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INFINITELY MANY SOLUTIONS AND ASYMPTOTICS FOR
RESONANT OSCILLATORY PROBLEMS

PHILIP KORMAN, DIETER S. SCHMIDT

Dedicated to the memory of Alan C. Lazer, a great mathematician and a dear friend

ABSTRACT. For a class of oscillatory resonant problems, involving Dirichlet
problems for semilinear PDE’s on balls and rectangles in R”, we show the
existence of infinitely many solutions, and study the global solution set. The
first harmonic of the right hand side is not required to be zero, or small. We
also derive asymptotic formulas in terms of the first harmonic of solutions, and
illustrate their accuracy by numerical computations. The numerical method
is explained in detail.

1. INTRODUCTION

We study multiplicity of solutions for semilinear equations with linear part at
resonance, a direction of research initiated by the classical paper of Landesman and
Lazer [13]. Several classes of oscillatory resonant problems on balls and rectangles
in R™ are considered. Our focus is on the existence of infinitely many solutions,
which we establish by studying global solution curves. Our results are supported by
asymptotic analysis and numerical computations, and they extend related research
in [T, 2] T5] [16].

Next we describe one of our main results, and the approach used. Let B be the
unit ball in R?, 22 + 32 < 1. For a class of oscillatory resonant problems, with

h(u) = Vasinfin(u?? + 1) and r = /a2 + 2,
Au+ Mu+ h(u) = g(z,y) = e (r) +e(z,y) forze B,

u=0 on 0B, (1.1)

we show the existence of infinitely many solutions for any g(x,y) € L?(B)NC%(B),
a > 0. Here Au = uze(z,y) + uyy(x,y), while (A1, ¢1(r)) is the principal eigenpair
of the Laplacian on B, with zero boundary conditions, p; € R, e(z,y) € o7 in
L?(B), and e(z,y) € L*(B) N C%(B), for some a € (0,1). The function e(z,y) is
not assumed to be radially symmetric. Decompose solutions of as u(z,y) =
&1p1(r) + U(z,y), with & € R and U(z,y) € @i in L?(B) (here @i denotes the
orthogonal complement of o1 in L?(B); similar decomposition is used throughout
the paper). We prove that the solution set of is exhausted by a continuous
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solution curve (u(x,y),p1)(&1) parameterized by & € R, and a section of this
curve py = p1(&1) oscillates toward oo as & — oo, see Figure [1| below. We find
this result to be rather surprising. A more typical behavior is that uq(§1) — 0
as & — oo. The choice of nonlinearity h(u) was dictated by rather restrictive
conditions that we needed to impose to obtain a continuous curve of solutions.
For more natural nonlinearities we can only assert the existence of a continuum
of solutions (as in the case of below), and in some cases we have to rely on
the numerically produced solutions curves (e.g., for below), for which we can
still derive accurate asymptotic formulas. In dimension n = 1 a similar result was
proved in [I1] for h(u) = uPsinu, 1/2 < p < 1. We remark that solution curves of
the form (u(x,y), u1)(&1) appeared previously in Schaaf and Schmitt [16].
For a model resonant problem

Au+ Mu+usinu = pyp1(r) +e(z,y) forz e B,
u=0 on JB,

we provide asymptotical and computational evidence, as well as heuristic justifi-
cation of the following conjecture: there exist two numbers 0 < a < A so that
the problem has infinitely many solutions for uy € (—a,a), there are at most
finitely many solutions for p1 outside of (—a, a), and no solutions exist for |u1| > A.
A similar situation occurs for rectangles in two dimensions. The existence of in-
finitely many solutions for an interval of p;’s (bounded or unbounded) is a new,
and actually a rare phenomenon (as evidenced by the results of this paper, in-
cluding numerical computations). For the problem on balls and rectangles in
dimensions higher than two, and for “most” other nonlinear terms, infinitely many
solutions occur only at g1 = 0. The restriction to the case p1 = 0 is common in the
literature, see e.g., [11[3, 4, 15, [16]. The nonlinear term in occurred previously
in [7], in connection with the oscillatory bifurcation from infinity.
Problem can be seen as a limiting case of another model problem

(1.2)

Au+ Mu+uP sinu = pyp1(r) + e(x,y) forxz € B,

u=0 ondB, (1.3)

with p € (0,1), to which the well known results of Costa et al [1] apply at puq =0
(the results of [I] hold for more general domains), see also [I5]. It follows from
[1] that for gy = 0 the problem has infinitely many solutions, and moreover
u/maxgu — @1(r) for large solutions. We derive a rather precise asymptotic
formula for gy = p1(&1) in case |&1] is large, and this formula tends to be accurate
for small |&;| as well. The nonlinear term wsinu in has linear growth at
infinity, while requires sublinear growth and is related to the result in [I].

In addition to balls in R?, we obtain asymptotic formulas and perform compu-
tations of solution curves for rectangular domains, and for radial solutions on balls
in any dimension.

2. GLOBAL SOLUTION SET FOR A BALL IN R?

Let Jo(z) be the Bessel function of order zero, with Jy(0) = 1, and denote by
vy > 0 its first root, v; = 2.405. The principal eigenpair of the Laplacian on the
unit ball B € R? is \; = v ~ 5.78, p1(r) = coJo(v17) with r = /22 + 42, with ¢
chosen so that

1
/ @%(T‘) drdy = 27rc(2)/ Jg(ulr)r dr=1,
B 0
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which is
1

Co =
\/27r fol JE(vir)rdr
Observe that ¢1(0) = ¢o. We shall also need the second eigenvalue Ay. Recall
(see e.g. [I4]) that the eigenvalues of the Laplacian on B with zero boundary
condition are A, ,, = a%’m (n=0,1,2,...; m = 1,2,...) with the corresponding
eigenfunctions Jy, (a, m 1) (a cos nf+ B sin nd), where oy, ,, is the m-th root of J,, (),
the n-th Bessel function (o« and § are arbitrary constants). One calculates A =
of | &= 14.62, with a1 ~ 3.83, and ¢y = Ji(a1,17)(«cos @ 4 Bsinf). The principal
eigenvalue is simple, while all other eigenvalues have multiplicity two, because any
two Bessel functions with indices differing by an integer do not have any roots in
common, see Watson [17].
Let us now recall the following result from [9] and [I1]. It deals with PDE’s on
a general domain Q@ C R",

Au+ h(u) = prp1(r) +e(x) forxe, u=0 ondQN. (2.2)
Here z € R™, r = |z| and (A1, 1(r)) is the principal eigenpair of the Laplacian
on ), with zero boundary conditions, 1 € R, e(z) € ¢i in L}(Q), and e(x) €
C*(Q) N L?(Q), for some o € (0,1).
Theorem 2.1. For problem (2.2) assume that h(u) € C*(R), f(z) € L*(2), and
R(u) <X—X, foralueR, (2.3)
[h(u)| < vlul+¢, with0 <~y <A—A1, ¢>0, andu € R. (2.4)

Then the solution set of (2.2) consists of a continuous curve (u(z), u1)(&1) param-
eterized by & € R.

~1.09. (2.1)

The following lemma extends a similar result in [II]. Recall that solutions of
(2.2) are decomposed as u(x) = &1 (r) + Ulx).

Lemma 2.2. In the conditions of Theorem assume that im,| o h(uz)/u = 0,
uniformly in z € R. Then as & — +oo, the solutions of satisfy u(xz) /& —
o1(z) in HY(Q) (and also in L*(2)). Moreover, if h(&u) = O (|€1]P) as [&1] —
uniformly in u € R, then |U(2)| g1 o) = O (|&1]772) as |&1| — oo.

Proof. By Theorem 2.1 we have a solution curve (u(z), j11)(&1). From (1.1,
AU+ MU + h(&p1 +U) = papr + €.
Letting here U = £,V obtain

h v
AV 4 ay = MalertV) e
&1 & &1
Multiplying by V and integrating, we conclude that [, [VV|?dz = O (|&]P71), as
&1 — £00, and the lemma follows (since V' L ¢y in L*(2), obtain — [, AVV dz =

fQ|VV\2da: > Ao fQ V2dr). O
Next we present one of our main results.

Theorem 2.3. There exist h(u) € C%(R) for which problem (1.1)) has infinitely
many positive solutions or any g(x,y) € L?(B) N C%(B). Moreover, all solutions

of (L.1)) lie on a continuous solution curve (u(x,y),u1)(&1), and p1(£1) oscillates
toward oo, as &1 — +oo.
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Proof. We exhibit h(u) satisfying the conditions of Theorem for which uq(&1)
oscillates toward 400, as &, — +oo. Take h(u) = y/usin[ln(u?/? + 1)] for u > 0
(observe that h(u) € C?[0,00) and h/(u) < 1 for u € [0,00)), then extend h(u)
arbitrarily to (—o0,0) so that h(u) € C?(R) and the conditions and (2.4)
hold. Calculate (for u > 0)

sin[ln(u?/2 +1)]  3ucos[ln(u®/? +1)]

h’(u): 2\/& + 2(u3/2+1) 5

and one of the anti-derivatives of h(u):

H(u) = %(UB/Q + 1(sin[ln(u3/2 +1)] — cos[ln(u?? + 1)})

2
= g(u?’/2 + 1) sin[In(u®/? +1) — %] .
Multiply the equation in (1.1)) by ¢; and integrate over B,
p = / h(&o1 +U(x,y)) prdudy. (2.5)
B
. I / 1/2
Since ||U(z,y)||z2(s) = O(&1') by Lemma and ||A' (191 +U)| 2By = O(1/§;

as & — oo, we have by the mean-value theorem

R (§101 +U) = h(&11) || 22(8) = o(1) .
Then ([2.5) becomes

/1,1(51) = QWA h(fl@l)@ﬂ“ d’f' + 0(1) . (26)

Denoting f(r) = T:il((r), and integrating by parts (using ¢1(0) = ¢o)

/1 (fl@l)sﬁlrdeg / f(r)——H (&) dr .

/f H(601) dr—gf() (cofr)

The second term on the rlght oscillates toward oo as £ — oo with the am-

plitude approachmg 23/ 2| f(0 )|§1/ 2. We show next that it dominates the first
term on the right in . A computation shows that f/(r) > 0 for all r € (0,1),
and hence the first term is estimated in absolute value by a quantity approaching

Y2e0/%6)? 3 £(1)J5 2 (nir) dr. Caleulate f(0) = 210 = — 2 so that |f(0)] =
1 1

% ~0.34. (From ¢ + 1| + vip; = 0, it follows that 2¢7(0) = —17p1(0).) An-

other computation shows that fol f’(r)Jg/2(z/1r) dr =~ 0.1, so that the second term
dominates in (2.7). Since g(z,y) € C*(B) the convergence % — 1(r) is in
C?(B) by the elliptic regularity. It follows that u(x,y) > 0 for large £, and hence
it satisfies with the original h(u) (before the extension). We conclude that
for any g(z,y) € L*(B) N C%(B) the problem has infinitely many positive
solutions. |

In Figure |1| we present an approximation of the solution curve p; = uq(§1) for
the problem (L)), with h(u) = /usin [In(u®/2 + 1)], computed using the formula
(2.6). We performed computations on very large intervals (along both & and s
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FIGURE 1. Solution curve p; = p1(&1) of (L.1)), oscillating to +oo.
Values with |u1| < 1 are not shown.

axes), and to make the resulting picture manageable a logarithmic scale is used for
both & and p;. (Log denotes the natural logarithm in Mathematica. Note that
the curve in this presentation is not continuous. It only appears so, since all values
with || < 1 have been omitted.) The result is the solution curve oscillating toward
+o0. In Figure we show the same curve in the original (&7, p1) coordinates. It is
not apparent from that picture that (&) — +oo as & — oo, since u1(&1) keeps
the same sign on large, and ever increasing intervals.

u
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FIGURE 2. Solution curve pq = u1(&1) of (1.1) for & € (0,1000)

There are other h(u) which can be handled similarly (including Mathematica
being able to calculate the integral H(u) in elementary functions). We mention
h(u) = usin[In(u? +1)] and h(u) = sin [In(u + 1)]. Next we turn to more “natural”
nonlinearities h(u).

Theorem 2.4. If0 < p < 1 there is a continuum of solutions of (1.3) (u(zx),pu1)(&1)
parameterized by the first harmonic & € (—o00,00). Along this continuum,

lime, 100 p1(§1) = 0. Moreover, the asymptotic formula (2.10) below holds.
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Proof. The existence of a continuum of solutions of (u(x), 1) (&) parameter-
ized by the first harmonic &; € (—o0, 00) follows by the result of Schaaf and Schmitt
[16], which was based on Dancer [2], see also Korman [[1]. By the Lemma[2.2] and
elliptic regularity it follows that u/&; — o1 in C?(B), as || — .

We now derive an asymptotic formula for p;(£;). Multiply the equation by
1, and integrate over B, then use Lemma [2.2 and elliptic regularity

2m 1
,ulz/upsinugoldmdyz/ / uP sinu @7 dr do
B o Jo

1 (2.8)

= 27r§f/ go{“ sin (& 1) rdr + o(&Y) .

0
Integration by parts gives
1 1 p+l
. rd

/ gofﬂ sin (£1p1) rdr = / ¥1 —— [—cos (§&11)] dr

0 0 51901 dr (29)

1
— —ég(r) cos (£141) |(1) + é/o g'(r) cos (§1p1) dr,

where g(r) = ¢"'r/¢}. Observe that g(1) = 0, while
ro cg'H 2¢h

g(0) = & lim 5 -
1

=0 () ef(0) v
(From oY + Lo + vip; =0, it follows that 297 (0) = —covf.) Hence

1 2ch cos cpé
—g(r)cos (&11) ’0 = —07201 .
S
One checks that ¢’(r) € C[0,1] is a bounded function. It follows that the oscillating
integral fol g'(r)cos (&11) dr is o(1). From (2.8)),

B 4meP P cos ey

[ = ) +o(&87h). (2.10)
Vi
It follows that uq(£1) — 0 as & — oo, concluding the proof. (]

In limiting case p = 1 the formula (while not rigorously justified) indicates
that p(€1) is asymptotic to a multiple of cos cpéy, suggesting that there is a g > 0
so that for |u| < po the problem has infinitely many solutions. The same
conclusion is supported by our numerical computations, including the following
example.

Example 2.5. We computed the solution curve p; = pq(£;) for the following
example, with the linear part at resonance,

Au+ Mu+usinu = pyp1(r) +zy  for (z,y) € B,

u=0 ondB. (2.11)

Observe that [, zyp:(r)dedy = 0. The solution curve py = 413 (£1) (solid line) is
presented in Figure|3l Notice a close agreement with the asymptotic formula (2.10))
(dashed line).
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M4

_2f

FIGURE 3. Solution curve puy = (&) of (2.11)), compared with (2.10)

Example 2.6. We computed the solution curve py = pq(§1) for an example of
(1.3), with p = 1/2,
Au+ Mu+ u'?sinu = proy (r) + 22y — 3zy* forz € B,

(2.12)
u=0 ondB.

Observe that [, (2?y—3zy*) p1(r) dzdy = 0. The solution curve py = pu1(£1) (solid
line) is presented in Figure @ The solutions u(x,y) are not radially symmetric,
although they get arbitrarily close to radially symmetric functions as |£1] — oo,
according to our results. Again, computations show a good agreement with the
asymptotic formula (2.10]) (dashed line).

M1

FIGURE 4. Solution curve py = uq(&1) of (2.12)), compared with (2.10))

3. ASYMPTOTIC FORMULA IN CASE OF A RECTANGLE

Let R = {0 <z < a} x {0 <y < b} be a rectangle in R?. In this section we
present computation of the solution curve pu; = u1(£1) on R for the nonlinearity
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considered above
Au+ \u+usinu = pyo1(z,y) + e(z,y) for (z,y) €R,
u=0 onJdR,

and derive an asymptotic formula for p(£;). Here the principal eigenfunction

o1(x,y) = \/% sin Lz sin %y satisﬁes [ ¢ dxdy = 1, and the corresponding princi-

(3.1)

pal eigenvalue of —A is \; = bQ CTtis assumed that [ [ e(z, y)e1(z,y) dedy =
0. We decompose the solutlon of (3.1) as u(x y) = &ip1(z,y) + U(z,y), with
JIRU @, y)e1(z,y)dedy =0, and & = [[,u(z,y)p1(x,y) dvdy.

Unlike the case of a ball, we shall use the stationary phase method to derive the
following asymptotic formula for &; large:

ab

p(&1) ~ (\/» &1 — ) (3.2)

after we recall the following known lemmas.

Lemma 3.1. Assume that f(x) € C%(xg—ag, xo+ag) for some constants o, ag > 0.
Then as p — o0

/r0+a0 f( ) o )2 d e T f( ) O( 1)
x)e HIETEO dy = e | — f(w0) +O(—) .
zo—ao ap 0 1%

This lemma follows from the part (i) of the following more general lemma, which
we will also need, see e.g., [8, p. 83] for the proof.

Lemma 3.2. (i) Assume that f(z) and g(z) are of class C*[a,b] and g(z) has
a unique critical point xo on [a,b], and moreover xo € (a,b) and g"(xo) # 0 (so
that xo gives a global max or global min on [a,b]). Then as p — oo the following
asymptotic formula holds

b
) ) x 2 1
2)e9(®) gy = ilral@) 3] [ =2 rzy 4 O(=),
IR praEn AR

where one takes “plus” if g (xzo) > 0 and “minus” if g"(zo) < 0.
(ii) Assume that the functions f(x) and g(z) > 0 are of class C?[0,1], and satisfy

g'(z) <0 for allx € (0,1], and ¢'(0) =0, ¢"(0) < 0.
Then, as p — 00,

1
) ) x 1
2)eth9(®@) gy — oilng(=5) [T g +0(=).
/o J@) o) G

Turning to the derivation of (3.2]), multiply (3.1) by ¢1 and integrate over R.
Then use that u ~ &1 for & large (sinu ~ sin&;p; by the mean-value theorem)

1 :// usinu py dx dy
R
~ & // @3 sin €11 d dy
R
=& Im // et dr dy

4 1 1
éhlIm// sin? facsm bye ebsin g lsnbydxdy
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For & large there are fast oscillations around zero, except near the stationary point
(o,%0) = (5, %) The approximation of the integral near the stationary point
provides the dominant contribution to this integral. Using Taylor’s formula near
(20, Y0) , ,

;?(33 - 370)2 - %(y - yo)2 )

because the second mixed partials vanish at (zo,yo). Then

a b
p1 ~ &Im (eiv%gl / sin? L pe—i€101(a=w0)? d:c/ sin? Lye~i€102(y—vo)? dy>7
ab 0 a 0 b

LT
sin —zrsin -y~ 1—
a b

where a; = a;ri\;% and ag = %. Using Lemma for large &1,

461 i2g _x [T _x [W 4v/ab 2 T
N—Im<em le™'a [ —— e " ): sm( —7>.
M ap a8y €y m Vab & 2

This formula, as well as our numerical calculations, suggests that there exist two
constants 0 < a < A so that the problem has infinitely many solutions for
w1 € (—a,a), there are at most finitely many solutions for p; outside of (—a,a),
and no solutions exist for |ui| > A.

Example 3.3. On the rectangle Ry = {0 < z < 1} x {0 < y < 2} we computed
the solution curve puy = p1(&;1) for the problem

1
Au+ Mu+usinu = pyp1(z,y) + (T — 5)(@/ —1) for (z,y) € Ry,
u=0 on 8R1,

(3.3)

with Ay = 572/4 and ¢1(z,y) = V2sin7wasinZy. Observe that [[,(z — 3)(y —
11 (z,y)drdy = 0. The solution curve p; = pq(&1) (solid line) is presented in
Figure Once again, we have a close agreement with the asymptotic formula
(dashed line).

As in the case of balls, oscillations of p;(£;) are decaying in the dimensions n > 2,
as will follow from the asymptotic formula that we present next. Consider the n-
dimensional rectangle R = (0,a1) x (0,a3) X --- x (0,a,), and the problem
on R. The principal eigenfunction of the Laplacian on R with Dirichlet boundary
conditions, and satisfying [, p7de =1, is
2n/2

. . .
p] = ———— SIn —x1 SIn — Lo -+ SIn — Ty, .
a1G2 - Ap ai ag Qnp

As in the above derivation, one shows that
2%(3_%) (a1a2...an>n 2%/2 T

/4
- -5 . (7 7T
(&) /2 & 7sin araz---ap Sy

)—>0,
as & — oo, for n > 2.

4. NUMERICAL COMPUTATIONS

We now describe the Mathematica program that was used to produce the solution
curves 1 = p1(&€1), presented above. To avoid ambiguity of notation, in this section
we shall write £ instead of £ and p instead of 1, so that u = £p1+U, and p = p(§).
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FIGURE 5. Solution curve uy = p1(&;1) of (3.3), compared with (3.2)

Our program handles semilinear equations on rather general domains solving
Au+f(u):ﬁt§01(way)+e(xay) for (.’E,y) GQ,

u=0 on 0N (4.1)

on bounded domains © € R2, including rectangles and ellipses in R?, and radially
symmetric solutions on balls in R™. Here Au = uyy (2, y) + uyy(z, y), while (A1, 1)
is the principal eigenpair of the Laplacian on 2, with zero boundary conditions and
Joeldedy=1,peR, e(z,y) € o1 in L*(2). Choosing a step size h and an initial
value & = &, let &, = & + nh. We are looking for u = p, for which the problem
has a solution w(z) = u,(x,y), with

/Q w(z, y)p1 (v, ) do dy = &, (4.2)

We utilize Mathematica’s ability (the NDSolve command) to solve linear Dirichlet
problems of the type

Au+ a(z,y)u = b(x,y) for (z,y) €Q, u=0 on N
on some domains Q € R?, including ellipses around the origin, and rectangles.
Assuming that (g, u,(z,y))(&,) is already computed, we use Newton’s method
to calculate (tn41,Unt1(z,v))(Ent1). We calculate (pin41,Unt1(2,y)) using a se-
quence of iterates (u*,u”(x,v)) beginning with (u°, u®(z,v)) = (ttn, un(z,y)). As-
suming that (u*,u*(z,y)) is already computed, we approximate f(u) ~ f(u*) +
f'(u*)(u — u¥), and solve the linear problem

Aw + f'(uP)w = pgr (z,y) + f'(W*)u” — f(u*) + e(z,y) for (z,y) € Q,
w=0 on dN

for p and w by the algorithm that is described next. One can decompose the
solution in the form w(x,y) = pwi(x,y) + wa(z,y), where wy and wq are solutions
of
Aw;y + f'(uP)w = p1(z,y), for (z,y) €Q, w; =0 on dQ,
Awy + [ (uF)wz = f'(u*)u — f(u*) +er,y), for (z,y) €2, (4.3)
we =0 on 0N.
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After calculating w; and wy, we look for p such that [, w(z,y)e1(z,y)dzdy =
€n41, and declare that value of i to be our new iterate u*+1, so that
o1 Enr — Jowa(z,y)e1(x,y) de dy

N fQ wy(z,y)e1(z,y) dedy ’ (4.4)

k+1( k+1

The corresponding w(x, y) is our next iterate u™(x,y) = pu*Tw (z,y) + wa(x,y).

k+1 k

The iterations are stopped once the relative error % is small enough.
Controlling the accuracy of iterates is the major improvement of the present

algorithm, compared with the one we used in [12)].

Remark 4.1. There is a better way of choosing the initial iterate u®(x,y) at
&n+1 (corresponding to the “predictor” of the predictor-corrector method). Write
u = u(z,y,£). Approximate u(z,y,&ni1) = w(x,y,&n) + uch = up(z,y) + uch.
Differentiate the equation in £, and compare the result with the first formula
in to get: ug = p/(&)wy & FEmp, . So that we take u’(xz,y) = un(z,y) +
(tnt1 — pn) w1, using the last function wy computed at &,. Our experiments show
considerably faster convergence.

5. ASYMPTOTICS AND NUMERICS FOR RADIAL SOLUTIONS

Let B denote the unit ball around the origin in R”, x € R"™ and r = |z|. We
present computations of the solution curve p; = py1(&;) for the radial solutions
u = u(r) of the model problem
W' (r) + Mu+sinu = pro1(r) +e(r), for0<r<1

' (0) =u(l) =0,

u”’(r) + n=

(5.1)

and derive an asymptotic formula for uq(£1). By Theorem there exists a con-

tinuous solution curve (u(r),u1)(&1) that exhausts the solution set of (5.1]), and
moreover ( ) 5 o, in C?(B) as & — oo. (The same result holds if one replaces

e(r) by e(z ) € p1.) Restricting to radial solutions we can perform numerical com-
putations for n > 3.) Recall that the principal eigenfunction of the Laplacian on B

is p1(r) = COT_%J%% (v11), where v; denotes the first root of the Bessel function
Jn_2 (r), and ¢g is chosen so that

1
/ w%(r)dz :Wncg/ J@(Vﬂ")’l"d’l’ =1,
B 0 2

which is
1

Co = .
\/wn fol J% (vir)rdr

Here w,, = lfzzirﬁ) gives the area of the unit ball in R™, where I' denotes the gamma
2

function. The correbponding principal eigenvalue is A\; = vf. It is assumed that
[ e(r)pi(r)de = wn fo )1 (r)rn=1 dr = 0. We decompose the Solution of (EH1)

as u(r) = & o1(r) + , with [, U( r)dx =0, and & = [ u( r)dz.
We now derive an asymptotlc formula for the function pq(&1), by usmg that

u(zx) ~ &1 for large & . Multiplying the PDE version of equation (5.1)) by ¢; and
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integrating over B

1 = wn/o (sinu(r)) @1 (r)r"tdr

1

~ wn/ (sinflcpl)gol(r)r”_l dr (5.2)
0

_ wp 1 o1(r)rm=t d

= H/o W%(—COS&%) dr.

Integrating by parts, and denoting f1(r) = ¢1(r)r" =1/} (r), obtain (¢1(1) = 0)

1
i~ S (Fu(0) cos i (0) + | i(r)cos&apr(r)dr) (5-3)
&1 0

The next steps depend on the dimension n.
Assume that n = 2. Then wy = 27, ¢1(r) = C()J()(VlT) Where vy is the first root
of the Bessel’s function Jo(), co is given by (2.1), f1(r) = o (T)) , and
p1(0) 2
el i
We conclude that for large & (using that ¢1(0) = ¢p, and that the oscillatory

integral in (5.3)) is o(1))

f1(0) =

4r
p1 ~ ——— cos coé1, (5.4)
£1V1

which is consistent with (2.10) at p = 0. .
Assume now that n = 3. Then w3 = 4m. Since J1 (z) = %, we have v, = 72,

p1(r) = SA=sinmr, <p1 = /3. Also, fi(r) = 4’1: It follows that f1(0) = 0, so
that the first term in vanishes. Then by Lemma (ii),

4 L
1 ~ ?TRe /0 fleisrer dr

— 4i i(&l%@)‘%)
& e o ©

:Zm@ﬂ‘qzmwﬂm

As above, calculate 3¢} (0) = —m2p1(0), so that |} (0)| = 3\[ A short calcula-
tion shows that

f1(0) = W:_ﬁ.

We conclude that for large &1,

12v/3V2 T
1~ —@ cos (51\/;— Z) . (5.5)

For numerical computations of radial solutions we used the algorithm described
in a previous section. Computations can be performed accurately in any dimension,
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because the linearization of (5.1]) involves a boundary value problem for an ODE,
readily handled by Mathematica. The formula (4.4) takes the form

b _ et = wn Jy wa(r)r (r)r " dr
“n fol wi(r)pr (r)rm—tdr

Example 5.1. For n = 3 we solved the problem ({5.1)) with e(r) = =7~ (observe
that [5e(r)ei(r)de = 0), see Figure @ The solution of (5.1) (solid line) is in a
good agreement with the asymptotic formula (5.5) (dashed line).

M

0.15]

0.10f

~0.05]

FIGURE 6. Solution curve pq = u1(&1) of (5.1), n = 3, compared
with the asymptotic formula (5.5))
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