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ABSTRACT. This article concerns the clamped plate equation
A2y = Xa(z)f(u), inQ,
ou
u=— =0 on 0%,

ov
where  is a bounded domain in R? of class C4%, a € C(Q,(0,00)), f :
[0,00) — [0,00) is a locally Hélder continuous function with exponent «, and
A is a positive parameter. We show the existence of S-shaped connected com-
ponent of positive solutions under suitable conditions on the nonlinearity. Our
approach is based on bifurcation techniques.

1. INTRODUCTION

Let Q denote a bounded domain in R? of class C*®. We consider the clamped
plate problem

A%y = Af(z,u) inQ, (1.1)
Ju
u=o =0 on 04, (1.2)

where 9/0v is the outward normal derivative, o € (0,1], f : 2 [0, 00) = [0,00) is a
locally Hélder continuous function with exponent a. , forms a model for
the clamped plate where f is the load and u the deviation of the plate 2. Boggio
[2, 8] and Hadamard [16] [17] extensively studied this model when Af(z,u) = e(z)
and f (z,u) = u, respectively.

Dalmasso [7] used the Schauder fixed point theorem to study the existence of
positive solutions of nonlinear boundary-value problem of elliptic equation of order
2m under the assumptions

(1) for z € Q, f(x, s) is nondecreasing in s;

(2) lirns—>0 minzeﬁ f~($, 8)/5 = o0, hms—)oo max,cqo fz5) = O,

S
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and considered the following domains: the unit ball B = {z € RY : ||z| < 1},
N > 1, and a bounded domain of class C?™ close in C?"™“-sense to a ball.
MaAagli, Toumi, and Zribi [20] also used the Schauder fixed point theorem to show
the existence of positive continuous solution (in the sense of distributions), when
Q is the unit ball B in RY and N > 2, and the nonlinearity f satisfies appropriate
conditions related to a Kato class of functions K,, y. At most two radial positive
solutions were obtained in above mentioned papers.

The aim of this article is to study the global structure of positive solutions for

problem (1.1)), (1.2) on Q C R? when

f(z,s) =a(z)f(s), =€, sel0,00),
and to show that the positive solutions set contains an S-shaped connected com-
ponent under suitable conditions; consequently, , possesses at least three
positive solutions for A belonging to certain open interval.

We work on ©Q C R? for the following two reasons:

(1) we need to assume that Q is a bounded domain of class C*+®(Q) which is
€o-close in C*“-sense to B C R? for some ¢y > 0 (see Grunau and Sweers [13] [14]
for the detail);

(2) Harnack inequalities are very important in study of the shape of connected
components of positive solutions of second order elliptic problems, see Sim and
Tanaka [23]. However, no general Harnack inequalities are available for the poly-
harmonic problems, see Gazzola, Grunau, and Sweers [11, P.146]. Caristi and
Mitidieri [6, Theorem 3.6] proved a Harnack type inequalities for linear biharmonic
equations containing a Kato potential when N > 4, which cannot be used to treat
the biharmonic problem on Q C R2. To establish a Harnack inequality for bihar-
monic problems on @ C R?, we need below. Notice that need the
restriction N =m = 2.

For earlier results on the existence and multiplicity of solutions to the mathe-
matical models of nonlinearly supported bending beams see the well-known survey
paper of Lazer and Mckenna [I§].

2. PRELIMINARIES

Let Y be the Banach space C(£2) equipped with the supremum norm | - || (q)-

2.1. Principal eigenvalue. The biharmonic eigenvalue problem with Dirichlet
boundary conditions has the form
A%p =\p inQ,
0
i - 0 on 99.
ov
The famous conjecture for this problem was as follows; by now it has numerous
counterexamples.

(2.1)

Conjecture (Szegd, 1950) If Q2 is a ‘nice’ domain (convex), then the first eigen-
function for is of fixed sign.

This conjecture was proved to be wrong, see Duffin and others [8] 10} [19] 4] [22].
Coffman [4] proved that the first eigenfunction on a square changes sign. For the
domains

Ac={(z,y) eR?*: e <2 +y* <1} withO<e<1.



EJDE-2021/SI/01 BIHARMONIC EQUATIONS 241

Coffman, Duffin and Shaffer [5] proved the fundamental mode of vibration of a
clamped annular plate A, is not of one-sign.

We first recall the definition of closeness of domain introduced by Grunau and
Sweers [13].

Definition 2.1. Let € > 0, a € (0,1], Q is called e-closed in C*2_sense to QF, if
there exists a C** mapping g : Q* — Q such that g(Q*) = Q and
Hg - Id”Ck’O‘(Q*) S €.

Using Dalmasso [7, Lemma 3.1(2)] and Dalmasso [7, Theorem 2.2 (ii)], we may
deduce the following result.

Lemma 2.2. Let Q C R? and Q is a bounded domain of class C**. Then there
exists €9 > 0 such that if Q) is e-close in C*® sense to B for all 0 < € < €, then
(1) the problem

Au=e¢ inQ,
ou
u-a—() on 0N

with some e € C%*(Q) has unique solution u € C*(£).
(2) If e > 0 and e £ 0, then % > 0 for x € 09).
In the following, we consider the eigenvalue problem
A?u = a(z)u, inQ,
(2.2)
u = @ =0 on 99,
v

where a € C(Q, (0,00)). The first eigenvalue of (2.2)) is defined as
A2,

A 3) = — 0
1(a0) = i o T2,

where H2(Q) is the closure of C°(Q) with respect to the normal || - |22, and
C2°(9) is the space of C°°(Q2)-functions having compact support in €.

Applying Lemma 2.2 and the standard Krein-Rutman type argument, we may
obtain the following result.

Lemma 2.3. Let €y be the constant as given in Lemma . IfQCR? and Q is a
bounded domain of class C**(Q) which is ey-close in CH%-sense to B, then

(1) the first eigenvalue A1(a(-)) of (2.2) is simple;

(2) the corresponding eigenfunction v is of one sign;
2

(3) 24 >0, a€aQ.

2.2. Shape of positive solutions. We will make the following assumptions:

(HO) f:[0,00) — [0,00) is a Holder continuous function with exponent «, and
f(s) >0 for s > 0;
(H1) a € C(£, (0, 0));
(H2) there exist 8> 0, fo > 0 and f; > 0 such that
f(s) = fos

lim ———— = —fy;
s—0t sit+h fl’
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(H3)
foo := lim @

s—00 8§

=0.

Remark 2.4. It is easy to show that if (H2) holds, then

s—0t S
Moreover, if (H3) holds, then there exists § > 0, f* > 0 and v* > 0 such that
f(s) < f*s, Vs>0; f(s)>~"s, Vse]0,d]. (2.3)

Lemma 2.5. Let (HO)-(H2) hold. Let so € (0,00) be a constant and let (A, u) be
the nonnegative solution of

Au = Na(x)f(u) =€,

24
U= Ou =0 2€00 (24)
Ov
with max{u(x) : z € Q} = u(zo) = so. Then
e (0, M]

for some positive constant My > 0, which is independent of u and .

Proof. Assume on the contrary that there exists a sequence {(uyn,un)} of positive
solutions of (2.4]) with
unllo@) = S0, pn — 00 asn — oo. (2.5)
Let y, := un/Huan(Q). Then
AQyn = Mna(x) f(un(x))yn UAS Qy
tin () (2.6)
OYn
n — —(/—— — Q.
i ey 0 z€0d
Since (HO0) and (H2) imply that f(s)/s > po for s € (0, sq] for some py > 0, we let
Y :p(z) > 0 in Q, be the eigenfunction corresponding A (a(-)), i.e.
A% = M(a())a(z)y, i,
(2.7)
= @ =0 on 9.
v

Multiplying the equation in (2.6 by 1 and multiplying the equation in (2.7)) by vy,
integrating over {2 by parts and using that

¥ Ay, de = / Ay, A dx, (2.8)

Q Q
we deduce from p, — oo that y, must change its sign in Q if n is large enough.
However, this is a contradiction. ([l

Lemma 2.6. Let (HO)-(H2) hold. Let so € (0,00) be a constant and let A :=
[0, max{My, A\ (a(-))/fo + 1}] be a compact interval. Let (X, u) be the nonnegative
solution of
A?u = da(z)f(u) x€Q, (2.9)
ou

u=o 0 x €09, (2.10)
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with A € A and max{u(z) : x € Q} = u(xg) = s9. Then
xo € Qs :={z € Q:d(z,00) >4} (2.11)
for some positive constant § = §(sg), which is independent of A € A.

Proof. Assume on the contrary that there exists a sequence {(ug,yx)} of nonnega-
tive solutions of (2.9), (2.10) with ux € A, |lyk|lc@) = so and

d(zok, 02) — 0 ask — oo,
where yi(20,1) = max{yx () : © € Q}. Since {pra(-)f(yxr(-))} is uniformly bounded
in C(Q), it follows that

lral) f (Yr()lLe (@) < Mo (2.12)

for some constant M, > 0.
By Agmon-Douglis-Nirenberg estimates in [I], for any p > 1,

lurllwas ) < Collaxal) F () o < CpMo, (2.13)
where C), is a positive constant. By the embedding theorem [I1, Theorem 2.6],
WHP(Q) — C**(Q)
forallp> 25 =2and a € (0,1 — %]O(O,l). Thus
ukllcs.a@) < Ms (2.14)

for some constant Mz > 0. Since C**(Q) —— C(Q) is a compact embedding,
it follows that after taking a subsequence if necessary, yj converges to § in C(Q).
Moreover,

191l c(@) = so- (2.15)
Since Q C R? is bounded and closed, we may assume that Zo,x — ¢, and conse-
quently, §(z*) = so. On the other hand, z* € 99, which together with the fact
Yn(2) = 0 on 9Q imply §(z*) = 0. However, this contradicts (2.15). O

2.3. Global solutions branches for positive mappings. Suppose that E is a
real Banach space with norm || - ||. Let K be a cone in E. A nonlinear mapping
A :[0,00) x K — E is said to be positive if A([0,00) x K) C K. It is said to be K-
completely continuous if A is continuous and maps bounded subsets of [0, 00) x K
to precompact subset of E. If L is a continuous linear operator on E, denote (L)
the spectral radius of L. Define

cx (L) = {X € [0,00) : there exists x € K with ||z|| =1 and = ALz}.
The following Lemma will play a very important role in the proof of our main
results, which is essentially a consequence of Dancer [9, Theorem 2] .
Lemma 2.7. Assume that
(i) K has nonempty interior and E = K — K;
(ii) A:[0,00) x K — E is K-completely continuous and positive, A(\,0) =0
for AeR, A(0,u) =0 forue K and
A\ u) = ALu+ F(\ u),
where L : E — E is a strongly positive linear compact operator on E with
r(L) >0, F': [0,00) x K — E satisfies ||[F'(A,u)|| = o([lul]) as [lul]| =0
locally uniformly in X.
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Then there exists an unbounded connected subset C of
Dr(A) ={(A\u) €[0,00) x K :u=A(\u), u# 0y U{(r(L)"",0)}
such that (r(L)~1,0) € C.

3. MAIN RESULTS

Let § be a positive constant. In the rest of this paper we will take ¢ to be
the constant in Lemma [2.6| with A = [0, max{Mj, A1 (a(:))/fo + 1}]. To study the
multiplicity of positive solutions of (2.9)),(2.10)), we need the following assumption

(H4)

. f(s) Cfo
min > . )
g<s<s s Ai(a(s)) ming, , Ga2.0(x, y)aol By el

(3.1)

where ap = ming a(-), |Bs/2| = meas Bs /2,
Q ={xeQ: dz,00)>r}, B,:={zxeB: d(z,J0B)>r},

and C' is the constant satisfying

1

6(d($))20272,3(0,y) < G22,B(7,y) £CG228(0,y) 2,y € B, (3.2)
where d(z) = d(z,00), G2 2 p is the Green function of A? for the Dirichlet
problem in B, see Maagli, Toumi and Zribi [20], P.3] for the details.

Using a similar idea to show the existence of three positive solutions of one-

dimensional p-Laplacian problem and arguing the shape of bifurcation as in Sim
and Tanaka [23], we have the following results for

A?u = a(z)f(u) in Q, (3.3)
0
u= 571: =0 on Q. (3.4)

Theorem 3.1. Let ¢y be the constant in Lemma . Let Q C R? is a bounded
domain of class CH*(Q) which is eg-close in C*“-sense to B. Let (H0)—(H4) hold.
Then there exist A, € (0, A\1(a(+))/fo) and X\* € (MA1(a(+))/ fo,00) such that

See illustrations in Figure [1]

Remark 3.2. From Grunau and Sweers [14] [15], the Green function in (3.2)) is

|zly— 2| /2]
Goz.5(@,y) = asle — o / (0~ 1o 'do, zyeB, (35)
1

and satisfies

Ga2,5(2,y) ~ d(z)d(y) min {1, W}, (3.6)

where kg2 is a known constant. By combining (3.5)), (3.6) and doing numerical
calculation, the exact value of C' in (H4) can be obtained, denoted as C°.
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lleelloo

A A1 ((a(t)) A* A
fo

FIGURE 1. Connected component of the solution set of (3.3)), (3.4)

Remark 3.3. For the general case 2 # B, we may transform , into a
new problem in B using the holomorphic mapping from 2 to B, see Grunau and
Sweers [15]. By (3.5) and some simple computations we may obtain a constant
C* > 0 such that the Green function Ga 2 a(x,y) of , and Ga2,5(x,y)

satisfy

1
502,2,3(50,:‘/) < Gapalz,y) < C*Gapp(r,y).

Remark 3.4. We may provide an example to illustrate the application of Theorem
B in the case 2 = B. Take

1 >
K = max {7, ~C } +1
2" X (1) G2 | Bs ol
and 65/2 = minBé/2 Gs2,2.5(x,y). Let us consider the boundary value problem

A%y = f(u), in B,

U= @ =0 onJdB, (3.1)
v
with
s — 52, if s €[0,1/2),
;. JRK-3)s—K+13, ifsel[1/2,1),
H&) =1 k2, if s € [1,0°],
K(C®)3/2/s, if s € (C°,00).

Obviously, f is a continuous, non-decreasing function with f(0) > 0, from [T}
Theorem 7.1] the solution u of (3.7)) is radially symmetric. So, we may take § = 1/4.

Obviously, f satisfies (H2) and (H3) with 8 = 1,1 = 1,fo = 1; (H4) with
§ = C° is satisfied since

f(s) . ce

mln = min Ks>K> ————.
Ss<s<s S 1<s<C° A1(1)Gyys | Byys]
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Thus, we are in the position to use Theorem [3.1]

4. BOUNDS OF SOLUTIONS
4.1. A priori estimation. Let
X = {u e C*>¥(Q) : u satisfies (3.4), and there exists v € (0, 00) such that

— (@) < u(z) <yi(z), z € Q.

Then X is a Banach space under the norm
lullx = inf{y s —y(x) < u(x) < () for z € Q).
Let
P:={ueX:ulx)>0, zecQ} (4.2)

Then P is normal, has a nonempty interior, and X = P — P.

Lemma 4.1. Let Q be as in Theorem[3.1] Let (HO)-(H3) hold. Let J := [a1,b1] C
[0,00). Assume that {(in,yn)} be a sequence of solutions of (3.3)),(3.4) with

pn € Js Nynlle@ <M (4.3)
for some constant M, independent of n. Then y, € C*(Q)NX and {y,} is bounded
m X.

Proof. Tt follows from ,
A%y, = pna(z) f(yn) in Q,

Yn
ynza—yy:O on 012,

and Grunau and Sweers [14, P.620], that for any p > 1,
||ynHW§’p(Q) < My

for some positive constant My, independent of n. Thus, the Sobolev imbedding
theorem [12], Corollary 7.1] guarantees that

lynlles@) < Ms,

and consequently, ||y |lco.a(q) < M for some positive constant Ms, independent
of n. Thus

[naf(yn)llcon@) < M7

for some positive constant My, independent of n. Combining this with (3.3)), (3.4)
and using [7, Lemma 3.1], it follows that

[ynllcae@) < Ms
for some positive constant Mg, independent of n. Therefore,
lyn(@)| < Csip(z) z€Q

for some positive constant Cs, independent of n. Therefore, ||y,||x < My for some
positive constant My, independent of n. [
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Let h : B — € be a bijection such that
h(zq1 +ixa) = hy(z1,22) + ihe(z1, 22)
is a holomorphic mapping. Then A(u o h) = £|Vh|*(Au) o h. We write
g(z) = 2(VR) ()] 2. (1.4)
If 092 is sufficiently smooth, then a Theorem of Kellogg-Warschawski (see [21])

implies that h is sufficiently smooth and that there exist ¢; > 0 such that ¢; <
|(Vh)(z)|~2 < ca. The problem (3.3)), (3.4) can be transformed into

(9()A)*(uo h) = (Aa(-)f(u) o h) in B, (4.5)
(woh) = 8(%2 " _0 onon, (4.6)

which can also be written as

((=A)*+ A)(uoh) =g 2((Na(-) f(u)) o h) in B, (4.7)
(uoh)= a(léz ") =0 ondB, (4.8)

where for some A of the form

A=Y a.(x)D a.€C(B). (4.9)

|a|<4

And Q is close to the disk B means that ||h — Id|cs(p) sufficiently small. For
example this holds for an ellipse that is close to a circle, see Grunau and Sweers[T3].

Lemma 4.2. Let Q be as in Theorem and N =2. Let I C (0,00) be a compact
interval. Assume that (HO)—(H3) hold. Then there exists Myg > 0, such that for

any positive solutions of (3.3), (3.4) with X\ € I, we have
ulle@) < Mio- (4.10)

Proof. Suppose on the contrary that there exists a sequence {(n,u,)} of positive

solutions of (3.3)), (3.4), such that

o €1, lunllogy = o (4.11)

This together with the fact h : B — (2 is a bijection and ||h —Id||cs () is sufficiently
small that

By Maagli, Toumi and Zribi [20, P.3], N = m = 2 implies

1
a(d(x))ZGz,z,B(an) < G225(z,y) <CG225(0,y) z,y€B, (4.13)
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where d(z) := dist(z,0B) > 0 in B. From this and (4.11)), (4.12), it follows that

for x € B,
(1r 0 1)) = [ Ga . g)af (o) (w)dy
>0 [ G Gap(0.9)af (w0 ) )y
>0 [ G §Ganp(ans)af (o ) )y
~ ()@ [ XGaaneu)af((un o )y
1

= @(d(x)y”’un o h||C(B)’

where (uo h)(z,) = [[u o hl|¢(q). Thus, for any o >0,
lim (up oh)(z) =00 uniformly for x € Q,.
n—oo

Let
Up o h

Yn = .
[un o hlloes)

(4.14)

(4.15)

Then by (4.11)), (4.12)) and standard compact argument, we deduce that after taking

a subsequence if necessary, y, — y* for some y* with |ly*||c(5) = 1.

On the other hand, combining (4.11)), (4.12)), and using fo =0, I C [0,0), and

(4.15), it follows that ||y*[|c(py = 0. However, this is a contradiction.

O

Using a similar argument for (4.14)), we obtain the following Harnack type in-

equalities.

Lemma 4.3. Let Q C R? be as in Theorem . Let 81 and B3 € (0,00) be two

positive constants. Let V € C(Q) with
B1<V(z) <Pz zef
If u is a nonnegative weak solution of
APu=V(z)u z€Q,
U= a—u =0 xe€09,
v
then for any o > 0, there exists C = C(f31, B2) such that we have

supu < Cinf u,
Q Qo

where C is independent of u and V € {w € Y : f1 <w(x) < P for xz € Q}.

5. RIGHTWARD BIFURCATION

Define L : D(L) — Y by
Lu := A%,
on the domain
D(L) = {u € C*>*(Q) N C*(Q) : u satisfies (3:4)}.
It is easy to check that L™ : Y — Y is compact.
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It follows from Dalmasso [7, Theorem 2.3] that if for any 2z € Y with 2z > 0 and
2(zg) > 0 for some zy € Q with

Lu—2z=0. (5.1)

Then u € int P.
Let ¢, & € C([0,00)) be such that

fw) = fou+((u),
f) = foou+&(u)

with
TR CO B S T CO )
u—0 u UuU—r00 u
Let R
&(r) = max{|&(u)] : 0 < u < r}. (5.2)
Then 5 is nondecreasing and R
TILHC}O @ =0. (5.3)
Let us consider
Lu(z) = Afoa(z)u(z) + Aa(z)¢(u(z)), x€Q (5.4)

as a bifurcation problem from the trivial solution u = 0.
Combining this with Lemma[2.7] we can conclude that there exists an unbounded
connected subset C of the set

{(A\yu) € (0,00) x P: (A u) satisfies (5.4), v € int P} U{(A1(a(-))/f0,0)}
such that (A1(a(-))/fo,0) € C.
By the method used by Sim and Tanaka to prove [23, Lemma 2.3], with obvious
changes, we obtain the following result.

Lemma 5.1. Let Q be as in Theorem |3.1, Let (H0)—(H2) hold. Let {(nj,u;)}
be a sequence of positive solutions to (3.3)), which satisfies ||lugllcq) — 0
and n; = M(a(-))/fo. Let ¢ be the eigenfunction corresponding to Ai(a(-)), which
satisfies ||Y]|c) = 1. Then there exists a subsequence of {u;}, again denoted by
{u;}, such that u;/|lujll o) converges uniformly to ¢ on €.

Lemma 5.2. Let Q be as in Theorem [3. Let (H0)—(H2) hold. Let C be as in
Lemma , Then there exists & > 0 such that (A\,u) € C and |A — A (a("))/fol +

lulle@) < 0 imply A > Ai(a(+)/ fo.

Proof. Assume on the contrary that there exists a sequence {(n;,u;)} such that
(n7u5) € €, n; = Mla()/for luslley — 0 and n; < M(a())/fo. By the
standard argument, we may get that there exists a subsequence of {u;}, again
denoted by {u;}, such that w;/[|lujl|c(q) converges uniformly to 1 on Q, where
1 > 0 is the first eigenfunction of which satisfies [|1[|c(q) = 1. Multiplying
(3.3) with (A, u) = (n;,u;) by u; and integrating it over €2, we obtain

[ o))y = [ (Suy(o)Pde

Q
Using the definition of A;(a(-)), we obtain

nj[)a(w)f(uj(w))uj(x)dx > Al(a(-))/ a(z)(u;(x))*dz.

Q
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It is easy to see that

f(uj( fOu] 2+ﬂd
A““> |% BB ‘wmem‘ v
M
; 77]”“]”0(9 / ‘HUJHC(Q ‘

Lebesgue’s dominated convergence theorem and (H2) imply that

/a(x)f(“j(f”)) fou;(x ]M da — ff1/ a(@) () *Pdz < 0
Q Q

Juj ()17 ’ ||UJ||C(Q

and
/aa:‘ ‘dm—)/ x)[*dx > 0.
Q HU‘JHC(Q)
This contradicts 17; < A1 (a(-))/ fo- d

6. DIRECTION TURN OF BIFURCATION

In this section, we show that there is a direction turn of the bifurcation under
assumptions (H3) and (H4).

Lemma 6.1. Let Q be as in Theorem . Let (HO)—(H3) hold. Let u € C*(Q2) be
the positive solution of (3.3), (3.4) with u(zo) = |[ullc(@) = so for some so > 0,
and X € [0,max{M, A1 (a(-))/fo +1}]. Then

1
6”“”0(35/2(“)) < u@) < lullosy o)), @ € Bsja(ao) (6.1)

where C is the constant in (3.2)).

Proof. Lemma [2.6] yields z¢ € Qs. Thus the desired results is an immediate conse-
quence of (4.13). O

Lemma 6.2. Let Q be as in Theorem[3.1 Assume that (HO)—(H4) hold. Let u be
a positive solution of (3.3),(3.4) with ||ullcq) = so. Then

A< Ai(a(-)/fo, or A>Ai(a(-)/fo+ 1.
Proof. Let u be a positive solution of (3.3)), (3.4). Then from Lemma [6.1] we have

1
gooSulr) <so, w€ Bs o ("),

where u(z*) = HU||C(Q)~
Assume on the contrary that A > Ay (a(+))/fo. Then from Lemma [2.6]and (H4),
it follows that

—)\/G229 =", y)a(y) f(u(y))dy

> A ; Ga2.0(z",y)a(y) f(u(y))dy
5/2

zx/ Ga.0(w*, y)aly) f(u(y))dy
Bs/a(x*)
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. f(uly
[ Gaaole o) I iy
Bs/o(x*) u(y)
Ai(a() . o f(s) so
> ——"minG x,1y)ag meas B min ———
- fo Q572 2’279( y) 0 o V<s<sg S C
> Sp.
This is a contradiction. Therefore, A < w |

7. SECOND TURN AND PROOF OF THEOREM [B.1]

In this section, we give a block for a parameter and a priori estimate and finally
a proof of Theorem

Lemma 7.1. Let Q be as in Theorem [3.1], Assume that (HO)—(H4) hold. Let
(A, u) be a positive solution of (3.3),(3.4). Then there exists C1 > 0 independent of
u such that Mf(||ull¢(a)y) < C1, where

f(s) = minsf(t)/t. (7.1)

Proof. Let u(zy) = [|ullc(q)- Then

w(@y) = A A Gaz.0(zu; y)a(y) f(uly))dy

> A\ - )Gz,z,sz(xu,y)a(y)f(u(y))dy

. 1
2 Amin G2,2,Q($7y)\36|00i(|\u||0(0))6||UHC(Q)7

5/2

which implies Af([|ull¢(q)) < C1 for some Cy > 0. O

Proof of Theorem[3.1. By Lemma C is bifurcating from (A1(a(-))/fo,0) and
goes rightward.
We claim that there exists a sequence {(8;,u;)} C C satisfying

B - 400, Jujlleq — oo (7.2)
Assume on the contrary that there exists * > 0, such that
lullc@) < Mir for all (A, u) € C with A > §*. (7.3)
Then 0 < [[ull¢q) < Mi1 implies f(||ull¢(q)) > do for some constant o > 0, and
consequently
/\i(||u||C(Q)) — 00 as \— oo. (7.4)

However, this contradicts Lemma Therefore, holds.

Thus, there exists (8,u0) € C such that [[ugllc(q) = So- Lemma implies
that By < A1(a(+))/fo. By Lemmas and C passes through some points
(Ai(a())/ fo,v1) and (Ai(a())/ fo, v2) with [lvillc@) < so < [lvzllc(@). By Lemmas
and [6.2| and the fact C N ({0} x P) = {(0,0)}, there exist A and A which satisfy
0 <A< A(a()/fo < Xand both (i) and (ii):

(i) if A € (\1(a(+))/fo, A], then there exists u and v such that (X, u), (A\,v) € C
and [ullcq) < [vllc@) < so;
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(ii) if A € (A, A1(a(+))/ fo], then there exists u and v such that (A, u), (A\,v) € C
and [ullcq) < so < [[v]le)-

Define \* = sup{\ : A satisfies (i)} and A, = inf{\ : ) satisfies (ii)}. Then by
the standard argument, , has a positive solution at A = A\, and A = \*,
respectively. Since C passes through (A1(a(-))/fo,v2) and (8;,u;), Lemma and
imply that, for each A > Ai(a(-))/ fo, there exists w such that (A, w) € C and
[wllcy > so. This completes the proof. O
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