Special Issue in honor of Alan C. Lazer
Electronic Journal of Differential Equations, Special Issue 01 (2021), pp. 169-182.
ISSN: 1072-6691. URL: https://ejde.math.txstate.edu or https://ejde.math.unt.edu

TWIN POSITIVE SOLUTIONS FOR RESONANT SINGULAR
(p, 9)-EQUATIONS

FLORIN-IULTAN ONETE, NIKOLAOS S. PAPAGEORGIOU,
VICENTIU D. RADULESCU

ABSTRACT. We consider a Dirichlet (p, g)-equation with a reaction having the
combined effects of a singular term and of a resonant perturbation. Using an
auxiliary problem to bypass the singularity and variational tools from critical
point theory, with truncation and comparison techniques, we show that the
problem has two positive smooth solutions.

1. INTRODUCTION

Let © C RY be a bounded domain with a C?-boundary 9. In this paper
we study the existence of positive solutions for the Dirichlet (p,g)-equation with
singular reaction

—Apu(z) — Aqu(z) = a(z)u(z) ™"+ f(z,u(z)) in Q, .
u|aQ:07 1<g<p, 0<np<l, u>0. (1)
For every r € (1,00), we denote by A, the r-Laplace differential operator defined
by
A,u = div(|Du|""2Du)  for all u € W, (Q).

In the reaction there are both a singular term a(z)z~" and a Carathéodory
perturbation f(z,z) (that is, for all € R the mapping z — f(z,z) is measurable
and for a.a. z € Q the function x — f(z,z) is continuous). We assume that the
Carathéodory perturbation f(z,-) exhibits (p—1) linear growth as x — +oco and, in
fact, asymptotically we can have a resonance with respect to the principal eigenvalue
of the Dirichlet p-Laplacian. Actually the resonance occurs from the right of the
principal eigenvalue, making the energy functional of the problem indefinite, that
is, noncoercive. So, in problem 7 the reaction exhibits the combined effects of
a singular term and of a resonant perturbation.

We point out that our problem is nonparametric. Usually singular problems
involve a parameter, see for example the works of Sun, Wu and Long [25], Gia-
comoni, Schindler and Taka¢ [§], Lii and Xie [I3], Papageorgiou, Radulescu and
Repovs [17], Papageorgiou, Vetro and Vetro [21], Papageorgiou and Winkert [22].
When the equation is parametric, by varying the parameter, we can achieve certain
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geometric configurations, which permit the use of minimax theorems from critical
point theory. This is also the case of nodal solutions of nonsingular (p, 2)-equations
with competing nonlinearities in the reaction (see Papageorgiou and Scapellato [19]
and Papageorgiou and Zhang [23]).

Nonlinear nonparametric singular equations were investigated by Bai, Gasinski
and Papageorgiou [2], Papageorgiou, Rddulescu and Repovs [16], Papageorgiou,
Vetro and Vetro [20]. The first two papers consider equations driven by the p-
Laplacian, while the third one deals with (p, 2)-equations and has a perturbation
term f(z,-) which is (p — 1)-superlinear.

We mention that the exponent of the singular term satisfies € (0,1). The more
difficult case n > 1 (strong singularity), was examined by Lazer and McKenna
[11] in the context of semilinear equations driven by the Dirichlet Laplacian. An
overview of singular problems with a rich bibliography, can be found in the book
of Ghergu and Radulescu [7].

2. MATHEMATICAL BACKGROUND AND HYPOTHESES

The main spaces in the study of problem (|1.1)) are the Sobolev space VVO1 P(Q)
and the ordered Banach space C3(Q) = {u € C1(Q) : u|(,m = 0}. By || || we denote

the norm of I/VO1 (Q). On account of the Poincaré inequality, we can have
|ul = ||Dull, for all u € W,P(RQ).
The positive (order) cone for the space C}(9) is
C, ={uecCiQ):u(z)>0forall z € Q}.

This cone has a nonempty interior given by

ou
int = : for all Q, —
intCy ={ueCy:u(z) >0forall z € 78naQ<0}

with n(-) being the outward unit normal on 9.
Given r € (1,00), we denote by A, : Wy (Q) — W17 (Q) = Wy (Q)*, (L +

% = 1) the nonlinear operator defined by

(Ar(u), h) = / |Du|"~2(Du, Dh)gpndz  for all u, h € W, (Q).
Q

The next proposition summarizes the well-known properties of this map. We
refer to Problem 2.192 of Gasiriski and Papageorgiou [B, p.279] for a more general
result.

Proposition 2.1. The operator A.(-) is bounded (that is, maps bounded sets to
bounded sets) continuous, strictly monotone (hence mazimal monotone, too) and
of type (S)4+, that is,
if un = win W' (Q) and limsup,,_, . (A (un), un — u) < 0, then
Uy —> U N Wol’T(Q).
If z € R, then we set 2 = max{4=,0}. For u € W, "(Q) we define u*(z) =
u(2)* for all z € Q. We know that

uFeWP(Q), w=ut—u", |ul=ut+u".
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Given u,v :  — R two measurable functions, with u(z) < v(z) for a.a. z € Q,
we define

[u,v] = {h € Wy P(Q) : u(z) < h(z) < v(2) for a.a. z € Q},
[w) = {h € Wy P(Q) : u(z) < h(z) for a.a. z € Q},
inf e ) [u,v] is the interior in C3(Q) of [u,v] N CE ().

Also we write u < u if and only if for every compact K C Q we have 0 < cx <
v(z) —u(z) for a.a. z € K. Evidently, if u,v € C(2) and u(z) < v(z) for all z € €,
then u < v.

By Ai(p) we denote the first eigenvalue of (= Ay, Wol’p(Q)). We know that

M (p) > 0, it is simple, isolated and admits the following variational characterization
“ Dul|®
A1(p) = inf { |Dul

lullp

The infimum in is realized on the corresponding one-dimensional eigenspace,
the elements of which have fixed sign. By (p) we denote the positive, LP-
normalized (that is, [|@1(p)|l, = 1) eigenfunction corresponding to A;(p). We know
that 41(p) € int Cy (by the nonlinear maximum principle, see Pucci and Serrin
[24]). We will also consider a weighted version of the eigenvalue problem. So, let
m € L>(Q), m(z) > 0 for a.a. z € Q, m # 0 and consider the nonlinear eigenvalue
problem

u e WhP(Q), u # o}. (2.1)

—Ayu(z) = dm(2)|u(2)|PP2u(z) in Q, u| =0.

o0

This problem too has a smallest eigenvalue Ai(m,p) > 0 which has the same
properties as X(p) Note that if m = 1, then Xl(m,p) = 5\1(p). Moreover, the map
m 5\1(m, p) has the following monotonicity property. We refer to Proposition
9.47(d) of Motreanu, Motreanu and Papageorgiou [I4, p.250] for details and a
complete proof.

Proposition 2.2. If m,m’ € L>(2), 0 < m(z) < m/(2) for a.a. z € Q, m # 0,
m Zm', then A\(m/,p) < A\ (m,p).

Finally, we mention that A;(m,p) > 0 is the only eigenvalue with eigenfunctions
of constant sign. All the other eigenvalues have eigenfunctions which are nodal
(that is, sign changing).

Let X be a Banach space and ¢ € C1(X). We say that ¢(-) satisfies the “C-
condition”, if it has the following property:

Every sequence {uy, }neny C X such that {p(uy) fnen € Ris bounded,
and (1+||un )¢’ (un) — 0 in X*, admits a strongly convergent sub-
sequence.

By K, we denote the critical set of ¢, that is,
K,={ue X :¢(u) =0}
Now we introduce the hypotheses on the data of problem (1.1).

(HO) a € C}(Q), a(z) > 0 for all z € Q.
(H1) f: QxR — R is a Carathéodory function such that f(z,0) = 0 for a.a.
z €  and
(i) |f(z,2)| <a(z)(1 +aP71) for a.a. 2 € Q, all z > 0, with a € L>();
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(ii) 5\1( ) < lim ianHJroo f(f’gﬁ) uniformly for a.a. z € Q;
(ili) if F(z,2) = [ f(z,2)ds then there exists 7 € (¢, p) such that

0<50<hm1nfp F(z,z) — f(z,2)z

T—+00 xT

uniformly for a.a. z € Q;
(iv) there exist p € (1,q) and 6,9 > 0 such that Cozt < f(z,z)z <
pF(z,x) for a.a. z € Q, all 0 <z < §, some Cy > 0, and

a(2)97" + f(2,9) < —C <0 for a.a. z e

(v) for every p > 0, there exists ép > 0 such that for a.a. z € , the
function

x s fz,x) + EpaP
is nondecreasing on [0, p].

We point out that we assume a € Cg(Q) since we use the Hardy inequality in
the proof of Proposition and because we need a(-)ug(-)~" € L>®(Q2) and 0 <
a(-)up(-)~" in the proof of Proposition in order to apply the strong comparison
principle (see Gasiiski and Papageorgiou [6]). We also mention that in hypothesis
(H1)(iv) we simply say that there exists C' > 0 such that

a(2)97" + f(2,9) < —C <0 for a.a. z € Q.

In other words, the mapping a(-)9~" + f(-, 1) is bounded away from zero uniformly
for a.a. z € (.

Remark 2.3. Since we look for positive solutions and the hypotheses concern the
positive semiaxis Ry = [0, 400) only, without any loss of generality we may assume
that f(z,z) = 0for a.a. z € Q, all z < 0. Hypothesis H; (¢7) implies that as + — +o00
we can have resonance with respect to the principal eigenvalue. Hypothesis (H1)(iv)
implies the presence of a “concave” nonlinearity near 07. Indeed integrating the
first inequality in (H1)(iv), we obtain Cia* < F(z,z) for a.a. z € Q, all 0 < x < 4,
some Cy > 0. The second inequality in (H1)(iv) implies an oscillatory behavior for
the reaction near 0.

By a solution of problem (T.1)), we mean a function u € Wy”*(Q) such that
u™"h e L*() for all h € W, ?(Q) and

(Ap(u), by + (Ay(u), h) = /Q[a(z)u_" + f(z,u)]h for all u € Wol’p(Q).

The presence of the singular term implies that ¢(+) is not C* and so we cannot
use the results of critical point theory directly on this functional. We need to find
ways to bypass the singularity and deal with a C'-functional. For this reason, in
the next section we consider an auxiliary problem, the solution of which will be
used to bypass the singularity as indicated above.

3. AN AUXILIARY PROBLEM
Let r € (p,p*). On account of hypotheses (H1)(i) and (H1)(iv), we have
f(z,2) > Cozt 1 — Coz™ ! foraa. z€Q, all 2 >0, some Cy > 0. (3.1)
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Then we introduce the Carathéodory function

k(s z) = Co(z )=t = Co(at) 1, ifz <9 (3.2)
) Coort — Oy, if 9 < . '

We consider the Dirichlet (p, ¢)-equation

—Apu(z) — Aqu(z) = k(z,u(z)) in Q, (33
u|89:O, 1<g<p,u>0. ’

Proposition 3.1. Iiroblem (13.3) admits a unique positive solution uw € intCy,
u(z) <9 for all z € Q and a(-)u™" € L>(Q).

Pmof First we show the existence of a positive solution. To this end, let K(z,z) =
Jy k(z,s)ds and consider the C'-functional 7 : WyP() — R defined by

7(u) = f||Du||g + *||Du||g - / K(z,u)dz for all u € WyP(Q).
p q Q

It is clear from (3.2)) that 7(-) is coercive. Also using the Sobolev embedding
theorem, we see that 7(-) is sequentially weakly lower semicontinuous. So, by the
Weierstrass-Tonelli theorem, we can find u € WO1 P(£2) such that

7(uw) = min {7(u) : u € Wy P(Q)}. (3.4)
Let u € int C; and choose ¢ € (0,1) small such that 0 < tu(z) < 9 for all z € Q.
Then on account of (3.2)) we have

t" 02 tH Co

——ullz = ——=lully-

Since, by hypothesis 1 < p < ¢ < p < r, then choosmg te (O, 1) even smaller if
necessary, we have

tr ta
7(tu) = ;IIDUIIIZZ + EIIDUIIZ

T(tu) < 0= 7(u) < 0=7(0) (see (3.4)),
= u # 0.
From we have 7/(u) = 0 which implies

(Ap(u), hy + (Ag(u), h) = /Q k(z,u)hdz for all h € W, (Q). (3.5)

In first we choose h = —u~ € W, P(Q). We obtain
[Du”[[; <0 (see (3.2)),
=>u>0, u#0.
Next, in we choose h = [u — 9]t € Wy P(Q). Then we have
(Ap(w), (u—9)") + (Ag(w), (w—¥)")

/[0019“ V=G M (u—9)Tdz  (see (32))
Q

< [ flz,;0)(u—9)"dz (see (3.1))

<0 (see (H1)(iv))

= (Ap(9), (u—0)7) + (Ag(9), (u = 9)"),
= u <V (see Proposition 2.I)).
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So, we have proved that
we 0,9, u#0. (3.6)
From (3.6), (.2), B-3) it follows that u € Wy*(R) is a solution of problem
(3.3). By Theorem 7.1 of Ladyzhenskaya and Uraltseva [10, p. 286], we have that

u € L>®(). Then the nonlinear regularity theory of Lieberman [I2] implies that
u € Cy \ {0}. We have

Apu+ Agu < C2||@||gpﬁp71 in
= u €intC; (see Pucci and Serrin [24, pp. 111, 120]).

Next, we show that this positive solution is unique. To this end, we consider the
integral functional j : L}(2) — R = RU {+oc0} defined by

Sy = {HIPRI DU iz 0. € W)
00, otherwise.

From Lemma 1 (and its proof) of Diaz and Saa [4], we have that the functional
§(-) is convex. Let @ € W,P(Q) be another positive solution of (3-3). Again we
show that @ € [0,9] Nint C. Using Proposition 4.1.22 of Papageorgiou, Radulescu
and Repovs [I8] p. 274], we have

€ L*(Q) and

IS

€ L>=(0).

NN

If domj = {u € LY Q) : j(u) < oo} (the effective domain of j(-)) and h =
ut — @ € WyP(Q), then for |t| < 1 small we have

ut +th €domj and u* +th € domj.

So, from the convexity of j(-), we obtain that it is Gateaux differentiable at u*
and @* in the direction h. Using the nonlinear Green identity (see Corollary 1.5.17
of Papageorgiou, Ridulescu and Repovs [I8, p. 35]), we have

7 (W) (h) = ;/{ZW(uu_ﬁu)dz
= %/[CO—CQET_N](QM—’&M)dZ7
Q
o 1 [ —Aji—Agi, ,
]/(Uu)(h) = ;/{2%(@‘ —u")dz

1

_ 1 / (Co — Coii™)(u" — @)z
HJa

The convexity of j(-) implies the monotonicity of j/(-). Therefore

O</C2 B—y" P (ut —at)dz <0, = u=1.

This proves the uniqueness of the positive solution u € int Cy of (3.3).
Let d(z) = d(z,09) for all z € Q. It follows by Lemma 14.16 of Gilbarg and
Trudinger [9, p. 355] that we can find §y > 0 small such that d € C?(;,), where

Qs, = {2 €Q:d(2,00) < o}



EJDE-2021/SI/01 RESONANT SINGULAR (p, q)-EQUATIONS 175

Then it follows that d € int C and so using Proposition 4.1.22 of Papageorgiou,
Ridulescu and Repovs [I8, p. 274], we can find Cs,Cy > 0 such that Csd < u <
Cid.

Let s > 1. Then we have

[ ey e = [ o (U2) e

< 04/ (agf)) dz for some Cy > 0, since u € int C.
Q

< 05/ (az))sdz for some C5 > 0
Q
< Cs||Dall;  (by Hardy’s inequality, see Brezis [3, p. 313]),
which implies
law™"||s < Cs for some Cg >0, all s > 1,
Therefore, a(-)u(-)~" € L>(Q2). The proof is now complete. O

4. POSITIVE SOLUTIONS

In this section, using u € int Cy from Proposition [3.I] we are able to bypass the
singularity and deal with C'-functionals on which we can use the minimax theorems
of critical point theory.

So, with u € int C'y from Proposition we introduce the Carathéodory func-
tions g, g : 2 x R — R defined by

) = a(z)u(z)™"+ f(z,u(2)), if z <u(z)

9(z ) {a(z)x_" + f(z,2), if u(z) < z, (4.1)
R Jg(zm), ifx <9
4z 2) = {g(z, 9), if 9 <, (42)

recall that u < 9. .
We set G( z x) = [y 9(z,8)ds, G(z,x) = [} §(z,s)ds and consider the C*-
functionals W, W : W;"?(Q2) — R defined by

-

W(w) = [Dulf+ - [Dulf ~ [ Gle iz
p q Q
U(u) = ]%||Du||§ + éHDqu —/ G(z,u)dz for all u € WP(€).
Q

Proposition 4.1. If hypotheses (HO), (H1) hold, then problem (1.1 admits a pos-
itive solution
Uy € intcé(ﬁ) [u, 9]

Proof. From it is clear that U is coercive. Also by the Sobolev embedding
theorem W(-) is sequentially weakly lower semicontinuous. So, we can find uy €
WP () such that

U (up) = inf{¥(u) : u € WyP(Q)},
which implies ¥'(u) = 0, and

(Ap(ug), h) + (Ag(uo), h) = /Qﬁ(z,uo)h dz for all h € WP (Q). (4.3)
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In ([@3) first we choose h = [u — ug]t € Wy *(€2). We have
(Ap(uo), (u—u0) ™) + (Aq(uo), (1 — uo)™)

- /Q (a(2)u™ + £z w))( - w) = (see (ET), ED))

> / f(z,u)(u—ug)Tdz (see hypothesis (HO))
Q

> /Q[C’og“_l — Cou" (u—up)tdz  (see (31))
= (Ap(u), (u—uo) ™) + (Ag(u), (u—uo)*) (see Proposition B.1),

= u < Uug.
Next, in ([£3) we choose h = [ug — 9]t € W P(€). We have
(Ap(uo), (uo — 9)F) + (Ag(uo), (uo — 9)*)

_ /Q [a(2)0" + £ (2, 0)](uo — 0)* dz (see (@), @3))
<0 (from (H1)(iv))

= (A, (1), (uo —)F) + (Ag(9), (uo — 9)™),

= ug < 9.

So, we have proved that
o € [u, ). (4.4)
From (4.4)), (4.1), (4.2) and (4.3), it follows that ug is a positive solution of (|1.1))

and, as before, the nonlinear regularity theory of Lieberman [I2] implies that
ug € [u, 9] Nint C. (4.5)

Since 1 < p < g < p < r, we can find 519 > 0 such that the function =
Cozt =t — Coa™ 1 + &P~ is nondecreasing on [0,9]. So, we have

— Apug — Agug + Egul !

= a(2)ug "+ f(z,u0) + Egul !

> Coub™" — Coub ™t + Egul ™" (see and (HO0)) (4.6)
> Cou ™" — Cou' ™ + EouP ™" (see (@H))

=—-Ayu—Aqu+ EguP ™! (see Proposition .

Since ug € int C4 and a(z) > 0 for all z € Q (see hypothesis (HO)), it follows that
0 < a(-)uo(-)~". Hence from (4.6)) and Proposition 3.2 of Gasiriski and Papageorgiou
[6], we infer that

up —u € int Cy. (4.7
On the other hand, let 519 > 0 be as postulated by hypothesis Hy(v). We have
— Aptg — Aqug + Egub " — a(2)uy "
= f(z,u0) + &pub ™
< fz,0) + Eg9P1 (see and (H1)(v))
< A0 — Ay + Eg9PH —a(2)9™"  (see hypothesis (H1)(iv)).

(4.8)
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We know that
9"+ f(2,9) < —C <0 foraa. z€Q.

So, from (4.8) and Proposition 6 of Papageorgiou, Radulescu and Repovs [17] we
have

ug(z) <9 for all z € Q. (4.9)
From (4.7) and (4.9), we conclude that ug € intcol @) [, 9¥]. The proof is completé

Proposition 4.2. If hypotheses (HO), (H1) hold, then ug € int Cy is a local mini-
mizer of the functional V().

Proof. From ({.1)) and (4.2) it is clear that
0

(4.10)

V10 = ¥l

From the proof of Proposition we know that ug is a minimizer of ¥. Since
ug € intcé @ [u, 9], it follows from (4.10]) that

ug is a local C}(Q)-minimizer of W(-)
= wg is a local W, P (Q)-minimizer of ¥(-)

(see Papageorgiou and Radulescu [I5], Proposition 2.12]). This completes the proof.

|
Using and the nonlinear regularity theory, we have
Ky C[u) Nint Cy.. (4.11)
From and , we see that we may assume that
Ky is finite. (4.12)

Otherwise we already have an infinity of positive smooth solutions of and so
we are done.

Combining Proposition 5, relation and Theorem 5.7.6 of Papageorgiou,
R&dulescu and Repovs [I8, p. 449], we deduce that we can find p € (0,1) small
such

U(ug) < inf{¥(u) : ||u—uo| = p} =m. (4.13)
Proposition 4.3. If hypotheses (HO), (H1) hold, then ¥(ti1(p)) — —o0 as t —
+00.
Proof. We have
i[F(z,x)] _ f(z,z)aP — pF(z,z)aP~!
d.T ij N pr (4 14)
f(z,x)x — pF(z,x) '
= for a.a. z € Q, all z > 0.
xp+1
On account of hypothesis (H1)(iii), we can find M > 0 and p; € (0, 8y) such that
f(z,2) = pF(z,2) < —p1z" fora.a. z€Q, allz > M. (4.15)
We return to (4.14) and use (4.15)) to obtain
d F(va) 7B1x‘r 7ﬂ1
%[ o | < pors e for a.a. z € (), all z > M,
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which implies

1 1
F(zv) _F(zgx) < b [ — | foraa. ze€Q allv>ax> M.
VP xP p—T vPTT  gPTT

We let v — 400 and using (H1)(ii) we obtain

M) Pl p 1

p P T p—TaP T’
. -
= M(p)a? — pF(z z) < — b =By foraa. z€Q allz>M, (416)
z7 p—T
. -
= lim sup Ai(p)a? = pF(z, @) < —B2 <0 uniformly for a.a. z € Q

x— 400 z7

Then we have

mem:%M@+§wm@M*Lﬂam@Wz
8\ ¢ U g _ a(z)u™" z,uw)|(tt z
=S5+ 1Dl AMM$<> + f e w)](taa (p)d

b a(2) (b (p) 7 — wl")dz
L=n {tt1(p)>u}

—/ [F(z, tis (p) — F(z u)ldz
{ti1(p)>u}

_ 1/ A1 (p) (tiy (p))? — pF (2, tin (p))
Q

t"dz + C; for some C7 > 0.

=5 i
Passing to the limit as t — —oo and using (4.16)), we obtain ¥(tu;(p)) — —oo as
t — 4o00. The proof is now complete. ([

Remark 4.4. From the above proof we see that
pF(z,z) — A (p)z? — +oo

uniformly for a.a. z € 0, as x — +00. Hence the resonance is from the right of the
principal eigenvalue, making our problem noncoercive. This means that the direct
method of the calculus of variations cannot be used and we need to appeal to the
minimax theorems of critical point theory.

Proposition 4.5. If hypotheses (HO), (H1), hold, then the functional U(-) satisfies
the C'-condition.

Proof. Let {ty}nen € WP (€2) be a sequence such that
|@(up)| < M for some M >0, all n € N, (4.17)
(1 + [[unl) ¥’ (1) — 0 in WHP'(Q) as n — oo, (4.18)
From we have

L+ [Jun||
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for all h € Wol’p(Q), with &, — 0F. In 1' we let h = —u,, € Wol’p(ﬂ). Then
[Duz, [l < Cs  for some Cs > 0, alln € N, 120)
= {u, tnen C Wol’p(Q) is bounded. '

Next we show that {u}},en € Wy P(Q) is bounded. Arguing by contradiction,
assume that at least for a subsequence, we have

luf|| — oo as n — oo. (4.21)

We set y, = ul/||u)|| for all n € N. We have that ||y,|| = 1 and y,, > 0 for all
n € N. So, we may assume that

Yn — y in Wl’p(Q) and y, — yin LP(Q) as n — oo, y > 0. (4.22)
From and (4.20) we have
{Ap (o) + (g o) = | g hdz| < Gollh]
Q

for some Cy > 0, all h € W, (), all n € N. Then

(Ap(ga) B} + —— (4, / i ”p 1 dz| < ”Cji"" Hl (4.23)

s [P~

for all h € WyP(Q), all n € N.
From (4.1)), Proposition and hypothesis (H1)(i), we see that

9 un () Yo -
{W}neN g L (Q) is bounded. (424)

So, if in (4.23]) we choose h =y, —y € Wol’p(Q), pass to the limit as n — oo and
use (4.22)), (4.21)), (4.24), then we obtain

nlgI;O<Ap(yn)a Yn — y> =0,

=y, —y in WyP(Q), hence |ly|| =1, y >0 (see Proposition 2.1).
From (4.24), (4.1) and (H1)(ii), we see that at least for a subsequence, we have

W 2 Ayt in LPI(Q) (4.26)

(4.25)

with 7 € L®(Q), M (p) < 7(z) for a.a. z € Q (see Aizicovici, Papageorgiou and
Staicu [1, proof of Proposition 16).

So, if in (4.23) we pass the limit as n — oo and use (4.25)), (4.21)) and (4.26)), we
obtain

A(y). b :/Az P1hds for all h € WP (Q),
(Ap(y), h) 977( )y 0" (Q) (4.27)

= _Apy = ﬁ(z)yp_l in €, y‘BQ =0.
If § % A1 (p) (see ([£.26)), then by Proposition we have
M) < M(hi(p)p) = 1.

Then form (4.27)) we infer that y must be nodal, which contradicts (4.25)).
Now suppose that 7(z) = A1 (p) for a.a. z € Q. Then from (4.27)) it follows that

y = pii(p) €int Cy, with p > 0.
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This means that u;} (z) — +oo for a.a. z € , which implies

Flz ut) — ot R
liminf/ pF(z,uy) +f(z’“")“" dz>B>0 (4.28)
n—00 Q (un )7'
(by Fatou’s lemma and hypothesis (H1)(iii)). From (4.17) and (4.20) we have
p
~ 1D = 2IDtl + | pP(eouts < My (4.29)

for some M; > 0, all n € N. Also from (&19) with h = u;” € W, *(Q), we have
1Dk I+ Dy~ [ fud e < Mo (4:30)
Q

for some Ms > 0, all n € N.

We add (4.29) and (4.30) to obtain
[Pt ) = suuilas < (2 - 1)1Dutly + M
Q

with M3 = My + My > 0, for all n € N. Then
/pF(zyum *f(z,UI)UIy:LdZ < (g 3 1) 1Dynlly . Ms
Q

(um)7 funl™=  flua |7
F(z,ub) — f(z,u}h)ut (4.31)
= limsup/ PEAZ, Un LS RayTdz <0
T n
n—oo JQ (un )T

(since ¢ < 7 and use (4.21)).
Comparing (4.31)) and (4.28)), we have a contradiction. This proves that {u." },en C
WyP(€) is bounded. It follows that
{tn tnen C Wol’p(Q) is bounded (see (4.20))).
So, we may assume that
Uy, S uin WyP(Q) and  w, — u e LP(Q). (4.32)
Now we return to (4.19]), choose h = u,, —u € T/Vol’p(Q)7 pass to the limit as
n — oo and use (4.32). Then
nh—>H;o [(Ap(un), un —u) + (Aq(un), un — u)] =0,

= limsup [(Ap(un), un — u) + (Ag(u), unp —u)] <0 (since A4(-) is monotone)

n—oo

= limsup(A,(un ), un — u) <0,

n—oo

= u, —u in Wy P(Q) (see Proposition 1).
This proves that ¥(-) satisfies the C-condition. O

Proposition 4.6. If hypotheses (HO), (H1) hold, then problem (1.1 admits a sec-
ond positive solution 4 € int C'y, with 4 # ug.

Proof. Propositions and relation , permit the use of the mountain
pass theorem. So, we can find @ € W, *(§2) such that
i€ Ky Clu)NintCy  (see (4.11)),
U(ug) <m < U(a) (see [13)).
It follows that 4 € int C is a positive solution of (see (1)) and @ # ug. O
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Summarizing our findings, we can state the following multiplicity theorem for

problem (1.1).

Theorem 4.7. If hypotheses (HO), (H1) hold, then problem (L.1) admits at least
two positive solutions

ug, W €int Cy,  ug # 4, up(z) <9 forall z € Q.
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