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ABSTRACT. In this article we obtain global positive and radially symmetric
solutions to the system of nonlinear elliptic equations

div (¢;(|Vul) V) + a;j(z)e; (|Vu))[Vul = pj(2) fj(ur(z), ..., ug(2)),
and in particular to Laplace’s equation
Auj(z) = pj () fi(ur(x), ..., up(x)),
where j = 1,...,k, z € RV, N > 3, A is the Laplacian operator, and V is

the gradient. Also we state conditions for solutions to be bounded, and to be
unbounded. With an example we illustrate our results.

1. INTRODUCTION

In this article we study the existence and asymptotic behavior of positive radial
solutions to the system

div (¢;(|Vu)Vu) + a;(2)¢; (| Vu))[Vul = p;(@) fi(ur(2), ... ur(z)),  (1.1)

and in particular to the system

Auj(z) = pj(2) fi(ur (@), ..., up()) (1.2)

for x € RN, N > 3, and j = 1,...,k. Here A is the Laplacian operator, V
is the gradient, a;,p; are radially symmetric functions, and ¢; is a continuously
differentiable function. Let r = |z| be the Euclidean norm of z in RY. We use the
same symbol to indicate a radial function in terms of € R and in terms of r.

We prove that has positive solutions which are global and radially sym-
metric. See Theorem 2.4 below. By doing this, we extend the existing results from
2 equations to k equations. The main difficulty is finding the proper function A
that allows us bounding the iterated solutions, see inequality and hypothesis
(A5). Also we provide a small improvement in the solution estimates which allows
us stating conditions in a much simpler way than in the references; see Remarks
and 2.7 below.
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The motivation for this article comes the following references: Lair [8, 7] consid-
ered the system

Au = py(|z[)v®
Av = po(|z|)u”
for x € RY. Li, Zhang, and Zhang [9], and Zhang [14] studied the system
Au = py(|z])f(v)
Av = pa(lz])g(u),
for x € RY. Covei [2] considered the system
Au = py([z]) f(u,v)
Av = py(|z|)g(u),

for € RY. Othman and Chemman [10] used a fixed point approach by assuming
the existence of subsolution and supersolution to study the existence of a large
solution to the system A,u = f1(x,u,v), Aju = fa(x, u,v). Thisis done in a smooth
bounded domain Q of RN, N > 2, u,v > 01in §, u|sq = +oc and v|sq = +00, where
1 < p,q < oo and Ayw = div(|Vw|'=2Vw) for any 1 < ¢t < oo. In an another work,
Alves and de Holanda [I] studied the system Au = Fy(z,u,v), Av = F,(x,u,v)
from a variational point of view. However this approach does not apply to .
Zhou [15] considered the system

div (¢ (IVu))[Vul) + ar(|z))¢1 (IVul) [Vul = pi(|z]) fi(u, v)
div (¢2(|V0])[Vv]) + az(Jz]) g2 (IV0)[ V| = pa(|z]) f2(u, v) ,

for € RY. By using a monotone iterative technique and the Arzela-Ascoli the-
orem, Yang et al. [13], studied the positive entire bounded radial solutions of the
Schrodinger elliptic system

div(G(IVyP=*)Vy) = bi(Ja))¥(y) + h(al)e(z), @ €R" (n > 3),
div(G(|V2[P7)Vz) = ba(|2))v(2) + ha(l2)e(y), = €R™,
where G is a nonlinear operator. Garcia-Melidn [4] studied the system
Au = pa(jaluv?

Av = pao(|z|)uv",

(1.3)

for z € Q € RN. For more results on elliptic boundary value problems see [3} [5, 6],
9, [12] and the references therein.

2. RESULTS

To obtain a solution to ([1.1]), we build a sequence of functions, and then show that
the sequence converges to a solution. First using the integrating factor r¥=1u;(r),
we obtain a radial version of (|1.1)),

(TN_luj(T)% (“}(T))“}(T))/ =N (r)p (7) £ (ua (), (1)),
uj(0) =a; >0, uj(0)=0, j=1,...,k,

(2.1)

where

wi(r) = exp (/07’ a;(s) ds).
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To study this problem we use the following assumptions:

(A1) p; : [0,00) — [0,00) are continuous and radially symmetric functions. The
initial values satisfy a; > 0 with a; > 0 for at least one index j.

(A2) f; : [0,00)F — [0,00) are continuous and non-decreasing with respect to
each one of their arguments.

(A3) ¢; € C'([0,0),[0,00)) for each j, and

;i (r) :=rp;(r) satisfies ¢/ (r) >0 forr>0.

J

(A4) There exist positive constants B1, By and B2 > (1 > 1 such that Bithr <
¥(t) < Bot? for t > 0. By a contradiction argument we can show that
that there are positive constants B; and By such that

Boy'/? <4 (y) < Buy'/Pr fory >0, 5=1,... k.
(A5) There exists a continuous function h : [0,00) — [0, 00) such that

filur, . ug) < h(ur+ -+ +uy), for1<j<k;

for the 81 in (A4),
o 1
it =co;
/1 7B () o05

and for each positive tg, there is positive constant hg, such that hy < h(t)
for all t > tg.

Examples of functions satisfying (A3) include ¢;(t) = 1 which yields the Laplacian
operator, and ¢;(t) = tP~2 which yields the p-Laplacian operator. See more ex-
amples in [I5]. We do not need to define ¢; for negative values because we show

later that u}, > 0. Assumption (A4) was stated as 81 < ti(t';) < By in [I5]. As an
51 Ok
k

example of a functions satisfying (A2) and (A5) we have f;(uq,...,ux) =uj" - -u
with max{6; : 1 <i <k} < By, and h(t) = max {1, (3} uz)ma"” ik}

1
We define a sequence of functions converging to a solution of (| as follows

First we integrate ({2.1] . to obtain

N T N
/ — —
uji(r) = Y, (,u-(r) / sV T i (s)pi(s) fi (ul(s), .. 7u;€(s)) ds),
p AN (2:2)
u;(r) = a; + / w;l( / SN_luj(s)pj(s)fj (ul(s), A uk(s)) ds)dt.
0 1 (t) Jo
For n = 0, we define u; o = a1, ug0 = a2, ..., ko = . And for n > 1, we define
T A
Ujn(r) = ozj—i—/ (o ( / s T (8)pi(s) £ (ulm_l(s), . ,ukm_l(s)) ds)dt.
0 i (t) Jo
(2.3)
We use a simultaneous iteration. To compute u;, we use ujn—1 for j =1...k

(all w;,—1 are replaced by u;, at the same time). However it is possible to use
successive iterations: the u;, are used as they become available. Compute u;,, in
ascending order of j, and for computing u;11,, use u;,, instead of u;,_1. This
technique called the Gauss-Seidel method when doing numerical approximations.

Lemma 2.1. Under assumptions (A1)—(A3), the sequence of functions {u;,} is
non-decreasing with respect to n, and each function is non-decreasing.
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Proof. To show that the sequence is non-decreasing we use induction on n. Since
fi, pj, 1y, and 1; are non-negative, we have

s t
ujo(r) < a; + / 1/}{1( / sN_luj(s)pj(s)fj(ozl7 ce Q) ds) dt = uj(r)
0 1 (t) Jo
for all » > 0, which is the base step for induction. Now we assume that uj,n,l(s) <

ujn(s) for s > 0. As f; is non-decreasing in each argument, 1; is increasing, and
;> 0, we have
5 (t)

T
uj,n(r)=aj+/ vt (
0
tl_N

<a;+ /07‘ ¢;1(uj(t) /ot Vg () ()5 (un(s), - e (5)) ds)dt’

for all » > 0, which completes the induction step.
To show that these functions are non-decreasing, we use
F1-N

uj, (1) = w;l <Hj o /OT N (s)p(s) £ (u1,n(8), - - - s ukn(s)) ds) >0,

which indicates that u; ,(r) is non-decreasing with respect to r. (]

tl_N

tl_N

/0 SN ()P (5) 15 (rn 1 (5), - k1 (5)) ds) dt

Lemma 2.2. Under assumptions (A1)-(A5), the sequence {u;,(r)} is uniformly
bounded on each interval 0 < r < rq.

Proof. Using (2.2), (A4), and that h(>_ a;) > fj(aa,..., o), we have

_ =N
ug(r) <9 ! (h(m,n(r) +o 4 uk,n(r)) e / sV Lui(s)p;(s) ds)
j 0
(2.4)
,rl—N T 1/61
< Bi(h(uipn(r) + -+ upn(r /SN_l,ulsplsds .
L (B(a(r) )y 5 i) ds)
Dividing by B1h*/#1, and summing over j, we have
1 k
s (r
By hl/b: (Ul,n(r) R Ulc,n(T)> ; J,n( ) ( )
2.5

i( T / N (slpy(s)as)

Integrating from r = 0 to r = ry yields

ey tl N 1/B1
/ Blhl/ﬂl Z/ / N_lﬂj(S)pj(S)dS) dt. (2.6)

[e73

Note that the right-hand side is independent of n, and finite as long as r; < oo.
Recall that by (A5), hA(3>_ ;) is bounded below by a positive constant because
a; > 0 at least one index . Then we can find a constant M (r1) such that the upper
limit of integration satisfies
k
> ujm(r) < M(ry), Vn>1. (2.7)
j=1
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Since 0 < a; = w;0(r) < ujn(r) < wuj,(r1) for all r € [0,71], the sequence {u;,(-)}
is uniformly bounded for 1 < j < k and 1 < n on [0,r]. O

Remark 2.3. In [2] and [II], the quantity u,;,(s) in the integrand in (2.2)) is
substituted using the inequality

uin(r) <o + / 1— N/ N-1, s)fi uln(s) '7uk,n(3))d8dt
SMifi(ul,n(’/’) ukn 1_|_/ 1— N/ N— 1

where M; = max{1l,«a;/fi(a1,...,ax)}. This inequality comes from Lemma
with ¢;(r) = r, and p; = 1. This substitution does not improve estimate ; on
the contrary it makes the estimate less accurate. By avoiding this substitution, our
estimates yield a small improvement and make our estimates simpler than theirs.
Also we use the upper bound & in (A5), while [2] and [I1] used the estimate

fj(ul,na“'auk,n) < fj(u1,n+"'+uk,m cee Ul,n"‘"""uk,n)a

which can be larger than the h(u1, + -+ + uk,) used in (A5). Therefore, our
estimates provide another small improvement.

Theorem 2.4. Under assumptions (A1)—(Ab5) there is a positive solution to (2.1)
for all r > 0, and hence a global radially symmetric solution to (1.1)).

Proof. First we show that {u; .} is equi-continuous, by finding a uniform bound for
{u}; ,,(-)} on an interval [0,71]. From the continuity of f;, p;, and v;, we have that
the bound for {u;} in Lemmaprowdes a bound for the right-hand side of .
Therefore, {u/ ,(-)} is uniformly bounded on [0,4]. By (L.I)) and the continuity of
h, from (2.F)), there exists a constant M ((r1) such that 0 < ul,(r) < M (ry) for all
7 in [0,7]; i.e., u},, is uniformly bounded on [0,71]. For z,y € [0,71], by the mean
value theorem,

[wjn(y) —ujn(z)] < M(T1)|y —z| for1<j<k, 1<n.

Given € > 0, we select § < ¢/M(r1). If |z —y| < &, then |uj,(y) — ujn(z)] < €
which shows the equi-continuity of u;, for 1 <j <k and 1 <n.

Then by the Arzela-Ascoli theorem, there exists a subsequence of {u;,} that
converges uniformly to a function w;. Since {u;,} is non-decreasing in n, the
whole sequence converges uniformly to u;. Therefore,

tl_N

uj(r) = o + /07" w;l(uj(t) /Ot sN_lpj(s)pj(s)fj(ul(s), o uk(s)) ds)dt.

which provides a solution to (2.2]) on [0,71]. Noting that r; can be arbitrarily large,
we complete the proof. O

Regarding the asymptotic behavior of solutions we have the following result.

Theorem 2.5. The solution obtained in Theorem satisfies the following: (1) if

tl N 1/B1
Z/ / N=1(8)py(s) ds) dt < oo for somea >0, (2.8)

then lim, o u;j(r) < 0o for each j € {1,...,k}.
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. . oo [$1-N it 1/B81
(2) If for an index j, [; (ZJW o SN s (s)p;i(s) ds) dt < oo, and f;(...)
is bounded, then lim,_,o u;(r) < co.
(8) If for an index j,

© 41-N t _ 1/B2

[ [ mtomas) " = e (29)
a J a

then limy o u;(t) = oo.

Proof. (1) Under assumption (2.8)), the right-hand side of (2.6) remains bounded
when r — o0, so the bound in (2.7]) can be made independent of n and 1. That is

there exists a constant M such that

Zu] <M, Vr>0.

Using that u;(-) is non-decreasmg, we have the result in part (1).
(2) From the assumptions, we define two bounds: f;(...) < D; and

Tty /t N_1 1/61 _
sY T i (s)ps(s) ds dr<D; r>0.
L G/, tmomstoras) J
Then from (2.2)), (A2), and (A4), we have

u;(r) < aj + Bi(D; )I/BID]- forr > 0.

Then (2) follows from u; begin non-decreasing.
(3) From (2.2), (A2), and (A4), we have
AN

uj(r) > aj + Ba(fi(au, .. .,ozk))l/ﬁ2 /OT (Mj(t) /Ot N ()5 (5) ds) Ve

Because at least one « is positive, f;(aq,...,a,) > 0. Then the right-hand side
increases to infinity as r — oo, and conclusion (3) follows. O

Remark 2.6. The results from Theorems and apply to (1.2), by setting
(,25]'(7'):1, aj:(), andB1:B2:51:ﬁ2:1.

Remark 2.7. Conditions P(c0) < oo and Q(00) < oo on [Z, page 88] are equivalent

o (2.8) with j =1,2, ¢(r) =r, uj =1 and f; = 1. Also condition [I1 ineq. (22)]
is equivalent to (2.8). However our assumption (2.8) is much easier to verify than
theirs.

Example 2.8. Consider the system

(TN 1 01( T)) ) N1 011+1r2.1u1(7")u2(7“), "> 0,

N— 102 3 PN—1,0.2 1 1/2 2.10
( ) T w(ue(r) ™, 20, (2.10)

(0) 1, uz(0)=0, u;(0)=u5H(0)=0.
First we check that the assumptlons in Theorem [2.5] are satisfied. Certainly func-
tions p(r) = 1+T2 r and po(r) = 1+r22 satisfy (Al). Also fi(u1,u2) = ujus and
fi(ur,ug) = (uguz)'/? satisfy (A2).

To check (A3), we use ¢1(r) = ¢a(r) = 72 s0 P1(r) = wa(r) = r3, and Y| (r) =
3r2 >0 for r > 0.
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To check (A4), we have ¥ ' (y) = y*/3, thus y*/3 < ¢ (y) < y/3 and By =
By =1, 51 =p2=3.
Now we check (A5). Let us set h(t) = max{1,t?}. Then

fi(ur, ug) = urus < (u1 + ug)? < max{1, (uy + uz)?} = h(u + us)
and
Ja(ug,uz) = (u1u2)1/2 < ((u1 + U2)2)1/2 = Uy + U
max{1, (u; + u2)?} = h(u1 + us).

N

i 1 <1
———dt = ——dt =
L L
and (Ab) is satisfied.

Now we check (2.8)). For j = 1, the inner integral is

" 14 g21 =) §2:1 N —2 ’

While the outer integral in (2.8)) is

o 1 1 1 * 1
1-N N—2 ;. _
/a T 7'077]\7—27” dr_iN—Z/a Tlﬁdr<oo.

For j = 2, the inner integral in (2.8)) is

" 14+ s22 =) 522 N —2 ’

While the outer integral in (2.8)) is

o 1 1 1 1
1-N N—2 ;. _
/a T mN—QT dr_iN—Z/a Tlﬁdr<oo.

So (2.8]) is satisfied. Therefore, by Theorems and there is a global solution
for which both u; and us remain bounded as r — oo.

Moreover,
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