is continuously embedded into C1H(RN). If
s—N/2<1and0< pu<s—N/2, then L>3(RY) is continuously embedded
into COH(RN).

Remark 1.2. According to Theorem the Bessel space L*2(R") is topologically
undistinguishable from the Sobolev fractional space H*(R™). Since our equation
involves the Bessel norm, we will not exploit this characterization.

Going back to (1.1]), it must be said that in the case s € (0, 1) less is known than
in the local case s = 1. Equation (|l.1]) arises from the more general Schrodinger-
Klein-Gordon equation

100 = (1 - A%~ ¥~ f(z,9)
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describing the the behaviour of bosons, spin-0 particles in relativistic fields. We refer
to [I5} 19} 20} 21] for very recent results about the existence of variational solutions.

When s = 1/2, the operator (I—A)l/2 = /I — Ais also called pseudorelativistic or
semirelativistic, and it is very important in the study of several physical phenomena.
The interested reader can refer to [8, [9] and to the references therein for more
information.

Remark 1.3. The identity operator I is often replaced by a multiple m2I, for some
real number m # 0. The operator reads then (—A + m?)*, but for our purposes
this generality does not give any advantage.

A common feature in the current literature is that the existence of solutions to
is related to the behavior of the potential function a at infinity. This is a
very useful tool for applying concentration-compactness methods or for working in
weighted Lebesgue spaces. In the present paper, following [I], we investigate (1.1)
under much weaker assumptions on a, see Section 2. The first existence results for
semilinear elliptic equations with rreqular potentials appeared, as far as we know,
in [7].

2. VARIATIONAL SETTING

We introduce some tools that will be used systematically in the rest of this
article.

Definition 2.1. e For any y € RY, we define the translation operator Ty
acting on a (suitably regular) function f as 7,f: z — f(z —y).

e In a normed space X, we denote by B(z,r) the ball centered at x € X with
radius 7 > 0, and by B(z,7) its closure. The boundary of B(0,1) will be
denoted by S(X).

e For any a € L>®°(RY), we define

P = B(0,]als) € L®(RY).

Looking at L>°(R¥) as the dual space of L' (R"), the set & will be endowed
with the weak* topology. It is well-known that £ becomes a compact
metrizable space, see [I7, Theorems 3.15 and 3.16].

e For any a € L>®(RY), we define the subset & = {rya:y € R"} of 2,
endowed with the relative topology. Finally, we introduce % = o7 \ <.

e For any a € L= (RY), we define

G =sup{esssupu : u € B}. (2.1)
If B =0, we agree that a = —oo.

The following is the main assumption of this article.
(A1) The function a € L>®(RY) is such that a™ = max{a,0} is not identically
zero, and either (i) @ < 0 or (ii) a < a.
Weak solutions to (I.1)) are critical points of the functional I,: L*?(RN) — RV
defined by

1 1
Io(u) = S |lul %S,sz/ alul’.
P JrN

T2
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Definition 2.2. A solution u € L*2?(RY) is called a ground-state solution to (1.1
if I, attains at u the infimum over the set of all solutions to (|1.1)), namely
I(u) = min {I,(v) : v € L¥*(RY) solves (.1 }.
We now state the main result of our paper.

Theorem 2.3. Equation (L.1)) has (at least) a positive ground state provided that
2 < p <2t and a € L™®(RY) satisfies (A1).

3. CONSTRUCTION OF A NEHARI MANIFOLD
We introduce the Nehari set of I, as
Mg ={ue L**(RY) :u+#0, DI (u)[u] = 0}.
Definition 3.1. ¢, = inf,c 4, I,(u). We agree that ¢, = +oo if A, = 0.
To proceed further, we need a “dual” characterization of the essential supremum.

Lemma 3.2. Let a € L®(RY). It results that
esssupa:sup{/ ap : o € LYRY), ¢ >0, / cpzl}. (3.1)
RN RN

Proof. Whenever ¢ € LY(RY), ¢ >0, [ox ¢ = 1, we compute

/ ap < esssupa/ (p = esssup a.
RN RN

Hence
esssupaZsup{/ ap @ € L'(RY), ¢ >0, / go:l}. (3.2)
RN RN
On the other hand, if we set

Sup{/RNacptchLl(RN),soZO, /RNsozl}:b

and we assume that esssupa > b, then for some § > 0 we can say that the set
Q= {z € RN : a(x) > b+ 4} has positive measure. Let us define p = xo/LN (),

so that .
a@zi/a2b+5,
/RN LN(Q) Jo

contrary to (3.2). This completes the proof. O

Recall from assumption (A1) that a* # 0 as an element of L>(R”). Therefore
Lemma [3.2] yields a function ¢ € S(L*(RY)) such that ¢ > 0 and [,y ap > 0. By
a standard mollification argument, we can assume without loss of generality that
p € CZ(RY).

Since L*2(R¥) is continuously embedded into LP(R™) for every 2 < p < 2%, we
can set

S, = sup{ [ulp cu e LY2(RY), u # O} € (0,400).
Tull s

We write

B = {u € L*2(R") : /

alul? > 0}
RN

and
S =B 0 S(L2(RY)).
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Lemma 3.3. The set 8.} is non-empty and open in L52(RY).

Proof. We already know that ¢ € Z;. Furthermore, the map u — [,r alu?
is continuous from L*2(RY) to R, since a € L¥(RY) and 2 < p < 2*. This
immediately implies that %} is an open subset of L%2(RM). O

Lemma 3.4. There exists a homeomorphism # — N, whose inverse map is
u— uf||ul|pse.

Proof. For any u € L*?(RY)\ {0} we consider the fibering map
h(t) = I, (tu), (t>0).

It follows easily that h has a positive critical point if, and only if, v € ZF. Tt is
a Calculus exercise to check that, in this case, the critical point of A is the unique
non-degenerate global maximum #(u) > 0 of h. By direct computation, tu € A, if,
and only if, ¢ = #(u). Explicitly,

2
fu) = e
Jan alul?
This shows that the map w — t(u) is continuous from % to (0,+00). The rest of
the proof follows easily. O

Lemma 3.5. The set A, is closed in L*?(RY).
Proof. If u € A, then

fulfy o = [ bl < [ ol < Sylat el

It follows that

inf [jufzs2 > -
inf |Juljps2 > ————+.
u€eN, Sp|a+|c1xé(p 2)

(3.3)

As a consequence, 0 is not a cluster point of .4, which turns out to be closed. [

It is now standard to invoke the Implicit Function Theorem to prove that .4, is
a C2-submanifold of L*2(R¥) and that (3.3 implies

1 1 1
wt e (L)L
weN, ° 2 p Sg‘aﬂgé(p—Z)

More importantly, .45 is a natural constraint for I,, i.e. every critical point of the
restriction I, of I, to .4, is a nontrivial critical point of I,. The following result
was proved in [I5, Proposition 3.2], and allows us to consider only positive ground

states.

Proposition 3.6. Any weak solution to (1.1) is strictly positive.

Proposition 3.7. Let I, be the restriction of the functional 1, to the manifold
Ng. Every Palais-Smale sequence at level ¢ for I, is also a Palais-Smale sequence
at level ¢ for I,.

Proof. Assume that {u,}, C .4, is a Palais-Smale sequence at level ¢ for I, namely
lim 7, =
n i falun) =
and -
lim DI,(u,) =0

n——+oo
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in the norm topology. It suffices to show that the sequence {VI,(u,)}, converges to
zero in LS2(RY). Let us abbreviate ¢ (u) = DI, (u)[u], so that .4, = %~1({0})\{0}.
From the fact that u, € .4;, we deduce that I,(u,) = (1/2 — 1/p)||un||?..2, and
hence the sequence {u,}, is bounded. This implies that

o 1700

L2 < oo (3.4)
n wnllLs.2

Explicitly, we have that, for every n € N,

(Vi (un) | un) = (2 = p)llun|Fe2 <0 (3.5)

and

<VIa(un) | V’(/J(un»
V0 (un) |2 Vi (un). (3.6)

Ls:2
Observe that VI, (u,) L u, because u, € A,. If we consider the quantity
(Vg (un) | V(un))\2
IVl = )
g IV Ia(un)l7..2
we immediately see that it equals the square of the norm of the projection of

the vector Vi (u,) onto the subspace of L*2(RY) orthogonal to the unit vec-
tor VI, (un)/||VIa(uy)|. Since this subspace contains in particular the vector

Vi, (un) = VI, (uy) —

Un/||tn||Ls2, it follows from the Pythagorean Theorem that
VI, (up) | Vp(uyp))\2 Vip(uy) | un)\2
Vet — (Sl Ll (Bt [wiys )

V1o (un)l L2

This yields, recalling (3.6]), (3.5) and (3.4)),
IV 1o (un) || o2 | Vo ()|
> <v—fa(un) | VI (un))

— e (9 u(u,)

|tn || L5z

Ls:2

2 (<v1a<un> | vw(un>>)2)2

IV (un)||7. 2 BN IV (w130
/AN PRI
VY (un)Fen [tnl sz
[V 1o(un)| 25,2
n)lls.2
> C||VIa(up)|3e -

This argument proves that lim, o || Vs (uy)| 52 = 0, and we complete the proof.
(]

4. SPLITTING AND VANISHING SEQUENCES

The analysis of Palais-Smale sequences can be harder than in the more familiar
case of a potential function a that has a precise asymptotic behavior at infinity.
For this reason, we recall a language taken from [IJ.

Definition 4.1. A map F': X — Y between two Banach spaces splits in the BL
sense (BL stands for Brezis and Lieb.) if for any sequence {uy}, C X such that
Uy — u in X there results

F(u, —u) = F(u,) — F(u) +0(1)
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in the norm topology of Y.

Lemma 4.2. Suppose that {u,}, C LS2(RY) and {y,}n C RY are such that
Ty n — ug in L¥2(RN). Then

I'r,yna(TfynUn) - IT—y,,,a(Tfynun — UO) — I‘nyna(u(]) = 0(]_)

and
DI, o(T_y,un) — DI:_, o(T—y, Un —uo) — DI._, a(ug) = o(1).

Proof. Since both F(u) = p~!ulP and F'(u) = |u[P~2u split from L*2(RY) into
LY (RY), see [19, Lemma 4.4], we can write

[N @y 00) = Py = ) = )

<lale [ Iy tn) = F(ryn = u5) = Fluo)| = of)
R
and
000 (B (7 0) = Pyt = ) = F o)
R
= |a|€é(p_l) / |F/(7'—ynun) - F/(T—yn“n — ug) — F/(UO)|p/(p_l) .
RN

Recalling that the squared norm splits in the BL sense, the proof is complete. [

Definition 4.3. A sequence {u,}, C L*%(RY) vanishes if 7, u, — 0 in L*2(RY)
for any sequence {z,}, of points in RV,

Remark 4.4. Any vanishing sequence is necessarily bounded in L*?(R"), and by
the Rellich-Kondratchev theorem (see [II, Corollary 7.2]) 7, u, — 0 strongly in
L2 (RYN) for every sequence {z,}, C RY. This yields that, for every R > 0,

loc
lim sup{/ \un\2:z€RN}:O.
n—+o0 B(z,R)

By the fractional version of Lions’ vanishing lemma [I8, Proposition I1.4], we deduce
that u, — 0 strongly in LY(RY) for every 2 < ¢ < 2%.

Definition 4.5. If {u,}, is a sequence from L*2(R™), we say that {DI,(u,)}, *-
vanishes if DI, 4 (u,) —* 0 in the weak™* topology for every sequence {z,, }, C RY.

Remark 4.6. It follows from the definition of the gradient and from the definition
of the weak* topology that {DI,(uy)}, *-vanishes if, and only if, {VI,(un)}n
vanishes in L*?(RY) in the sense of Definition

Lemma 4.7. Suppose that {u,}, C L>2(RN), {y,}, CRY and a* € L®(RY) are
such that {DI,(u,)}n *vanishes, 7_, u, — ug weakly in L>*(RN) and 7_,, a —*
a* weakly*. If v, = u, — Ty, uo, then

lirf (Lo (un) — Io(vy)) = Io+ (up) (4.1)
i (funlZez = oalzez) = lluollZe (4.2)
DI, (ug) = 0. (4.3)

Furthermore, also {DI,(vn)}n *-vanishes.
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Proof. From the assumption 7_,, a —* a* we deduce that I,- ( o) = Ir_, (uo) +

o(1). Combining with Lemma we get (| . Equatlon ) follows from the
splitting properties of the squared norm. We prove now

Fix any v € L*?(RM). We have that lim, . o F’ (T,ynun)v = F'(u)v in
LY(RM) due to the fact that 7_,, u, — ug strongly in L (RY) (see again [L1]).
Therefore

DI, (ug)[v] = (ug | v) — /}RN Ty, a F' (ug)v + o(1)

= (T_y, un | V) — /RN Ty a F' (17— un)v + o(1)
= DI, o(T—y,un)[v] +0(1) = o(1),

where we have used the assumption that {DI,(uy)}, *-vanishes. This completes

the proof of (4.3]).
To conclude the proof, we suppose that {x,}, is a sequence of points from RY

and that v € L¥2(RY). We distinguish two cases.

(i) Up to a subsequence, lim,, oo |Tn+yn| = +00. This implies that 7_, _,, v —
0 weakly in L%?(RY), and thus F'(ug)7_s, —y,v — O strongly in L'(RY). This
yields

DIT*yna‘(uO)[T_In_yn U] = 0(1) (4.4)
Equation (4.4), Lemma and the fact that {DI,(v,)}, *-vanishes, we obtain

DI, o(Te,vn)[v] = DI, a(T—y, vn)[T—2, —y,]
=DI_, o(T—y, )Tz, —y,v] = DI;_ o(u0)[T—z, —y,v] +0(1)
= DI, un a(T—yn n)[T—wn yn U ]+0(1)
_DITzn (Txnun)[v] o(1)
=o(1).
Since the limit is independent of the subsequence, this shows that {DI,(v,)}n
*-vanishes in this case.
(i) Up to a subsequence, lim,, . 4 o0 (T, + ypn) = —€ € RV, In this case,
DI, o(Te,vn)[v] = DI o(T—y, vn)[Tev] + 0(1)
= DI;_, o(T—y,un)lre] = DI-_, a(uo)[rev] 4 o(1)
= —DI._, 4(uo)[rev] + o(1)
= —DI,~(ug)[Tev] + o(1)
= o(1),

and we conclude as before. O

Proposition 4.8. Let {uy}, be a Palais-Smale sequence for I, at level ¢ € R. One
of the following alternatives must hold:

(a) lim, 4 oo Uy = 0 strongly in L>2(RY);

(b) after passing to a subsequence, there exist a positive integer k, k sequences
{yi n C RN,k functions a® € L®(RY), and k functions u® € L*2(RN)\{0}
fori=1,...,k such that DI, (u’) =0 for everyi =1,...,k and such that
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the following hold:

lim ||un ZT ||Lp: , (4.5)

n—-+o0o
k
Z (4.6)
ngrfoor g @ = a' in the weak* topology, (4.7
lim lys, —yl| =400 ifi# ] (4.8)

Proof. Tt follows from the assumptions that the sequence {uy}, is bounded in
L*2(RY) and {DI,(uy,)}, *-vanishes. We distinguish two cases.

If {u,}, vanishes, then by Remark {un}n converges strongly to zero in
LP(RYN). Recalling that DI, (uy,)[u,] = o(1), we conclude that {u,}, converges to
zero strongly in L*2?(RY).

If, on the contrary, {u,}, does not vanish, then there exist a function u! €
L*2(RY) and a sequence {yl}, C RY such that, after passing to a subsequence,
and writing u,, = u,, we have 7_y1 u), — u' weakly. Recalling that 2 is compact,
we may also assume that {7_,1a}, weakly* converges to a' € L>(RY). We then
define uZ = u), — 7,p u', so that 7_, u? — 0 weakly.

Lemma [£.7] ensures that

hm Lo(ub) — I, (u?) = I (u),

n—)oo

Hm w702 = [lupll7.2 =0,
n—-4oo
DI (u') =0

and {DI,(u2)}, *-vanishes. If {u2},, vanishes, then it converges to zero in LP(RY)
and thus also {u;, — 7,1u'}, converges to zero in LP(R"). Otherwise there exist
a? € L®(RYN), v? € L>?(RN) \ {0} and a sequence {y2},, C RY such that, up to

a subsequence, lim, 400 T_y20 = a? weakly* and lim,,_, o 7_,2u2 = u? weakly.

va
Necessarily, lim, . oo |y, — ¥2| = 0, since limy, o0 7_y1 u = 0 weakly.

Iterating this construction, we obtain sequences {y.}, C R¥ functions a’ €
L>®(RY) and functions u* € L*2(RN) \ {0} for i = 1,2,3,.... Since each u® is
a non-trivial critical point of I,:, we have that (a‘)* # 0. On the other hand,
|(a)]oo < |a|oo. Hence u® € A for every i and by there exists a constant

C > 0, independent of i, such that ||u’ ;.2 > C. For every j we also have

J
) .
fea— Y ||
i=1
which implies that the iteration must stop after finitely many steps. Therefore

there exists a positive integer & such that {uf*1}, vanishes, {u**1}, converges to
zero strongly in LP(R™) and (4.5 holds true. Similarly7

_ k+1p<I k-‘,—l I
[ el < L Z o(1),

and also (4.6) follows from ¢ = lim,,—, y o I4(uy,). The proof is complete. O

0 < [l I3 2.2 +o(1),

Loz = [[un]
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5. EXISTENCE OF A GROUND STATE

The proof of the following comparison lemma is probably known, but we repro-
duce here for the reader’s convenience.

Lemma 5.1. Suppose that a1, as € L (RYN). If a1 > aa, then co, < ca,. If, in
addition, a1 # a2 and I,, possesses a ground state, then cq, < Ca,-

Proof. Without loss of generality, we assume that aj = max{as, 0} is not identically
equal to zero, otherwise there is nothing to prove. If u € A;,, then

/ ai|ul? 2/ as|ul? > 0.
RN RN

(= (fasiry o2
a f]RN a|ulp -

We can therefore define

Then we have

DI, (tu)[tu] = t2(||u| 2, — P2 / a1|u|p) = £2DI, (u)[u] = 0,
RN
and hence tu € 4;,. Since

2
Ls:2

1
oy () = 3 ul

1 1 1
L2~ "=(5)
A R CEE I
> (5l

- — —]|[tu
> (5

we conclude that c,, = infue s, la,(u) > cq,. Furthermore, if a; # ay (as elements

of L>®(RY)) and u is a ground state of I,,, then |u| > 0. In (5.1)) we then have
t < 1, and it follows that ¢, = I, (u) > I, (tu) > cq, - O

%s,z = Jo, (u) > cqy,

Recall the definition (2.1]) of a. Then we have the following result.
Proposition 5.2. It results
Cq < Cg.

Proof. We first consider (i) of assumption (Al). Since a < 0, we have ¢; = oc.
But ¢, € R because a* # 0, and there is nothing more to prove. We can assume
that @ > 0 in the rest of the proof. If (ii) of assumption (A1) holds, recalling that
a > —oo entails B # () we can conclude that a # @. Now Lemma ﬂ implies that
¢q < Cg, since I; has a ground state by the arguments of [3| Theorem 1.1]. (I

We are now ready to prove our main existence result.

Proof of Theorem[2.3. We have .4, # 0 and ¢, < oo because at # 0. From
(13.3) we get ¢, > 0. An application of Ekeland’s Principle yields in a standard
way a mimnimizing sequence {u,}, C .4, for the functional I, defined as the
restriction of I, to .4;. This sequence is also a (PS)-sequence for I, at the level
¢q. By Proposition {un}n is a (PS)-sequence for I, at the level ¢,. The strong
convergence of {uy, }, to zero is easily ruled out, since I, (u,) — ¢, > 0. Proposition
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yields then a number k € N, functions a’ € & and non-trivial critical points v’
of I,: such that

k
Cq > Z I (ub).
i=1

From the knowledge that each u’ is a non-trivial critical point of I,; we deduce
(@’ )t # 0 for every i = 1,...,k. Again by we get Ii(u') > 0 for every
i=1,...,k.

Suppose that for some index i there results a’ € %. Then a* < a, and Lemma
together with Proposition yield I,i(u?) > cqi > cq > ¢q. This is a contrdiction.
Therefore each a’ is a translation of a, and I (u?) > ¢, for every i = 1,..., k. This
forces k = 1, and a translation of u' is a ground state of I,. O

6. AN EXAMPLE

Assumption (A1) can be rephrased in a more familiar way for continuous bounded
potentials.

Proposition 6.1. For any a € L>®(RY), define

a= lim esssup  a(x).
R—+00 3eRN\B(0,R)

If (A1) holds with a replaced by a, then (Al) holds with a.

Proof. If 8 = 0, then @ = —oo and (A1) holds. We may assume that & # 0, so
that a cannot be constant. Let us prove that

a<a. (6.1)

Pick b € 8. There is a sequence {z,,}, C RY such that 7., @ —* b. Translations are
continuous in the weak* topology of L (R™), since they are continuous in L!(RY).
For the sake of contradiction, suppose that {x, }, contains a bounded subsequence.
Up to a further subsequence, there must exist a point & € RN such that z,, — &
and 7,,a —=* Tca. Since & is metrizable, Tca = b ¢ &7, a contradiction. Therefore
lim,,— 1 oo |Tn| = +00.

Let € > 0 be given, and apply Lemma there exists ¢ € L'(RY) with ¢ >0
and ||¢l/z1 = 1 such that

by > esssupb — %

RN
Choose 1 € C°(RY) such that ¢ > 0 and
~ 5
lp = ller <
Y A
Now 9 = /||¢h|| 11 € C=(RN) satisfies
5
||SD - w” 1 < )
Y 2

¥ >0 and |[¢]|p1 = 1. This implies

L= [ o= [ bo-w)z [ bo—lblimlv - el = esssupd—e.
RN RN RN RN
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Suppose that suppy C B(0, R): then

esssupb — e < by = lim (T, @)
RN n—+oo JgN

< lim  esssup a(x) P

n—+0 zeB(—zn,R) RN

< lim €ss sup a(x) = a.

=40 2 eRN\B(0,|zn |- R)

Since € > 0 is arbitrary, we conclude that esssupb < a. If (i) of assumption (A1)
holds, then (6.1]) yields a < & < 0. If (ii) holds, then (6.1) yields a < a < a, and
the proof is complete. O

The following corollary is an immediate consequence of Theorem

Corollary 6.2. If a is a bounded continuous function such that either

limsup a(z) <0

|z —+o0
or

limsup a(z) < a,
|z]—+o0

then equation (1.1) has (at least) a positive ground state as soon as 2 < p < 2%.
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