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SPECTRAL THEORY OF C-SYMMETRIC NON-SELFADJOINT
DIFFERENTIAL OPERATORS OF ORDER 2n

HORST BEHNCKE, DON HINTON

ABSTRACT. We continue the spectral analysis of differential operators with
complex coefficients, extending some results for Sturm-Liouville operators to
higher order operators. We give conditions for the essential spectrum to be
empty, and for the operator to have compact resolvent. Conditions are given
on the coefficients for the resolvent to be Hilbert-Schmidt. These conditions
are new even for real coefficients, i.e., the selfadjoint case. Asymptotic analysis
is a central tool.

1. INTRODUCTION

Non-selfadjoint operators (NSA) arise in many areas of theoretical physics. Yet,
compared to thousands of papers on selfadjoint operators arising in differential
equations, there are fewer papers on their NSA counterparts. This is so mainly
because of the absence of the spectral theorem and the order properties of the
real numbers. Thus there are no Sturm theorems and no spectral representations.
Special tools like subordinacy and the m-matrix as the Borel transforms of the
spectral measure are likewise missing. This is not surprising and it can be already
seen for Sturm-Liouvillve operators. New phenomena arise, like empty spectrum,
all of C as spectrum, or higher order poles for the resolvent. Hence the analysis the
NSA differential operators so far lacks order and guiding principles.

Most studies rely on numerical range conditions [9, [10] which led among others
the analysis of dissipative operators. The Russian school, Naimark, Ljance, et al.
[30] in their study of NSA Sturm-Liouville operators use function theoretic methods
and Fourier transforms in their analyses of the eigenfunction expansion of Sturm-
Liouville NSA operators. Yet this approach came to a stop in the mid 1970’s.
Sims [38] was able to extend Weyl’s program by construction of the m-function for
—y" + q(x)y where ¢ is complex valued with Im g(z) < 0. This was extended by
Brown, McCormack, Evans, and Plum [9] to general Sturm-Liouville operators and
later to complex Hamiltonians [10, 29]. All these studies rely heavily on numerical
range conditions to localize the spectrum and construct the m-matrix by further
assumptions on the numerical range. However, unlike the real case, the meaning
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of the m-matrix remains obscure, even for Sturm-Liouville constant coefficients
operators.
This article is devoted to the spectral analysis of differential operators of the

form
1 n

Ty =— —1)* pky(k) (&) on L2 (). 1.1
vl = kZ:O( )*( ) ) (1.1)
Here I is an interval in R, and w is the weight function which defines the scalar
product. Mostly we will be dealing with the one singular endpoint case I = [a, c0).
The coefficients py are assumed to fulfill the usual requirements, i.e., 1/p,, pi for
k=0,...,n—1, are locally integrable and complex valued. The maximal operator
Timax has domain D(Tp.x) consisting of all functions y in £2(I) to which T can
be applied and have T[y] € L2 (I). D(Tiin), the domain of the minimal operator,
is the closure of the set of all functions in D(Tiax) with compact support in the
interior of I. Both T, and Tax are closed, densely defined operators. For the

systems formulation of (1.1]) below in (2.7), we define the quasi-derivatives y*! by
2l

(1.2)

for 1 <k <n —1, in which case

1 7
Ty = " [y[znfl] + poy].

For y € D(Tiin), I = [a,00), it is known that y[¥l(a) =0, k =0,...,2n — 1, and
from this it follows that T ,i, has no eigenvalues as the existence-uniqueness theory
for (1.1)) implies y = 0 if y € D(Tinin) and Tinin[y] = 2y.

The formal adjoint 7' of T is then given by

1 n
Ty = — 5, 0, (k) 2(1). )
Wl =—> " ey™) ™ on £3,(D) (1.3)
k=0
We have the adjoint relations e.g., Goldberg [18, p. 130] or Kauffman, Read, and
Zett] 22 p. 14],

Tr. =TF

min max’

Enax = T+* Tmin = T+* T* = T+

min’ max) max min?

where * is the Hilbert space adjoint. Further we have Ty, is C—symmetric, i.e.,

Tmin C CT,.C where C is complex conjugation. In the case of C-symmetric opera-
tors like Tinin, we are interested in the spectral theory of the C-selfadjoint extensions

T of Thin, i.e., operators Ty which satisfy the relations
Tmin C Ts C Tmaxa Ts* = CTGC (14)

In general a C—symmetric map C on a Hilbert space is one that is conjugate lin-
ear, involutive, and isometric. Our C-symmetry is usually called J-symmetry for
complex conjugation.

These operators are obtained by imposing appropriate boundary conditions on
the elements of D(Tiax), see Knowles [25]. In [8] the spectral analysis of such
maximal C-symmetric operators was based on asymptotic integration, because a
good knowledge of the eigenfunctions allows to deduce spectral properties of T.
Earlier asymptotic integration for differential equations with complex coefficients
was mainly used for computing the deficiency index. References for this approach
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may be found in the book of Eastham [I2] which is entirely devoted to asymptotic
integration.

In fact we will follow the presentations of [6] [7, [§] closely so that we may cut the
first three sections rather short. The spectrum, resolvent, the domain, null space,
and the range of an operator T will be denoted by o(T)p(T'), D(T), N(T), and
R(T) respectively. The numerical range of T is defined by

N(T) ={({Tz,z): x € D(T),||z| = 1}. (1.5)

The set N(T') is convex, but need not be closed. N(T) is an important tool in
finding the spectrum - see section Clearly, eigenvalues are contained in N (T).
Let
N (T) ={(Tz,z) : x € D(T), ||z|| = 1, support z C [n.c0)}.
Since many properties of T' depend only on the asymptotics of the eigenfunctions,
we define the essential numerical range of T' by

Nao(T) = "N, (T). (1.6)

Note that the numerical range for T},;, can be computed from

Tonro) = [ Ym0l @) wla)da, (1.7)
@ k=0

Thus the numerical range of T,;, will lie in a sector of C of angle < 7 if all values

of the coefficients lie in this sector.

£8 = £5(Ja,@)), 1 < p < oo, will denote the set of all p-integrable functions
vanishing at infinity. For functions f and g we write f < g if |f| = o(|g|]) and f = g
if for some K > 0, K| f| < g < K|f].

For the general theory of linear differential operators we refer to the books by
Glazman [I7], Naimark [30], and Weidmann [39]. In a sense this article may be
considered an extension of [3].

This article is organized as follows: Introduction, spectral theory and asymp-
totic integration, the resolvent, conditions for gess(Tmax) # C, eigenvalues of equal
magnitude, and other higher order equations.

2. SPECTRAL THEORY AND ASYMPTOTIC INTEGRATION

2.1. Spectral theory. For a closed, densely defined operator S in a Hilbert space
‘H, the regularity field is defined by

I(S)={z € C: ||(S—2)(x)| > k.||z||, = € D(S), for some k, > 0}.

The resolvent set p(S) of S is the set of all z in II(S) such that the range of
S — z is H. The spectrum o(S) of S is the complement of p(S). The set o(S5)
is the union three sets: the eigenvalues of S, 0,(S), the residual spectrum o,(S)
which is the set of values of z ¢ 0,(S) for which the range of S — z is closed but
different from H and finally, the essential spectrum of S, 0ess(S) which is the set
of z such that the range of S — z is not closed. Glazman [I7, p. 9] proves that this
is equivalent (when there are no eigenvalues of infinite geometric multiplicity) to
there being a singular sequence for z, i.e., a bounded noncompact sequence { f,,}
such that (S — z)(f,) = 0 as n — oo or equivalently there is a sequence {f,,} with
/=]l = 1 such that (S — 2)(fn) — 0 as n — oo and f,, — 0 weakly.

If S is a C-selfadjoint operator, then o,.(S) = () since z € o,.(S) implies N(S* —
Z) £ 0. (see below) If S*¢ = Z¢, then S¢ = CS*Cp = CS*¢ = C(2¢) = z¢
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which is contrary to z € ¢,.(S). Thus a C-selfadjoint operator has no residual spec-
trum. This parallels the selfadjoint case as selfadjoint operators have no residual
spectrum. One difference however, is that a C-symmetric operator always has a C-
selfadjoint extension, see Knowles [24], while a symmetric operator may not have a
selfadjoint extension. This occurs for symmetric operators with finite and unequal
deficiency indices.

In general, 0(S) = 0,(S) U 0,(5) U dess(S) and o(S) = 0,(S) U 0ess(S) if S is
a C-selfadjoint operator. While for both selfadjoint and C-selfadjoint operators the
spectrum is the union of the point and essential spectrum, there is an important
difference. If S is selfadjoint, then both o(S) # @ ( by the spectral theorem) and
p(S) # 0 (as z € p(S) if z # 0). If S is a C-selfadjoint operator, then it is possible
for 0(S) = 0 (see Example [2.2| below) or for p(S) = 0 (see Example [2.1] below).

From the fact that D(Tihax) is a finite dimensional extension of D(Ti,), it can
be proved , see [22, p. 16], that when one of Tinin — 2, Timax — 2, Tibs — 2, T — 2
has a closed range, then all do. From this it follows that

Oess (Tmin) = Oess (Tmax) .

For S = Thin, I = [a,00), as noted before, we have o(Tiin) = 04(Tmin) U
Oess(Tmin). We have the well known relations, Kato [21], p. 267],

N(Tt = 2) = (R(Tmin — 2)),  N(Tmax — 2) = (R(TE, — 2))*. (2.1)

max min

Note that the conjugation map y — 4 shows that dim N (T, —2) = dim N (Tyax —
z). In the general case studied here the numerical range of T,,;, may be C.

For z ¢ N(Tmin), we have from Kato [2I, p. 268] that Ty, — z has a closed
range, nullity Ty, — 2z = 0, and the defect of Ty,;, — z is constant on each connected

component of N(Tmm)c. Thus one has oess(Tmin) € N (Tmin)-
If 2 ¢ 0ess(S) and z ¢ 0,(S), then by the closed graph theorem, z € II(S); the
converse also holds so that

T1(S) = 0ess(S) N0, (S)C and

(2.2)
C=TI(S) UTI(S)C =TI(S) U 0ess(S) U o, (85).

We define
s = dim(D(Tmax)/D(Twin))- (2.3)
In the one singular endpoint case I = [a,00), s > 2n since one can construct 2n
compactly supported independent functions in D(Tiax)/D(Tmin) [30]. Further, it
follows in the one singular endpoint case from Kauffman, Read, and Zettl [22] p.
16], that when T}, — 2z has a closed range,

s = nul(Thax — 2) +nul(TF, — 2) = 2nul(Thax — 2)- (2.4)

max

From these in this case and for all z ¢ 0ess(Tiin), We obtain

def (Tiin — 2) := dim(R(Timin — 2))= >n, and def(T},

min

—Z)>n. (2.5)
For a C-symmetric operator these defect numbers are independent of z ¢ Gess(Tinin)
[25], and we refer to them as def Ty, and def T, .
Example 2.1. McLeod [28] gave the example of the equation

Tly] = —y" — 2i(exp(2(1 + i)z))y = 2y, 0 <z < o0,
whose solutions can be expressed in terms of Bessel functions, and no nontrivial
solution is in £2([0,00)) for any 2. If 2 & Tess(Tinin) = Tess(Tmax) for some z € C,
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then (2.4)-([2.5) yields that nul(Tiax — z) > 1 which is a contradiction. Thus
aess(Tmm) C which also implies N (Tiin) = C as 0ess(Timin) € N (Timin)-
This result holds for powers of T as well. For simplicity, consider 72.

show 72 has no eigenvalues. Suppose

=2y, y#0, yeL*[0,00)).

First we

T

Then

[yl - 2%y = (1 — 2)(7 + 2)[y] = 0.
This implies g := (7 + 2)[y] # 0 as 7 + 2z has no nontrivial solutions in £2([0, 0))
which in turn implies (7 —2)[g] # 0 as 7 — 2 has no nontrivial solutions in £2([0, 00))
which is a contradiction. Since dim D( max/D( mm) > 4, where T refers to 72,
we reach a contradiction as before Hence there are examples of even powers of
differential operators with essential spectrum C.

Example 2.2. In [g], the eigenvalue problem on 0 < z < 1,

Iyl = —y",
with boundary conditions

y(O)] {y(l)} m
A + B = , rank[A, B] = 2,
sl = A8
with complex matrices A, B was proved to be C- symmetric if an only if the bound-
ary conditions are of the form

y(0) = —cy(1), ¥'(0)=cy' (1), c==i.
Further, it was shown than with ¢ = £ there are no eigenvalues. Hence we have an

example of a C-symmetric operator with empty spectrum as the minimal operator
for a compact interval has empty essential spectrum.

Example 2.3. First we recall how singular sequences are used to find points in the
essential spectrum. To show the minimal operator Ty, for 7[y] = (—1)"y(2”), 0<
x < 00, has Oess(Tmin) = [0,00), one can construct a singular sequence. For ex-
ample, let {I,,}, I, = [an,by], be a sequence of disjoint intervals in [0,00) so that
3 <|I,| = by, —ay and |I,] — 0o as n — c0. Let ¢, be a Cs function with support
I,, so that ¢, (x) =1on [a, +1,b, — 1], n=1,2,....

Let y,,(2)) = ¢n(x)sin(\/2"z) for A > 0. Then for ¢, (z) = 1,

(Tomin — N[ya] = (=1)"y2™ — My = Ay — Ayp = 0.
and it is clear that

|[(Trmin — /\)[Z/nm/”yn” —0 asx— oo,

so that {y,} is a singular sequence for Ty, establishing (0,00) C ess(Tmin)- Since
Oess(Tmin) 18 closed and N (Tin) C [0, 00), this gives cess(Tmin) = [0,00). If ¢ € C,
and f(z) = c on the supports of the ¢,, and zero elsewhere, then the same singular
sequence as above shows that gess((T' 4 f)min) = R(c) where R(c) is the ray

Rc)={p:p=XA+c, A >0}

That 0ess((T + f)min) = R(c) follows from below, but the construction above
shows how singular sequences generate points in the essential spectrum.

Now suppose K is a convex set in C and let {c,,} be a countable sequence whose
closure is K. Suppose [0,00) is decomposed into disjoint intervals I;; such that
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|I;;| — oo as i — oo and |I;;| — oo for j — oo. Define the potential V' by
V(IZZ) = C; ifx e Ilj

By the above argument we see that for all n, R(¢n) C 0ess((T 4+ V)min). Since
the essential spectrum is closed,

U(n)R(Cn> - Uess(<T + V)min)-
Note the left side of this equation is a closed convex set which is also contained in
the closure of the numerical range of (7' + V)min which is itself a convex set. This
example illustrates the variety of sets that can be essential spectrum for Sturm-
Liouville operators with complex coefficients. In particular, if K is the left half
plane, then oess((T 4+ V)min) = C.

2.2. Asymptotic integration. Asymptotic integration has been a major tool to
derive properties of the eigenfunctions of the maximal C— symmetric extensions
of Thin- In the beginning it was mainly used to compute the deficiency index of
differential operators. The application to spectral theory began with [3]. Edmunds
and Evans [I3] gave five Fredholm type definitions of essential spectrum. For C—
symmetric operators, the first four define the same object. The eigenvalues define
the point spectrum o,(7). It is obvious that oes(T) will only depend on the
asymptotics of the coefficients of T'. In particular it will generally be independent
of the boundary conditions at the left endpoint.
In asymptotic integration one first writes

Ty ==zy
in systems form. With the quasi-derivatives (1.2) and

n— n— n t
u = [y[0]7y[1]ﬂ7y[ l]uy[2 117---711[ ]] ) (26)
where t is transpose, the equation Ty = zy can be written as as a system
Ju' = 22+ Blu (2.7)
where
0 -I, . -C A
j—{ln 0}, A = diagw, 0, ...,0], ‘B—{A B}’

and the nonzero elements of A, B,C' are |2] (Note that B = B', C = C")
Ai,i+1 =1, Bu= 1/Pm Cii = pi—1.
We will write the system (2.7) for short as

4B } (2.8)

/ .

u =C€u with €= [C’ g
where C' is C modified by replacing C11 = po with pg— zw. This system formulation
is similar, but different from that of [I2, p. 105]. In fact, if G is a constant
nonsingular matrix, then multiplying by G gives an equivalent system with €
replaced by GEG 1.

For asymptotic integration of or this system has to be brought into
Levinson form [12],

v = [A+ R withA = diag[\i(z.2)], Ry =2L', i,j=1,...,2n, (2.9)
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because solutions of (2.9) will almost look like the solutions of the unperturbed
system v = Aw if A satisfies the dichotomy conditions. To transform ({2.8)) into
(2.9) the matrix € has to be diagonalized. Assume

S7les = A.
Then the system for Sv = u becomes
v = (571eS - 57 ) u=(A—STMS)w. (2.10)

Thus such a transformation makes sense if S, respectively €, is differentiable so
that S~15"i.e., ¢ is small. This seems to restrict systems to those with
differentiable coefficients. However, if € can be written as € = €; 4+ &€, with €
differentiable and €, integrable it suffices to diagonalize the smooth part €; of €.
Such diagonalizations may be repeated. Thus, if one can write € = €5 4+ ¢ +
Cy + -+ €, with €,m — k times differentiable, €y a constant, Qig) = o(1), and
¢£Z’) € £p, this will essentially lead to Levinson form. In addition note that it
suffices to apply the diagonalization only to the off-diagonal parts of the systems
matrix arising. For simplicity we shall restrict the analysis to m = 3 and require
for the coefficients of € a decomposition of the form

f=fi+ fo+ f3 with f; twice differentiable, f; once differentiable and
U@+ LAD, f2/ U+ D), f+ £2/ (D), f3 € L.

In this case we write

(2.11)

C=¢C +&+ ¢ (2.12)

and we restrict the diagonalization to €; + €. This is done in three steps.
I: Determine the eigenvalues of €; + €. II: Determine the eigenvectors.
IIT: Compute the diagonlaization matrix S.

As regards (I) we also have to require that all eigenvalues of €; 4+ €5 are distinct.
Otherwise we may get a Jordan normal form type expressions which we will not
study here. The eigenvalues of € + &5 are the roots of the characteristic polynomial
of €1 + €5

n

T,2) = —1)Fpr(z) A% o\r) — 2w
P\, 2) ’;( D)"pk(@)A™ + (po(x) ) (2.13)

= py det (€1 (z) + €2(z) — A)
Here p; are just the smooth parts of the coeflicients. It is advantageous to replace
A by by ¢A, Then one obtains the characteristic Fourier polynomial

n

Pr(\x,2) = P(i\z,2) = Z pr(2)AZF + (po(x) — 2w). (2.14)
k=1

For the remainder we will work with P only. Note that Pr is a function of A2,
so that —\ is an eigenvalue if A is. Note that the Fourier polynomial of (2.7)) is
given by

Pr(X 2, 2) = —py, det (220 4+ B —i\T). (2.15)
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IT: If the eigenvalues \x = Mg(x,2), k = 1,...,2n, of (2.13)) are distinct, the
eigenvectors py(z, z) of €p = Ap are given by [3]
(pr)s(z,2) = A2, 2)°~!, 1<s<n,
n (2.16)

V=s

III: Tt is advantageous to base the diagonalization on the eigenvetors v with

—1/2 t
Vk(x,Z) :Mk / ('T7Z)|:plap2a"'7pn7p2n7"'apn+l] (l‘,Z) (217)
with M} = 6[%’\’ A=Ar because the formulas for the selfadjoint case extends directly
to this situation. Thus
S(z,z) = [1/1(33, 2),ve(x, 2), ..., vopn(x, z)] (2.18)

will be used as the diagonalizing matrix.
In the situation envisaged above, S diagonalizes €; 4+ €5 and Sv = u leads to

o' =[A-S5T1S + 5718 v, A =diag(\(z, 2)). (2.19)

The matrix S~1S” in (2.19) is given below; similar formulas may be found in East-
ham [12],

(Sflsl)jk _ (>\j - /\k)*le_l/QMk—l/Q Z pl>\§g/\§'7 j#£k,
=0 (2.20)

(8718 ) = 0.
This latter relation is a consequence of the normalization of eigenvectors with

M, /2 Note that these formulas also extend to the case where T has odd compo-
nents.
The transformed system (2.19)) is

Sv=u, v'=(A+Q+R)v (2.21)

where @ is the smooth off diagonal part of —S~1S’ and where R is the remainder.
If the terms of @ are sufficiently small, Q;; = o(1), a further matrix of the form
(I+4 B) may be applied. For this one needs that the eigenvectors in A are sufficiently
distinct, With the usual perturbation Ansatz,

(I+€B)71(A+6Q)(I+GBI+E2BQ+...) =A+eA +ENy+ ..,
one gets in this case for By,
Bii = O, Bij = ()\] — )\k)Rij; Al =0. (222)

Higher order corrections are of the order O(\; — /\k)_QQij ... Q. This requires,
for example,
N =X >e>0, Qi €Ly, (2.23)

The correction terms are then (I + B)~'B’. These are integrable if Bj; € £'.

If the remainder terms B, B’, BB’ are integrable, the system is in Levinson form.
If not, further transformations as above may be necessary. While the application
of asymptotic integration to problems of the deficiency index are rather straight-
forward. The use for spectral theory requires that the transformations above can
be performed uniformly in the spectral parameters at least for z in a small neigh-
borhood of a given zj.
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2.2.1. Transformations. To reduce the multitude of cases somewhat and to simplify
the rising expressions, one should transform the variables. The best transformation
we know is the Kummer-Liouville transformation which is based on [T}, [2].

y(@) = p()=(t),  dt/dx = (). (2.24)

For differential equations of order six or higher the transformed coefficients are prac-
tically impossible to compute. For this reason we had introduced a transformation
adapted to asymptotic integration [2], i.e., modulo Levinson terms the transformed
system has the same form as the original system. For this one requires

W= 1+ p2,y =71 + Y2, t1, 71 twice differentiable, po,v2 once differentiable |
ph /ey, iy =o(1), A/ i ey € £(T).
(2.25)
Then we let

1
b = k" S k(R = Dpy 2 (226)
For the transformed coefficients one gets

- " - _ _ /
Pr = 12" pns Be = 12V ke — 1y T (bhgapea1)” + brbraapesr,  (2.27)

for k=0,...,n—1.

If p, > 0, the expressions for p and 7y can be obtained from p, = 1 and w =
p?w/~. In this case the transformation is even unitary. If p, is not positive, base
the transformation on a smooth approximation of |p,,|.

2.2.2. Dichotomy condition. Levinson’s Theorem states that a system on [a, 00),
o' = (A+R)v, A=diag[)], Re £([a,00), (2.28)

has solutions which almost look like the solutions of the unperturbed system v’ =
Aw if R is a small and if the A\ satisfy a dichotomy condition, i.e.,

vi(z) = (ex + ri(x)) exp(/aC Ak(t) dt), rp(z) = o(1) as x — oo, (2.29)

where ey, is the unit vector with 1 as the kth component. The dichotomy condition
requires the exponential terms to grow at sufficiently different rates. Details may
be found in the book of Eastham [I2], which is entirely devoted to Levinson’s
theorem. The dichotomy condition requires that for any pair of distinct indices
i,7€{1,...,n} and for all a < x <t < oo, and for some constants K, Ko,

exp /t gERe(/\Z-(s) —i(s))ds) < K or 2.30)

exp( /t Re(Ai(s) — Aj(s)) ds) > Ko.

Note that we are using the Fourier polynomial so that A will have to be replaced
with 4 so that Re(A;(s) — A;(s)) = Im(iA;(s) — iA;(s)).

If system has been transformed into Leviinson’s form and if the dichotomy
holds, then the solutions of are given by

xT

up(z, 2) = S(x,2) (I + B(w,2)) [ex + ri(z, A, 2)] exp(/ Ak(t, 2) dt), (2.31)

a

with r, = o(1).
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If further diagonalizations have been used, (I + B) will have to be replaced by
their product. If B = o(1) formula (2.31) can be refined to

ug(z,z) = M;1/2(x,z)5(x,z) (ek + rk(x,)\k,z)) exp(/“ /\k(uz)dt),

Mk = 6pp/a>\|/\:/\k.

(2.32)

If one follows the proof of the asymptotic integration [I2], one finds that the
corrections terms (S715”) ;% in are z- uniformly bounded and (S=18");, — 0
as ¢ — oo and as |z| — oo. This also holds for the correction terms arising in further
diagonalizations. Following the proof of Levinson’s Theorem [12] then shows that
this extends to the corrections term ri(x, Ak, z) as well. Thus

rp(z, Ak, 2) = 0 as x — oo, uniformly in z and
(2.33)

re(z, Ag,2) = 0 as |z| = oo.
These results clearly show the importance of the first diagonalization. Asymptotic
integration will be successful if the eigenvalues dominate the remainder terms. In
the following we will call the factors M /2 form factors, a term borrowed from
nuclear physics. Note that this whole procedure requires a combination of decay
and smoothness for the coefficients as well as the dichotomy condition for the eigen-
values.
At this point one should realize that asymptotic integration is stable with respect
perturbations of the coefficients p,, by terms ¢, € £§. In fact these terms define a
relatively compact perturbations so that the essential spectrum remains invariant.

3. RESOLVENT

The aim of this article is to study the spectrum of operators via their re-
solvent. However, it is still an open question when a resolvent exists for general
C-symmetric differential operators. Examples for C-symmetric Sturm-Liouville op-
erators operators without a resolvent or with empty spectrum are known as noted
earlier. So far the only general information is based on the numerical range. In
the case of compact operators the existence of the resolvent can also be inferred
from the structure of the domain. In the situation we are considering here, we will
quite often construct the resolvent explicitly, see below. The development
below has been presently worked out for C-symmetric Hamiltonian systems with
almost constant coefficients. We will be mainly deal with operators on the half-line.
Problems in R can be handled by the decomposition method.

For the remainder of this section we make the following hypothesis.

(H1) There is a zg in C so that zg € 0ess(Tmin), and dim N (Thax — 20) = n.
This implies that Ty, — 20 is a Fredholm operator and hence Ty,;, — 2 is a Fredholm
operator in a neighborhood Ky of zg [27]. Since the Fredholm index of Ty, — z is
constant in Ko and dim N (Tjpax — ) = dim N (T}, — 2), it follows that (H1) holds
in Ky. Property (H1) holds for problems with almost constant coeflicients [7], and
for operators with compact resolvent.

Note that if the coefficients in are real and is in the limit point
condition at infinity, then dim N(Tiax — 20) = n. for any non real zg.

The operator Ti,, associated to is C-symmetric. As in the symmetric
situation, we are, however, looking at the spectral theory of maximal C—symmetric
extensions H. Such extensions can be obtained from Ty, by imposing boundary
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conditions. In general these are given at a and possibly at infinity, but under(H1)
we only impose them at a to define a C-selfadjoint operator [25]. This does not
work for a selfadjoint limit circle operator.

Since the operator is regular at a and its deficiency index is n, the boundary
conditions at a for a C-selfadjoint operator can be defined by the boundary matrix

A, -
Yala, z) = (O‘l _0‘2) (3.1)

(&%) a1

with afa; + adas = I, and abas = abay. With this the boundary conditions for
the point a become, with u as in ([2.6)),

(a7, a3)u(a) =0, (32)
and we define the operator T, as T restricted to the domain
D(To) = {y € D(T)|(e7, a3)u(a) = 0}. (3.3)

By Knowles [25], T, is a C-selfadjoint operator. If z € K and z is not an eigenvalue
of T,, then z € p(Ty,).

The fundamental matrix for with initial conditions will be denoted
by Y,. When we write the fundamental matrix Y, of satisfying as

Yo(z,2) = (Oa(x, 2), oz, 2)), (3.4)

then @, satisfies the boundary condition at a.

Similar to the fundamental matrix Y, for T,,we have a fundamental matrix for
the adjoint system. Throughout the remainder the adjoint system will be marked
with a tilde. Thus, see [§],

Yo = (0n,8,) and Yi(a,z) = <a1 ‘a2> (3.5)
(65) aq
will stand for the solution of the adjoint system. By checking initial conditions of

the fundamental matrices it follows from the symmetry conditions B = Bt, C = C!

of (2.7)) (see [7]) that
Y, (z,2) = Yo(x,2) and hence O, = 0,, &, =,,. (3.6)
The proof in [7, Proposition 3.1] gives the following for z € K when (H1) holds.

Lemma 3.1. (a) Let I = [a,00). For z € Ky and z not an eigenvalue of
T, there exists a unique n by n matriz My(z) so that Y, (z, 2) (Min(z)) =
On(z,2) + Doz, 2)My(2) € L3(I). Here Y, is the fundamental matriz of
2.9) satisfying 2.18). M, is analytic for z € C\ o(T,).

(b) The M-matriz of the adjoint problem M satisfies My (z) = M*(z) and
Ma(z) = Mg(z).

With M, determined this way, most of the properties derived in [7] sect. 4] can
be shown. To do so we fix again Y, as the fundamental matrix of with initial
conditions Similarly let Y, be the adjoint system for Tt with the adjoint
initial conditions (3.5)). Then

YiJYa=J, Y JYa=J, (3.7)
can be shown as in [7]. Write Y, = (0,, ®,) and Y, = ((:)a, i))a then
X=0+dM, Ly, X=O0+dM' e}, (3.8)



52 H. BEHNCKE, D. HINTON EJDE/SI/02

where we have deleted the initial value index o.. From (8.7) one gets JY, JY =
—I,, and as in [7, sect. 4] one can deduce for z € Ky and z € p(T,) that

G(z0,t) = {‘I’(“"’ AX(h2), asz<t, (3.9)

x(w,2)¢"(t,2), a<t<u,
and

(3.10)

~ L) *(t <zr<t
G(Z’ x’ t) — (x’ Z)X ( ’Z)7 a — xz —
x(z, 2)@*(t,z), a<t<uz,

are the integral kernels or Green’s functions of the resolvents R, = (T, — 2)7 !,
respectively R, = (TS — z2), i.e.,

(Rof)(z) = / " G, m, A F (1)t

where F is as in below.

For Hamiltonian systems the integration is based on the weight matrix 2. For
scalar equations, which we are considering here, the matrix 2 is diag[w, 0, ... 0], so
that only the first component counts and the integration uses the weight function
w.

4. CONDITIONS FOR Oegs(Tmin) # C

We saw in section [3| that in order to have a meaningful spectral theory, it was
important for II(Tiin) # 0, or equivalently, (when oy, (Timin) = 0), Gess(Tmin) # C.
As we noted in section [2} this occurs if N'(Tin) # C. A simple criterion is that the
values of the coefficients p; are all bounded below or more generally lie in a convex
cone.

Another case of oess(Tmin) # C which we will not use however is when nul(T —
z) = 2n. Race [33] proved this case for the limit circle one singular endpoint case
for the Sturm-Liouville equation to obtain II(T,,) = C. This result has been
extended by Niessen [31] to operators of order 2n.

4.1. Almost constant coefficient case. We say a function f on I = [a,00) is
almost constant if it can be written as

f=fo+ fi+ fa, fo=constant, f; = 0as x — oo, fo € L(I).

Such decompositions are considered only for functions that are locally integrable.
These conditions which are weaker that those needed for asymptotic integration,
but strong enough for an exponential dichotomy, see [20]. For we then assume
that po, ..., Pn, 1/pn,w are almost constant coefficient with w = wy + w; only.

First we define the polynomial Prq in (2.13) as in (2.14)),

n

Pro(A\,2) =Y proA™ + (poo — 2wo). (4.1)
k=1
Note that the Fourier polynomial of (2.7)) is also given by
Pr(X\, x,2) = —ppo det (ZQIO + By — i)\J). (4.2)
In this section we work with Ppg only and assume p,o = 1 without lost of

generality. In the constant coefficient case Prg is of course independent of z, and
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for a given z the A-roots of Prg(), z) = 0 give rise to solutions of the form exp(iAz)¢
of Ty = zy. Also Pgg has the form

Pro(X z) = A a2n71(2))\2n_1 + 4 ao(z),

where the coefficients a;(z) are polynomials of z. A root A(z) of Pro(A,2) =0is a
holomorphic function in any simply connected region where there are no multiple
roots. Further the set of multiple roots of Pgrg()\, 2) = 0 is either a finite set or C.
For further discussion of Ppg(A, z) = 0 see Lemma 3.3 of [3] which is extracted from
the discussion of algebraic functions in Knopp [23]. The set of multiple roots of Pgg
is finite if the discriminant of Pgq is not identically zero which holds in particular
if Pgg is irreducible. In the constant coefficient case it is sufficient to assume the
discriminant is not identically zero.

Solutions with Im A > 0 for I = [a, 00) may lead to bound states if the boundary
conditions fit. On the other hand solutions with A € R lead to bounded generalized
eigenstates. These may be converted into approximate eigenfunctions by smooth
cutoffs. These functions are approximate eigenfunctions independent of the partic-
ular boundary conditions at 0. Thus in the case of constant coefficients it is proved
in [7] that the essential spectrum oess(Tmax) = 2 is given by

Y ={z: Pro(\, 2z) = 0 for some X\ € R}. (4.3)
Then an additional assumption is made:
The discriminant of Pgq is not identically zero .
Then it is shown in [7] that for almost constant coefficients,
Tess(Tmax) S B UE,

where € is the finite set of z where Pr has multiple roots. This is proved by showing
that under these hypotheses there is an exponential dichotomy for , i.e., there
is fundamental matrix W of and a projection matrix @ of rank n, and positive
constants K1, Ko, a1, ag such that for ¢, s € [a, 00),

[W(EQW ' (s)|| < Kiexp(—ai(t—s)) fort>s,
W) (I — QW (s)|| < Koexp(— aa(s —t)) for s >t.

The first equation in shows that the columns of W (¢)Q form an n dimen-
sional subspace of N (T ax—2) so dim N (Tynax—2) > n. To prove dim N(Tipax—2) =
n we must prove that the first elements of the columns of W (t)(I — Q) form a sub-
space that contains only the zero element of N(Tiax — z). Let the 2n X n matrix
" be a basis for the subspace formed by the columns of W (t)(I — Q). Suppose for
some vector ¢ # 0 that the first element of T'c € N(Tiax — 2). Now I'= W (I —-Q)C
for some 2n x n matrix C of rank n. By , for s > t,

W () = QW™ (s)D(s)ell < Kaexp( — az(s — 1)) [T (s)e].

(4.4)

Since
W) = QW (s)I(s)e = W(t)(I — Q)Cc =T(t)e,
we have
ID(t)]| < Kaexp( — az(s —1))||[(s)c|]| for s >t.
But I'c € N(Tmax—2) implies there is a sequence {s,, } with s, — co and I'(s,)ec — 0
as n — oo. This implies ||T'(¢)c|| = 0 for all ¢ and thus ¢ = 0 which is a contradiction.
Summarizing, we have the following theorem.
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Theorem 4.1. If the coefficients of T are almost constant and Prq is irreducible,

then Hypothsis (H1) holds for all z ¢ X UE.

4.2. General case. We now develop a criterion based on the asymptotic solutions

of (1.1)) which may apply when N (T in) = C. The nonhomegeous version of (1.1)),
Ty = zy + f has the form

Ju' = [Az + Blu + AF, (4.5)

where F' = |f,0,... 70}t. We now order the eigenvalues of the characteristic poly-
nomial (2.13]) as

Imid; <Imidg < -+ <Imid, <0, Ak = —Apy1-k, k=1,...,n. (4.6)
Assuming the conditions for asymptotic integration, there are solutions wuy of (2.7]),
wn(e,2) = M 0,208, 2) fen i v 2)) exp( [ (e ).

Mk = 8pp/8)\]A:AK.

(4.7)

The component (ug); is a solution of Ty = zy. We now prove that (uy)1 €
L2 a,00) under the addition of some further hypotheses. We will see in the next
section that these conditions hold for a large class of operators where the eigenvalues
are of equal magnitude. The bounds assumed below will be found in terms of the

coefficients of (1.1 in section

For k =1,...,n, assume that for some § > 0,

RO S (4.8)

where A\, (z,2) = =Yk (z, 2)e* (@2~ (x, 2) = | A (z, 2)| and
1 1/2
Mz, )1/ < Ly(2, 2)y, " (2, 2)[1 + o(1)] (4.9)
with w(z)L(z, z) bounded on [a,00). Then from (4.7) and (4.9)),

(e, 2)] = My 2 )| (1 + o(1)) exp(~ /I Ti(t, 2) cos(n (2, t)dt) )

N (4.10)
< Li(z,2)(1+ 0(1))7;/2(1‘,2) exp(—/ Yi(t, 2) sin(é)dt).
where we have used A\, = —7i[cos ¢y, + i sin ¢y] so that
’exp(/ — ik (t, z) sin ¢ (¢, 2) dt)’ =1. (4.11)

Note that cos ¢ (¢, z) > cos(n/2 — 8) = sind. Thus for some constant C, indepen-

dent of x,
oo

w(@)|(we)r (2, 2)|* dz

IN

C/a yk(x,z)exp(fQ/a Vi (t, 2) sin(8)dt) dax w12

C z . N
~ 2siné exp(—z/a Vi (t; 2) Sln(d)dt>|a

" < o0;
2sind ’
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hence (ug)1 € £2]a,00) for k=1,...,n.
We define now the fundamental matrix for (2.7)),
Uz, z) = [u1(z,2),...,us(z, 2)] (4.13)

Consider the variation of constants formula for (4.5)),

u(z) = /w Uz, 2)PU(t,2) " T A F(t) dt
“ o (4.14)
—/ Uz, 2)PU(t, 2) T~ 10(t) F(t) dt,

I 0 0 0
Al o el i)
Then u is a pointwise solution of (4.5)), and the first component y of u belongs to

L3[a,00) if f € L£2][a,00) at least for f of compact (4.14]) support. By considering
only y, we see that y is of the form

y(z) = / " Ko, )wt) () dt = T(), (4.15)

where K is the kernel function defined implicitly by (4.14).

We will prove below that the operator T defined b is a bounded operator
from £2 [a,00) to £2[a,00). This implies y € L2 [a,00) if f € L2 [a,0). Since by
the variation of constants formula, (Tmax — 2)y = f, this proves T is one-to-one,
D(T7Y) = R(T) € D(Tmax), and Tryax — 2 is onto L2 [a,00). Thus Tyax — 2 has a
closed range and therefore 2z ¢ 0oss(Timax)- It also proves that 7! is a restriction
of Tinax — 2. To prove T is bounded we use a theorem of Okikiolu [32, p.190].

where

Theorem 4.2. Let the measures on X,Y C [a,00) be defined by mx (x) = w(x)dzx,
my (y) = w(y)dy, and let Ko(x,y) be a measurable function on [a,c0) X [a,00) such
that

[ oG gldmx () <022 aen v [ Koo pldny @) <M. ae,
X Y
for some constants My, My. Let To be the integral operator defined on L£2(X) by

To(f) () = /X Ko(z, 9)f(x) dmx (). (4.16)

Then Ty is a bounded operator from L2(X) to L2(Y) with || To|| < My Ms.

To apply Okikiiolu’s Theorem, we must first compute K in (4.15). We first
see that for t < x, K(z,t) is the (1,n + 1) entry of U(z,2)P,U(t,z)~ !, and for
x <t, K(z,t) is the (1,n + 1) entry of U(x,2)PRU(t,2)~L. By (2.32),

U(z,z) = S(x,2)M(z, 2) ([ + 0(1))
x diag [exp (/am A1(t, 2)dt, ... ,exp(/am Aan(t, 2) dt))] : (4.17)

where
M= diag[Ml_l/Q, . ,M{;m].
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The first row of S is all one’s, and the last column of S~ is given by [12, p. 106],
[1/M1, A 1/M2n]t. From we have
Ut ) = diag[exp(_ /t)\l(t,z)dh...,exp(— / Aon(t, 2) dt))]
X (1—|—o(1))/\il(a:,z)715(x,z)71. '
A calculation shows that for ¢t < z, the (1,n + 1) entry of U(x,2)PU(t,2)" ! is
K(z,t) = Ky 4 (z,t) + -+ Ky 4 (2,1), (4.19)

(4.18)

where

(14 o(1)]exp( [, Ai(s,2)ds
[Mk(x,z)Mk(t,z)]l/Q

A similar calculation shows that for x < ¢, the (1,n+1) entry of U(z, 2) RU (¢, 2) !
is

Kt (2,1) = (4.20)

K(:Cat) :Kl,_(l‘,t)+'~~+K ,_(ZL',t), (421)
where, as x — oo,

[1+ o(D)] exp([," Ansr sz)ds’

Ky _(x,t) = 72 (4.22)
[Mk(x, z) M(t, z)]
Now make the assumption, for t > a, © > a, where M}, = 0\ Pr(\g),
1 Ni(z, 2z % (t, 2) /
< )|d 4.23
DS O A s, ds) (423

with N (z, z) bounded on [a, 00). Hence, we have for some constant C', independent
of x and t, such that

/ |Kk+xt|w t)dt

<C/ ‘expft)\ksz|ds it
’Mk x, z) My (t, z)‘l/2

t

< C/ Ni(x, 2)vi(t, 2) exp(—/ [14 o(D)]v(s, 2) sin(é)ds) dt (4.24)
—CNk(Z‘, Z) o . o5}
< ZkW ) _
< s exp( /a Yi(t, 2) 51n(5)dt) ’a
_ C’N;.c(:c,z) o
sin &
In a similar way, we find that
/ |Kk, x,t) |w CA:;IECZ %) < 00. (4.25)
and thus
o CN,
/ | Ko, t)|w(t) dt < % < o0. (4.26)
where

K(z,t) = Ki(x,t) + -+ + K, (z, ).
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Hence, since (4.26) holds for every k, and with N = Ny + -+ + N,,,

/00 |K (2, t)|w(t)dt < CN(z,2) < sup CZY(m,z) < 0. (4.27)

sind T z>o sind

This establishes the second integral of Theorem
To establish the first integral of Theoremf4.2] we make an assumption parallel to

@3), ie.

\Mk(x,z)l\zk(t,zﬂl/? < Nk(t,jzzl)c(t,z) exp (/tw ‘0(7k(s,z)\ds) (4.28)

with Nj(z, z) bounded on [a, 50). Repeating the above argument yields

o CN(t, 2) CN(t, 2)
< ——=<L _ . .
/a |K (z,t)|w(z) dz < RS 31211; s <™ (4.29)

Hence Okikiolu’s Theorem applies to the operator 7 defined in (4.15)). This proves
the following theorem.

Theorem 4.3. Under assumptions (4.8)), (4.9), (4.23), and (4.28), it follows that

for such z the mazimal operator Thax and the minimal operator Ty satisfy
z ¢ Oess (Tmax) = Oess (Tmin)-

In addition to having 7! a restriction of Tiax — 2, we will now prove that 7!
is an extension of Ty, — 2.

Theorem 4.4. Under the assumptions of Theorem and def (Tiin — 2) = n, the
operator T-1 is an extension of Twnin — 2.

Proof. Let § € D(Twin), f = Tmin(9), and y = T(f). Then for § := § — y, we have
(Tmax — 2)() = f — f = 0. Now ¢ll(a) = 0,i =0,...,2n — 1, and if we prove
yl! (a) =0,i=0,...,2n—1 then § = 0 by uniqueness of initial value problems and
g=yeD(T ).

We use the form of the Lagrange identity used by Knowles [25, p. 207] for
functions y1,y2 € D(Tmax), i-e.,

n

yl,yQ Z [k 1] 2n k] £2n—k]y£k—1]). (430)
k=1

Let f1 = (Tmax — 2)(y ) fg = (Tmax — 2)(y2), and let u,v be the vectors corre-
sponding to y1, ¥y as in . Then a computation shows that
utJu = —[y1, 92 (ut‘h])/ = Y1WTnax(Y2) — Y2wTnax(Y2)- (4.31)

With U as in (4.13) and using the fact that U'JU = C is a constant matric as
shown in [7]. we write with n x n blocks,

Cn 012}
UJu =C = . 4.32
{021 Caa (432)
The elements of C4; are the Lagrange forms [u;,u;], i.7 = 1,...,n. Knowles [25]

Lemma 4.8] gives that these forms are all zero under the condltlon def (Tmin—2) = n.
Hence C1; = 0. Now U is non singular since the first components of the vectors
Ui, ..., Uz, form a basis for the solutions of (Thax — 2)(y) = 0. Hence C1a, Co; are
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non-singular and U'JU = C gives U~! = C~U'J. Using n x n blocks for U, a
computation yields

PUY=PpCc Ut

:P ﬂcﬂwl@ﬂJ

0 I Uiy, Ui, (4.33)
_ 0 0
S OR'UL —CR UL
We define the n vectors O,,, f , by
On=10,...,0", f=wfo0,.. .0
Then from (4.14)),
° 0 0 O
uaz—Ua,,z/ [ _ ][ﬁ] 4.34
@=-U02 | e, —cpunl | 7 (434
Let y1, ...,y be the first components of the vectors uq, ..., u,. Then
/ ULhf=[<y f> ... <yn f>]. (4.35)

Since (Tmax — 2)(yi) = 0 by taking conjugates we have (T3}, —Z)(y;) = 0. Hence

by (2.1),
Ji € N(TH., — 2) = R(Tin — 2)*

max
This gives

{vir ) = (wi, ) = 0,
and so u(a) = 0 and thus y(a) =0, for i =0,...,2n — 1. O

From (3.8) we have that dim N(Tjnax — 2) > n. Since a nontrivial combi-
nation of functions not in £2[a,00) may be in £2[a,o0), we have not proved
that dim N(Tiax — 2) = n even though we have n independent non L2 [a,c0)

functions. Under the assumptions , , and , it is not clear that
dim N(Tipax — 2) = n.

For later purposes (Theorem for the bound ) we may repeat the above
proof, under the assumption

1 Vi (z, 2)y(t, 2)Y/" @
| My (, 2) My (t, 2)|1/2 < = w(t) /T eXP(/t \O(Wk(s,z)\ds) (4.36)

with V,.x(z, z) bounded on [a, 00), to show that for r > 1,

/ | K (2, 6)| ()
t

< C/Oo Vi (z, 2)v(t, 2) exp(—r/ v(s, z) sin(6)ds) dt

v 4.37

_ OV . e 4
Wexp(—r/a Vi (t, 2) sin(0) >|a

_ CV;k(x,z)

" < o0
rsind

)
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and similarly,

¢ r OV (x, 2)
/a [ t) |ty b < —TE 22 < o, (4.38)
and hence
o T O‘/rrk(mvz)
/a ‘Kk-(x,t)| 'LU(t) dt S 7"’317116 < 00. (439)

We can take V., = Nkyl_l/r/wl_l/r, but we use V;. ,, to have a simpler notation.
It then follows that with V, = V.1 +--- 4+ V5,

o0 - C r+1vr
/ K ()| wityde < S V0E) (4.40)
o rsind
Similar arguments also show that
oo - C r+1 —1+r/2vr
/ K (2, )| w(t)/? de < =" w@)” V@ 2) (4.41)
o rsin §

Theorem 4.5. Assume that (4.8)), , and (4.23) hold, and that in (4.23)
N(xz,29) — 0 as © — oo, then the operator T defined by (4.15) is a compact

operator from L2 ([a, o)) to L2 ([a,00)).

Proof. To show that 7T is compact, let the integral operators 7; and 7T; be defined
by the kernels x4 (z) K (7, s) and xpp,00) () K (2, 5), i.e.,

Tf)w) = | T @)K (. syu(s) f(s) ds, (4.42)

and similarly for 7. Applying Theorem to Ty and using (4.29) Y = [b, 00), and
X = [a,00), it follows that 7; has an arbitrary small norm if b is sufficiently large.
Thus 7 is compact if 7, is compact as it is the limit in operator norm of compact
operators. To see that 7, is compact we employ a similar decomposition writing
To = To1 + T2 where
Y
Taf)@) = [ Nan@K o 5)u(s)(s)ds.
a

(o)) = [ o @K o )u(s)(5) ds

Now Ty is compact since its kernel is continuous on the compact set [a, b] X [a, ¥'].
Repeating the argument above shows that Ty has arbitrary small norm if b is
sufficiently large; thus 7, is compact. O

Recall that a compact kernel operator is a Hilbert-Schmidt operator if the kernel
K satisfies

/00 /00 |K (2, 5)]2w(s)w)z) ds de < oo. (4.43)

A compact operator 7 defined on a Hilbert space belongs to the Schatten class Cs
for 1 < s < oo provided that 7 u(7)* < co where the p(7) are the s-numbers of
T, i.e., eigenvalues of the compact operator (7T)*)/2. Cy is the class of compact
operators, and C; is the class of trace class operators. If k < s, then C; C Cs, and
the inclusion is proper. Thus for s > 2, a Schatten class Cs operator may fail to be
Hilbert-Schmidt.

The theorem below gives an upper bound for the norm, s > 2, of the Schatten
class operator Cs generated by .
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Theorem 4.6. Under the conditions (4.8)), (4.9), (4.23)), and s > 2, the operator
T defined by (4.15)) is a Schatten class Cs operator if (4.30) below holds for s = 2.

/OO Vi(z, 2)°w(z) de < oo, (4.44)

If (4.30) holds for some s > 2, then there is a constant C, independent of s, such
that the Schatten norm || T ||s of T satisfies

178 < C/ Vs(z, 2)°w(z) dz < oo. (4.45)

Proof. From (4.40) for s = 2, we have

/G‘X’ /aoo K (2,1)w(@)w(t) dt dx <

which proves 7 is Hilbert-Schmidt if (4.30]) holds.
To establish (4.45) for s > 2, we use a theorem of Russo [37]. In his theorem we
use the fact that K(z,t) = K(t,z). Define the kernel by

k(a,t) = w(@)' 2K (2, thw(t) /2,
and the operator T : £2[a,00) — L2[a, o) by

(Tg)(x) = /oo k(z,t)g(t)dt.

Note that implies that k € L2[a,00) x £?[a,o0) so that Russo’s theorem
applies.

Russo’s Theorem states that the Schatten class C, norm of 7T satisfies, using also
k(z,t) = k(t, x)

~ o o s/v v/s 1 1
170 < el = ([ ([ @trae)a) ™ So s =1 an
From (4.41)) with » = v, we have for some constant C, independent of v,

(/aoo K ()] ()" dt) e <0 (w(x)_Hy/QVuu(x’ Z)) (4.48)

= Crw(a)"" 2PV (x, 2)

/aoo (/oo |k(:c,t)|”dt)5/udx

= /:O (/OO w(@)2| K (w, t)| w(t)/? dt)S/Vda: (4.49)

a

Cn™+t [* Vi (z, z)w(x)dx
rsind

<oo  (4.46)

1/v

Thus

SC’l/ w(x)V) (x, z)dx

which will yield by after we verify that ||71|; = ||7]ls. To see this
let M : £2([a,00)) — L£%([a,00)) be defined by M(y) = w'/?y. Then M~'(g) =
g/w/? , and M ()|l 22((a,00)) = 1]l 22 ((a,00))- Thus M is isomorphic from £2 ([a, 00))
onto £2([a,0)). Since T = MTM™", it follows that 7 and 7 are unitarily equiv-
alent and || T = || O
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Theorem 4.7. Assume the hypotheses of Theorems and[{.5 Let T, be as in
(3.3) and assume z is not an eigenvalue of T, and has def Tynin = n. Then
T.—2z has a compact resolvent. Further Ty, has a Hilbert-Schimdt resolvent if
holds for s = 2.

Proof. Note that (H1) holds for z as in Theorems and and by section 2,
0 belongs to the resolvents of 7! and T, — z. By [21, Corollary 6.34 p. 188],
T = (T—1)~! is compact if and only if (T,, — z)~! is. Further. by [21, Lemma 6.38
p. 188], the difference (T}, — z)~* — T is a finite rank operator. Since a finite rank
operator is both compact and Hilbert-Schmidt, the result follows. (]

5. EIGENVALUES OF EQUAL MAGNITUDE

When the eigenvalues are of equal magnitude, the bounds (3.4)), (4.23)), and (4.36))
can be found explicitly. To illustrate this, we apply a theorem of Eastham [12, p.108]

which uses less general asymptotic hypotheses than those of Section 2} but for which
the explicit expressions we need have already been made. Eastham’s theorem allows
us to estimate the factors M}, above. Note the ordering of the coefficients in [I2] are
reverse of ours, i.e., his pg, ..., pn_1,Pn 1S OUr D, ...,P1,Pp0 — 2w. Also the matrix
S of [I2] and S of section [2{ both have the properties of the first row is all ones and
the last column of S~! have the same formula so the computation of the kernel K

of (3.10) is the same.
We show how Eastham’s Theorem can be applied to give the bounds (4.9)), (4.23)),

(4.28), and (4.36). First we define

po (o)
Pn

We formulate below Eastham’s theorem in our notation.

Theorem 5.1 ([12] p.108]). Let w,p,(0 < r < n) have locally absolutely continuous
first derivatives in [a,0) , and let p, and py — zw be nowhere zero in [a,00). Also
let forr=1,....,n—1

(i) pr_r/[pn(x)P?")(2)] = ¢ as  — oo, where ¢, is a finite limit;
(i) the polynomial (co = ¢1 = 1 in Eastham)

gE&) ="+ P+ e+ 1 (5.1)

have 2n distinct roots &, (1 < k < 2n);

’

(iii) I% =o(P ) asz — 00, 7=0,...,n—1, 1;:‘:):?5 = o(P);

n

" 1"

(iv) pflgigfﬂ € Lla,00), 7=0,...,n—1,
/2

(v) pif,izwl € Lla,), r=0,...,n.

1"
Py —2ZW

(po—zw)P € ’C[av 00);

Finally, let Re[\j(z, z) — A\ (z, 2) have only one sign in [a, c0) for each unequal pair
J,k in [1,2n], where the A are the solutions of

PN pp 1 N e ipi N pg — 2w =0

Then Ty] = Ay has solutions yi(x, 2), (1 < k < 2n), such that, as x — oo,

yr(@,2) = (pu(po — 2w)™ 1) " [1 4 o(1)] exp ( / el z)dt). (5.2)

a
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Eastham’s conditions arise from the leading terms in the Kummer-Liouville
transformation. So the conditions in Theorem just arise from operators with
almost constant coefficients.

Lemma 5.2. Let g,h be functions on [a,00) such that g(x) # 0, h(z) > 0,g is
absolutely continuous, g',h € Liocla,o0), and |¢'(x)/g(x)| = o(h(x) as x — oo.
Then

|M| < exp| / lo(h(s))|ds| as z,t — oo.
g(t) t

)

Proof. We have
M_x zg/(S)S X IMS ex 1’0 s s
g1 =low [ al <eol [ES1as] < o] [ lothispla

which completes the proof. O

First we note from [12] that

A = P&l +0(1)], P=[po—2w)/pa]"*", (5.3)
and for some constant cy,
My = i\ P PP [1 + o(1)] = A, (po — zw)[1 + o(1)]. (5.4)
Hence
1 _ Pl )P+ o(V)] _ w(e, 2) 2L+ o(1)] (5.5)

[Mig(z,2)[V/2 crlpo(z) — 2w (@)Y cxlpo() — zw(z) /2

so we have
1

Li(x, 2) == lpo (@) — 2w @)

Hence condition becomes
w(z)
cklpo(@) — zw(z)[!/?

Hence, yi, € L2 [a,0) for k =1,...,n, when holds.

From (iii) above we have that |p/, /p,| = o(7) and |(pj —zw")/(po— zw)| = o(y) so
we can apply Lemmal[5.2) with g = p,,, h =, and g = py — zw, h = =, respectively.

Further for some constant dy,

1
| My (z, 2) My (t, 2)|1/2

[k (e, 2) e (2, 2)] 2 [1 + o(1)]
lpo(x) — zw(@)[Y/2[po(t) — zw(t)[*/2
— w(x) w(t) ['yk(x, Z)]1/2’p0(x) — zw(x) ’1/2 Y (t, 2)

lpo(z) — zw(z)| w(x) “yr(t, 2) po(t) — zw(t) w(t)

ey gy o | leonts e 2

where we have applied Lemma [5.2] Thus one can define

is bounded on [a, 00). (5.6)

—d;

(5.7)

Nk((E,Z) = dkm
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Hence condition is
w(x)
[po(z) — zw(z)|
Note that Ny and -, are independent of k except for a constant.

is bounded on [a, 00). (5.9)

To compute V;. for r > 1, we will use V;.;, = Nkyli*l/r/wl_l/’" mentioned earlier.
Also because of the independence of k in Ng, v, we use just V;.. Hence from (5.3))

and ,

Vi, 2) = (const.) el 2) 7T

w(z) -1/
_ (CODSt )Nk(l')’}/k(l'7 Z)lil/r “Yk(ta Z)lil/r
: w(z) =1/ ve(, 2) =1/
1 B (5.10)
= (const.) w(z) |p0($) —20(@) 5
po(z) —zw(z)|" pn(z)
1/r
= (const.) — w(@) Trngior
[pa () 57 po(x) — ) 5
where we have applied Lemma as in ((5.7). Thus we can define
W(JJ, Z) = 1 w(x)l/r Srntl_r * (511)
[pn ()77 [po(2) — zw(z)| ™=
Hence condition (4.36) is
1/r
w(z) 551 is bounded on [a, c0). (5.12)

r—1
[pn ()| 27 |po(2) — zw(z)[ ™2

Thus (£30) is

OO w(z)?
V x Z dr = —1 2sntl—s dz Q. 5.13
/ ) /‘1 [P ( )|s27|po(x) —zw(x)|” 2 < ( )

Finally, we come to the issue of . Here the roots of the polynomial
are needed. This is particularly simple for the two term equation, i.e., p, = 0,
r=1,...,n— 1. In this case, is simply €2 +1=0. For n = 1: ¢ = +i For
n=2 &=+(1+14)/V2, etc.

We examine the case n = 1 more in detail when w/py — 0 as © — co. Suppose

a root of (po/p1)'/? satisfies
d <arg(po/p1 <27 —90 (5.14)
for some 6 > 0. From (|5.3)),
1
arg \g(z, z) = (arg & + 518 —) (1 + 0(1)) (5.15)
Choosing &, = —i, gives
U arﬁ—i—far— <r_0 (5.16)
g g = MBT S 2 2 '
Thus for some §’ > 0 and sufficiently large =,
%ﬂ +0" <arg\g(z,2) < g 8 (5.17)
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hence holds. This agrees with the results of [8] when one takes into account
that the leading coefficient there preceded by a minus sign.

Finally, we give a fourth order example to illustrate that Theorem gives new
results even for selfadjoint operators.

Example 5.3.

Tyl =y + 2%, 0<a<x<oo. (5.18)
This equation is known to be limit point at infinity, i.e., def(Tinin —2) = 2, Im z # 0,
and to have spectrum that is discrete and bounded below. Let T, be a selfadjoint
operator generated by . As the coefficients are real, for all z non real, hypoth-
esis (H1) holds. To apply Theorem choose n = s = 2, z = i. The criteria for
a Hilbert-Schmidt kernel for the resolvent (T}, — z)~! with z non real by Theorem

£ is then - J
X

which is equivalent to o > 7/4.

6. OTHER EQUATIONS OF HIGHER ORDER

The spectral analysis of higher order differential operators faces several diffi-
culties. First of all the characteristic polynomial has to be factored. Then the
dichotomy condition for the roots has to be shown. Finally, the eigenfunctions and
resolvents have to be analyzed. The fourth order differential operators are some-
how the gateway to higher order operators in as much new phenomena can first be
observed for this class of operators. However, determining the roots of the charac-
teristic polynomial is no problem at all, so that one can concentrate on the other
critical phenomena. To avoid any technical difficulties, we consider only operators
of the form below. Here we only discuss the approach and refer to the litera-
ture for precise results in the case of real coefficients, and only indicate here how a
similar approach may be carried out for operators of the form,

Tyl = ") + (1Y) + poy- (6.1)
The characteristic polynomial
Pp(a,A) = X+ p1X% +po — 2 (6.2)

has the roots, [12 p. 126],
1
/\12—)\2:ﬁ\/—p1+A, A3 = —M\ =

A =/pi —4(po—2)

Of course we will also assume the usual properties of smoothness and decay
(2.11]) for the coefficients p; and pg. Even though we have an explicit factorization
of the Fourier polynomial, we will still have to demand the dichotomy condition,
even though it is mostly easy to check in this case. The form factors

Mj = 4)\? + P1 )\j
are unbounded if pg is. In this case the operator has a compact resolvent. If py and

p1 are bounded, then continuous spectrum may arise. The most interesting case is,
when p; is dominant, i. e.,

1
= /M1 — Aa
vyt (6.3)

(po — 2) = o(p}). (6.4)
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In this case,
A =p1 —2(po — 2)/p1 + O((po — 2)*/p})
so that

- 1 - o — 2)2.\ 1/2
p11/2)\1:\ﬁ<_2p0 Z+O((p 22) )) ’

P1 p1

1 Po — 2\ /2
No= —(—2p+0
? \/5( Pt O P )>

In this case the dichotomy condition holds if it holds for A1, A2 and for A3, A4. The
eigenvalues in the (1,2) block are proportional to pl_l/ 2, while the off block elements

(6.5)

are proportional to p’lp;d/ 2 This means that a further diagonalization will turn
these integrable expressions so that the problem is essentially that of blocks (1,2)
and (3,4) Sturm-Liouville operators. One of these, the (2,4) block gives discrete
spectrum.

This phenomenon can be observed for higher order operators with a dominant
middle term. Even this can be generalized to operators with several classes of
eigenvalues of different magnitude. For real coeflicients this has bee carried out by
Behncke and Nyamwala [5].
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