Special Issue in honor of Alan C. Lazer
Electronic Journal of Differential Equations, Special Issue 01 (2021), pp. 101-114.
ISSN: 1072-6691. URL: https://ejde.math.txstate.edu or https://ejde.math.unt.edu

INFINITELY MANY RADIAL SOLUTIONS FOR A p-LAPLACIAN
PROBLEM WITH NEGATIVE WEIGHT AT THE ORIGIN

ALFONSO CASTRO, JORGE COSSIO, SIGIFREDO HERRON, CARLOS VELEZ

ABSTRACT. We prove the existence of infinitely many sign-changing radial
solutions for a Dirichlet problem in a ball defined by the p-Laplacian operator
perturbed by a nonlinearity of the form W (|z|)g(u), where the weight function
W changes sign exactly once, W(0) < 0, W(1) > 0, and function g is p-
superlinear at infinity. Standard phase plane analysis arguments do not apply
here because the solutions to the corresponding initial value problem may blow
up in the region where the weight function is negative. Our result extend those
in [2], where W is assumed to be positive at 0 and negative at 1.

1. INTRODUCTION
We study the quasilinear Dirichlet problem
Apu+W(z)g(u) =0 in B;(0) C RY,

u=0 on dB1(0), (L)

where N > 2, p > 1, Ayu = div(|Vu|P~"2Vu) denotes the p-Laplacian operator, and
B1(0) denotes the unit ball in R centered at the origin.
We assume that ¢ is a non-decreasing function which is also locally Lipschitz
continuous and satisfies
sg(s) >0for s #0, lim 9(s) = o0. (1.2)

|s|—o0 S|S|p_2

We also assume that there exists C > 0 such that
lg(s)] < ClsP~!, foralls€[-1,1 (1.3)
s

]
Note that the inequality in (1.2) implies g(0) = 0 and G(s) := [, g(t)dt > 0 for all
s € R~ {0}. The function W is assumed to be of class C'[0,1] and such that there
exists 0 < X < 1 with

W(s) <0 forsel0,X),

W(X) =0, W/(X)>0, W(s)>0 forsec(X,1]. (1.4)
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The solutions to
_ ’ N -1 _

(\u’\p Qu') (r)+ T|u’(r)|p 20/ (r) + W(r)g(u(r)) =0, 0<r<1, (15)

subject to
' (0) =0, wu(l)=0, (1.6)

give the radial solutions to in the sense of distributions. More exactly, if
v : B1(0) — R is a radial function and the function u : [0,1] — R defined by
u(y/22 + - +2%) == v(z1,...,zn) satisfies (L5)-(1.6), then v is a solution to
in the sense of distributions, see Theorem [2.10] below. Because of the singularity
given by the zeros of u’ the solutions to ED need not be of class C2. In fact,
regularity theory for quasilinear problems indicates that the distributional solutions
to may only be expected to be in the Holder space C** for some p € (0, 1),
see [0, [I4]. Thus, from now on, solution stands for distributional solution. Our
main result is the following theorem.

Theorem 1.1. If p < N, (1.2)), (L.3) and (1.4) hold, then for each odd positive
integer k problem (1.1) has a radial solution with k zeros. In particular, (L.1]) has
infinitely many radial solutions.

For p =2, W a positive constant, and g satisfying a growth condition such as

e . g(u)) N +2
(subcritical): mlli)nloo I g

€ (0,00) with ¢ € (1, ), or
(1.7)

(subcritical on (0, 400)) : lim 9())

e 88 W S (0, OO) with qc (].

w2
Theorem [I.1] was proven in [4]. This result was extended to all p > 1 in [10]. In [5]
the existence of infinitely many solutions with W constant and p = 2 was extended
to sub-supercritical nonlinearities; that is, nonlinearities satisfying

g(u)) N +2

(subcritical in (0, +00)) : uginoo [ —Tu € (0,00) with ¢; € (1, m), or
N+2
(supercritical in (—o00,0)) : ugr—i{loo qj‘gf))lu € (0,00) with g2 € (Nii_Q’ +00).
(1.8)

In turn, the results in [5] were extended in [3] to all p > 1. The approach in
[4, 10l 51 B] combines the continuous dependence of solutions to with initial
value at r = 0 with phase plane analysis in order to apply the intermediate value
theorem. More recently, in [2], the authors considered the case where W is positive
at zero, negative at 1 and changes sign only once. In this case, the approach in
[4, 10} [5, [B] fails because the solutions to with initial value at » = 0 may blow
up in (X,1]. Such a difficulty was overcome in [2] by figuring out a subclass of
initial conditions at X such that the solutions to the corresponding initial value
problems do not blow up and depend continuously on those initial conditions.
Our assumption W < 0 in [0, X) causes some solutions to with initial
condition at = 0 to blow up in that interval. We bypass this difficulty by figuring
out initial conditions at X for which the solutions to initial value problems are
defined in [0, X], depend continuously on such initial conditions, and yield solutions
to (1.1)). In establishing that such solutions exist the additional assumption p < N
is needed due to the singularity at r = 0, see Lemma On the other hand, since
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the coefficient (N — 1)/r is bounded away from zero in [X 1], shooting from r = 1
towards X allows for g not to have growth restrictions of the type (1.7 or .

For examples of applications to problems with indefinite weight the reader is
referred to [I1]. For recent results on quasilinear problems with weight see [I, 2, [7]
13| [16]. For related results on the existence of infinitely many radial solutions to
quasilinear problems see [3] [8 [12].

This article is organized as follows: in Section [2] we show that all solutions to
below are defined in [X, 1] and figure out the initial conditions at r = X for
which the solutions to do not blow up in [0, X]. More precisely, we find initial
conditions (a,n4), a > 0, for the initial value problem such that v = ug (4
is defined on [0, X], positive, increasing, and u/(0) = 0 (see Lemmas and
below). In Section [3| we prove that, for any T € (X, 1), if u(r,d) is the solution to
below then limg_, o (u?(r, d) + (' (r,d))?) = +o0 uniformly for r € [T, 1]. We
also present in Section 3 the phase plane analysis of the solutions to in [X,1].
The arguments in Section 3 may be traced back to work by Professor Alan C. Lazer
and one the authors in [6]. In Section [4| we prove the main result by connecting
at X solutions to the regular initial value problem at » = 1 with those that do
not blow up in [0, X]. Namely, we prove the existence of infinitely many values of
d such that the solution to satisfies u(X) = a,u (X) = 7,4, for some a > 0.
Hence, by Theorem they give infinitely many solutions to ([1.1]).

2. INITIAL VALUE PROBLEM AND PRELIMINARIES
We consider the initial value problem
_ -2 _
(TN 1’u’|p u’)/ + 7N "W(r)g(u(r)) =0, 0<r<l1,

u(1) =0, u'(1)=d. 21)

Let ®,(x) = z|z[P~2 for z € R. We observe that, for each d € R, a continuous
function u satisfies the integral equation

u(r) = — / 1@;1(<I>p(d)t1_N+ /t 1 (E)N_IW(s)g(u(s))ds)dt (2.2)

t
if and only if it is a solution to (2.1). In general, for any rg € (0,1],a € R,b € R, a
continuous function u satisfies

u(r) =a— /:0 <I>;1 ((T—O)N_lfbp(b) + /tm (g)N_lW(s)g(u(s))ds)dt, (2.3)

t 4

if and only if it satisfies
(TN—1|U/|1072 u/)l + rN_lW(T)g(u(r)) _ 0, 0<r< ro,

2.4
u(rg) =a, u'(rg) =b. 24

For dy € R — {0}, using the Contraction Mapping Principle and the fact that g
is a locally Lipschitzian function, we see there exists v € (0, 1] such that for each
d € [dyp — v,do + 7], equation has a unique solution u(:,d) in the space of
continuous functions defined on [1 —+,1]. This and the continuity of the right hand
side in on (d,u) imply the continuous dependence of u(-,d) on d. When v =1
such a solution is a solution to . If v € (0,1) the solution may be extended to
[1—~1, 1] for some 1 > 7 by applying a similar argument to with a = u(1—,d)
and b = v/(1 — ~,d). Hence, the function u(-,d) may be extended to a maximal
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interval which is either [0, 1] or (6(d), 1] with Hm, g+ [u?(t)+ (v (t))?] = +oo. We
remark that from the results in [I5], because of hypothesis (L.3)), no solution to
satisfies lim, , 5.4+ [u*(t) + (u'(¢))?] = 0 when (a,b) # (0,0). For a comprehensive
study of existence, uniqueness and continuous dependence, we refer the reader to
[15].

In our next lemma we prove that 6(d) < X. Since dy € R — {0} is arbitrary, this
shows the existence of a unique solution to on [X, 1] that depends continuously
on d.

Lemma 2.1. For each d # 0, the solution to (2.1) is defined in [X,1].
Proof. Let u(r) := u(r,d) be a solution to (2.1]) and

£(rd) = £(r) o= T () + WrG(ulr). (2.5)

Let C; = p(N —1)/(p—1). Since W/(X) > 0, lim,_, x+ W'(r)/W (r) = +o00. Thus,
there exists Co > 0 such that W/(r)/W(r) > —Cs for r € (X,1]. We also let
C3 = C1/X + Cs. Assuming that 6(d) > X, there exists s € (X, 1) such that

E(s) > e2E(1). (2.6)
Since |z[P, z|z[P~2 and |z|P/P=1) are differentiable functions, and

(Je|P/ =Dy = %wz—p)/(p—l)x’
the function |u/[P~2u/ is differentiable in (s, 1] (see (2.1)). Therefore, £ is differen-
tiable on (s, 1] and for each r € (s, 1],

/ P / p p—1)\’
un=@p|wm|2 [
W' (r)G(u(r)) + u<w»<>
—m (P2 () * T () P2 () (W (P2 )
+ W ()G u(r)) + W (r)g(u(r)u (r)
= [ () 2 () P2 () (| ()P~ 20 ()
+ W (1) Gu(r)) + W (r)g(u(r) (r).
This and (2.1)) yield

/

£/(r) = o/ (r) (= S (P2 ()~ W)g(u(r)) + W ()G lu(r)
W (r)gu(r)'(r)
= TP + WG () 25)
p(V p(N -1

——771) r u(r 7) r "(r
= oD, €0+ G [, W) + W)

< W'(r)G(u(r)),
where we used (2.5). Hence, from (2.7)),

/ p(N B 1) /
&'(r) > —WE(T) + G (u(r))W'(r)
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2_%ﬁiﬁam+mvm@umwwwwm
> _lmg(r) — CaW ()G (u(r))

> B e - cuetr)

= (-2 -a)ew

> (- % ~ 02 )E(r) == ~CE(r).

Integrating on [s, 1], we have e“3€(1) — e“35€(s) > 0. Since this inequality contra-
dicts (2.6)) we have proven that 6(d) < X, and hence the lemma follows. O

For a > 0 and b € R, we consider the initial value problem

(Y P E) WO () =0, 0<r<X o
u(X)=a, u'(X)=0.

Because of our assumptions on g, the initial value problem (2.9) has a unique
solution u, ; on a maximal interval (rq 4, X].

Lemma 2.2. Let 1o € (74,b, X|. If ua,p(ro) > 0 and u, ,(ro) <0, then u;,, <0 in
(Ta,bvr())'

Proof. Let u := ugqp. Let € > 0 be such that u(r) > u(rg)/2 for all r € (rg — €, ro].
From (2.9)), for r € (r¢ — &, ro] we have

PNl ()P ()

o 2.10
=g M (ro) [P0 (ro) + / sNTIW(s)g(u(s))ds < 0. (2.10)

Let # = inf{r € (rep,r0) : v/ < 0in (r,79)}. Hence # < ryp —e. Assuming that
> rqy we have u(7) > 0 and, by (2.10), «/(#) < 0. Arguing as before, there exists
0 > 0 such that v’ < 0 in (# — §,#) which contradicts the definition of # and proves
that &/ < 01in (rep, o). O

Lemma 2.3. If0 < b < b, y > max{rap, 7, 5}, then uap(r) > u,5(r) for all
r € [y, X). Moreover, uy, ,(r) < ;(r) for allr € [y, X).

Proof. Let u = uqyp and v = U Since b < b there exists ¢ > 0 such that
u(r) > v(r) for all r € (X — e, X). Assuming that u(r) ¥ v(r) for all r € [y, X),
due to the continuity of u and v there exists z € [y, X) such that u(z) = v(z) and
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u(r) > v(r) for all r € (2, X). On the other hand,

AN (2) P (2)

X
XYL (X) P2 (X) + / SN (s)g(u(s))ds
X
CXNUOP () + [ S (u()ds (211)

X
< XN_1|v’(X)|p_2v’(X) —|—/ sN_lW(s)g(v(s))ds
=N ()2 (),

contradicting that v'(z) < u/(2) since v(r) < u(r) for all r € (z,X). A similar
argument proves the second assertion of the lemma. Thus, the lemma is proven. [

Lemma 2.4. For each a > 0 there exists € > 0 such that if b € (0,€) then there
exists Ty, € (Ta,p, X| such that u, ,(ry) = 0 and u;, ,(r) >0 for all r € [y, X].

Proof. Let y = rq0 and v = u,0. By Lemma we have v/((y + X)/2)) < 0.
This and continuous dependence on initial conditions imply the existence of £ > 0
such that if b € (0,¢) then ], ,((y + X)/2) < 0. Hence, by the intermediate value
theorem, for each b € (0,¢) there exists r, € ((y + X)/2, X) such that ug, , (1) =
0. By Lemma 7 is unique. Hence ], ,(r) does not change sign in (ry, X].
Since wu;, ,(X) > 0, it follows that u], ,(r) > 0 for all r € (4, X]. This proves the
lemma. 0

Lemma 2.5. For each a > 0 there exists b > 0 such that ugp(r1) = 0 for some
r1 € (Ta,p, X].

Proof. Let b > 0 be such that

W > max{—inf{W(r);r € (0, X]}2g(a), 2P’/ XP~1}
and u := ugp. Since b > 0 there exists & > 0 such that 0 < u(s) < a for all
s € (X —e,X]. Let r € (0, X) be such that 0 < u(s) < a for s € (r, X]. Hence

X
[ ()P ~2 () = Y (XN / SN (s)g(u(s))ds )

T

N
> pl=N (XN_lbp_1 + XT ~inf{W(r);r € (O,X]}g(a)) 2.12)
> 0P~ inf{W(r);r € (0, X]}g(a)%
pr—t  gp—lgp—l

> > >0

Therefore, u'(r) > 2a/X. Let
rp =inf{r € (0,X);0<u(s) <a forallse (r,X]} <X —e¢.
By the Mean Value Theorem, a > a — u(r) > (X —r1)32. Hence
s (2.13)

2
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Since v’ > 0 on [ry, X], we have u(r1) < a. If u(r1) > 0, by the continuity of u,
there exists ro < r1 such that u(s) € (0,qa] for all s € [r, X] contradicting the
definition of 1. Thus u(r1) = 0 and the lemma is proven. O

For a > 0 we define

b= b(a) = sup{b > 0;ug c(r) > 0 for all 7 € (rq., X] and all ¢ € (0,b)}

2.14
= sup B,. ( )

From Lemma and Lemma 0<b< +oo.

Lemma 2.6. For alla >0, r, ; =0, u,;(r) >0 for all v € (0,X], and u, ;(r) is
monotonically increasing.

Proof. Let z = u, ;- First we prove that z(r) > 0 for all r € (raj),X]. Suppose
there exists r1 € (0, X] such that z(r;) = 0. Without loss of generality, we may
assume that z(r) > 0 for all » € (r1,X]. By uniqueness of solutions to initial
value problems z'(r1) > 0. Hence there exists 6 > 0 such that z(r) < 0 for
all € (rq —6,71). Let {b;}; be an increasing sequence in B, converging to
b. By existence of solutions to initial value problems, there exists J such that
if j > J then 743, < r1 —§/2. By continuous dependence on initial conditions,
limy; 4 oo Uayp, (11 — 0/2) = 2(r1 — 0/2) < 0 contradicting that g, (r) > 0 for all
7 € (rap;, X]. Hence z(r) > 0 for all r € (r, 5, X].

Now we prove that z/(r) > 0 in (Ta,l;7 X]. Assuming that z is not monotonically
increasing, there exists r3 € (r, 5, X) such that 2(r) > 0 for r € (r2, X] and 2'(r) <
0 for all 7 € (r, ;,72). By continuous dependence on initial conditions, there exists
n > 0 such that if [b — b| < 7 then 7, < (ry + To5)/2. Also, there exists p € (0,7)
such that if |[b — b] < p then Uap((r2 +7,3)/2) > 0 and g (12 + Top)/2) < 0.
Hence uq(r) > 0 for all b < b+ p and all r € (rq 4, X]. Since this contradicts the
definition of b we conclude that z = u b is a monotonically increasing function.

Since z is monotonically increasing and positive, if Toh > 0 then z may be
extended to an interval of the form (r, ; — ¢, X] contradicting the definition of r, ;.
This proves that Top =0 [

Lemma 2.7. If p < N, u € CY(0, 1] satisfies
li
(TN—llu/’p—Q u/) n TN_1W(7“)9(U(T)) =0, 0<r<l, (2.15)
and u > 0 and bounded in (0, X), then

((r) = \U'(l)\p_gu’(lH/ sNTIW (s)g(u(s))ds = v Hu! ()PP (r) - (2.16)

T

is non-negative and non-decreasing. Moreover,

lim ¢(r) = lim «'(r) =0. (2.17)

r—0t r—0t

Proof. For s € (0,X), sV "1W(s)g(u(s)) < 0. Hence ¢ increases on (0,X) and
lim, o+ ¢(r) exists. Assuming there is ro € (0, X) such that

& ! (10) P72 (o) =: ¢ < 0,
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from the monotonicity of ¢, we have rV=1|u/(r)[P~2u/(r) < c for all r € (0,70).
Therefore, since p < N, we have —u/(r) > (—c)/®=Dr=1 for all 7 € (0,7¢]. Inte-
grating —u’ in [r,rg] we see that lim, o4 u(r) = 400 which contradicts that u is
bounded. Hence ¢(r) > 0 for all r € (0, X].

To prove , we assume to the contrary that there exists x > 0 such that

PN () P72 (r) = ol ()P (1) —|—/ sNTIW (s)g(u(s))ds > k>0, (2.18)

for all r € (0,1]. Solving for v’ in (2.18)),
K;l/(pfl) Kjl/(pfl)

R Gy YTy R

u'(s) for all s € (0,1] and p < N. (2.19)

Therefore,

1 1 1/(p=1)
u(r) = u(l) — / u'(s)ds < u(l) — / B ds= u(1) + PV (Inr) - —oo,
T T S

as 7 — 0F. This contradiction proves that lim,_,o+ ¢(r) = 0.
Finally, by (2.16) and L'Héspital’s rule we obtain

lim (UI(T))p_l — lim |u/(1)|17—2'u/(1) + frl SN_lW(S)g(’LL(S))dS

r—0+ r—0+ W( ) ( ( )) T’N71 (220)
. —rW(r)g(u(r
o0t N -1 ’
and thus the lemma is proven. ([l

Remark 2.8. The conclusion of Lemma remains valid when 1 is replaced
by R € (0,1), under the assumptions that u € C1(0, R] satisfies the differential
equation in (2.15)) on (0, R], v > 0 and bounded on some interval (0,z¢) C (0, R).

Lemma 2.9. If 7 : [0, +00) — [0,400) is defined by n(a) = b and 7(0) = 0, then n
is a continuous function.

Proof. First we prove that the function 7 is a non-decreasing function. Let u =
Uqg,m(ag) ANA U = Ug y(ae) With a > ag > 0. Suppose that there is 1 € (74,5 (ag), X)
such that u(r;) = v(ry). Without loss of generality we may also assume that
u(r) < v(r) for all » € (r1, X]. By the uniqueness of solutions to the initial value
problem we have v'(r1) > u/(r1). On the other hand, from it follows
that

(W r) P70 (1) = ! () [P (1))

- / SN (3)(g(0(5)) — g(u(s)))ds < 0.

T1

(2.21)

Therefore v'(r1) < u/(r1), which contradicts v'(r1) > «'(ry). Thus v(r) > u(r) for
all 7 € (7q,p(a)» X]. This and the definition of b(a) prove that n(a) > n(ag). So, we
have proved 7 is a non decreasing function.

Let {an}n be an increasing sequence that converges to ag > 0. Hence {n(an,)}
is an increasing sequence bounded above by 7(aop). Let u = ugqy y(ay) and u, =
Uq, n(an)- Suppose that n(ag) > lim, o n(an). For n sufficiently large, there
exists 7, € (0,X) such that u,(r,) = w(ry), My oo mn = X, ul(rn) < u/(ry)
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and u(r) < u,(r) for all r € [0,7,]. Therefore, from Lemma [2.7] (see also Remark
, for a fixed n large enough,

0= lim V=Y, ()P~ (r)

r—0+
=t (2 [ W) () (222)
< 7-1—i>%1+ (T,le_l(u’(rn))p_l + /rrn sN_lW(s)g(u(s))ds) = 0.

This contradiction proves that 7 is continuous to the left. Similarly it is seen that
71 is continuous to the right. Thus the lemma is proven. O

Theorem 2.10. If w : B1(0) — R is a radial function such that w € C'(B; ((i

{0H)NC(B1(0)), and U(r) = w(r,0,...,0) satisfies the assumptions of Lemma
then w is a solution to (1.1) in the sense of distributions.

Proof. Let ¢ be a function of class C*° and compact support in B1(0) and A the
(N —1)-dimensional Lebesgue measure of the unit sphere in RYN. Lemmaimplies

U'()[P2U'(1) = —/0 sNTLg(U(s))W (s)ds. (2.23)
Using that Vw(z) = (U’(|z|)/|z|)z and (2:23)), we have

/ V(@) Vu(z) - Vo()de

B1(0

- / V()P 2Vu(e) - (Vo) - 2)z/|edx
B1(0)

= [ o) [ (et oo
0 llel=1

- /01 P ()20 ) (o /|9|—1 o(r0)d0) dr
:/0 |U'(1)|1’-2U’(1)(a;‘i/Iel_1 o(r0)d6) dr (2.24)

+ /01 (/1 SN_1W(S)g(U(S))dS) (dir /|0|_1 cp(r@)d@)dr

T

——afvwpr-rr -+ ([ AW (U )dr)|(0)

0

+/ /’"N_lw(’")g(U(T))w(re)drde
lo]|=1Jo

= W(|z[)g(U(|z]))e(z)dz,
B1(0)

which proves the theorem. (Il
3. ENERGY AND PHASE PLANE ANALYSIS

Let T € (X,1]. Since W > 0 on (X, 1], there exists Wy = Wy(T) > 0 such that
W (r) > W, for each r € [T, 1].
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We recall that, from Lemma given d < 0 there is a unique solution u(r, d)
to

(PN P 4 N T W g (u(r) =0, X <r <1
u(l) =0, u'(1)=d.

Lemma 3.1. Let T € (X,1) and £ be as defined in (2.5). Then E(r) — +o0 as
|d| — 400, uniformly for r € [T,1].

Proof. From we have
E'(r) < W' (r)G(ulr) =

(3.1)

< max{|W'(s)| : s € [T, 1]}
min{W(s) : s € [T, 1]}

]
< CW(r)G (u(r)) < CE(r),
for all » € [T, 1]. Thus, (e’éré'(r))/ < 0 for every r € [T,1]. Therefore,
p—1

e

E(r) > CT=D|dpP~1 for all r € [T, 1].

Thus, £(r) — 400 as |d| — +oo, uniformly for r € [T}, 1]. O
Since g(0) = 0, by uniqueness of solutions to the initial value problem with initial
data (0,0), we have
(u(r,d), u'(r,d)) # (0,0)

for all r € [X,1]. Hence, there exists a continuous function ¢(r,d), for r € [X, 1],
such that ¢(1,d) = —x /2, and

u(r,d) = —p(r,d) cos ¢(r, d),

u'(r,d) = p(r,d)sin ¢(r,d), (3.2)

where p(r,d) = \/(u(r, d))2 + (w(r, d))z. Moreover, ¢(-,d) is differentiable at r €
[X, 1] provided u/(r) # 0.
Differentiating the first equation in (3.2]) with respect to r, for u'(r) # 0,
W' (r) = —p'(r,d) cos (¢(r,d)) + p(r, d) sin (¢(r,d)) - ¢/ (r, d). (3.3)
Since W is a continuous function, there exists T' € (X, 1) such that
w({@1) m

W(r) > — = for all r € [T, 1]. (3.4)
Combining (3.2) and (3.1)), for r € [X, 1] with «/(r) # 0, we have
T (r,d))* W (r)u(r)g(u(r)) (N — Du(r)v'(r)
IO = D T TR Ao o ) Y
Remark 3.2.

(i) By Lemma E(r,d) — 400 as |d| — +oo uniformly for r € [T, 1], and
therefore p(r,d) — 400 as |d| — +oo uniformly for r € [T, 1].

(i) If u(R,d) = 0 with R € (X, 1), then v/(R,d) # 0. In addition, from
and the second equation in it follows that ¢'(R,d) = 1.
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(iii) If w(R,d) = 0 then ¢(r,d) < ¢(R,d) for every r € [X,R]. Suppose, by
contradiction, there exists Ry € [X, R] such that ¢(R1,d) = ¢(R,d). By
the continuity of ¢(-,d) we can assume ¢(r,d) < ¢(R,d) for all r € (R;, R)
(suffices choosing R; = inf{r € [X, R]: ¢(r,d) < ¢(R,d)}). Since ¢(r,d) <
¢(Ry,d) for each r € (Ry, R), then ¢'(R;,d) < 0. On the other hand,
d(Ry1,d) = ¢(R,d) = jm + 7/2, for some j € Z. Thus ¢’'(Ry,d) = 1, which

is a contradiction.

Let k£ be a positive integer. For zy > 0, let us define

g(z)

m(zo) = min { P D] > 2o}

From the p-superlinearity of g we have m(zg) — 400 as zg — +o0o. For p >
0 and n > 0 we define w(p,n) = m(psin(n))Mi(n)/(p — 1), where M;(n) =
min{sin?(n),sin?(n)}. Let T be as in (3.4), let po(k) := po > 0 and §(k) :
0 € (0,7/4) be such that
_ ) p—-1DT /(A1-T)(p—1)\V/@-1D
(7) O<6<mm{16(N—1)’( B ) }’
2(N -1)
m(p—1)T’
(/245 (y — 1
(i) mipo/V3) 2 T M=),
8w < 1-T
mw(pg,0) — 2k
By Remark [3.2}(i), there exists dy < 0 such that
if d < dg, then p(r,d) > po for every r € [T, 1]. (3.7)

Lemma 3.3. If T <r <1 and ¢(r,d) € [—jn/2 =08, —jn/2+ 6] with j > 0 an odd
integer, then ¢'(r,d) > 1/4.

Proof. From (3.5)),

¢'(r,d) > sin® ¢ +

(i) w(po,d) >

(iv) 166+

W (r)u(r, d)g(u(r, d)) (N — 1)[cos ¢sin ¢|
(p = V)p?(r, d)|u (r, d)[P~2 r(p—1) '
|

From and W (r)u(r,d)g(u(r,d)) > 0 for all r € [X, 1] This, the inequal-
ities \sm( (7, d))| > 0035 cos(¢p(r,d))| <sind < § and (3.6)-(1) give

(N-1)8 5 7
RSV AN >
=T = cos”(m/4) 6>16"

Thus, the lemma is proven. O

—_

¢'(r,d) > cos®§ —

>~

Lemma 3.4. If T <r <1 and ¢(r,d) € [-(j + 1)7/24 6, —jm/2 — §] with j >0
an integer, then ¢'(r,d) > mw(po,d)/4.

Proof. From ({3.5),
¢'(r,d) >

W(r)u(r,d)g(u(r,d))  (N-1)
(p = D)p?(r, d)|w (r, d)[P=2 2r(p— 1)
W(r)  g(u(r,d)) |u(r, d)[? N-1

— p—1ulr,d)P=2u(r,d) p?(r, d)[u'(r,d)[P=2  2(p —1)T
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S W) g(u(r,d)) |cosp(r, )P N-—1
= p—Lu(r.d)P=2u(r.d) [sing(r.d)p=2 ~ 2(p— )T’
|

From [cos ¢(r,d)| > sind, [sin¢(r, d)| > sind, and w(po,d) > 772125:11)% (see (3.6)-
(ii)), it follows that
W(r)  g(u(r,d))
r

/ mw(po, 9)
¢(r,d) > p— 1 |u(r, d)[P—2u(r, d) M(0) = ——
Since |u(r, d)| = p(r,d)| cos ¢(r,d)| > posind we obtain
g(u(r,d))/(lu(r, d)[""*u(r,d)) > 1m(posind).
This and the definition of w(py,d) yield
o (r.d) > W(r)a(po,5) — ") 5 100,0) (38)

In the latter inequality we have used W (r) > m/2 for any r € [T, 1]. Thus, (3.8)
proves the lemma. O

Lemma 3.5. If T <r <1 and ¢(r,d) € (—jm,—jm + 0] U[—jm — §, —jm) for some
positive integer 7, then

&' (r,d) > 8k|sin(¢(r,d))[>7P. (3.9)
Proof. From ¢ < 7/4 and | cos ¢(r,d)| > cosd, it follows that
u?(r,d) = p*(r,d)(1 — sin?(8)) > p*(r,d)/2.
This, (3.6)-(i), and (3.6)-(iii) imply that

¢/(r,d)
W (r)u(r, d)g(u(r, d)) _ (V= 1)[sin(¢(r,d))|
= (p—1)p(r,d)|sin(p(r, d))[P—2 r(p—1)
o Wru(r, d)g(u(r, d)[sin(é(r,d))|*? (N — 1)|sin(¢(r,d))]
- 20/2(p — Du(r, d)|P T(p—1)
m g(u(r,d)) N-1 . o1
> (3 2= 1) ur. P 2u(rd) -7 e D) ) (3.10)

x |sin(g(r, d))[*77

il 2 1
(M — 1—6) |sin(p(r, d))|*7P, (recall |sing| < sind < §)

m - m(po/V2)
= 2w (p— 1)

> 8k| sin(¢(r, d))[*7,

which completes the proof of the lemma. ([

|sin(e(r, )7

Proposition 3.6. limg_,_, ¢(X,d) = —occ.

Proof. Let d < dy be as in (3.7) and k as in (3.6). Because ¢(1,d) € [—7/2 —
0, —7m/2 + ¢], from Lemma |3.3| and (3.6)-(iv) there exists

rE[l—46,1)Cc1—(1-T)/(8k),1)
such that ¢(r1,d) = —7/2 — §. By Lemma [3.4] and (3.6)-(iv) there exists
ry € [r1 = 27w /(mw(po, 0)), 1) C [r1 — (1 =T)/(8k), 1)
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such that ¢(re,d) = —m + 0. By Lemma[3.5] if p > 2, there is
rg € [ro —0/(8k),re) C [ro — (1 —T)/(8k),72)
such that ¢(rs,d) = —m. On the other hand, if 1 < p < 2, from Lemma
@' (r,d) > 8k|sin(¢(r,d))|*>P. (3.11)

We claim that if r < ro and ¢(r,d) > —n then ro —r < (1 —T)/(8k). Indeed,
let ¢(r,d) = —m + 0(r,d); then 0 < 0(r,d) < §. From we obtain 6'(r,d) >
8k(sinO(r,d))?~P. Since sin(f)/0 — 1 as § — 0, we may assume, for § sufficiently
small, sin(6(r,d))/0(r,d) > 1/2. Thus,

8k

/ p—2
0'(r, d)(6(r, d))"" > 5= > 4k.
Integrating on [r, 2] we get 4k(p — 1)(r2 — ) < ¢?~'. By using (3.6)-(i),
op—1 1-T

—r< <

"Stk(p-1) " sk
From this the claim follows. Hence, there exists r3 € [ro — (1 — T)/(8k),r2) such
that

rs €[1-3(1-T)/8k),1)c[1—(1—-T)/(2k),1) and ¢(r3,d) = —.

Observe that 1 —rg < (1 —T)/(2k) and ¢(rs,d) — ¢(1,d) = —m/2. Repeating this
argument 2k times it is shown that there is # € [1 — 2k(1 — T')/2k, 1) = [T, 1) such
that ¢(7,d) — ¢(1,d) = —km, namely ¢(7,d) = —(2k + 1)7/2. Since 1 > ¢ >T >
X, Remark [3.2}(ii) implies ¢(X,d) < ¢(f,d) = —(2k + 1)m/2. This proves the
proposition. [l

T2

4. PROOF OF MAIN THEOREM

Let u(r,d) be the solution to (3.1) with d < 0 and ¢(r,d) be the argument
function defined by . By Proposition (limg— — oo #(X,d) = —00) and the
continuous dependence of ¢(X,d) on d, for each odd positive integer k there exist
real numbers cik and Jk such that

dp < dp, O(X,dp) = —km — (X, dy) = —(k+ 1)

7r
2 Y
Since k is odd, u(X, dy,) = 0 and v/ (X, dy,) > 0; also, u(X, dy) > 0 and v/(X, dy) = 0.

Because 7 is a continuous function (see Lemma the set {(a,n(a));a > 0}
separates {(0,y);y > 0} from {(z,0);z > 0} in {(z,y);z > 0,y > 0} — {(0,0)},
there exists dj, € (dy, d) such that (u(X,dy), v (X,dy)) = (a,n(a)) for some a > 0.
Hence defining Uy (1) = g y(a)(r) for r € [0, X] and Ux(r) = u(r,dy) for r € [X, 1]
we have a solution to (1.1} (see Lemmas [2.6 and Theorem . Thus, the
sequence {U(r)}) gives us infinitely many radially symmetric solutions to (L.1]),
which proves the theorem.

Acknowledgements. The authors wish to thank the anonymous referees for their
helpful comments, and editor Julio G. Dix for obtaining referee reports and accept-
ing this article.

Authors Sigifredo Herrén and Carlos Vélez were supported by Universidad Na-
cional de Colombia Sede Medellin, Facultad de Ciencias. Hermes project code
48952.



114

A. CASTRO, J. COSSIO, S. HERRON, C. VELEZ EJDE/SI/01

REFERENCES

[1] K. Bal, P. Garain; Nonezistence results for weighted p-Laplace equations with singular non-

linearities, Electron. J. Differ. Equ., Vol. 2019 (2019), No. 95, pp. 1-12.

[2] A. Castro, J. Cossio, S. Herrén, C. Vélez; Infinitely many radial solutions for a p-

Laplacian problem with indefinite weight. Discrete & Continuous Dynamical Systems, doi:
10.3934/dcds.2021058, 2021.

[3] A. Castro, J. Cossio, S. Herrén, R. Pardo, C. Vélez; Infinitely many radial solutions for a

sub-super critical p-Laplacian problem. Annali di Matematica, 199 (20200, pp. 737-766.

[4] A. Castro, A. Kurepa; Infinitely many radially symmetric solutions to a superlinear Dirichlet

problem in a ball. Proc. Am. Math. Soc., 101(1), pp. 57-64, (1987).

[5] A. Castro, J. Kwon, C.M. Tan; Infinitely many radial solutions for a sub-super critical

Dirichelt boundary value problem in a ball, Electronic Journal of Differential Equations, 2007
(2007) no. 111, 1-10.

[6] A. Castro, A. C. Lazer; On periodic solutions of weakly coupled systems of differential equa-

tion, Bolletino U.M.I, (5) 18-B (1981), 733-742.

[7] T. Chen, R. Ma; Three positive solutions of N-dimensional p-Laplacian with indefinite

weight, Electron. J. Qual. Theory Differ. Equ.,2019 (2019) No. 19, pp. 1-14.

[8] J. Cossio, S. Herrén, C. Vélez; Infinitely many radial solutions for a p-Laplacian problem

p-superlinear at the origin, J. Math. Anal. Appl., 376, (2011) pp. 741-749.

[9] E. DiBenedetto; Clte Jocal regularity of weak solutions of degenerate elliptic equations,

Nonlinear Anal., 7 (1983) No. 8, pp. 827-850.

[10] A. El Hachimi, F. De Thelin; Infinitely many radially symmetric solutions for a quasilinear

elliptic problem in a ball. J. Differ. Equ., 1996 (1996) no. 128, pp. 78-102.

[11] W. H. Fleming; A selection-migration model in population genetics, J. Math. Biol., 2 (1975),

pp. 219-233.

[12] M. Garcia-Huidobro, R. Manésevich, F. Zanolin; Infinitely many solutions for a Dirichlet

problem with a nonhomogeneous p-Laplacian-like operator in a ball. Adv. Differential Equa-
tions, Volume 2 (1997), Number 2, pp. 203-230.

[13] S. Herrdn, E. Lopera; Signed radial solutions for a weighted p-superlinear problem. Electron.

J. Differ. Equ., 2014 (2014) no. 24 pp. 1-13.

[14] G.M. Lieberman; Boundary regularity for solutions of degenerate elliptic equations, Nonlinear

Anal., 12 (1998) (11), pp. 1203-1219.

[15] W. Reichel, W. Walter; Radial solutions of equations and inequalities involving the p-

Laplacian, J. Inequal. Appl, pp. 47-71, (1997).

[16] A. S. Tersenov; Ezistence of radially symmetric solutions of the inhomogeneous p-Laplace

equation, Siberian Mathematical Journal, Vol. 57 (2016), no. 5, pp. 918-928.

ALFONSO CASTRO

DEPARTMENT OF MATHEMATICS, HARVEY MUDD COLLEGE, CLAREMONT, CA 91711, USA

Email address: castro@g.hmc.edu

JORGE CO0SS10

ESCUELA DE MATEMATICAS, UNIVERSIDAD NACIONAL DE COLOMBIA SEDE MEDELLIN, MEDELLIN,
COLOMBIA

Email address: jcossio@unal.edu.co

SIGIFREDO HERRON

ESCUELA DE MATEMATICAS, UNIVERSIDAD NACIONAL DE COLOMBIA SEDE MEDELLIN, MEDELLIN,
COLOMBIA

Email address: sherron@unal.edu.co

CARLOS VELEZ

ESCUELA DE MATEMATICAS, UNIVERSIDAD NACIONAL DE COLOMBIA SEDE MEDELLIN, MEDELLIN,
COLOMBIA

Email address: cauvelez@unal.edu.co



	1. Introduction
	2. Initial value problem and preliminaries
	3. Energy and phase plane analysis
	4. Proof of main theorem
	Acknowledgements

	References

