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ABSTRACT. In this article we show the existence of nontrivial solutions for
nonlocal elliptic equations involving the square root of the Laplacian with the
nonlinearity failing to have asymptotic limits at zero and at infinity. We use
a combination of homotopy invariance of critical groups and the topological
version of linking theorems.

1. INTRODUCTION

This article concerns the nonlocal elliptic equation
Ajpu = f(x,u), x€q,

u=0, x€oN, (1.1)

where Q is a smooth bounded domain of RY (N > 2) with Lipschitz boundary 952,
and the nonlinearity f: Q x R — R is a Carathéodory function which satisfies the
subcritical growth condition

(A1) There exist C' > 0and 1 < p < 2% := % such that

|f(z,t)] < C(1+|t[P~1) uniformly for a.e. 2 € Q and t € R. (1.2)

The nonlocal elliptic operator A/, in (L.1) is defined as the square root of the
Laplacian —A in © with zero Dirichlet boundary data on 9. Let {)A;, ;1724
satisfy
—AQOJ' = /\j(pj x e Q,
p; =0 x¢€dQ,

and [, pjprdr = ;. For w € Hy(Q)write u(z) = 377, ajpi(z),z € Q,

the nonlocal operator A/, appearing in (1.1} is defined (see [12]) as A;/ou :=
doi1 aj/Ajpj. Tt has been proved in [12] that {u; := \/A;}52, are the eigen-
values of A/, on Q with the corresponding eigenfunctions {¢; };‘;1 The precise
mathematical description and basic properties of the operator A;,, will be stated
in Section 2.

(1.3)

2010 Mathematics Subject Classification. 35A15, 35A16, 35R09, 35R11, 58E05.
Key words and phrases. Square root of the Laplacian; homotopy invariance;
critical groups; Morse theory; resonance; linking.

(©2021 This work is licensed under a CC BY 4.0 license.

Published October 6, 2021.

115



116 Y. CHEN, J. SU, M. SUN, R. TTIAN EJDE/SI/01

In this article, we assume that f(x,0) = 0 so that has a trivial solution
u = 0. We will find via Morse theory nontrivial solutions to in the situations
the nonlinear term f has a linear growth and that there may not be the asymptotic
limits of f(-,t)/t near both zero and infinity.

We impose the following assumption on the nonlinearity f:

(A1’) There exist p € (2,2*) and C > 0 such that for all s,t € R,
|f(z,8) — f(z,t)] < C(|s|P72 + [t|P~2 +1)|s — t|, uniformly for a.e. x € Q. (1.4)

It is easy to see that ([1.4)) implies (1.2]). Denote by 0 < p; < po < -+ < g <
-++ — oo the eigenvalues of A;/5. We impose on f the following conditions near
zero and near infinity.

(A2) There exist § > 0 and k& > 1 such that for two adjacent eigenvalues pj <
Mi4+1 of A1/27 it holds that

prt? < 2F (z,t) < ppgat®,  for |t| < 6, uniformly for a.e. z € Q. (1.5)

(A3) There exist § > 0 and k > 1 such that for two adjacent eigenvalues py <
MEk+1 of A1/27 it holds that

f(z,1)
t

(A4) There are € > 0 and M > 0 such that for two adjacent eigenvalues p, <
Hm+1 of Ay/g, it holds that

f(z,1)
t

(A5) There are € > 0 and M > 0 such that for two adjacent eigenvalues p, <
Hm+1 of Ay/g, it holds that

flz,t)
t

for |t| > M uniformly for a.e. x € Q.
(A6) There are € > 0 and M > 0 such that for two adjacent eigenvalues p,, <
Mm+1 of Ay, it holds that

_ f)

m X t

for |t| > M, uniformly for a.e. z € Q.

N

1k < ppy1, for 0 < [¢] <6, uniformly for a.e. z € Q. (1.6)

L + € < < fmy1 — €, for |t| = M, uniformly for a.e. x € Q. (1.7)

Pm + € < < Hm+1,  2F(2,1) < (Bms1 — €)t2» (1.8)

< tmer =€ 2F(a,0) > (i + €)1, (L9)

Our main results are the following two theorems.

Theorem 1.1. Assume (Al’). Then (L.1)) admits at least one nontrivial weak
solution in each of the following cases:
(ii) (A2), (A5) and ug # pm hold.

Theorem 1.2. Assume (A1’). Then (1.1) admits at least one nontrivial weak
solution in each of the following cases:

(i) (A3), (A4) and ux # pm hold;
(i1) (A3), (A5) and uy # pm hold;
(iii) (A3), (A6) and pp # pm hold.
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Now we give some remarks on the conditions and conclusions. Conditions (A2)
and (A3) were first introduced in [31], and (A4)—(A6) were first introduced in [29].
Conditions (A2) and (A3) mean that may be resonant near zero between any
two consecutive eigenvalues of A; /5, and there may not be any asymptotic limits of
f(z,t)/t as t goes to zero. Obviously (A2) is weaker than (A3) and both of them
are very general conditions when the trivial solution of acts as a local saddle
point. Condition (A4) means that is non-resonant at infinity which contains
im0 f(2,8)/t € (fm, pimy1) (see [I8] 48]) as a special case. Condition (A5)
characterizes (1.1)) as resonance near infinity at p,,+1 from the left side, and (A6)
characterizes as resonance near infinity at p.,, from the right side.

Semilinear variational problems with resonance have attracted much attention
since the appearance on the great work [26] by Landesman and Lazer in 1970. In
the setting of the semilinear elliptic equation

—Au = f(z,u) x€Q,

u=0 z¢dQ, (1.10)

one version of the Landesman-Lazer type resonance condition can be formulated as
follows (see [1]),
(LL) f(x,t) — At is bounded, and lim|_, o fg(f(w,T) — A T)dT = t00.

The crucial feature of the (LL) condition is the boundedness of f(x,t) — At which
implies the asymptotic limit lim; o f(2,t)/t = Ap,. In [34] the Saddle Point The-
orem was applied to with (LL) and infinite dimensional Morse theory was
applied to with (LL) (see [I8], 19,32, /48]). The study of the Landesman-Lazer
type resonance problems motivated a large number of works involving resonance un-
der different situations. Landesman, Robinson and Rumbos [27] considered
under a generalized Landesman-Lazer resonance condition, and Robinson [35] ex-
tended the results in [27]. They treated the double resonance case in the sense

that
t t
@Y msnp 28D 5

tlooo 2 [t| o0
and multiple solutions were obtained via Leray-Schauder degree when the trivial
solution was nondegenerate. Costa and Magalhaes [24] treated via the linking
theorem under the so-called non-quadratic condition. Su and Tang [43] used via
Morse theory and critical groups at infinity to study with resonance and the
nonlinearity g(z,t) := f(x,t) — A\t being unbounded and satisfying

there exist ¢; >0, co >0, 0 € (0,1), and R > 0 such that g(z,t)t > 0 or (
g(@, 1)t <0, a1]t|? < [g(w,1)| < eaft]?, for all z € Q, |t > R '

Su [44] studied with the double resonance between two consecutive eigen-
values A, and A, 1 and obtained multiple solutions via Morse theory and critical
groups when 0 is a degenerate solution of (L.10). For other works involving
with various resonance we mention the works [T}, [7} 8] 177, 27, BT}, 35 [37), 38, 39, [40], [42]
and their references. The existence of the asymptotic limits of f(x,t)/t near zero
and near infinity had been required in most of the works mentioned above. Li, Per-
era and Su[29] first treated the existence of nontrivial solutions of without
assuming asymptotic limits of f(xz,t)/t near zero and infinity under the conditions
in this article. However, the abstract homotopy theorem used in [29] should be
modified. Therefore the analogue results for are also new.

1.11)
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The fractional powers of the Laplacian, such as the square root A, /5 of the Lapla-
cian considered in this paper, appear in flame propagation and chemical reactions
in liquids, population dynamics, geophysical fluid dynamics, anomalous diffusions
in plasmas, and American options in finances (see [3| 25, [47]). In their well-known
work [I2], Cabré and Tan explored an essential characteristic of the nonlocal op-
erator A;/, in the sense that it could be realized in a local manner through the
notion of harmonic extension and the Dirichlet-Neumann map due to Stein([41])
on (). More precisely, by introducing an harmonic extension problem in a cylinder
C =Q x (0,00) in one more dimension, the nonlocal problem is transformed
to a local problem in the half cylinder C = Q x (0, 00) with mixed boundary data
which has a variational structure(see Section 2). Based on the variationl framework
from [12], many efforts have been made in the applications of the variational and
topological methods to with various nonlinearities in getting the existence and
multiplicity and many known results for in literature have been extended to
(1.1)), see [2} 4L [6] 9] [TOL 11 12} 13 14} 16, 20} 211, 36}, (45 46], [49] and some references
therein. For examples, the existence of a positive solution of for f(u) = [t|9~ ¢
with 1 < ¢ < £ was obtained in [I2] by constrained minimization method, Tan
studied in [45] the existence of a positive solution of with critical nonlinear-
ity case of f(t) = ut + |t|%t by the mountain pass theorem. In [23], nontrivial
solutions and multiple solutions for were obtained by comparing the critical
groups at zero and infinity. To the authors’ knowledge, there are few works in
literature for with resonance near zero or near infinity at higher eigenvalues.
Thus the results in this paper are quite new in the setting of the nonlocal problem
considered here.

This article is organized as follows. In Section[2] we present the functional frame-
work related to together with basic properties of the operator A; /5. Then we
recall some preliminary results about Morse theory and critical groups. In Section
we compute the critical groups at zero, and in Section [4] we compute the critical
groups at infinity. Finally in Section [5] we give the proofs of Theorems [I.1] and

2. PRELIMINARIES

In this section we will give the preliminaries for the variational settings related
to the nonlocal problem (|1.1)) and some abstract results in Morse theory.

2.1. Variational framework. We first recall briefly the functional framework of
(1.1) given by Cabré and Tan [12]. Denote the half cylinder standing on Q by

C={(z,y): 2 €Qy>0}=0x(0,+00) C Ry
and its lateral boundary by
0rC = 90 x (0, +00).

Consider the Sobolev space of functions with trace vanishing on 95C:
H; (€)= {ve L*C):v=0o0n0d.C, / |V|? dz dy < oo}
c
Then Hj ;(C) is a Hilbert space with the scalar product

(v, w) :/Vvadxdy
c
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1/2
Joll = ([ 19of* deay)

From [12, Lemmas 2.4 and 2.5] we have the following embedding results.

and the norm

Proposition 2.1. The embedding from Hg 1 (C) into L(SY) is continuous for all
q € [1,2*] and is compact for all g € [1,2%). Moreover, there is c¢q > 0 such that

(/Q |v(w,0)|qd:v) i < cq(/c |Vo|? dx dy) i for allv € Hj 1(C). (2.1)
We denote by trq the trace operator on Q x {0} for functions in Hy 1 (C):
trqv := v(-,0), for v € Hy 1 (C).
Let Vo(€2) be the space of all traces on Q x {0} of functions in Hy ;(C), that is,
Vo(Q) := {u=trqv:ve Hj,(C)}.
Then by [12, Lemma 2.10], Vo (€2) can be characterized as

o0 o0
Vo(Q) ={ueL*(Q):u= Zajgoj satisfies ZO{?\/)\J' < +oo} (2.2)
j=1 j=1
and the space H&L(C) can be characterized as (see the proof of [12] Lemma 2.10])

Hj (€)= {veL?*C):v(zy) = Zajgoj exp(—/Ajy), Za?\/)\? < 400}
=1 =1

Where the pair {\;, ¢;}jen are the eigenvalue and the corresponding eigenfunction
of —A on 2 with zero boundary value on 012, as stated in (|1.3)).
For a given function u € Vy(2), its harmonic extension v to the cylinder C is the
weak solution of the problem
—Av=0 inC,
v=0 on Jd.C, (2.3)
v=u on Q x {0}

The idea of the harmonic extension was introduced in the pioneering work of Caf-
farelli and Silvestre [I5] where the fractional Laplacian in the whole space was
considered.

The definition and properties of the operator A/, are stated as follows.

Proposition 2.2 ([12]). For u = 372, ajp; € Vo(Q), there exists a unique har-
monic extension v in C of u such that v € H&L(C), and it is given by the expansion

v(z,y) = Z a;pi(z) exp(—\/rjy), for all (z,y) € C. (2.4)

The operator Ay : Vo(Q) — V5 () is given by the Dirichlet-Neumann map

ov

Arjpu = $|Qx{o}’

(2.5)
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where Vi () is the dual space of Vo(2) and where v is the unit outer normal to C
at Q x {0}. We have

Ajppu = Z a; \//\Txpj, (2.6)
=1

and that Ao 0 Ay/o is equal to —A in 0 with zero Dirichlet boundary values on
IN. The inverse Al_/l2 is the unique positive square root of the inverse Laplacian
(—=A)~L in Q with zero Dirichlet boundary values on OS).

Now we consider the linear eigenvalue problem
Ajppu=pu in €,

u=0 on 0. (2.7)

By the definition of A, /5, we see that a nontrivial function u € Vo(Q2) is an eigen-
function associated to the eigenvalue p if and only if the harmonic extension v of u
to the cylinder C satisfies

—Av=0 inC,
, v=0 ond.C, (2.8)
6—v =pu on 2 x {0}.

We have that {{/\;,¢;}jen are the eigenvalues and the corresponding eigenfunc-
tions of ([2.7) (see [I2, Lemma 2.13 ]). Setting

i =+/A; and ej(z,y) = ¢;j(z) exp(—p;y) forall j € N. (2.9)

Then all the pairs {p;,e;}jen satisfy (2.8), the eigenfunction sequence {e;};en
forms an orthogonal basis of Hj ;(C). The eigenvalue sequence {j;}jen has the
following variational characterizations:

) Je IV dx dy /
= = - v dz dy, 2.10
i UeHéniun o) Jo [0 (@, 0)Pda Ve |* da dy (2.10)
and
fc |Vol|? dx dy 9

P = =~ - v dx d 2.11
s ’UEIEP%I\I%O} fQ |'U x, 0 |2dx /‘ 6J| €T ay, ( )

where

P;={ve H, (C): (v,e;) =0fori=1,2,...,j—1}.

Moreover, 17 is simple and 0 < p17 < pto < --- < pj < -+ — 00 as j — 0o, and that
each p; has finite multiplicity. For j € N, let 7; be the multiplicity of p;, that is

Hj—1 < Mg = Hjp1 = - = fgr—1 < Mjtr;-
Set
H™(pj) =span{ey,...,ej_1}, H(p;) =span{ej,...,ejqr1},
H* (1) = span{ejr, . €4m 410, ) = [H (1) ® H(u;)] ™
Then

Hy (€)= H™ (uy) @ H (pj) & H* (7). (2.12)
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Proposition 2.3. The following variational inequalities hold:
/c (Vo> dedy < pj—1 /Q lv(z,0)|?dz  for allv € H™ (u;),
/c \Vo|? dz dy = p; /Q lv(z,0)|?dz  for allv € H(u;),
/c \Vo? dedy > pjte, /Q lv(z,0)|?dz  for allv € H (u;).

We say that a function v € Vp(Q2) is a weak solution of (1.1) if the function
v € Hy (C) with trgv = v(-,0) = u weakly solves the extended problem

—Av=0 inC,
v=0 on J.C, (2.13)
@— (z,v(-,0)) on Q x {0},
that is the function v Satlbﬁeb the variational formula
/CVUVQS dedy = /Qf(x,v(:c, 0))¢(z,0)dz for all ¢ € H&L(C). (2.14)
Since f satisfies (A1), it follows by Proposition that the functional
J() = ;/c V|2 dx dy — /QF(;E,U(:U,()))dx, ONS H&L(C) (2.15)
is well-defined on H&, £ (C) and is of class C'! with derivative given by
(T (v),¢) = /CVqude dy — /Q f(x,v(z,0))p(x,0)dx. (2.16)

Therefore critical points of J are exactly weak solutions of and then the
traces of critical points of J are exactly weak solutions of .

We will apply Morse theory and critical groups to find critical points of J and
the following results will be necessary.

Proposition 2.4. Assume that (A1’) holds. Then J € C*~°(H; ;(C),R).

Proof. The arguments are similar to that in [5] and we sketch out them for the
readers’ convenience. We only need to prove Z(v fQ z,v(x,0))dz is C*>~% o
Hyj 1(C). For any v,w,¢ € Hj 1 (C) with [|¢] = 1 we have by (A1), Proposmon
and Holder inequality that

(Z'(v) — T'(w), 9)]
/|f(x,v(m,0))—f(x,w(x,0) ) /|¢x 0)pdr)’

/ lv(z,0) — w(z,0)|71 (1 + [o(z,0)[P72 + |w(z, 0)[P~ 2)" ! dx) ’
(2.17)

1/
C( |v(x, 0) (x,0)|pda:) :
Q

x(/ Lt o, 07 4 e, 0) )77 dz) 7

-2
S C QA+l + lwh?~ flv — wl|.
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For ¢ > 0 and ||v|| <, |Jw|| < ¢, it follows from (2.17)) that
IZ'(v) = ' (w)|| = sup (Z'(v) = T'(w), )| < C()|lv — wl,
P€H; 1 (C),lldll=1
where C(s) is a constant depending on ¢. Therefore 7’ is locally Lipschitz continu-
ous. O

Proposition 2.5 ([23] Lemma 3.1]). Assume that (A1) holds. Then any a bounded
sequence {v,} C Hp 1 (C) satisfying J'(vn) — 0 as n — 0o has a convergent subse-
quence.

2.2. Preliminaries about Morse theory. In this subsection we collect some
abstract results on Morse theory [I8, [32] for a C! functional defined on a Banach
space X.

Let J € CYX,R) and K = {v € X : J'(v) = 0}. For ¢ € R we denote
Jo={veX : Jw) <ctand K. =Kn{veX:TJw) =c}. Wesay that J
satisfies the Palais-Smale condition at the level ¢ € R if any sequence {v,} C X
satisfying J(v,) — ¢ and J'(v,) — 0 as n — oo has a convergent subsequence.
We say that J satisfies the Palais-Smale condition if J satisfies the Palais-Smale
condition at each ¢ € R.

Let v be an isolated critical point of J with J(vg) = ¢ € R, and U be a neigh-
borhood of vy such that U N K. = {vo}. The group Cy(T,vo) := He(TNU, TN
U\{vo0}),q € Z is called the g-th critical group of J at vy, where H,(A, B) denotes
a singular relative homology group of the pair (A, B) with integer coefficients (see
[18, 32]).

Assume that J(K) is bounded from below by a € R and J satisfies the Palais-
Smale condition at all ¢ < a. The group Cy(J,00) := Hy(X,T%),q € Z, is called
the g-th critical group of J at infinity([8]).

Assume that J satisfies the Palais-Smale condition and X is a finite set con-
taining 0. Then the critical groups of J at infinity and at 0 are well-defined. The
basic idea of Morse theory tells us that if I = {0} then Cy(J,00) = Cy(J,0) for
all ¢ € Z. Tt follows that if Cy(J,00) 2 Cy(J,0) for some ¢ € Z then J must have
a nontrivial critical point. Therefore the basic method in applying Morse theory
to find nontrivial critical points of J is to compute critical groups C,(J,0) and
Cy(J,00).

The groups C4(J,0) can be computed partially when J has a local linking
structure at zero.

Proposition 2.6 ([30]). Let J € C1(X,R) satisfy the Palais-Smale condition and
0 € K. Assume that J has a local linking structure at O with respect to X =
Xy @ X, i.e. there exists p > 0 such that

JW) >0 forve X§, 0<|jv]|<p, T@) <0 forve Xy, v <p.  (2.18)
Then Cy,(J,0) 20 if o = dim X; < oo.

The concept of local linking in Proposition [2.6] was introduced by Li and Liu
[28] for the existence of nontrivial critical points. If X is a Hilbert space and J

is of C? then C,(J,0) can be computed clearly provided ¢ is the Morse index or
augmented Morse index of J at 0. See [44, Proposition 2.3].

Proposition 2.7 ([§]). Assume X = X; & X3 and J € CY(X,R) satisfies the
Palais-Smale condition. If J is bounded from below on X and is anti-coercive
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on Xy, i.e. J(v) = —o0 as v € X1 with ||v]| = oo, then C¢(J,00) %0 if £ =
dim X7 < oco.

The above proposition is a version of the famous Rabinowitz’s Saddle Point
Theorem [34, Theorem 4.6]. We regard Propositions [2.6] and as the topologi-
cal versions of corresponding linking theorems since there are no minimax values
involved. Next we give two theorems about the homotopy invariance of critical
groups that can be used to compute directly the critical groups at isolated critical
point and infinity respectively.

Theorem 2.8 ([18,132]). Let X be a Hilbert space and {J; € C*~°(X,R) : t € [0,1]}
be a family of functional satisfying the Palais-Smale condition. Assume that there
exists an open set U such that J; has a unique critical point vy € U for eacht € [0,1]
and t — J; is continuous in C*(U) topology. Then Cy(Jy,vi) is independent of
t €0,1].

Theorem 2.9 ([22]). Let X be a Hilbert space and let J, € C1(X,R) be a family
of functionals, t € [0,1]. Assume that each J; satisfies the Palais-Smale condition,
J! and 0:J; are locally Lipschitz continuous in w. If there exists a € R and § > 0
such that for some C' > 0

Ji(u) <a = ||0:T:(w)|| < Cllull?,  for all t€0,1], (2.19)
Ji(u) <a = ||F ()| = d|ull, foralltel0,1], (2.20)

then
Cy(Jo, 00) = Cy(T1, 00). (2.21)

We point out that Theorem [2.9|is a new modification of [29, Theorem 3.1] (see
[33]), where the given conditions were not sufficient to ensure the existence of flow.
This new version of homotopy theorem has its own meanings and can be applied to
many variational problems. The proof of Theorem has been given in [22] where
another type of nonlocal variational problem was studied.

3. CRITICAL GROUPS AT ZERO

In this section we compute C,(7,0) under the assumptions (A2) and (A3). We
make a conventional assumption that the trivial solution 0 of is isolated. By
Proposition 2.5 we see that J satisfies the Palais-Smale condition over any a closed
ball centered at 0. We use the following orthogonal decomposition:

Hj 1 (C) = H (k) ® H(pr) & H (1),

. (3.1)
Hk = @ujg,%H(,uj), fk = dlmHk.

Proposition 3.1. Assume that (A1) and (A2) hold. Then Cy, (J,0) # 0.

Proof. We will show that J has a local linking structure at 0 with respect to
H&L(C) =H.® ffkl

(i) Since Hy, is finite dimensional, by (A2), Propositions and [2.3| we can find
p > 0 small such that for all v € Hy, with ||v|| < p,

J(v) < —/Q (F(acm(;v,O)) — %,uk|v(x70)|2)dx < 0. (3.2)
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(i) For v € Hj-, we write v = z + w, where z € H(ugpy1), w € Hi-,. By
Proposition [2.3] we have

Tw) > 5(1- L - / (FGo, v, 0) — g, 0P )dz. (3.3

HE+2
For |v(z,0)| < J, by (A2) we have
1
/ (F(x,v(x, 0)) — 7uk+1|v(x70)\2>daz <0. (3.4)
{Jv(2,0)|<5} 2
It follows from (A1) and Proposition [2.1| that for some ¢ € (2,2*],
1
/ (F(,v(@,0)) = Suesalo(e, 0)2 ) dz < Clhw . (3.5)
{lv(,0)|>6}
Hence by (3.3)—(3.5) we have
1 M1
T > 5 (1= B jw)? = O, (3.6)
Hh+2
Since g > 2, it follows from (3.6]) that there is p > 0 small such that
Jw)>0, VO0<|v|]<pwithw #0. (3.7)

We can choose p > 0 so small that [|v]| < p = ||z]| < p = |2(z,0)| < ¢ for all x € Q.
Then by (A2) we have

F(z,z(x,0)) — %ulﬁ_lzz(x, 0) <0 uniformly in x € Q.
Thus
J(z) = —/Q (F(x,z(ac,O)) - %uk+1z2(ac,0)>dx > 0.
Let z, € H(ug+1) be such that 0 < ||z.|| < p and J(2) = 0. Then
F(z,2z.(z,0)) — %,ukﬂzf(x,()) =0 uniformly in 2 € Q,
and so

f(z, 2z (2,0)) = pgy12«(2,0) uniformly in 2 € Q.

As z, € H(pg+1), going back to (2.13), we see that z, is a nontrivial solution for
(2.13) and z.(-,0) is a solution of (|1.1)). We conclude that there is p > 0 small such
that for all ||v|| < p with w =0 and z # 0,

T) =T () = —/Q (F(:r, 2(z,0)) — %ukHzQ(x,O))dx > 0. (3.8)

Otherwise, for any € > 0 there exists 0 # z. € H(ug+1) such that ||z.|]| < € and
J(ze) = 0. Then z.(-,0) is a nontrivial solution of (1.1]). It contradicts the isolation
of the trivial solution. It follows from (3.7) and (3.8) that

J() >0, forallve Hi: with 0 < |jv]| < p.

Therefore J has a local linking structure at 0 with respect to H&L(C) = H, @ Hi.
Since £, = dim Hj, < oo, it follows from Proposition [2.6| that Cy, (7, 0) # 0. O

Proposition 3.2. Assume that (A1’) and (A3) hold. Then Cy(J,0) = 84,4, F.
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Proof. For v € H&L(C), we write v = 2 + ¢ + w and set ¥ = —z + ¢ + w, where
z € Hy, ¢ € H(p11) and w € H,g-_H. We define a family of functionals

Tw) = (=0T @)+ 5 (Il + 197 + Jwl?), te0,1].  (39)
By (A1) and Propositionwe have that J; € C*~°(H; ;(C),R) and
(T (), 0) = (1=1)(T"(v), @) + (D, ). (3.10)

Now we show that there is p > 0 such that v = 0 is a unique critical point of 7; in
the ball B,(0) for all ¢ € [0,1]. Denote g(x,t) = f(x,t) — pp4+1t. Then by (A3) we
have that

z,t
0<*g(t )gukﬂ—,uk, 0<‘t|§§.
Then for |v(x,0)| < 0,
it - >0,
(o o, 0o, 0) < 3 O CH SN EREY
(tg+1 — pie)22(x,0), if v(z,0)0(x,0) <0
Hence
/ g(z,v(x,0))0(x,0)dr < (tg+1 — Mk)/ 2%(x,0)dx. (3.12)
{lv(z,0)|<d} Q

Since trq Hy, and trq H(uk1) are finite dimensional, there is a p > 0 such that

0
Izl < p = [2(z, 0 < 35 Nl < p = lo(z,0) <

Wl >

For |jv|| < p and |v(z,0)| > 4,
2
[v(@, 0)] < Jw(z, 0)] + [(x, 0)] + |2(x, 0)] < |w(=, 0)] + 36,

and so
[v(z,0)] < 3w(z,0)|, [i(z,0)] < 3Jw(z,0)|.
Thus by (A1’) we have

/ g v(, 0))o(, 0)da
{lv(x,0)|>0}

<C |o(z,0)[P~|o(x, 0)|d (3.13)
{lv(z,0)[>8}
<C |w(z,0)Pdzx < C||lw||P.
{Iv(z,0)[>6}
Now for ||[v]| < p, it follows from (3.12) and (3.13) that
(J'(v),9)
— (0.6} = s [ vide~ [ gl.0(e,0)(z. 00
Q Q
Hik+1 2 2 2
> _ PRt _ _
> (1= 2 = (el = s [ oo, 0) ) 610
-/ ol v(a,0)(a, 0)dz — [ 9(w,v(2,0))(z, 0)d
{lv(z,0)|<d} {lv(z,0)[>d}

Hk+1 2 2 2
> (1 - —"=)|lw||* = (||z||" = z(z,0)|%dx ) — Cllw]||P.
(1= 28 ol = (el = e [ JoGo.0) ) €]
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Therefore for ||v|| < p, take ¢ = ¥ in (3.10), we obtain from (3.14)) that
N HE+1
Tw.8) > (=0 22wl = (el g [ Jo(o.0)Pds)]
HE+2 Q
— 1 =)Clw|” + tl|v]*.

(3.15)

Since p > 2, it follows that 0 is the only critical point of 7; in B,(0) for all ¢ € [0,1]
if p > 0 is sufficiently small. Since

Ji(v) = % (=121 + 11l + [lw]|*) (3.16)

is a C? functional and has 0 as a non-degenerate critical point with Morse index
l,, = dim Hy, it follows that

Cy(J1,0) =040, F, VqeLZ. (3.17)

By Theorem and we have
Cy(T,0) = Cy(J,0) =2 Cy(J1,0) = 4.0, F. (3.18)
The proof is complete. O

4. CRITICAL GROUPS AT INFINITY

In this section we compute C, (7, o0) under the corresponding assumptions (A4)—
(A6). We use the following orthogonal decomposition:

Ho 1 (C) = H (ptm) ® H(pm) & H (ptm),

. (4.1)
Hy, = EBMJQMmH(:uj)a b, = dim H,,.
We will use C' to denote various positive constants in the sequel.

Proposition 4.1. Assume that (A1’) and (A4) hold. Then J satisfies the Palais-
Smale condition and Cy(J,0) = 644, F.

Proof. We will apply Theorem to prove this proposition. Set

t ~
Flat) = @) = umis =t Plant) = [ a0
Then J can be rewritten as
1 1 -
J(v) = 3 /c |Vv|2 dx dy — 5(#m+1 —€) /Q |v(z,0)|2dm - /QF(I,U(SC,O))CZI.

For v € Hj ;(C), we write v = z + w and set ¥ = —z + w where z € H,, and
w € H-. We define a family of functionals

4
Ji() = (1 =)T @) + 5 (=[I21” + [wl*) . te[0,1]. (4.2)
By (A1) we have that J; € C*~°(H; ;(C),R) and

(FL(0),0) = (L =t)(T'(v), ) + (B, ), Vv, € Hy (C). (4.3)
By (A4) we have

gﬂm+17um7267 V|t|>M7 z € (L
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For |v(z,0)| > M we have that

0, v(z,0)0(x,0) = 0,

f($ U(x O)) (x O) {(/jfm+1 - Hm — 26)22($70)’ U(Z’,O)f)(x,()) <0.

Hence
/ Fa.0(0,0))5(2,0)d < s = o = 26) [ [s(,0)de. (44
{lv(z,0)|>M} Q
By (A1) there is C' > 0 such that
/ F(w.0(,0))3(,0) o < Ol (4.)
{Iv(ﬂc 0)|<M}

Now it follows from and ( . ) that
(J'(v), D)

:<v,f1)—(,um+1—e)/ﬂv(m,0) dem—/fx v(z,0))0(x,0)dx

> = (1l = G = ) [ otz 0]

(/ / ) (e, vl 0))(, 0)da

{lo@.0) <M} J{jo(z,0)|>M} (4.6)

> = (1P = o+ ) [ [etw0)s] - o

m-+1 Q

€ -

> <l + 1> - i

m—+1 Hm
> |l ~ Oo].

m+1

Taking ¢ = 0 in (4.3]), we obtain from (4.6)) that

T w).3) > (1—1) [N ‘

m+1

lvll* — Cllvl] +to]? = Celfol® = Clloll. — (4.7)

where Ce = min{1, €/pm+1}. By (4.7) we see that any a Palais-Smale sequence of
J: must be bounded. By Proposit([23, Lemma 3.1]) we have that J; satisfies
the Palais-Smale condition for all ¢ € [0,1]. Moreover, it follows from that
there are a < —1 and ¢ > 0 such that

Ji(v) <a= [T/ )] = o] (4.8)
For any a < —1 being fixed, it always holds that
Ji(v) < a=|0,Tu(v)| < Olv]*. (4.9)

From the definition we see that Jy(v) = J(v) and
1
Ji(w) = 5 (=l121* + [lw]®). (4.10)

Then J; is a C? functional and has 0 as a unique non-degenerate critical point with
Morse index £, = dim H,,. It follows that

Cq(jl,OO) = Cq(jl,()) = 5q,2m]F’ Vq € Z. (411)
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By Theorem [2.9] and we have
Co(T,00) = Cq(Jp,00) = Cy(J1,00) = 6g.0,,F. (4.12)

The proof is complete. O

We note here that the conclusion of Proposition is valid in the case that (A1)
holds and limj;|_, o f(f’t) = & € (lm, thm+1)- This is the completely non-resonant
case at infinity. See [I8] for a proof in abstract version. However, the arguments in
[18] would not be applied to the case of Proposition

The next two results involve with being slight resonant near infinity from

one side of an eigenvalue of A ;.

Proposition 4.2. Assume that (A1’) and (A5) hold. Then J satisfies the Palais-
Smale condition and Cy(J,00) = 644, F.

Proof. We set f(ac,t) = f(z,t) — pmy1t, F (z,t) fo z,¢)d¢ and rewrite J as
1, ., 1 ) -
T = 50l = G [ [ole,0)Pdo ~ [ o o(w,0))da.
Q Q

For v € H&L(C)7 we write v = z + ¢ + w, where z € Hy,, ¢ € H(pm41), w € Hp oy
and set ¥ = —z + ¢ + w. Define a family of functionals

Ji(v) = (1 =) T (v) + %(—llzll2 +llgl* + llwl?), ¢ € [0,1]. (4.13)
y (A1) we have that J; € C*~°(H; ;(C),R) and
<\7t/(v)a (P> = (1 - t)<jl(v)7 @) +1 <"~)7 90> : (414)
y (A5) we have that

f(at)

0<— :

< Hm+1 — Um — €, V|t‘ M z € Q.

Thus for |v(z,0)] > M we have

:c v(z, o(x, 0, ’U(x,O)T}(x,O) =0,
Hence
/ Pl v, 00002, 0 < (s —som — ) [ 26 0P, (410
{|lv(z,0)|>M}

and there is C' > 0 such that

/ |f (&, v(@, 0))3(z, 0)|de < C|J3]. (4.17)
{lv(z,0)|<M}
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Now it follows from ([4.16)), (4.17) and Proposition [2.3] that
~ Hm+1
(/)3 > (1= 222 a2 = [J2]2 = s / [2(,0)Pda
Hm+2 Q

- (/ +/ ) F@, vz, 0))3(z,0)da
{lv(z,0)[<M}  J{|v(z,0)|>M}

Hm+1 2 2 2
> _ — — 4.18
> (1= 2l = [Jelf = i [ Jo(o.0) ] (418)

= [ s = tom = (2. 0) Pz = €]
Hm41 € ~
> (1= 22 wll? + )22 - 3.

Hm+2 Hm

Taking ¢ = 0 in (4.14)), then we obtain from (4.18]) that
~ Hm+1 € ~ ~
()8 > (=] (1= 2 w2 + 2] = Clla)] + ¢)5)2. (4.19)
Hm+2 Hm

We prove that there exists § > 0 such that for any a € R fixed

Ji(v) < a=[|F )] = d|lv]. (4.20)

Arguing by contradiction, we assume that there exists ¢, € [0,1], v, € H& .(©O)
such that

1
Tt (vn) = —o0 and || T/ (vn)]| < —lvall, (4.21)
this means that
|lvn]| — o0, asn — oco. (4.22)
We denote
~ Un ~ N ~
[[vnl

Then |0, ]| = 1. It follows from (4.21]) that
(T}, (vn), D)

TENE — 0, asn— oo. (4.23)
We have by (4.19) that
<«7tln (Un)> f)n>
feni (4.24)
m ~ € ~ C
> (1= ta) [ (1= 22 2 + =120l = =] + tu-
Mm+4-2 Hm ||Un||

Since t,, € [0,1], [[1,]|*> < 1 and [|2,]|* < 1, we may assume, up to a subsequence,
that

th = t. €[0,1], |Zal? = a€[0,1], |wn||*> = B€[0,1], n—oo. (4.25)
It follows from (4.23)—(4.25) that

(1—t) {(1 - %)5 + Mima] +t, <0. (4.26)

It must be that ¢, = 0 and a = 8 = 0. This means that

Zn — 0, w, =0, asn— oco.
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Since ||, || = 1, it holds that

Gn = &0, ||o] = 1.
It follows that
Tt (Un)

= (1~ ta) (5 lenl? - /Q F(, va(2,0))dz) +

€

ro|§+

(=llznll® + llgnll* + wnll?)

1 2 5 .
> (1= ta)[onl2(3——l1dal* = C(2all? + ll2n]?)) = €

/~Lm+1
1 . - .
+ Stallval* (<1120 ]% + l@nll* + 0 ]*) = 00, 1 — 0.
(4.27)
This proves (4.20). Using the same arguments above we can show that for each
€ [0,1], J; satisfies the Palais-Smale condition. Moreover, it is easy to see that
for any a < —1 being fixed, it always holds that
Jiv) < a= 10,:70)| < Clloll. (4.28)
Since .
Ji(w) = 5 (=l21* + ll9]1* + [lw]*) (4.29)
is a C? functional and has 0 as a unique non-degenerate critical point with Morse
index ¢,, = dim H,,, it follows that

Cyq(J1,00) = Cy(J1,0) = 04,0, F, VqeZ (4.30)

By , , Theorem and we have
Co(T,00) = Cy(Jp, 00) = Cy(J1,00) = 4.0, F. (4.31)
The proof is complete. O

Proposition 4.3. Assume that (A1) and (A6) hold. Then J satisfies the Palais-
Smale condition and Cy,, (J,00) 2 0.

Proof. We will apply Proposition We first prove that J satisfies the Palais-
Smale condition. Although the argument is somewhat similar to that of the previous
proposition, we prefer to give the details. Assume that {v,} C Hj 1 (C) satisfies

|T(n)] < C, T (vp) =0, asn— oo. (4.32)
By Proposition we only need to prove that {v,} is bounded. Assume that
[lvn]] = 00 as n — oo. Set 9, = ﬁ = %2, + ¢n + W, where 2, € H,,_1,

én € H(pum) and 1w, € H:. Then |6, = 1. Set

t
Fant) = f(at) - pmt,  Elat) = /0 Fl, Q).
By (A6) we have

f(a.1)
t
For v € H&L(C), set ¥ = —(z + ¢) +w. Then for |v(z,0)| > M, we have

0<

< i1 — m — €, V|t = M, z € Q.

f(z,v(x,0))5(x,0) < {0’ (4.33)

(:um-‘rl - HUm — 6)11)2(?5,0), ’U(.CE,O) (I’O) = 0.
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Hence

/ 00,0000 < oms = s — ) [ (e, 0) P
{lv(z,0)| =M} Q

There is C' > 0 such that
/ (@, v(z,0))3(x, 0)ldz < C|3].
{lv(z,0)|<M}

It follows from (4.34]) and (4.35]) that
(J'(v),7)

:@wywm/mmm@mmf/f@m%mm%wm
Q Q
= (ol = o [ (o 0)dx) = (1P = | Jo(a,0) )
Q Q
_ (/ +/ )f(xm(x,O))f)(x,O)dx
{lv(z,0)| <M} {lv(z,0)| =M}
2 2 m/ 702d - 2 m/ 702d
(Il = o | (. 0)Pdz) = (Il = o | 12z, 0)Pde)
~ [ s = i = . 0)d — 1|
Hm 2 € 2 ~
mo +— —C|o].
(o = D)l ol = o]
By and ([4.36)), we obtain
_ / ~ Hm 2
olllvall) = (T (), 30} > (27 = 1)z +

\%

€

lwall* = ClTnl.
Merl

Therefore,

o(1) L R € R C
> () a2+ 2 -
[ [

llonl - m—1 m+1 an”

Since [|@,]|> <1 and ||2,]|? < 1, we assume, up to a subsequence, that

HZ’A’n”Q_)aE [071]? H’lIJnH2_>ﬁ€ [071]a n — 0.
It follows from (4.38)) that
( Bm 1>a + 3 <0.
Hm—1 Hm+1
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(4.34)

(4.35)

(4.36)

(4.37)

(4.38)

(4.39)

(4.40)

It must be that a = 8 = 0 and thus 2,, — 0 and w,, — 0 asn — co. Since ||, | = 1,

it follows that
on =0 #0, ol =1

Now we have
1
F(n) = lenll* = [ Floon(e,0)do
Q
1 e -
< 2f € 2 5 112 A2 _
< ol (= o 16all® + CUal + al)) +C = o0

as n — oo. This contradicts (4.32)).

(4.41)
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Next we prove that J satisfies the geometrical assumptions of Proposition [2.7]
with respect to Hg 1 (C) = Hpm @ H:-. From (A6) it follows that

(i + €)t? — C < 2F (2,) < (ftms1 — )2 +C (4.42)
for some C' > 0. Then for w € H-,
1 1
) > gl = 5 [ (imsr - a0 de — €
) @ (4.43)
> 7/ lw(z, 0)[2dz — C > —C.
2 Ja
For z € H,,,
1 1
T < 141 = 5 [+ et 0)Pdo +-C
. Q (4.44)
<=5 2P +C = o0, |z]| = c0.
2Um
As dim H,,, = ¢,,, < oo, we have by Propositionthat Cy,,(J,00) 2 0. The proof
is complete. (I

5. PROOFS OF MAIN THEOREMS

Proof of Theorem[I1.1]. (i) By Proposition we have that Cp, (J,0) # 0. By
Proposition J satisfies the Palais-Smale condition and Cy(J,00) = 6., F.
Since pg # o, implies £ # £, it follows that Cy, (J,00) 2 Cy, (J,0). Therefore
J has at least one nontrivial critical point. The case (ii) is proved in a similar
way. ([

Proof of Theorem[1.Z (iii) By Proposition we have that Cy(J,0) = 04, F. By
Proposition J satisfies the Palais-Smale condition and Cy, (J,00) 2 0. Since
Uk F# by implies £y # £, it follows that Cy, (T, 00) 2 Cy, (J,0). Therefore J
has at least one nontrivial critical point. The other cases are proved in a similar
way. O
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