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ABSTRACT. We study the classical nonlinear Schodinger equation with a ra-
dially symmetric potential and a constraint, for the mass subcritical case. We
obtain conditions that assure the existence of non-radial solutions. Also we
show symmetry breaking of the ground states, and the existence of multiple
non-radial solutions under additional conditions.

1. INTRODUCTION

In this article, we consider the nonlinear Schrédinger equation under an L2
constraint,

—Au — Q(x)|uP?u = \u,

1.1
/|u|2dx:1, uc H*(R™) 1)
RN

where 2 < p < 2+ % is mass subcritical. That is, we seek u and \ satisfying the
above equations. We assume that the potential function is a radial, Q(x) = Q(|z|).
We investigate conditions which assure the existence of both radial and non-radial
solutions. In particular we show that, while there always exists a radial solution,
the ground state is non-radial and there can be multiple non-radial solutions.

Before stating our results we discuss some background of the problem. Solu-
tions with a prescribed L2-norm are referred as normalized solutions. This type of
problems naturally arise from the studies of standing wave solutions of the time de-
pendent Schrédinger equations. In mathematical physics, finding solutions with a
prescribed L2-norm is particularly relevant since this quantity is preserved along the
time evolution. On this line of research we have the classical work of Cazenave-Lions
[5] and Stuart [I5], and some more work later works such as [11, [6}, [7, 8], [91 10} [12] [13].
We refer the reader to these and references therein for the general discussion on the
existence and orbital stability of standing waves of the time dependent nonlinear
Schrédinger equations.
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Solutions of this problem are critical points of the functional

T(u) = 1/ Vul?dz — 1/ Q@)ufPde, ue H(RY) (1.2)
2 Jrw D JrN
under the constrained mass condition
Jull2 = 1. (1.3)
In particular, one can consider the minimization problem of J on the constraint
c=inf{J():ve H RY), |v|. = 1}. (1.4)

When @ is a positive constant, this goes back to the classical work of Cazenave
and Lions [B] as applications of the concentration compactness principle [9] [10].
This gives rise to the existence of a minimizer solution which can be proved to be
orbitally stable for the corresponding initial value problem of the time dependent
nonlinear Schrodinger equation. For our purpose of notations later, we recall this
result as follow.

For each positive constant d, we define

1 d
= inf - 2de — = Pdz). 1.5
Cd ueHll,I|1\u\|2=1 (2 /]RN |Vu|*dz ’ /RN ul :v) (1.5)

Then it was proved in [5] that ¢ < 0 and ¢4 is always attained. Using the same
method and being easier using the compact embedding from H} into L?, one can
prove that when Q(x) is a radial function, the problem is also solvable in the space
of radial functions. Here we state this without giving a proof. Assume

(Al) @ = Q(|z]) is continuous and there exist positive constants by > by > 0
such that by > Q(x) > by.
Theorem 1.1. Assume (A1), N >2, and2<p <2+ %. Then
Crad = inf{J(v) : v € HF}(RY),|jv]]2 = 1}
is achieved, where HY(R™N) is the radial subspace of H'(RY).

By this theorem, the problem has a radial solution. When we consider
the minimization problem in the full H! the minimization problem may or
may not be solvable. Our focus in this paper is to investigate a class of potential
function () that assure the existence of minimizers, and to give conditions for the
minimizers to be non-radial and for multiple non-radial solutions. We make the
following assumptions.

(A2) max{qo,goc} < g Where go := Q(0) and goo := Imsup,|_,o Q).
To study the symmetry breaking phenomenon we will magnify the conditions on
the potential and study the family of problems with a small parameter ¢ > 0,

—Au — Q(ex)|ulP~u = \u,

1.6
lulls =1, weHY(RYM). (1.6)
We write the functional depending on the parameter € as
1 1
To() = f/ Vul?da — 7/ Qlex)|ulPdz, u € H'(RY), (1.7)
2 RN D JrN

under the constrained mass condition

[ull = 1. (1.8)
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In particular, one can consider the minimization problem of J. on the constraint
c(e) = inf{J.(u) : u € H'RN), ||July = 1}. (1.9)

We will also use ¢;aq(€) to denote the ground state energy in the radial class (which
is always achieved by Theorem [1.1))

Crad (€) = inf{J.(u) : u € H}(RY), |Jul|2 = 1}.

Theorem 1.2. Assume (A1), (A2), N >1, and 2 < p <2+ +. Then there exists
€0 > 0 such that for all 0 < € < €, c(€) is achieved at some u.. Moreover, let u. be
a minimizer of c(€), and u**d be a minimizer of craq. Then
. L rady __
lg% Crad(€) == Je(u™) = cq,
lii%cé = Je(ue) = cqpy-

In particular, for € small, u. is non-radial.

Next we seek more non-radial solutions of problem . Since @ is radial there
exists a radial solution by Theorem In Theorem we prove that the ground
states are non-radial. Next we show that under suitable conditions the problem has
multiple non-radial solutions. These non-radial solutions appear as ground states
in some other symmetric subspaces. Here is the main result and see Section 3 for
more detailed descriptions of asymptotic profiles of these solutions.

Theorem 1.3. Assume (Al), (A2), N =2, and 2 < p < 4. Let k be a positive
integer. Suppose

p—2

qm S k5

max{qo, oo }

Then there exists €, > 0 such that for all 0 < € < €, problem (1.6)) has k non-radial
solutions.

Being minimizers of some symmetric subspaces all these solutions from the above
theorems are positive solutions. We also remark that symmetry breaking was stud-
ied in [6] for the two dimensional mass critical problem under a linear trapping
potential.

The organization of the paper is as follows. In section 2 we list some preliminaries
and state and prove a useful lemma on the ground state energy in terms of constant
potential. Section 3 is devoted to the proof of Theorem proving the existence
and symmetry breaking of ground state solutions. In Section 4 we prove Theorem
[1.3] giving multiple non-radial solutions, and discuss some possible extensions.

2. PRELIMINARIES

We donate by H}(R™) the space of radially symmetric functions u(x) = u(|z|)
which satisfy u(z), Vu(x)eL?(RY). We also use notation

= ([ 1), for gelto0) and wers®), (@)

lall e = (Va3 + [lul3)2. (2.2)

The following is a special case of the well-known Gagliardo Nirenberg inequality
4.
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Lemma 2.1. Let p>2,0<60 <1 be such that
1 1 1 1-6

—=0(z— — 2.
-0 -+ (2.3
Then there exists constant C' = C(p) independent of u such that
lull, < ClIVul§llully™®,  VueW?RY). (2.4)

The following lemma is the Concentration-Compactness principle [9, [10, [17].

Lemma 2.2. Let j,, be a sequence of nonnegative L' functions on RY. Forr >0
we define a family of concentration functions,

Qn(r) == sup / L.
B, (y)

yERN

Suppose that pi, is a sequence of L'-functions on RY,

Un >0, / ndr = 1.
RN

Then there exist a subsequence of ., (still denoted by ., ) such that

a= lim lim Q,(m)
m—o0 N— 00

exists and one of the following three statements holds.

(i) (vanishing) o =0 and for any R > 0 we have

lim sup / tn, = 0; (2.5)
n—oo yERN BR(y)
(ii) (compactness) « =1 and for any 6 > 0 there are R > 0 and {y,} C RY
such that

n—oo

liminf/ pn > 1 —0; (2.6)
Br(yn)

(iii) (dichotomy) for each a€(0,1) and & > 0 there are R > 0 and {y,} C RY
such that for allT > R and v’ > R

limsup|oz—/ un|+’(17a)f/ fin| < 6. (2.7
n—00 Br(yn) RN\B,/ (yn)

Using the concentration compactness principle, it was proved that for any d > 0,
the ¢4 defined in satisfies ¢g < 0 and that ¢4 is attained. When Q(x) = Q(|z|),
the attained-ness of the radial case c;,q can be done in a similar and even easier
by the compact embedding from H}!(RM) into LP(RY) for N > 2,2 < p < 22
(see [14], M]), which gives the conclusion of Theorem For N = 1, namely the
case of even functions, one can easily rule out dichotomy to get compactness for
the existence of a minimizer. We omit the proof here.

We finish this section with a simple but useful result relating the minimum values
of ¢4 in terms of d.

Proposition 2.3. When the potential function in (1.5) is constant, it holds

Cq = AT~ c1. (2.8)
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Proof. From now on for any function v and A > 0 we use the notation u*(x) =
AN/2q(Az). Note that ||u||o = ||ul|2 for any A > 0. Choose u; such that ¢; = J(uy).
Using u7 () as a testing function we have

N(p—2)

1 1 AT 2
<x(3 2d —7/ S dhudz).
ca < 5 /RN |Vuq|“dz b Jox 2 |up|Pdx

Choosing Ay such that

N(p—2)
Ao
d=1
A3 ’
ie, Ao = d4*N?P*2>, we obtain
cqg < A%J(ul) = /\gcl — VD) c. (2.9)

In a similar way,

1 1 A, 2
<)\2(7/ Vug|2d 77/ L pd)
c1 < AY 5 lRN| ug|“dx Pl v |ug|Pdx

where ¢g = J(ugq), and

Therefore when we set:

N(p—2)
)\ 2
d="t (2.10)
A
and obtain ,
c1 SXJ(uy) = Neey =d™ T2 ¢y, (2.11)
Then the result follows from (2.9) and (2.11)). O

3. EXISTENCE AND SYMMETRY BREAKING OF THE GROUND STATES

In this section, we study the existence and symmetry property of the ground
state solutions under our conditions (A1) and (A2). We will show that for e small,
the ground states are not radially symmetric.

Proposition 3.1.
lim c(€) = cq,, - (3.1)

e—0

Proof. Let uys be a minimizer of ¢g,,. By the definition of c,,,, we have

. 1/ 9 1
Cqyy = Inf = Vu dszqM/ ulPdz
P =1 2 ]RN‘ | p ]RN‘ |
1 o, 1
= - |Vup|*de — = gy |upr|Pda.
2 Jrw P JrN

Let 2o be such that Q(zo) = gn. We set v, () = upr(z—%22), where n — 00, €, — 0.

Hence we have ||v,|l2 = ||[uar]l2 = 1. Then
1 1

cle,) = inf (= Vqux—f/ €nt)|ulPdx
)= int (5 [ 1vuPde—> [ Qealurar)

1 1

< 7/ |an\2dx—f/ Q(enx)|vp|Pda
2 Jrw P JrN
1

1 1
= 5/ |an\2dac — qu/ |vn |Pdz + f/ (g — Q(enx))|vn |Pdx
RN p RN P JrN
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1
=cqy + f/ (g — Qlen))|vp|Pde.
P JrN

So we turn the complicated problem into proving the claim

11? /]RN (v — Q(en))|vp|Pdz — 0.

By a change of variable we have

/ (4t — Q(en))[vn Pdz = / (a1 — Qent + 20)) [uns Pde
RN

RN
By the dominated convergence theorem we have the desired estimate. Hence we
obtain
limsup c(e) < ¢q,, - (3.2)

e—0
Next by the definition of ¢a; we have Q(e,2) < qur, and by the energy functional
form, we have

C(e) Z Cans - (33)

Consequently, lim_,q c(€) = cq,,
Lemma 3.2. For a fized € > 0, if c(e) < ¢q., then c(e) is attained.

Proof. We fix an € > 0 such that c(e) < ¢q.. Let u, be a minimizing sequence
of c(e). Because c¢(e) < 0, there is no vanishing for u,. We claim that there is no
dichotomy for u,. Otherwise, by Brezis-Lieb lemma, we have o = fRN |u|?dz, 1 —
= [on [tn —ul*dz +0(1), and u,, — uin HY(RY). Since 1 —a € (0, 1), it follows
that

oP? <o, (1—a)’? < (1-a).

Hence we obtain

c(€) 1

1
7/ \Vun|2dx—f/ Q(ex)|un|Pdx + o(1)
2 Jrn D Jry

(1 — a)e(e) + ac(e) + o(1)

+1(1—a) — (1 - )P/ / Qer) H [dz

Y]

Y

+ [a — a?/?] Q(em)‘L‘pdx.
RN [[ull2
Sending n — oo we obtain ¢(e) > ¢(¢), a contradiction.

With vanishing and dichotomy ruled out, we have compactness for wu,, from
Lemma (ii), i.e., up to a subsequence there exist (z,) such that for any § > 0
there is R > 0, it holds

n—oo

lim inf/ uidx >1-46.
BR(ZL’n)

Let n(t) be a cut-off function such that n(t) = 1 for |t| <1 and n(¢) = 0 for |t| > 2.
Define ngr(t) = n(t/R). Define v, = nr(|z —zn|)un(z)/||nr (| — 24 |)un(x)||2. Then
we have

)= inf J(u)> 10 / Vo P da—> / Q(ex)|on|Pda+O(8)+o(1/R).
2 Jrw P JBan(en)

flullz=1
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Since ¢ < qu for n large we have for v > 0, Q(ex) < goo + v < g for all
x € Bagr(xy,). Thus for n large we have

1-6 1
o025 [ Vefde= o [ (g oalrd + 0G) + o1/R)
2 RN p B2R(xn)
> Cqooty T 0(1/R) + O(e) + O(9).

Sending § — 0 and R — oo we obtain lim._,q c(€) > ¢q_ 1. Since v > 0 is arbitrary,
we obtain lim,_,q c¢(€) > ¢, which is a contradiction. (]

Next we prove the limiting behavior of the ground state energy in the radially
symmetric class.

Proposition 3.3. lim,_, ¢rad(€) = lime_o Je (u?d) = ¢, .

Proof. Let u a radial minimizer of c,,. Using this as a testing function, we easily
have lim._, Je(u) = ¢q, which implies lim sup,_,, ¢(€) < cq,.

Now for any sequence €, — 0 we write u,, = uﬁ?d By Lions Lemma [I7], there
is no vanishing for this sequence.

Because u,s are radial functions, it is easy to rule out dichotomy of this sequence.
Also because of the radial symmetry [14], for compactness we have for any 6 > 0
there is R > 0 such that liminf,,_, .o fBR(O) u2dx > 1 — 6. This implies u,, — u in

L#(R?) for any 2 < s < oo [14]. Then we have

1 1
Cqp < 3 /]RN |Vu|?de — » /RN qolulPdx < linrgioréf Je,, (Un).
Thus we obtain the desired estimate. O

Then Theorem follows from Theorem Propositions and

4. MULTIPLE NON-RADIAL SOLUTIONS

To construct multiple non-radial solutions we use the group invariance property
of the problem. First, for each integer & > 2 we define the group G = Gy, as follows

271 .27
COS 55— — S1n -
G={9792,~--,gk=1d=9=(Sinﬁr 005275)} (4.1)
k k

We will work in the G-invariant subspace of functions H}(R?). We define the
working space as the following

I'¢ = {ucHE(R?) : ||ul2 = 1} (4.2)
and we have the ground state energy in the G-invariant subspace
k)= inf J.(u). 4.3
ole, k) = inf Je(u) (4.3)
Lemma 4.1.
limsupc(e, k) < ¢ 2-p (4.4)
€0 k72" qm

where as in (|1.5)),

2

1 2—pP
C2-p = inf (f/ |Vu\2da:—m/ |u\pdx). (4.5)
k™2 qu  weH! ||lulla=1 \2 Jpo P R2
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Proof. First of all, let xy be such that Q(xo) = gy and consider
o) =u(x — gixe), i=1,2,...,k (4.6)

Ue

where u is the solution that corresponds to the ground state energy SN and
am

re = *2. Then we can obtain || E?Zl ull]3 = Zle lutl]3 + o(1) = k + o(1), where
o(1) = 0 as € — 0. Note that 32 | i /|| S°F_, ui|ls € T¢. Thus we have

k k
ek < T Zu/ | 3l
= (k;+ / [V ( Zul |2dm— %/ Q(ex)] Zuz|pd:ﬂ
= %%Z/}Rz |V, |2da — L Z/ Q(ex)|u;|Pdz + o(1)
i=1

2-p

1 9 k=
= |[Vu|*de — —— [ quml|ulPdx + o(1).
2 R2 p R2

This gives

limsupc(e, k) <c 2-p . O

=0 k2 qum
Lemma 4.2. For fized k, when c(e, k) < ¢q, c(€, k) is achieved.

Proof. Assume that (u,,) is minimizing sequence, i.e. J.(u,) — c(¢, k) < ¢4, . Then
the minimizing sequence (u,,) is bounded in H!, and we may assume u,—u in H*
and u,, — u a.e. in R?.

We claim that u#£0. If not, we assume u = 0. Since limsup,|_,o, Q(z) = goo <
gy for any v > 0, there exists R > 0 such that Q(ex) < ¢oo + 7 < g for all
x € B%(0). Then we introduce a cut-off function

1, i > 2,
t) = 4.7
() {0, i |t < 1. (4.7)

We let v, = un~77(%|). Since w = 0, when n — oo, we have ||vy, — up| g1 — 0
and ||v,|l2 = 1,n — co. Then we normalize it

v
Uy = ——€I'C, (4.8)
l[vnll2
Then we have
cle, k) = J(upn) = Je(0n / |V, |*dx — 7/ Q(ex)|v,|Pdz + o(1).
B%(0)

Hence we can obtain
1
)= 5 [ 1V Pdn = [ (g TP+ o).

Sending n — oo, we have c(e, k) > cq_ 4. Since v > 0 is arbitrary we obtain
c(e, k) > ¢4, a contradiction. Similar to the proof of Lemma we can use the
Lemma to prove that |Julz = 1. Then we can obtain w,, is converges strongly
to w in LP. Using the weak lower continuity of norm and the definition of c(e, k),
we can obtain J.(u) = c(e, k), which implies that c(e, k) can be achieved. O
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From the previous two lemmas we see for fixed k, there exists €5 > 0 such that
for all € < €, c(e, k) is attained. We will examine the asymptotic behavior of c(e, k)
as € = 0. Then we will be able to distinguish between these ground state energies.

Lemma 4.3. Under the conditions of Theorem[I.3, we have
limc(e, k) =c 2-p .
e—0 k™2 qm
Proof. We just need to consider the reverse inequality
im i > - . .
hrerigélf c(e, k) > €252 (4.9)
Let €, — 0. By the last two lemmas, we assume that u,, €I'“ is such that J., (u,) =
c(€én, k). From Lemma we have
limsupc(e, k) <c 2-p <O. (4.10)
e—0 k7T qu
From this and Lemma (un) is bounded in H!. Consequently, we may assume
that u,—wu in H!, and u, — u a.e. in R2.
We claim that «w = 0. If not, assume u#0. Let v,, = u,, — u. By the Brezis-Lieb
lemma [2} [I7], we can assume ||ul|3 = a, [|v,]|3 =1 — a + o(1).
However, if o = 1, we can obtain c(e,, k) — ¢4,,n — 00. It contradicts Lemma
4.1, so we have a€(0,1). Since a€(0, 1), we have

(1—0a)>(1—a)? a>a?/? (4.11)
Hence
c(en, k)
= Je, (un) = Je, (u) + Je, (vn) + o(1)

1 1 1
= 7/ |Vu|2dx—f/ Q(enx)|u\pdx+f/ |V, |*dz
2 R2 D JRr2 2 R2

— %/}1{{2 Q(enz)|vp|Pdz + o(1)

1 1 1
== |Vu|?dz — f/ qolulPdx + 7/ |V, |2d
2 R2 D JRr2 2 R2

— ]%/]R? Q(enz)|vp|Pdz + o(1)
U

1 Vu 2 qo0 P qo0 2 U p
:Hu”?(f/ do — L dz) + L)y [ | e
2\2 R2|||UHQ} p R2|Hull2| p ]R2|||u||2’

1/ u p 2 /2
—— | qo|r—| dz(||ul]3)?
p R O|Hu||2| (” HQ)
1 Vo, 2 1 Un |p
+ ||v, 2(7/ dac—f/ €nl)|—— dac)
1021203 foo 1Tonllsl 4~ 5 Jo @2 5

1 Un, 1
+ *||Un||§/ Q(6n$)| |pdx - *(anllg)m/ Q(6n$)|
p R2 p R2

[[on]2

Un

[[onl2

’pd;v +0o(1)

o — aP/? U
> acq, + 7/ qo|—|pdx + (1 — a)ele, k)
P Jreullz

1 —a)—(1—a)?? ent)|—2Pdz + o
+2l=a) = (1=aP”) [ Qlea) 2 da + o).

[[on 2
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We assume A = lim,,_, ¢(€p, k). Then

a — aP/? U
AZacqo—i—(l—a)A—l—i/ q0’7|1’dx
p Rz lull2

1 —a)—(1—a)? En
+l=a)—(1-ay”) [ Qe

p

Un |de
l|vnll2

a—aP/?
2alimsup0(6n7k)+(1—a)A+T/ |||u|| "

n—oo

! —a)—(1—a)P/? €nT b
ol1=a) = (=0’ [ Qlea)| e

a— aP/? u
> A+ / qo‘ |pd:1c
p R lull2

! —a)—(1—a)P? €n®
1= = (=) [ Qle,a)

which is a contradiction; therefore u = 0.
Because limsup,_,qc(e, k) < 0, there is no vanishing for u,. By Lemma
exists |x,| = 00,1 > 0, for V§ > 0,3R > 0, we have for i =1,2,... k,

lim inf/ [, (2)|?d2z > oy — 6. (4.12)
BR(gtxn)

n— oo

p
dzx
||vn\|2|

Then we define the sequences v,,, w, via a smooth non-increasing cut-off function

3
Zg B9y ), o) =301 - 6T 8, ) (113)

where z,, = xo/en and

1, if |t <1,
t) = - 4.14
&) {O, if |t| > 2. ( )
Obviously,
Uy, = U, + W, (4.15)

Then we have ||v,||3 — kay, ||wa||2 — 1 — kay due to Lemma Then we need
to prove that kay; = 1.
If not, then 1 — kay > 0, hence

kai1€(0,1), (1 — kay) > (1 — ka1)P/? ka > (kay)P/2. (4.16)
Therefore
c(en, k)

=Je, )>J (Un)+Je (wn)+0(5)+0( )

/|Vun|2dac—f/ Q(enx)|vp|Pdr + = /\an| dx

— > | Qen)lunlrds +06)+ 0()

1 Vv, |2 1 n
STAHE / | ; / , Qewa)| 2|

llvnl2
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| p

+ ”UnHZ / Qenz ||| | |pd:C ”UnH p/2 / Qlenw {

Vw,
+lhealB (3 /.

il
1
27 Wn,
el | Qlen)| 7

[[wn|

lv ||2

p
= Qe i)

‘pdaj

_ 2yp/21 Wn__1p 1
(72 [ Qewn)| pii s+ 0() + 0()
> kajc(en, k) + (1 — kaq)e(en, k)

1 n
+ [kay — (kal)pm]; /]R2 Q(en)| ;)

[[on]2

‘pdx

11 =) = (1 = k)13 [ Qesa)| - + 0(5) + O( ).

Sending § — 0 (and therefore R — o0) we obtain a contradiction. Consequently,
k‘al =1.

By Lemma [2.2] there exists a sequence (zy,) satlsfylng |€n| — oo such that for
any ¢ > 0 there exists R > 0, we have, fori =1,... k,

1
lim inf |t () Pdx > — — 6. (4.17)
= JBr(gizn) k
We let i
T — giTn
vy =Ygl () (1.18)
i=1
Then we have
lim v, |2dx = 1. (4.19)
n—oo [po
Now we have
c(en, k)
= Je, (un)
1
k 9 k 1
= |Vuy,|“de — — Q(enx)|unPdx + O(d) + O(=)
2 Bar(zn) Bar(zn) R
1/1 |V, |? 1 »2 |y, |P 1
> k- 7/ der——-a? q dzr)+0(6)+ O(=
k(? Bar(zn) % p ! M Ban(zn) %P/2 ) (9) <R)
1 / ‘ Vu, 1 2-p Uy |P 1
_ v — kT qu || e+ 00) + 0 )
BQR(‘TH) V 1/ p B2R(ajn V 1/
1 " 1 2-p
:7/ Vi |2 Lt | ‘da:+0(§)+0( )
2 JBan(an) Hlunll2 p Ban(zn) ||Un||2
1
> C25e +0(0) + O(E)'

Sending n — oo we have

1
hggfc(e k) > C2e +0(0) + O(E)
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Then sending § — 0 (and therefore R — o0) we obtain the result. O

Proof of Theorem[I1.3 By using the Proposition we obtain

2
ca=d TEI2e. (4.20)
Hence by Lemma [4.1] we have
limsupec(e, k) < c 2-p
e—0 k2 qm
-2
= (k%TPQAI> N(?ZLZQ

4 __2(»=2)
=c1(qn )T NED k2= NG

< min {cqo = cl(qo)m,cqoo = cl(qm)m}.

Then, for fixed k, exists €, when € < €, we have c(¢, k) < min{cy,, ¢4, }. Therefore,
by Lemma for € < €k, c(e,4) is achieved at some w; for ¢ = 1,... k. Using
Lemma [.3] we have for i = 1,...,k

limc(e,i) =c 2-p (4.21)

e—0 t 2 qMm
which implies by Lemma [2.3] that these u; for i = 1,...,k are mutually different
non-radial solutions. O

Remark 4.4. From the proof of Lemma we can see that these solutions are
multi-bump type solutions. In particular, for ¢ = 1,2,...,k, solution u; behaves

like a normalized sum of translations of a minimizer of ¢ 2-p  at a symmetric
12 qMm
orbit of the group action.

Remark 4.5. The result is still true for N > 4. We may use the group G = G x
O(N —2), and consider the subspace of G-invariant functions. These functions are
radially symmetric with respect to the last N — 2 variables. Since N —2 > 2, when
we do concentration compactness analysis the concentration points stay around the
two dimensional subspace of the first two variables. Therefore our arguments go
through with little modifications. We omit the proof here. It would be interesting
to see whether the same phenomena is still valid for the case of N = 3, though our
minimization arguments seem to break down here.

For problems similar to but without a constraint, we refer [3 11 [16] for
references on results of similar natures in particular [3| [I6] where as a small param-
eter tends to zero there are more and more non-radial solutions. However for our
problem we do not know whether this would be the case, i.e., as ¢ — 0 the
number of non-radial solutions tends to infinity.
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