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LIMIT FOR THE p-LAPLACIAN EQUATION WITH
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EYLEM OZTURK, JULIO D. ROSSI

In memory of Alan C. Lazer, a great mathematician

ABSTRACT. In this article we study the limit as p — oo in the evolution prob-
lem driven by the p-Laplacian with dynamical boundary conditions. We prove
that the natural energy functional associated with this problem converges to a
limit in the sense of Mosco convergence and as a consequence we obtain con-
vergence of the solutions to the evolution problems. For the limit problem we
show an interpretation in terms of optimal mass transportation and provide
examples of explicit solutions for some particular data.

1. INTRODUCTION

Our main purpose in this article is to study a nonlinear diffusion equation ob-
tained as the limit as p — oo to the p-Laplacian with dynamical boundary con-
ditions. More precisely, we look for the limit as p — oo of the solutions to the
problem

0=Au(z,t), z€Q,t>0,

du

o (x,t) + |Vu|p_2@(x,t) = f(z,t), €N, t>0, (1.1)

I
u(z,0) = up(z), =z €N

Here 2 C RY is a bounded smooth domain, %Z denotes the outer normal derivative
of u and f is a nonnegative function that represents a given source term localized
on 02, which is interpreted physically as adding material to an evolving system,
within which mass particles are continually rearranged by diffusion. In this model
it is assumed that diffusion is much faster inside the domain than on the boundary,
hence the time derivative appears only in the boundary condition.

Associated with this evolution problem we have the functional E, : L2(9Q)
R U {400},

E = eWwl.r(Q . 0 ; tr 1
tr p S (] W P Q ,
p(u) v b (Q2),trace(v)=u f | /U‘ u ac ( ( ))

(1.2)
+0o0 u & trace(W1P(Q)).
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As we mentioned before our aim is to look for the limit as p — oo of the so-
lutions u, to . To this end we use a general result by Mosco [23] 24]: if the
associated functionals converge to a limit functional (in an adequate sense, that
roughly speaking, means convergence of the epigraphs, see Section |2| for the precise
definition) then the corresponding solutions to the associated evolution problems
converge to the solution associated with the limit functional.

The limit of the functional E,, as p — 00 is Eu : L2(992) — RU{+00}, given by

Eo(u) = {0+OO Z Zj: (1.3)
where
Ao = {u € C(8Q) : Fv: Q — R with |[Vv| < la.e Q,v[pg = u}.
Our first result reads as follows.
Theorem 1.1. The functionals E, converge to E, as p — oo in the Mosco sense.

As a consequence we have the convergence of the solutions to our evolution

problem .

Theorem 1.2. Let u,(x,t) be the solution of problem with a fized initial

condition vy € KLZ(BQ) and fized right hand side f € L*(0,T : L*(0R)). Then
Up = Uso (1.4)

as p — oo in C([0,T] : L*(99)), that is,

li t) — o'} 'at =0.
i 2 [0 = el Ol

Moreover, the limit us is characterized as the solution to

f(x,t) - %

; (x,t) € OB (u(x,t)) =€ 0Q,t >0,

u(z,0) =up(z) =€
If we assume that ug € L*(0) and f is such that

sup /89 |f(z,t)|do(z) —|—/8 g(m,t)‘da(x) < +o00.

te[0,7) ol ot

(1.5)

Then there exists a subsequence p; — oo such that
Up, = Uno  a.e. and strongly in L*(9Q x [0,T7]),
Vu,, — Vs weakly in L*(0Q x [0,T]), (1.6)
dup,  Ouss
ot ot

Finally, we relate the limit problem with an optimal mass transport problem in
Theorem the optimal mass transport problem is defined with a cost given by
the distance between points on 0f2 considering paths inside €2, that is defined as
the minimum of the lengths of the paths inside 2 that join the two points. We call

this distance dg. It turns out that the limit of the solution to the limit problem,
Uoo (-, 1), is a Kantorovich potential for the optimal mass transport problem between

f(-,t) and %= (1)

weakly in L* (09 x [0,T7).
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Theorem 1.3. The solution to the limit problem (1.5 satisfies

Qoo

| uten) (G ) = @) )dota)

Qoo

= max v(z)| ——(x,t) — f(x,t) |do(x),
”:lv(z)_“(y)\Sdn(z,y)/89 ( )( ot ( ) f( )) ( )

that s, us 1s a Kantorovich potential for the dual formulation of the Monge-
Kantorovich mass transport problem between f(-,t)do and ‘9:;—?(~,t)d0.

As was pointed out in [I], the limit problem can be interpreted as a model
for the formation and growth of a sandpile where particles of sand are distributed
on 0N (here us(z,t) describes the amount of the sand at the point x at time ¢t).
The main assumption being that the sandpile is stable when the slope is less than
or equal to one and unstable if not.

We also include some explicit examples of solutions to the limit problem. In
these examples one can appreciate the mass transport interpretation of the limit
problem. Also we illustrate a curious phenomenon, the support of the solution on
092 may be disconnected even if the domain is strictly convex, the initial condition
is zero and the reaction has connected support.

Dynamical boundary conditions appear in modeling physical phenomena when
there is a thin layer around the boundary in which reaction takes place. We refer
to [I11, 2], 13 [16] 20} 211, 25] for general references concerning evolution problems
with this kind of boundary conditions.

As a precedent concerning limits as p — 0o, we mention that problem in the
elliptic (time independent) case was studied in [I7] (see also [18] for the associated
eigenvalue problem). Here one needs to assume that [, aa f = 0 (otherwise, there
is no solution) and to have uniqueness of solutions one normalizes according to
Jogu=0.

Concerning evolution problems with the p-Laplacian, the counterpart of our
results for the Cauchy problem was obtained in [IJ, [14]. In these references it was
studied the limiting behavior as p — oo of solutions to the quasilinear parabolic
problem

%(m,t) — Apv(z,t) = f(z,t), in (0,T) x RY,

v(x,0) = ug(z), in RV,

In [1I], assuming that ug is a Lipschitz function with compact support, satisfying
|Vuo| <1, it is proved that v, — vs and the limit function v., satisfies

Fz,t) — %(x,t) € OF s (voo(, 1)),

where

Foo(v) = 0, if [Vo| <1,
Y ] 400,  otherwise.

Other related papers that deal with limits as p — oo in p-Laplacian problems
are [4, Bl 6, 19]. The relation between a limit as p — oo in a p-Laplacian problem
and optimal mass transport was first found in [I5] (see also [5]).

The rest of the paper is organized as follows: in Section [2] we gather some
preliminary results concerning Mosco convergence of functionals; in Section [3] we
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prove the convergence of the functionals £, to F. stated Theorem @ and we
deduce the convergence of the solutions to the evolution problems in Theorem (1.2
In Section [4f we deal with the Mass transport interpretation of the limit problem.
Finally, in Section [5] we include some explicit examples of solutions to the limit
problem.

2. PRELIMINARIES

Now, we recall the definition of Mosco-convergence. If X is a metric space, and
{A,} is a sequence of subsets of X, we define

liminf A,, ;== {:c €X:dx, €A, x, — x},

n—oo

limsup A4, := {x € X :dz,, €Ay, Tn, — IE}

n— oo

If X is a normed space, we denote by s-lim and w-lim the above limits associated,
respectively, to the strong and to the weak topology of X.

Definition 2.1. Let H be a Hilbert space. Given ¥,,, ¥ : H — (—00, +00] convex,
lower-semicontinuous functionals, we say that ¥, converges to W in the sense of
Mosco if

w-limsup,,_, ., Epi(¥,) C Epi(¥) C s-liminf Epi(¥,,), (2.1)
where Epi(¥,) and Epi(¥) denote the epigraphs of the functionals ¥,, and U,
defined by

Epi(T,) := {(u,)\) e L2 RV)xR: A > \I/n(u)},
Epi(¥) := {(u,)\) e L2 RV)xR: A > \I/(u)} .

Remark 2.2. We note that (2.1)) is equivalent to the requirement that the following
two conditions are simultaneously satisfied:

Yu € D(¥) 3u, € D(U,) : up, = v and ¥(u) > limsup Uy, (uy), (2.2)
n— oo
for every subsequence {ng}, ¥(u) < limkinf U, (ug) whenever up, — u.  (2.3)

Here D(V) := {u € H : U(u) < oo} and D(V,) := {u € H : ¥,,(u) < oo} denote
the domains of ¥ and ¥, respectively.

To identify the limit of the solutions w,, to problem (|1.1)) (see the Introduction),
we use methods from Convex Analysis, and so we must first recall some terminology
[10 8 [2].

If H is a real Hilbert space with inner product (-,-) and ¥ : H — (—00, 4+o0]
is convex, then the subdifferential of W is defined as the multivalued operator 0¥
given by

ve IV (u) = Y(w)—¥Y(u) > (v,w—u) Ywe H.
Recall that the epigraph of ¥ is defined by
Epi(V) = {(u,\) € H xR: A > U(u)}.
Given K, a closed convex subset of H, we define the indicator function of K by

L (u) 0 ifue K,
u) =
K +oo ifu ¢ K.
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Then the subdifferential is characterized by
veENg(u) <= uve K and (v,w—u) <0Vw e K.

When the convex functional ¥ : H — (—o0, +00] is proper, lower-semicontinuous,
and such that min ¥ = 0, it is well known (see [§]) that the abstract Cauchy problem

ug+ 0¥ (u) > f, ae. te(0,7),
u(0) = wo,

has a unique solution for any f € L1(0,T; H) and ug € D(0V).
The Mosco convergence is a very useful tool to study convergence of solutions of
parabolic problems. The following theorem is a consequence of the results in [9] 2].

Theorem 2.3. Let ¥,V : H — (—o00,+00] be convex and lower semicontinuous
functionals. Then the following two statements are equivalent:

(i) ¥,, converges to W in the sense of Mosco.
(i) (I +X0V,)"tu — (I +X0¥)"tu for all A\ >0, u € H.

Moreover, either one of the above conditions, (i) or (ii), imply

(ili) for every up € D(OY) and ug,, € D(0W,) such that ug, — ug, and for
every fu, f € L0, T; H) with f, — f, if un(t), u(t) are solutions of the
abstract Cauchy problems

(un)i + 00, (up) > fr ae. t € (0,7)
un(0) = uo,n,
and
ug+0¥(u)d f  ae te(0,T)
u(0) = uo,

respectively, then w, — u in C([0,T]: H).

3. M0OSCO CONVERGENCE OF THE FUNCTIONALS AND CONVERGENCE OF THE
SOLUTIONS

First, we show some uniform bounds (independent of p) for the solutions u, to

=)
Lemma 3.1. Fiz T > 0. Assume that ug € L*(0) and f is such that

= su X (T ﬁl’ (T o0
o= s [ i olin@ + [ |Gl < v @1

te[0,T ol ot

Then, there exists a constant C' such that

T 2
o wize [ [ e
89x[0,T] o Joal O

T 1/
([ [ 19upr) " <cim,
0 o0

for every N+ 1 < p < co. The constant C depends on ug, C(f) and T'.

(3.2)
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Proof. In this proof we denote by C a generic constant that depends only on wuy,
C(f) and T and may change from one line to another. Now, we use the weak form
of (1.1)). It holds that

t t
// 8up //|Vup|p_2VupVU:/ fo.
00 0 Jo 0 Joa

Choose a smooth, nondecreasing function 5 : R — R such that §(z) = sgn(x) for
|z] > 6 > 0. By approximation we set v = B(u,) as the test function in the weak
form of (1.1J), to obtain

[ L e [
/mB(up)(t)—/aQ (uo) //m 0B(uy) g/Ot [ 13m,)

here B satisfies B’(s) = 5(s). Letting 6 — 0 we obtain

T
swp [ upl® < [ fuol [ [ 1< Jolzson + COT,
telo,71 Jag le) 0o Joq

where C(f) is the constant that depends on f given in (3.1)).
Now, if we take v = u, as a test function we obtain

/ / 8upup+/ ‘Vup‘p_/ / Jup.
a0 Q 89
T
/ fup < C'(f)/ |t || o< (902)
o Joao 0
we obtain
1 ) T
3 [l [ wurs) /|%|+aﬁ/lmﬂwwm (33)
0 o0 0

Hence,
1 P
sup 5 |y | | V|
t€[0,T 19}
1 2
<2 Pt [ gl
a0 0

Since u, belongs to Wh?(Q), for p > N + 1 we have
l[up ()]l L= (a0) < CLIVup ()l i1y + lup(®)ll o0y §
< C{|IVup() |l e (o) + llup(t) || L1 o0) }-
The constant C' in this inequality in independent of p, (p > N + 1), then we have
ltp O oy < CP{ITup B g + Itp DI oy}
< CP{||[Vuy(t ||Lp(Q) + CP}.

Hence,

Since

(3.5)
Therefore,

T T
lup () oy < €7 [ IVup(3)I 0 + CPT -
0 0
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Using ([3.4) we obtain
T
p
/ ||“p(5)HLoo(aQ)
0

pf1 2 ' :
<cC {5/ |uo] +C(f)/ l[up(s)l| Lo 00) + C T}
o0 0
T 1/p
< C|luol|Zz (o0 +Cpc(f)</0 o ()l 89)) rereent

R
<P/ 1>+§/0 Hup(S)H]an(aQ)'

T » 1/p
(] 1)) <
Here the constant C' is independent of p. Then, (3.4)) implies

(/T/ |Vu,,|1’)1/p < ce,

By an approximation procedure we can use v = @ as test function to obtain

L Lol [ fawr = L%

Integrating by parts in time in the last integral, we obtain

/ /8 Oy + [ 2190, (1)
*/flwol” //mat“p /f Jup( )*/mf(o)uo

/Q|V“p|p(T) < /Q [Vuo|? + pC(f) /OT [ ()] Lo (862)
+ pC(f)llup(T) Lo (90) + PC(f)lluoll L= a0
< [ 19wl +5C + pCl1up (T ~com
Now, using we obtain

[T oy < C7( [ 1901 +5C -+ Cluy (Dl 0my) +C

1 _
< Sllup(M e 00y + (CPpC)P/ =Y 4 CP

Hence,

Hence,

[\]

and then we conclude that |lu,(T)| 1= @0) < C. As T is any time we obtain

sup ||up(t)[ Lo a0y < C.

)

Finally, since |Vug| < 1, from (3.6 we conclude that

/ N
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This completes the proof. ([

Now, we prove that the functionals E, converge in the sense of Mosco to the
limit functional E.

Proof of Theorem[I.1 First, we want to show that (2.2) holds, that is,
Vu € D(Es) Jup, € D(E,) : up — u and E(u) > limsup E,(up). (3.7
n—oo

Given u € D(E), that is, u € A, we just take u, = u as the desired sequence.
We clearly have u, — u strongly in L?(99).

Now, from the fact that u € A, there exists v* : Q — R with |[Vo*| < 1 a.e
and v*|g9q = u. Hence, we obtain that u € D(E,), that is, u € trace(W'?(Q) and

1 1 1

E,(up) = min 7/ [VoulP < f/ [Vo* P < =9 — 0
veWLP(Q),trace(v)=u P Jq P Ja p

as p — 0o. Then we have

0= E(u) > limsup E,(u,) =0

n—oo

as we wanted to show.
Now, we have to prove that (2.3)) also holds, namely, for every subsequence {py},

Eo(u) < limkinf E,, (ur) whenever u — u. (3.8)

To see this, we first observe that when u € Ao = D(E) we have Fo(u) = 0 and
we trivially obtain Eo(u) < liminfy Ep, (uy) since Ep, (ug) > 0.

Also, we can assume that liminfy E,, (u;) < +00 (otherwise the desired inequal-
ity holds trivially). Hence, for a subsequence we have that there is a constant C
such that

L min / |[Vo|Pr < C.

Pk veWLPE(Q),trace(v)=us

Call vy, a function in WP (Q) that attains the minimum. For this v we have

1/pw
([ o) < ucym
Q

Now, for 2 < g < 00, we obtain
1/a 1/pk
(/ |vvk‘q) < |Q|(pk—4)/ka</ |Vv;g\1’k> k < ‘Q|(pk—4)/PkQ(ka)l/Pk.
Q Q

The right-hand side is bounded and hence we can take the limit as py — oo to
obtain that vy, — v* weakly in W19(£2). This limit v* satisfies

([ roeie)” < popse
Q

Hence, taking ¢ — oo we conclude that v* € W1>°(Q) and |Vv*| < 1 a.e. in Q.

Now, from the weak convergence of vy, to v* in W14(2) using the Sobolev trace
embedding we obtain that uy = trace(vy) — u = trace(v*) strongly in L?(92) and
hence we have that u € Ay, = D(FEw). Then, we have

0=FEx(u) < limkinf E,, (ug)

since Ep, (ur) > 0, as we wanted to show. O
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As a consequence we obtain the convergence of the corresponding solutions to
the associated evolution problems.

Proof of Theorem[I.4. We can apply Theorem to obtain the first part of the
result, namely, u, — us as p — oo in C([0,7] : L?(09)) and the limit uc is
characterized as the solution to the limit problem .

To complete the proof we observe that, from the uniform bounds obtained in
Lemma [3.1) we obtain the existence of a subsequence p; — oo such that the con-

vergences stated in ((1.6)) hold. O

4. MASS TRANSPORT INTERPRETATION OF THE LIMIT PROBLEM

We relate the limit problem with an optimal mass transport problem with a cost
given by the distance between points inside 2 that is defined as the infimum of the
lengths of curves going from z to y, that is,

do(x,y) = inf length(vy(t)).
(@) 7 (0)=2,7(1)=y ()
When the domain 2 is convex the distance dg, coincides with the Euclidean distance,
we have dqo(x,y) = |z — y|.

Given two measures p, v on 02 with the same total mass we consider the trans-
port cost (Monge-Kantorovich mass transport problem)

C(u,v) = min / do(zx,y)do(x,y).
() 0(z,y):0a=p.0ly=v J 90 x 90 a(w,y)db(z. )

Here by 6|, we denote the first marginal of 6, that is, 8|, (E) = 0(E x 9) (and
similarly with 6|, we denote the second marginal of 6).

Associated with an optimal mass transport problem we have its dual formulation
that is given by

Cl,v) = o(@)(dp() — dv(x)).

max /
viv(z)—v(y)|<de(z,y) Joo
Maximizers of the dual problem are called Kantorovich potentials for the optimal
mass transport problem.
It turns out that the limit of the solutions, us(-,t), is a Kantorovich potential
for the optimal mass transport problem between f(-,¢) and 375—;°(~, t).

Proof of Theorem[I.3 First, let us prove that the limit function us is admissible
for the dual problem. Given two points z,y € 92, using that |[Vue (-, )] < 1 a.e.
in 2, we have

0
< length(v(s))

and hence we obtain

[thoo () — oo (¥)| < daa (2, y).
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Now, we show that in fact us(+,t) is a solution to the dual problem. We have
that ue (2, t) solves the limit equation

£t) = 20 (0,) € DBuclula, ),
that is,
Boclol@)) > Enimlant) + [ ($0.0) = G2(0.0)) (0(a) = e (.0)

Take v € Ay. Since us(+,t) € As we have

0> [ (fle.) = FE @) (vle) = uclat)

and therefore,

| umte (% - fwn) = [ ow)(%E 0 - fn),

for every v such that |v(z) — v(y)| < da(z,y).
We have obtained that u(+,t) is a Kantorovich potential for the optimal mass
transport problem between f(-,t)do and ag—f(-, t)do. O

5. EXAMPLES

In this final section we include some simple examples in which one can find the
solution to the limit evolution problem
Qoo
f@Jy—%%4%ﬂeaEmmm@¢» z€dQ, t>0,

u(z,0) = up(x) x € N.

(5.1)

Example 5.1. We consider the 1-dimensional case with Q = (0, 1), and take
0, =0,t>0,
t) =
fzt) {1, z=1,1>0,
(notice that f is defined on 9 x (0,7)) and ug = 0. Then we have
(2,1) 0, x=0,0<t<1,
u X =
o t, z=10<t<1,

and

Notice that
[too(1,t) — ueo(0,t)] <1 =dn(0,1) =1, for every ¢t > 0.

Also we remark that the solution starts to grow at = 1 with Og—f’(l,t) =1
until it reaches uo(1,%0) = 1 (this happens at ty = 1) and next it grows at the
slower rate 2% (1,¢) = 1/2 (but also grows at x = 0 with 2%=(0,¢) = 1/2). This is
due to the fact that the unit mass added at z =1 is divided between two locations
x =0 and z =1 in order to keep the constraint |us(1,%) — us(0,t)] < 1 for times

t>1
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Example 5.2. We consider a nontrivial initial condition for the setting of 2, and
f(z,t). Note that f is defined on 9 x (0,T)) and fix a nonnegative C! initial
condition ug with |uj(z)| <1 for € [0,1]. Then we have

u (.’E t): uo(O), $:O70§t§t07
o up(1) +t, z=1,0<t<t,

with ¢ the first time at which uo(1) + to — uo(0) = 1, that is
to = UO(O) — UO(l) + 1.

Note that tg > 0 because up(0) — up(1) + 1 = uy(€) +1 > 0. Also note that
Uoo(T,t) € A, since there exists a function v with |v'| < 1 in [0, 1] such that
v(0) = uo(0), v(1) = up(1) +¢ (in addition, this function v can be chosen satisfying
v > g in [0, 1]).

For times larger than ¢y we have

woo( ) = uo(0) + 3(t — to), x=0,t <t
o up(1) + $(t —to) +to, =1, to <.

Example 5.3. Now, we extend above exmaples to several dimensions. Take a
fixed domain Q C RY, fix a subdomain of its boundary I' C 9Q and consider
f:00x%(0,T) — RN,
[z, t) = xr(z)
and, as before, ug = 0. We remark that Example is a particular case of this
more general setting.
In this case the solution ue(z,t) to the limit problem is

uOO(xvt) = (a(t) —do(z,1))+,
with a(t) the solution to the ODE

a(t)|{x € 0Q : do(z,T) < a(t)} P | -1,
a(0) = 0.

Here we denoted by |E|g~-1 the N —1-dimensional surface measure of a measurable
set £ C 0f.

Notice that the support of us (-, t) in 9 can be disconnected even if the domain
is strictly convex and the set where the source is localized T" is connected. In fact,
this is the case the set

{x € 0N : dg(z,T) < k}
is disconnected for some k > 0. Also notice that, since € is bounded and 0f) is
smooth (it has finite HN~!—measure), there exists a finite time ¢y such that the
support of us (-, t) is the whole 9 for times ¢ > to. At this time ¢y we have

to) = d T
a(to) max a(z,T)
and then we have
Uoo (T, 1) = (rré%)é do(z,T) — dist(z, F)),

After this time the solution is

(Dl |
Uso (T, t) = (Wt + max do(z,T) dzst(x,I‘)),

€
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That is, after ¢t the solution grows uniformly in the whole 02 with speed Ig
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