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POSITIVE SOLUTIONS FOR NONLINEAR FRACTIONAL
LAPLACIAN PROBLEMS
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ABSTRACT. We consider a class of nonlinear fractional Laplacian problems
satisfying the homogeneous Dirichlet condition on the exterior of a bounded
domain. We prove the existence of a positive weak solution for classes of
nonlinearities which are either sublinear or asymptotically linear at infinity.
We use the method of sub-and-supersolutions to establish the results. We
also provide numerical bifurcation diagrams, corresponding to the theoretical
results, using the finite element method in one dimension.

1. INTRODUCTION

In this article we investigate the existence of positive solutions to reaction-
diffusion problems, involving the fractional Laplacian as the diffusion operator

(=A)°u=Af(u) in

1.1
u=0 inRV\Q, (L)

with respect to the bifurcation parameter A > 0. We will assume Q C RY, for
N > 1, to be a bounded domain with C1'! boundary 9§ and f : [0, 4+00) — R to
be a Hélder continuous function. For s € (0,1) and for a function u : RY — R,
the fractional Laplacian is a linear operator defined pointwise for z € RY by the
singular integral (see [I8, pp.45],[26])

(—=A)*u(z) == Cy., P.V. n Wdy. (1.2)

Here P.V. stands for the Cauchy principal value of the singular integral, defined as

u(r) — u(y) , u(@) — u(y)
P.V. —————"tdy = 1 —————=dy,
a o — g T gk RV\B, (z) [T — y[V T2 Y
SQQSF N+2s
Oy 2T
' 72 (1 —s)
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is a positive normalizing constant, with I' the usual gamma function. For simplicity
in notation, we will drop this positive constant in later sections when proving
theoretical results. However, this constant is important for numerical experiments
in Section

Remark 1.1. There are several equivalent definitions of the fractional Laplacian in
addition to the one we consider in this paper. The article [I7] serves as an excellent
resource on various definitions of the fractional Laplacian and their equivalence.

Recently there has been widespread interest in the study of problems involving
the fractional Laplacian operator as a diffusion operator especially since the seminal
paper of Caffarelli and Silvestre [I0]. They showed that the fractional Laplacian
operator as defined in can be interpreted as a Dirichlet to Neumann map,
effectively relating the nonlocal operator in to a local operator. This charac-
terization allowed them to prove several regularity results by using local techniques
and provides a framework for interested researchers to further the study of the
still emerging field of fractional Laplacian problems. Since then, the progress has
been swift and there are already several excellent survey papers and monographs
available, see [2] [5l [6] [T3], 20} 23], 26} 27, B3] and references therein.

It is well known that the the existence as well as nonexistence of positive solutions
of problems like , with local operators such as the classical Laplacian or p-
Laplacian instead of (—A)®, with respect to the parameter A, depends heavily on
the behavior of the nonlinearity f near the origin as well as at infinity. For the
Laplacian case (s = 1), see [19] for an excellent review for the case f(0) > 0, and
see [9] for the case f(0) < 0 (semipositone).

In this article we establish the existence of a weak solution (to be defined) of the
nonlocal problem , under suitable conditions on the nonlinearity f at infinity,
using the method of sub-and supersolution. We discuss existence results of (|1.1))
depending only on the behavior of the nonlinearity at infinity. Our results are
independent of the sign of f(0).

Our first existence result reads as follows.

Theorem 1.2. Let f:[0,00) — R satisfy

fo)
A =0 (13)
Jim_ f(o) = oo. (1.4)

Then, there exists A > 0 such that (1.1) has a positive weak solution for A > A.

Examples satisfying the hypotheses of Theoremare the reaction terms f(o) =
Inl+o0)+ K for K < 0, K =0, and K > 0, satisfying f(0) < 0, f(0) = 0,
and f(0) > 0 respectively. Figure |1 gives the typical shape of the nonlinearity f
satisfying and , and the expected bifurcation diagram corresponding to
these three cases. In Theorem [I.2] we establish the existence of a positive solution
for each A to the right of A (indicated on each bifurcation diagram). A multi-
parameter, sublinear semipositone problem was considered with pure powers in
[12] to establish the existence of a positive solution. Theorem extends their
result to general semipositone nonlinearities satisfying . For the Laplacian
case, the paper [22] provides a nice review of the development from the point of
view of the sub- and supersolution method. The proof of Theorem [I.2] combines
the ideas from [22] and [12] to construct a positive weak subsolution.
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FIGURE 1. Nonlinearity and bifurcation diagrams for Theorem

Next, we consider classes of nonlinearities f that are asymptotically linear at
infinity and establish the following existence result. For the purpose of stating our
result, let A; denote the principal eigenvalue of problem ([3.5)).
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Then, there exists A > 0 with A < ")L‘; such that (1.1)) has a positive weak solution
for A € [\, 2L).

) Moo

Figure [2] gives examples of the shape of the nonlinearity f and the expected
bifurcation diagram corresponding to Theorem [I.3] when f is asymptotically linear
at infinity. Simple examples satisfying hypothesis of Theorem are the reaction
terms f(0) = 30+ 9(1 +0)3 — K with with K > 10, K = 9, and K < 8 satisfying
f(0) <0, f(0) =0, and f(0) > 0 respectively. For these examples mq, = 1/2.

Using bifurcation theory, the authors in [7] discussed an existence result for the
fractional Laplacian in the left neighborhood of 7::; . Our result, Theorem

1

extends the range of A for existence of a positive solution farther to the left of o
Existence results for such problems for the local case were discussed in [I] using
bifurcation theory and in [I4} [I5] [16] using sub- and supersolution methods.

The rest of this article is structured as follows. In Section [2] we mention some
historical development of the fractional Laplacian. Moreover, we derive a probabil-
ity distribution which we use in generating and comparing random walks related to
the fractional Laplacian for two choices of s € (0,1). In Section [3| we define frac-
tional Sobolev spaces and weak solution and state a sub-and supersolution method,
which we use to prove our results. In Section[d] we prove Theorems and In
Section [5] we present one dimensional numerical experiments corresponding to our
theoretical results.

2. FRACTIONAL LAPLACIAN AND RANDOM MOVEMENT

In this section we demonstrate the type of random movement associated to the
fractional Laplacian. We begin with the fractional heat equation and derive a
probability distribution which will be used in generating random walks related to
the fractional Laplacian for N = 2. We first recall some useful properties of the
fractional Laplacian. For u from a suitable class of functions, for example the
Schwartz space of rapidly decaying C> functions in RY, one has (see [4} [TT} [30])

lim (-A)Yu=-Au and lim (-A)’u=1,

s—1— s—0t
where [ is the identity operator. This connection can be seen by considering the
Fourier transform of the operator (see [26] [34] for more details). Indeed, recall that
the Fourier transform and the inverse Fourier transform in RV are

Fu](k) = u(k) := / w(@)e’™ R dy . T w(x) = / w(z)e 2wk dg
RN RN
where (-,-) denotes the scalar product in RY. For a smooth function u : RN — R,
(—A)? satisfies (see [I3, Prop. 5.1])
F((=A)*u](k) = (2n|k])** F[u] (k). (2.1)
Hence, with respect to the Fourier transform, the fractional Laplacian acts as the
multiplication by the symbol (multiplier) |k|2*.

Next we mention some of the historical development and demonstrate the type of
random movement associated to the fractional Laplacian. The following derivation,

for s = 4 and N = 2, was carried out in [24] in 1955 without the use of the modern
notation (—A)?, see [32] for more details. Consider the initial value problem
Gu + (=A)*u =0 in R? x [0,00) with u(z,0) = 4, (2.2)

ot
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where 0, is the Dirac-delta function. By computing the Fourier transform of (2.2]),
we obtain

ou =R =N ~ )

ai; = —(2nlk)>a(k,t) with a(k,0) = 5, = RO =1, (2.3)
where fdenotes the Fourier transform of f. Then, (2.3]) defines an ordinary differ-
ential equation in the ¢ variable with solution

2st

u(k,t) = e—(2mlk])

Using the inverse Fourier transform, we obtain the solution of (2.2))
u(z,t) = / e~ i2m(k,z) o —(2m|k])*"t dk, (2.4)
R2

which is a Lévy distribution with stretching factor ¢. To simplify the expression
(2.4), we note that b(k) := e~(27kD* is a radial function. The inverse Fourier
transform of the radial function b is given by (see [13, Thm. 4.4])

Fb)(x) = 2 / " (o) o2l dp.

where Jy is the Bessel function of order zero. Then, setting the stretching factor

t =1, (2.4) has the form

u(z,1) = /}R2 e i2m (k) o =(2rlkD)* qf = o /]Rz e (2mP)* Jo(2m|z|p)pdp.  (2.5)

Using polar coordinates = = (r cos(0'), rsin(6")), (2.5) becomes
u(r,1) = 271'/ e (2me)* Jo(2mpr)pdp. (2.6)
0

The expression defines a Lévy distribution which is a type of heavy-tailed
probability distribution, that is, a probability distribution whose tail is not bounded
above by an exponential distribution. Now we are ready to describe how to generate
a random walk using (2.6). Given a sequence of vectors {(zy,yx)} we define

(Tht1,Yht1) = (Tk, Yr) + T (cos(y), sin(0}))

At each step choose the direction 8y € [0,27) with a uniform distribution, then we
choose the length of jump 7 € (0,00) by numerical integration and sampling from
the distribution given by . See Figure |3[ for two realizations of random walks
with s =3/8 and s = 7/8.

We observe that the random movement for s = 7/8 & 1 resembles Brownian
movement compared to s = 3/8 which has occasional long jumps, a characteristic
associated with the fractional Laplacian. For more on Lévy distributions and their
connection to the fractional Laplacian, see [20].

Remark 2.1. The derivation of above gives a probability distribution only
when s € (0,1). Moreover, the fractional Laplacian operator defined by is the
operator satisfying (2.1) only when s € (0,1), see [3I]. However, when s > 1, the
operator satisfying is a hypersingular integral, see [29].
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FI1GURE 3. Comparison of Random Walks With s = 3/8 and 7/8

3. PRELIMINARIES

In this section we define function spaces, weak solution, and weak sub-and su-
persolution. We also state a sub-and supersolution result. Finally, we discuss two
auxiliary problems whose positive solutions are used in the construction of positive
weak sub-and supersolutions.

3.1. Function spaces and solutions. For a fixed s € (0,1), let
H(RY) := {w € L2 (RY) : llwl| s (mvy < 400},

1/2

where ||w||HS(1RN) = (Hw||2L2 ®~y t [w]%[S(RN)) and

(W] s (mvy = / / w(y)l* d:zcdy)l/2
HEE) RN JRN |95— |N+28

is the Gagliardo seminorm of w. Then, the fractional Sobolev space H*(R™) is a
Hilbert space with respect to the inner product

(v, w) = @) —/ vw dac-l—/RN /RN )]y[TI}V(fQ)s_ wy)l dxdy.

Further, the fractional Sobolev space H§(2) := {w c H*RN):w=0ae RV\Q}
is also a Hilbert space with respect to the inner product

(v, W) Hs (@ /RN /RN |x _)]y[rljil(fQ)s_ w(y)l dady.
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See [I11 23] for more on these spaces. We will use the following equivalence of the
inner product (-,-) s (o) and the fractional Laplacian defined by (1.2)).

Definition 3.1. We say that a function u € H(Q) is a weak solution of (1.1)) if
for all ¢ € H§(Q2), it satisfies the integral identity

E(u,8) = A / fw)o(z) d,

where &(u, ¢) = (u, d))HS(Q) .

Definition 3.2. A function u € H*(R") is called a weak supersolution of (1.1)) if,
for all ¢ € HS(Q2) with 0 < ¢ in , the following inequalities hold:

() > A /Q f(a(z)) $(z) dz (3.1)
>0 ae in RV\Q. (3.2)

A function u € H*(RY) is called a weak subsolution of (1.1)) if the inequalities are
reversed in (3.1]) and (3.2)).

Finally, we state the sub-and supersolution result which we employ to prove
Theorems [[.2 and [L3]

Proposition 3.3 ([8]). Suppose f is a Holder continuous function. Let u and
u € H(RY)N L>®() be a weak subsolution and weak supersolution, respectively,
of (L.1) satisfying u <@ a.e. in Q. Then, there exists a weak solution u € HE(Q)
to satisfying u < u < a.e. in .

3.2. Auxiliary problems. Here we introduce the problems whose positive solu-

tions are used in the construction of sub-and supersolutions. First, Consider the
following fractional linear problem

(=A)’e=1 1in

e=0 imnRY\Q.

There exists a unique weak solution e € H§ () of (3.3)) such that e > 0 a.e. in €,

see [2I, Thm. 12] for N > 2, and for N = 1 the explicit formula of the solution is

given in [28] eqn. (1.4)]. Moreover, it follows from [27, Lem. 7.3] and [28, Thm. 1.2]
that there exist ¢1,co > 0 such that

c10°(z) < e(x) < c2d°(z) ae. in Q, (3.4)

where §(z) is the distance function to the boundary 0. Solutions of (3.3) can
have at most C*({2) regularity in the bounded domain. Indeed, in the unit ball, the
explicit solution of (3.3) is given by a positive constant multiple of e := (1 — |x|?)?,
see [28].
Next, consider the fractional Laplacian eigenvalue problem
(=A)°e=Ap in
=0 in RV\Q.

(3.3)

(3.5)

It is known that (3.5) has a simple eigenvalue A; > 0 and a corresponding positive
eigenfunction p; € H§ (), see [23, Prop 3.1 & Cor. 4.8]. Moreover, it follows from
[27, Lem. 7.3] and [28, Thm. 1.2] that there exist dy ,d2 > 0 such that

d16°(x) < p1(x) < d26°(x) a.e. in Q. (3.6)
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The following estimate involving the positive eigenfunction 1, established in [12],
is crucial in the construction of a positive weak subsolution.

Proposition 3.4 ([12]). Let ¢1 > 0 be the eigenfunction corresponding to the
principle eigenvalue \1 of the eigenvalue problem (3.5). Then, there exists v > 0
such that v < h(xz) < 400 for all z € ), where

h(I) — /RN [501(z) - 901(y)]2 dy,

o — oV

4. PROOFS OF THEOREMS AND T3

Here we prove Theorem [I.2] and Theorem [1.3] by employing Proposition We
construct an ordered pair of positive weak sub-and supersolutions.

In both cases, we construct a positive weak subsolution as a multiple of ¢, where
0 < @1 € H§() is the eigenfunction corresponding to the principle eigenvalue A\
of the eigenvalue problem . It follows from [12] that ¢? satisfies

(—A)sgo%(x) = P.V./ Mdy

gy |z —y|NH2s
_P.V. / ) [pr(2) + ﬁ%ﬁﬁﬁ) —ow)] g

:2(p1(x)P'V'/RN Wdy—?v./ﬂwwdy

= 2¢1(x)(—A)’p1(x) — P. V. h(x).
Moreover, by Proposition [3.4, P. V. h(z) = h(x) in €. Hence
(=A)°pi(z) = 2\ (2) — h(z) inQ,
and for all ¢ € H§(R), it holds ([I2, Lem. 3.1])

E(p3, 0) = /{2{2)\1@3(@ — h(z)}o(x) dz.

Without loss of generality, assume ||¢1||oc = 1. Then, it follows from Proposi-
tion using 1 = 0 in RV \ Q, that there exist 7, 3, > 0 such that

B < h(z) —2\1¢3(x) in Q,), (4.1)

p<er <1 inQ\Q,, (4.2)

where Q, = {z € Q:d(x) <n}.

Proof of Theorem[1.4 We first construct a positive subsolution. Since f is contin-
uous on [0, +00) and satisfies (1.4), there exists by > 0 such that

flo) > —=by forall o > 0. (4.3)
For A >0, let u := %gp% € H§(2). Then, for every ¢ € H§(Q), it holds
_ boA boA
£(@.0) = SRt o) = 2 [ (2hipka) ~ h@)ola) .

Thus, u is a weak subsolution of (1.1)) if

boA 9 boA o
o2 [ et - e < [ 1 d@)o@dr (4
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for all ¢ € H§(Q) with 0 < ¢ in Q. We split the analysis into two cases: z €
and z € Q\ Q,. If x € Q,, by [#.1)) and ( @, it holds

boA 2 2
v /Q "{2A1<p1(x) = h(z)}¢(z)de = —— / {h(z) = 2M10p1 ()} () dz

<A —bog(x)dx
Q,

<>\/ f bo’\ o2( )¢(x)dx

—Az;ﬂM@WWMm

for all ¢ € H3(Q) with 0 < ¢ in Q. Now let z € 2\ Q,,. Then, using (4.2, it follows
from the hypothesis (|1.4) that for A > 1, we have

2b;)\1 _f(b%)\ 2)

Therefore, using that h(x) > v > 0, it follows that

D[ o) - b)) do < PN [ et ds
B Jaa, B Jaa,

<[ sCra@)emar o)

=A fu(x))¢(z) dz

Q\Qn
for all ¢ € H3(Q2) with 0 < ¢ in Q. Combining (4.5]) and ., 1t follows that .
holds. Therefore, u = bo’\p% is a positive weak subsolutlon of for A sufficiently
large.
Next, we show there exists M) > 0 such that w := Me is a weak supersolution
of for all M > My, where 0 < e € H§(R) is the weak solution of (3.3). We
observe that while f is not assumed to be nondecreasing, f(t) := maxqeo, f(0)

is nondecreasing. Moreover, f(t) < f(t) for all t > 0, and f satisfies the sublinear
condition at infinity

lim @

t—+oo t

Therefore, since f satisfies ([&.7)), there exists My > 0 sufficiently large such that
for all M > M,,

F(M]le]lo)
Mllelloo ™ Allelloo

Therefore, with M > M), we obtain ©u = Me € H{(Q) satisfies
E(u, ¢) = ME(e, §)
= M/ (ZS

zxAﬂMwmwwa

=0. (4.7)

or equivalently Af(M|le|o) < M.
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> [ FOe(a))ote) s
>0 [ fMe(e))ota) da
= [ s@ote)ds.

for all ¢ € H§(2) with 0 < ¢ in Q. Hence, @ := Me is a weak supersolution of (|1.1)
for M > M,.
Finally, using the right estimate in (3.6]), the left estimate in (3.4), and taking
M larger, if necessary, we obtain
boA
u= 0—@% < Me=mw a.e. in .

B

Hence, by Proposition (1.1) has a positive weak solution u such that u < u <7u
a.e. in ) for A sufficiently large. This completes the proof of Theorem O

Proof of Theorem[1.3 As in the proof of Theorem [1.2] we will show that a suitable
positive constant multiple of p? serves as a positive weak subsolution of (1.1]). Since
f is continuous on [0, 00) and satisfies ((1.5]), there exist og,b; > 0 and my > 2m,
such that

flo) >mioc—b; forall 0 <o <oy (4.8)

), where A := % Note that since m; > 2m, one has A < W)L‘—l

Assume \ € [, ni‘;
Let u := koy?, where kg satisfies
A1b
ko >~ | (4.9)
Moo

with v as in Proposition Then, for all ¢ € HZ(2), it holds
£(w.) = (¢},0) = [ (2Aikogd (o) ~ koh(o)}o(o) do.
Q

Then, setting oq := ko, it follows from (4.8 that u = koe? is a weak subsolution if
we have

/Q (2 ko 22(x) — ko h(z)}o(x) dz < A /Q (mikoe?(x) — bi}o(x)dz  (4.10)

for all ¢ € H(2) with 0 < ¢ in Q. If A > 224 then

2\ kot (x) < Mmakop?(x)  for ae. z € Q. (4.11)
On the other hand, for A < n’);, it follows from the choice of k¢ in (4.9) that
A1by
Aby < o < koy < koh(x) for a.e. x € Q. (4.12)

Then, it follows from (4.11)) and (4.12)) that inequality (4.10]) holds for A € [%, w’)—;)

Hence u = kop? is a positive weak subsolution for \ € [%, "’}—1)

Next, we construct a supersolution for A < ni‘; Let € > 0 be such that A\; >
Mmoo +€). Since f is continuous on [0, +00) and satisfies (1.4), there exists L > 0
such that

f(o) < (Mmoo +€)o+ L forall o > 0. (4.13)
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Since e and ¢ satisfy the estimates (3.4)) and (3.6)), respectively, there exists ¢ > 0

such that e < cpy in Q. Let w := My, + ALe, where M > M) = %
Then

£, 6) = ME(p1, 6) + \LE(e, &) = /Q (MArgr(z) + ALJg(z) da

for all ¢ € H§(§2). Therefore, by using (4.13)) and the choices of M and ¢, it follows
that

)\/Q f@(x)o(z)dz < )\/Q[L + (Moo + €)u(x)]o(z) do
= [ [+ (mo+ (M1 (0) + ALe(@))] (o) d
< [ [+ (mos + (M1 (0) + Ao (@) ()
_ /Q AL + MA(moe + ) + XL + )] o1 (2)6(x) do

< / AL + MXip1(2)|¢(x) da
Q

for all ¢ € H5(2) with 0 < ¢ in Q. Hence, @ is a weak supersolution for A < ni‘—l
Finally, using the right estimate in (3.6)), the left estimate in (3.4), and taking M
larger, if necessary, we obtain

y:koganggalJrLe:ﬂ a.e. in €.

Hence, by Proposition (1.1) has a positive weak solution u such that u < u <
a.e. in Q for A € [\, 24). This completes the proof.

Moo

O gl

5. NUMERICAL EXPERIMENTS

Here we investigate positive numerical weak solutions of the nonlinear fractional
Laplacian problems
(=A)’u=Af(u) in
u=0 inR\Q,

for s € (0,1) with a bounded open set @ = (0,1) € R (N = 1) and Hoélder
continuous nonlinearity f : R — R satisfying the hypotheses of Theorem or
Theorem [L3]

We use the finite element method (FEM) developed for linear fractional Lapla-
cian problems of in [3] to construct positive numerical solutions u of problem .
Moreover, using the branch following technique of [25], we construct bifurcation
diagrams |julloc vs. A. We also present profiles of positive solutions obtained for
various choices of s € (0,1).

As in [3], we use the weak formulation of to seek solution u € H§ () such
that

(5.1)

CN’Sg(u, ¢) =\ / f(u)pdz for all ¢ € HJ(S).
2 0

We first describe the approximation method when Q := (0,1) C R. Fix a uniform
partition 0 = z¢p < 21 < Z3... < Tpy1 = 1 of [0,1] with step size h = x; — x;_1
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for = 1,...,n+ 1. Let V} be an n-dimensional subset of H{(0,1) spanned by
{é1,...,¢n}, where

bi(z) = 1 — |z —x|/h %fxe[xi,l,miHL
0 if v € R\ [w-1,2i11]

for i = 1,...,n. The finite element approximation u, € V} for a weak solution
u € HE(0,1) of (5.1)) is expressed as

up(x) == Zuzqﬁz(a:) ,

where u; € R are unknowns and uj, satisfies system of n equations

1
CLs £ (un, ) = A / f (&, un(2)) 6;() da (5.2)

2
for all j = 1,...,n. To implement the finite element scheme, we express in
matrix notation.
For a column vector u := [ug,...,u,]T, the left hand side of can be ex-
pressed as Au, where A is the n x n stiffness matrix corresponding to the left hand
side of derived in [3]. Then, defining the column vector F by

F(u> = h[f(xla Ul), f(an ’1,62), ey f(xnv un)]T 3
we rewrite as a matrix equation
Au = \F(u). (5.3)

We solve the system for a given nonlinearity f and A > 0 with Newton’s
method, provided a suitable initial guess for the iteration. A multiple of the solution
of the linear problem (—A)®e = 1in (0,1) with u = 0in R\ (0,1) is a good candidate
for an initial guess in many cases. The pseudo-code for constructing numerical
solutions and numerical bifurcation diagrams can be found in [8 p. 15-16].

5.1. Numerical experiments corresponding to Theorem Consider
f(o) = In(1 + o) + K for ¢ > 0 satisfying the hypotheses of Theorem In
Figure [4] (A), (B), and (C) we give a plot of the nonlinearity satisfying the cases
f(0) < 0, f(0) = 0, and f(0) > O respectively. The bifurcation diagrams cor-
responding to the nonlinearities in Figure 4| (A), (B), and (C) are given in Fig-
ure [4] (D), (E), and (F), respectively for the specific choices of s € (0,1) indicated.
We note that these bifurcation diagrams can be numerically constructed for any
s € (0,1), and that they will be qualitatively similar to those shown in Figure
(D), (E), and (F). The inset of Figure {4| (D), (E), and (F) shows the numerical
positive solution(s) for the A = 30. Since f is sublinear at infinity, Theorem [1.2
guarantees a positive solution for A sufficiently large. However, the solution set &
is not necessarily monotone with respect to A. In particular, Figure [4] (D), for the
case f(0) < 0, there is a range of A, depending on s, for which two positive solutions
exist. For each case, the numerical experiment suggests that positive solution for A
sufficiently large must be unique. To the best of our knowledge, this has not been
investigated theoretically.
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FIGURE 4. Nonlinearity f(c) = In(1 + o) + K and bifurcation
diagrams for Theorem [I.2]
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FIGURE 5. Nonlinearity f(o) = 0.50 + 9+v/1 + 0 — K and bifurca-
tion diagrams for Theorem

5.2. Numerical experiments corresponding to Theorem Consider

flo) = 0.50 + 91+ 0 + K for o > 0 satisfying the hypothesis of Theorem
In Figure |5 (A), (B), and (C) we give a plot of the nonlinearity satisfying the
cases f(0) < 0, f(0) = 0, and f(0) > 0O respectively. The bifurcation diagrams
corresponding to the nonlinearities in Figure [5| (A), (B), and (C) are given in
Figure[5|(D), (E), and (F), respectively for the specific choices of s € (0,1) indicated.
The inset of Figure [5 (D), (E), and (F) shows the numerical positive solution(s)
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for the choice of A given. Since f is asymptotically linear at infinity, Theorem [I.3]
guarantees the existence of a range of A for which there exists a positive solution.
We see that depending on the behavior of the nonlinearity at zero, there may exists
a positive numerical solution on an interval bounded away from zero and to the left
of n;\; Because of the dependence of A1 on s, we can see the interval for which
there exists a positive numerical solution shifts to the left as s € (0,1) decreases.
For each case, the numerical experiments suggests that the positive solution for A

sufficiently close to 2 must be unique.

Moo
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