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A SEMILINEAR WAVE EQUATION WITH NON-MONOTONE
NONLINEARITY AND FORCING FLAT ON CHARACTERISTICS

JOSE F. CAICEDO, ALFONSO CASTRO, RODRIGO DUQUE

ABSTRACT. We provide sufficient conditions on the forcing term for a semi-
linear wave equation with non-monotone asymptotically linear nonlinearity to
have a weak solution. Earlier results required the forcing term not to be flat
on characteristics, now we remove those requirements. Also we provide esti-
mates on the measure of the level sets of the forcing term, that suffice for the
equation to have a weak solution.

1. INTRODUCTION

We consider the existence of weak solutions to the Dirichlet-periodic problem
Outt — Opzpu + H(u) :=Ou+ H(u) = G(z,t), =€ (0,7),teR,
u(0,t) = u(m,t) =0, (1.1)
u(z,t) = u(x,t + 2m),

with H not monotone and asymptotically linear. More precisely we assume that

H(u) = 7u + h(u) with 7 € R — {0} and
lim A/(u) = 0. (1.2)

|u|—+o0
For the sake of simplicity in the estimates, we assume that h is bounded. We
also assume that —7 & {k? — j%; k= 1,2,..., j = 0,1,2,...} := o(0). The set
o(0) is the spectrum of the wave operator O subject to the boundary conditions
in . The main difficulty in studying the solvability of is the fact that 0 is
an eigenvalue of infinite multiplicity. This renders useless compactness techniques
extensively used in the study of related semilinear elliptic boundary value problems.
If H is a monotonic function, for each G € L?(Q) := L?((0,7) x (0,27)), equation
has a solution (see [2]). For H non-monotone it has been known from [I3] and
[9) that has a solution for G in a dense subset of L?(2). However the proofs
in [I3] and [9] do not shed light on the nature of the functions G for which
has a solution. In [§], [3] and [6] it is shown that when the forcing term G is large
and not flat in characteristics then has a weak solution. Here we extend such
results to cases where G may be flat in characteristics and provide an estimate on
the size of the subsets of characteristics on which G may be flat (constant). To date
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we do not know of Gs for which has no solution under our hypothesis on H.
However, in [4] a class of continuous G’s for which the wave equation in has
no continuous solution 2w-periodic in both x and ¢ is provided. For related results
on wave equations with non-monotone nonlinearities the reader is referred to [I]
and [5].

For the sake of simplicity in the notations we assume that 7 > 0. We denote
by || - [l2 the norm in L2, and by A the closure of the linear subspace of L?(Q)
generated by

{sin(kz) cos(kt), sin(kz)sin(kt); k =1,2,...}. (1.3)
That is, NV is the kernel of the wave operator [J subject to the boundary conditions
in (1.1). We denote by N'* the orthogonal complement of A" in L?*({2), and by
Py : L2(Q2) — N, Py1 : L?(Q) — N the corresponding orthogonal projections.
If v € N, then there exists a 27-periodic function p : R — R such that

v(z,t) = p(t+2z) —p(t—x), pe L*([0,2n]). (1.4)

We denote by 1—11 the Sobolev space of the functions u : (0,7) x R — R such that
u, Uy, uy € L?(Q), and satisfy the boundary conditions in (1.1)). The norm in H* is
denoted by || - |[1,2 and Y denotes the subspace of functions y in H*, such that

// y(t,z)v(t,z)dedt =0, for all v e N. (1.5)
Q

A function u =y +v € Y @ N is called a weak solution of (1.1)) if

/AH%@—%%%%HW%%%@+@}Mﬁ=O, (16)

forallj+o €Y ON.

If 7 >0, —7 ¢ o(0), and 2z € L*(Q), the equation Ju + Tu = z subject to
the boundary condition in has only one weak solution v 4 %, which we denote
(O+7I)71(2). An elementary Fourier series argument shows that there exists £ > 0
such that

IO+ 7D (Pys (D)l + 1O+ 7D (Prs () lerre < sill]l2,

1.7
1O+ 1) (Pu ()l < w2l (1)

where C'/2 denote the space of Holder continuous functions with exponent 1/2.
Throughout this paper we denote by u the Lebesgue measure in R. Our main
result is the following theorem.

Theorem 1.1. Let f € N with f(x,t) = §(z +t) — (t — x) and ||gll = 1. Let
g €N, and G(x,t) = Cf(x,t) + g(x,t) with f € N and C € R. If

97+ |IW|oo — /AT e T W,
(27 + || £ LIS R

for all y € R, then there exists 7 > 0 and Co > 0 such that, if |f — fll2 < n and
|C| > Cy then problem (L.1) has a weak solution.

p({z € [0,2a] : g(x) = y}) <

Since the smallest oot of the quadratic polynomial Q(s) = (277 — s|h/|00)? —
27|h'|%, s is the right-hand side in (I.8)), if

2 WMo — A/AT|W | oo h'|2
0 < ar < T o = VAT W) w9)

7o
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then Q(cy) > 0. That is,

27|V 2y < (77 — aq|h | ) (1.10)
Also, since we are assuming H to be non-monotone, |h'|oc > 7. Because ¢(s) =
s —V41s — s% defines a decreasing function in [0,00) we have p(|h/]|) < @(T) =
(1 —/3)7. Hence, if (T.9) holds then

a1 |W | < (3 — VBT < 277 (1.11)

PRELIMINARY LEMMAS

In this section we state and prove some properties of the measure of level sets
that play important roles in the proof of Theorem

Lemma 1.2. Let (X,B,m) be a measure space. If ¢ € L'(X) and m(X) < +o0
then there exists y € R such that

m({z € X : q(z) =y}) =max {m({z € X : q(z) = 2});z € R} := a(q). (1.12)

Proof. If m({zx € X : q(x) = z}) =0 for all z € R then a(q) = 0 and we can take y
to be any real number.

If there exists 2 € R such that m({z € X : ¢(z) = £}) > 0 then {z;m({zr € X :
q(z) = z}) > m({z € X : ¢(x) = 2})} is finite, say {z1,...,2n}. Therefore, there
exists j € {1,...,n} such that m({z € X : ¢(z) = z;}) > m{zr € X : ¢(z) = z})
for i =1,...,n. Taking y = z; the lemma is proven. [

Lemma 1.3. Let ¢ € L?([0,27]) with ||G]l2 = 1, and «(q) as in Lemma . If
a(§) < ay then there exists § > 0 such that if ||q — §||2 < 0, then a(q) < ay for all
yeR.

Proof. Suppose there are sequences {g; }; in L?(0, 27) such that lim;_,~ ||¢j —d|]2 =
0, {d,}, in (0, 00) such that lim; , . §; =0, and {y;}; in R such that
p({z €10, 2n] « [g;(2) —y;| < 6;}) = ar. (1.13)
Since {g;}; is bounded in L'(0,27), a; > 0, and limj,;d; = 0, {y;}; is
bounded. By passing to a subsequence we may assume that {y;}; converges. Let
g = lim;_,;  y;. By Egoroff’s theorem, see [10], there exists E C [0, 2] such that
#(E) < (o —a(§))/4 such that {g;}; converges uniformly to ¢ in [0, 27] — E. Since
Ny {z €[0,2n] : |§(z) — 9| < 1/n} ={z €[0,27] : §(x) = g}, (1.14)
there exists 7 > 0 such that
A N a+ o
p({e € [0,27) - () — 9 <)) < —5— (1.15)
Let J be such that, for j > J, |¢;(x) — §(z)| < n/4 for x € [0,27] — E and ¢; < n/4.
Hence, for j > J,
p({x € [0,27] : |g;(x) — 9| < 0,})
N n
< p({z € [0,2n] : |¢;(z) — gl < 5})
<l € [0,27] - € B and Jg;(2) — 9] < n}) (1.16)
T ul{e € [0,27] : € [0,27] — E and |q(z) — gl < n})
] — o+ oy

< 3 + 9 < o1,
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which contradicts (1.13]). The proof is complete. O

PrOOF OF THEOREM [L.1]

Let f(z,t) = q(x +t) — q(t — x). An elementary Fourier series argument and
Parseval’s identity prove that v/27||g—g||2 = || f — f||2- Hence taking § as in Lemma

for || f — fll2 < V270 := 1 we have
a(q) < a. (1.17)

From [13] and [9], there exist sequences {¢y,}, {u,} C L*(Q) with u,, = 2, + w, €
N @Y, and lim, o ||¢n]l2 = 0 such that

Owy, + 7(2n + wn) + h(zn +wy) = Cf(x,t) + g(x,t) + Pn(x,t) (1.18)
in the weak sense. Projecting onto A'* and A one sees that is equivalent to
O+ 7DHw, = g+ Py (dn — h(zn + wn)), (1.19)
T2n + Pn(h(zn +wy)) = Cf + Py(¢p). (1.20)

In turn, and are equivalent to
wn = O+ 707 g) + (O+71) " Py (dn — hlzn + wn)), (1.21)
Zn = gf + %PN(gbn — h(zp +wy)) = gf + %vn. (1.22)

Since lim,, o0 ||¢n]l2 = 0 in L? and h is bounded, there exist k; such that |¢, —
h(2zn + wy)|l2 < k1. Hence, (1.21) and (1.22)) imply
[wnll1,2 < Kk and  lonll2 < ki + [[R(un)|l2- (1.23)
Since vy, Pn(¢n) € N, there exist 2m-periodic functions py,vy, : R — R, with
PnsYn € L?([0,27]) such that
Up(,t) =pp(t+ ) —pp(t — ), Pn(dn)(x,t) =yt +2) — v, (t — ), (1.24)
foralln € Z,, z € [0,7],t € R.
By (1.20) and [3}, Lemma 5.2], we have
27pn (1) = 27y, (r) — Ly(r) + T (r), a.e. in [0, 27, (1.25)
with

I,(r)= /07r h(wn(ﬂc,r —xz)+ %(pn(r) —pu(r—2z)+ Cf(x,r — m)))dm

5 [ (000 + ) = 0D,

2 —27

o) = [ bl 40+ Hpalr+20) = pult) + S orr +2))i

1

r42m
= 5/7« h(dn(r,y) + %(qn(y) — qn(r)))dy,

where ¢, (s) = pn(8)+Cq(s), Wn(r,y) = wa (52, “5¥), and by, (1, y) = wa (457, )

Next we prove that the sequence {p,}, defined in (1.25)), converges in L?(0, 27).
By (1.10)) and (1.11]), there exists ¢; > 0 such that

27 |h/ |2 2m2e? I 2
| |Ooa2+ T _ (- |V |cocx + 27eq
T

)2 and  |B|wa + e < 277, (1.26)
-
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Let € € (0,¢1). By (L.7), {w,} is bounded in the Holder space C''/2. Hence it is
bounded and equicontinuous. This and the Arzela-Ascoli theorem imply that {w,, }
has a uniformly convergent subsequence. Thus, without loss of generality, we may
assume that {w,} converges uniformly on . Hence there exists Ny such that if
n,m > Np then

|wp (z,t) — wm(z,t)] <€ forall (z,t) € Q. (1.27)

Since {7y }» converges to zero in L?(0,27), by Egoroff’s theorem there exists D C
[0, 27] be such that u(D) < € and {7, }, converges uniformly to zero in [0, 27] — D.
Hence, there exists No > Nj such that if n > Ny then

lnlle < € and |y, (s)] < e for almost all s € [0,27] — D. (1.28)
Hence,

/D(|In(r) — L ()] + |Tn(r) = T (r))dr < 4m|h|se (1.29)

for all n,m > Ny. For r € [0,27] — D, we have

T

10) =1 5 [ b9 + 2 0) = 0 0)

(0 9) + (g (r) — am(w)) | dy
X T (1.30)
g (e + 00 )
(0 9) + H(an() — (o) |,
where D, = {s € [r—2m,r]:s€ D or s+2n € D} and E, = [r —2m,r] — D,.. Since
w(D,) = u(D) < e, applying the mean value theorem we have

et 3 [ [0+ 0u) ~ 0a0))

T

- h(wm(r, y) + %(Qm(r> - qm(y))) ‘ dy (1.31)
I R R e Y
+ %/E ‘(wn — Wy ) (1, y)h’(%(%(r) — qn(y) + Coum (1, y))) ‘dyv

where (i (7, y) is in the bounded interval defined by (g, (r) —q.(y))/7 and (gm(r) —
am(y))/7, and (. y) is in the bounded interval defined by w,, ((r—y)/2, (r+y)/2)
and wp, ((r —v)/2, (r +y)/2). From (1.27), for n,m > N3, we have

r
/7:7271'

(0~ ) ()R (2 (00() — 0 0)) + Comn )|y < 20l (132

T
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From the definition of ¢, we have

1@ = 2)0) = (@0 = @) @)W @ (r.9) + G )|y

r

< |<pn—pm><r>|é

- / | = D) WA (o () + Gam () |y

T

B (i (1) + Gum (1)) | dy (1.33)

By (1.2)), there exists b > 0 such that |h'(s)| < € for any |s| > b. For C > 0 and
r € [0,27] — D, we define the set

A 0) ={y € B | o) — a(w)]| < b}

~{v € By lalr) o)l < -
Let 6 be as in Lemma([l.3] By Lemmal[l.3]and for |C| > 7b/6 := Cy we have
w(A(r,C)) <y for all r € [0, 27]. (1.34)
If y ¢ A(r,C) and C > Cj, then %|q(7“) —q(y)| > b. Hence
1 (@ (7, y) + G (1, 9))] < €. (1.35)

Also, for all r € [0,27] — D and C > Cy,

/rizﬂ W (@ (ry) + Gum (19)) dy‘

A(r,C)

(1.36)
[ W) + Gl
Ac(r,C)
< (|W|sor1 + 2me).
By the Cauchy-Schwartz inequality
/_2 1 (@ (7, y) + G (1, %))+ (P (y) — P ()| dy
" ;o 9 1/2 2m 1/2
< (/r_% [0 (@i (r, y) + Gam (7, 9))] dy) (/O [Pn(y) —pm(y)]Qdy)
r 1/2
n — FMm h/ m\’ nm\’» 2d
<l =palla( [ 0 (r9) + G )
Reasoning as in we have
| )+ Gl )Pl
= [ W) + Gl Py
A(r,C) (1.37)

b W) + Gl Py
Ac(r,C)

< |W |2 aq + me® = K 4 1262
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From (|1.31)), (1.36)), and (1.37)), for r € [0,27] — D and n, m > Ns, we have

[ n (1) — L (7)]
(K + 27me?)1/? |W|oocu1 + 27e (1.38)
o 20 |p"(T) *pm(T’)|,

Repeating the arguments leading to ([1.38)) for |T';,(r) — ', (r)| it is seen that the
estimate on the right of (1.38) also holds for |T',, — I';;,|. This and (1.25]) give

(K + 2me?)1/?
T
T (1.39)

[Pn(r) = P (7)] + 1] oce,

< |h[oo€ + pn = pmll2 +

lpn(r) = pm(r)| < wn(r) = ym(r)| +
|W oo + 2me
+7

T

for r € [0,2n] — D. Letting C, =7 — W%m > 0 we have

(K 4 2me?)1/?
2T
for all r € [0,27] — D and all n,m > Ny. Let M > 0 be such that

(C1 = ) palr) = ()] < (7 + 1] )e + [ =Pl (1-40)

K 2 2\1/2
27 (1 + [ |0) 1 + 4 (7 + lh’lm)%

+ C2(8|h|2 7% 4 2¢1) < M,

Hpn 7pm||2 (141>

for all n,m > Nj. Squaring in (1.40) and integrating with respect to r we obtain

€T

2T
(=T [ alr) = ()P

K 2\1/2
< 2m(m + W ]oo)%€® + 2m(m + |h’|m)eﬂ||pn — P2 (1.42)
T
7(K + 2me?
+ %Hpn —pmll3 + 012/ [P0 — Pl|?dr.
T D

Also, by (L:25), ([:28), and (L:29), we have

/|pnfpm|2drs2/ |<pnf%>f<pmwm>|2dx+z/ o — a2
D D D

= 2/ |(In, — T — I, + 1)/ (27)2dr + 262 (1.43)
< 8|h1\32006 + 262
By , taking
p= (Cl—g)Q—ﬁK%f% >0, (1.44)
we have
Ipn = Pmll3 < %e. (1.45)

Since € > 0 may be chosen arbitrarily small, {p,}, is a Cauchy sequence in
L?([0,27]). Hence {v,}, and {2,}, are Cauchy sequences in L?(2).
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Let w € Y and z € N be such that lim,— 4o w, = w and lim,,—,_ 2, = z in

Ly(€2). Because of (1.21)), (1.22)), and lim,, o ¢, = 0 in L?(Q), we have

w=(0+71)" (g) + (O +7I) Py (h(z +w)),
c, 1 (1.46)
2= Crt P+ w)),

which proves that z + w is a weak solution to (1.1). The proof of the theorem is
complete.
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