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Abstract. In this article we consider the class CSLZ** of non-degenerate real planar
cubic vector fields, which possess two real and two complex distinct infinite singulari-
ties and invariant straight lines of total multiplicity 7, including the line at infinity. The
classification according to the configurations of invariant lines of systems possessing
invariant straight lines was given in articles published from 2014 up to 2022. We con-
tinue our investigation for the family CSL2*® possessing configurations of invariant
lines of type (3,1,1,1) and prove that there are exactly 42 distinct configurations of this
type. Moreover we construct all the orbit representatives of the systems in this class
with respect to affine group of transformations and a time rescaling.
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1 Introduction and statement of the Main Theorem

We consider here real polynomial differential systems

dx dy
o =Pyl o =alvy), (1.1)

where p, g are polynomials in x, y with real coefficients, i.e. p, g € R[x,y]. We call degree of a
system (1.1) max(deg(p), deg(q)). A cubic system (1.1) is of degree three. We say that a system
(1.1) is non-degenerate if the polynomials p(x,y) and q(x,y) are co-prime, i.e. ged(p,q) =
constant.

Let
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be the polynomial vector field corresponding to a system (1.1).

In [17] Darboux introduced the notion of an algebraic invariant curve for differential equa-
tions on the complex plane. An algebraic curve f(x,y) = 0 with f(x,y) € Clx,y] is an
invariant curve of a system of the form (1.1) where p(x,v),q(x,y) € C[x,y] if and only if there
exists K[x, y] € C[x,y] such that

X(F) = plx) 5 059G, = FlopK(xy)

is an identity in C[x, y]. Since R C C, any system (1.1) over R generates a system of differential
equations over C. Using the embedding C? < P»(C), (x,y) — [x:y:1] =[X:Y: Z], (x =
X/Z,y =Y/Z and Z # 0), we can compactify the differential equation q(x,y)dy — p(x,y)dx =
0 to an associated differential equation over the complex projective plane. In fact the theory
of Darboux in [17] is done for differential equations on the complex projective plane.

We compactify the space of all the polynomial differential systems (1.1) of degree n on
SN-1 with N = (n+ 1)(n +2) by multiplying the coefficients of each systems with 1/ (Z(aizj +
bz-zj))l/ 2, where a;j and b;; are the coefficients of the polynomials p(x,y) and q(x, ), respectively.

Definition 1.1 ([36]). (1) We say that an invariant curve £ : f(x,y) =0, f € C[x,y]| for a poly-
nomial system (S) of degree n has multiplicity m if there exists a sequence of real polynomial
systems (Sy) of degree n converging to (S) in the topology of SN~!, N = (n +1)(n +2), such
that each (Sx) has m distinct invariant curves Lyx @ fir(x,y) = 0,..., Ly : fux(x,y) = 0
over C, deg(f) = deg(fix) = r, converging to L as k — oo, in the topology of Pr_;(C), with
R = (r+1)(r +2)/2 and this does not occur for m + 1.

(2) We say that the line at infinity Lo : Z = 0 of a polynomial system (S) of degree
n has multiplicity m if there exists a sequence of real polynomial systems (Si) of degree n
converging to (S) in the topology of SN~!, N = (n + 1)(n + 2), such that each (Sx) has m — 1
distinct invariant lines Ly : fix(x,y) =0,..., Lk : fm—1xk(x,y) = 0 over C, converging to the
line at infinity Lo as k — oo, in the topology of P>(C) and this does not occur for m.

In this work we consider a particular case of invariant algebraic curves, namely the invari-
ant straight lines of systems (1.1). A straight line over C is the locus {(x,y) € C?|f(x,y) = 0}
of an equation f(x,y) = ux + vy +w = 0 with (u,0) # (0,0) and (u,v,w) € C3. We note
that by multiplying the equation by a non-zero complex number A, the locus of the equa-
tion does not change. So that we have an injection from the lines in C? to the points in
P>(C)\{[0 : 0 : 1]}. This injection induces a topology on the set of lines in C? from the
topology of IP,(C) and hence we can talk about a sequence of lines convergent to a line in C>.

For an invariant line f(x,y) = ux + oy +w = 0 we denote 4 = (u,v,w) € C3 and by

[4] = [u : v : w] the corresponding point in IP>(C). We say that a sequence of straight lines
fi(x,y) = 0 converges to a straight line f(x,y) = 0 if and only if the sequence of points [4;]
converges to [4] = [u : v : w] in the topology of IP>(C).

In view of the above definition of an invariant algebraic curve of a system (1.1), a line
f(x,y) = ux+vy+w = 0 over C is an invariant line if and only if it there exists K(x,y) €
C|[x, y] which satisfies the following identity in C|[x, y]:

X(f) = up(x,y) +vq(x,y) = (ux + vy + w)K(x, y).

We point out that if we have an invariant line f(x,y) = 0 over C it could happen that mul-
tiplying the equation by a number A € C* = C \ {0}, the coefficients of the new equation
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become real, i.e. (uA,vA, wA) € R3. In this case, along with the line f(x,y) = 0 sitting in C>
we also have an associated real line, sitting in IR? defined by Af(x,y) = 0.

Note that, since a system (1.1) is with real coefficients, if its associated complex system
has a complex invariant straight line ux + vy + w = 0, then its conjugate complex invariant
straight line iix + 0y + @ = 0 is also invariant.

A line in P(C) is the locus in IP;(C) of an equation F(X,Y,Z) = uX +0Y +wZ = 0
where (u,v,w) € C* and F(X,Y,Z) € C[X,Y,Z]. The line Z = 0 in P;(C) is called the line
at infinity of the affine plane C2. This line is an invariant manifold of the complex differential
equation on IPy(C). Clearly the lines in IP;(C) are in a one-to-one correspondence with points
[:v:w] € Py(C) and thus we have a topology on the set of lines in IP;(C). We can thus talk
about a sequence of lines in IP;(C) convergent to a line in IP>(C).

To a line f(x,y) = ux+ovy+w =0, (u,v) # (0,0), f € C[x,y], we associate its projective
completion F(X,Y,Z) = uX + vY + wZ = 0 under the embedding C? — P»(C), (x,y) — [x:
y: 1] = [X, Y, Z] indicated above.

We first remark that in the above definition we made an abuse of language. Indeed, we talk
about complex invariant lines of real systems. However we already said that to a real system
one can associate a complex systems and to a differential equation g(x,y)dy — p(x,y)dx = 0
corresponds a differential equation in P (C).

We remark that Definition 1.1 is a particular case of the definition of geometric multiplicity
given in [16], and namely the "strong geometric multiplicity" with the restriction, that the
corresponding perturbations are cubic systems.

The set CS of cubic differential systems depends on 20 parameters and for this reason
people began by studying particular subclasses of CS. Some of these subclasses are on cubic
systems having invariant straight lines.

We mention here some papers on polynomial differential systems possessing invariant
straight lines. For quadratic systems see [8,18,31,32,36—40] and [41]; for cubic systems see
[4,5,7,9-14,23,25-27,33,34,44] and [45]; for quartic systems see [43] and [47].

The existence of sufficiently many invariant straight lines of planar polynomial systems
could be used for proving the integrability of such systems. During the past 15 years several
articles were published on this theme (see for example [13,14,37,39]).

According to [1,16], for a non-degenerate polynomial differential system of degree m, the
maximum number of invariant straight lines including the line at infinity and taking into
account their multiplicities is 3m. This bound is always reached (see [16]).

In particular, the maximum number of the invariant straight lines (including the line at
infinity Z = 0) for cubic systems with a finite number of infinite singularities is 9. In [25]
the authors classified all cubic systems possessing the maximum number of invariant straight
lines taking into account their multiplicities according to their configurations of invariant lines.
The notion of configuration of invariant lines for a polynomial differential system was first
introduced in [36].

Definition 1.2 ([40]). Consider a real planar polynomial differential system (1.1). We call
configuration of invariant straight lines of this system, the set of (complex) invariant straight lines
(which may have real coefficients), including the line at infinity, of the system, each endowed
with its own multiplicity and together with all the real singular points of this system located
on these invariant straight lines, each one endowed with its own multiplicity.

In [25] the authors used a weaker notion, not taking into account the multiplicities of real
singularities. They detected 23 such configurations. Moreover, in [25] the necessary and suffi-
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cient conditions for the realization of each one of 23 configurations detected, are determined
using invariant polynomials with respect to the action of the group of affine transformations
(Aff(2,R)) and time rescaling (i.e. Aff(2,R) x R*)). In [4] the author detected another class
of cubic systems whose configuration of invariant lines was not detected in [25].

If two polynomial systems are equivalent under the action of the affine group and time
rescaling, clearly they must have the same kinds of configurations of invariant lines. But
it could happen that two distinct polynomial systems which are non-equivalent modulo the
action of the affine group and time rescaling have “the same kind of configurations” of straight
lines. We need to say when two configurations are considered equivalent.

Definition 1.3. Suppose we have two cubic systems (S), (S’) both with a finite number of sin-
gularities, finite and infinite, a finite set of invariant straight lines £; : fi(x,y) =0,i=1,...,k,
of (S) (respectively L!: f/(x,y) =0,i=1,...,k, of (§')). We say that the two configurations
C, C’ of invariant lines, including the line at infinity, of these systems are equivalent if there is
a one-to-one correspondence ¢ between the lines of C and C’ such that:

(i) ¢ sends an affine line (real or complex) to an affine line and the line at infinity to the
line at infinity conserving the multiplicities of the lines and also sends an invariant line with
coefficients in IR to an invariant line with coefficients in IR;

(ii) for each line £ : f(x,y) = 0 we have a one-to-one correspondence between the real
singular points on £ and the real singular points on ¢(L£) conserving their multiplicities and
their order on these lines;

(iii) we have a one-to-one correspondence ¢, between the real singular points at infinity
on the (real) lines at infinity of (S) and (S’) such that when we list in a counterclockwise
sense the real singular points at infinity on (S) starting from a point p on the Poincaré disc,
P1 = P, Pk P preserves the multiplicities of the singular points and preserves or reverses
the orientation;

(iv) consider the total curves

F:IIEX Y, Z"mzm =0, F :T]F(XY,2)"z" =0

where F;(X,Y,Z) = 0 (respectively F/(X,Y,Z) = 0) are the projective completions of L;
(respectively L!) and m;, m; are the multiplicities of the curves F; = 0,F/ = 0 and m, m’ are
respectively the multiplicities of Z = 0 in the first and in the second system. Then, there is a
one-to-one correspondence ¢ between the real singularities of the curves F and F’ conserving
their multiplicities as singular points of the total curves.

Remark 1.4. In order to describe the various kinds of multiplicity for infinite singular points
we use the concepts and notations introduced in [36]. Thus we denote by “(a,b)” the max-
imum number a (respectively b) of infinite (respectively finite) singularities which can be
obtained by perturbation of a multiple infinite singular point.

The configurations of invariant straight lines which were detected for some families of
systems (1.1), were instrumental for determining the phase portraits of those families. For
example, in [37,39] it was proved that we have a total of 57 distinct configurations of invariant
lines for quadratic systems with invariant lines of total multiplicity greater than or equal to 4.
These 57 configurations lead to the existence of 135 topologically distinct phase portraits. In
[33,34,44,45] it was proved that cubic systems with invariant lines of total parallel multiplicity
six or seven (the notion of “parallel multiplicity” could be found in [45]) have 113 topologi-
cally distinct phase portraits. This was done by using the various possible configurations of
invariant lines of these systems.
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In what follows we define some algebraic-geometric notions which will be needed in order
to describe the invariants used for distinguishing configurations of invariant lines.
Let V be an irreducible algebraic variety of dimension n over a field K.

Definition 1.5. A cycle of dimension 7 or r-cycle on V with coefficients in an Abelian group G
is a formal sum ZynwW, where W is a subvariety of V of dimension r which is not contained
in the singular locus of V, nyy € G, and only a finite number of ny are non-zero. The support
of a cycle C is the set Supp(C) = {W|nw # 0}. An (n — 1)-cycle is called a divisor D.

Definition 1.6. We call type of a divisor D the set of all ordered couples (m,s,,) where m is
an integer appearing as a coefficient in the divisor D and s,, is the number of occurrences in
D of the coefficient m.

Clearly the notion of type of a divisor is an affine invariant.

These notions (see [21]) which occur frequently in algebraic geometry, were used for clas-
sification purposes of planar quadratic differential systems by Pal and Schlomiuk [29], [35]
and by Llibre and Schlomiuk in [24]. They are also helpful here as we indicate below.

We apply the preceding notions to planar polynomial differential systems (1.1). We denote
by PSL, ¢ the class of all non-degenerate planar polynomial differential systems of degree n
with a finite number of infinite singularities and possessing invariant lines, including the line
at infinity, of total multiplicity £.

We define here below an important divisor which is used in this work and which we
call the parallelism divisor. Consider a system in (S) € PSL, ¢. Let p1,p2, ..., ps be the set of
all the real singular points at infinity of (S). Let jy, k € {1,...,s} be the total multiplicity
of all invariant affine lines which cut the line at infinity at py. Let i, k € {1,...,s} be the
maximum number of distinct invariant affine lines which can appear from the line at infinity
in a perturbation of (S) in the class PSL, ¢ and which cut the line at infinity at py.

Definition 1.7. We call parallelism divisor on Z = 0 with coefficients in Z? the divisor
Dy (S; Z) defined as follows:
> (i
Di(S;2) =Y <k> Pr.

k=1 \Jk
Observation 1.8. In this definition we spell out the affine part ji (the finite parallelism index)
as well as the infinite part expressed by i, (the infinite parallelism index). We could form
another divisor on the line at infinity, namely Y _; (ix + jx) px whose coefficients are the total
parallelism indices.

Definition 1.9. We define the parallelism type of the configuration (or simply type of the
configuration) of invariant lines occurring for a cubic polynomial system (S), the sequence
of non-zero numbers, T, = ik + ji, k € {1,...,s} attached to D.(S;Z), listed according to
descending magnitudes:

T=(n, w...,u), 1<I1<s.

Clearly ¥ is an affine invariant of systems in the class PSL, ¢ and of their configurations
of invariant lines.

Notation 1.10. As already used in the Abstract CSL*® is meant to be the class of non-
degenerate cubic systems with invariant lines of total multiplicity seven which have two real
and two complex distinct singularities at infinity.
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As we have two real and two complex infinite singularities and the total multiplicity of the
invariant lines (including the line at infinity) must be 7, then the cubic systems in CSL%%*
could only have one of the following four possible types of configurations of invariant lines:

) T=(33); (i)T=(3111); (ii)T=(222); (v)T=(2211. (12

Remark 1.11. We remark that the cubic systems in CSLZ%*® possessing the configurations of
invariant lines of the type ¥ = (3,3) were already investigated in [6], where the existence of
14 distinct configurations Config. 7.1a —Config. 7.14a of this type are determined.

In this article we classify the subfamily of cubic systems in CSL3"**, possessing config-

urations of invariant line of the type (3,1,1,1), according to the relation of equivalence of
2r2co0

configurations. We denote this subfamily by CSL{377;).
Our main result is the following one.

Main Theorem.

(A) A non-degenerate cubic system (1.1) belongs to the class CSL%;/Zf,fl) if and only if D; < O,
V4 = Uy = 0 and one of the following set of conditions holds:

(A1) IfD; #0,Ds #0, x1 =0, Dg # 0 then x3 = x6 = 0.
(Az) lfp77£0/D87é0/X1:OlpﬁzothenX2:X3:O.

(A3) If D; #0,Dg # 0, x1 # 0, Dy # 0 then x7 = xs = X9 = xio and either D5 # 0,
X112001’D5:X12:0.

(A4) If D7 #0,Dg #0, x1 #0, Dy = 0 then x4 = X5 = X7 = X9 = X13 = X14 = 0.
(As) If D7 #0, Dg =0, Dg # 0, Dy # 0 then x1 = x3 = x6 = 0.

(A¢) If D7 #0,Dg =0, Dg # 0, Dy = 0 then x1 = x3 = xs = X16 = 0, x15 # 0.
(A7) If D7 #0,Dg =0, Dg =0 then x1 = xa = x4 = X6 = X17 =0, x11 # 0, {4 <0.
(As) If D7 =0, x1 # 0 then x1 = x2 = x3 = 0.

(A9) If D7 =0, x1 =0, X2 # 0 then x1 = x3 = X6 = 0.

2r2co0

If D7 = X1 = X2 = 0 then a cubic system (1.1) could not belong to the class CSL{377 -

(B) Assume that a non-degenerate cubic system (1.1) belongs to the class CSLfg?f,fl), i.e. one of

the sets of conditions provided by statement (A) holds. Then this system possesses one of the
configurations Config. 7.1b — Config. 7.42b, presented in Figure 1.1. Moreover the necessary
and sufficient conditions for the realization of each one the mentioned configurations are given in
Diagrams from Figures 1.2, 1.3 and 1.4, correspondingly.

(C) In Figure 1.1 are given all the configurations that could occur for systems in the class CSL%g,szl).

We prove that all these configurations are realizable within CSL%;fol) (see the examples given in

the proof of the statement (A)) and that these 42 configurations are distinct. This proof is done
in Subsection 3.3 using geometric invariants and it is presented in the corresponding diagram
from Figures 3.1.

Notation 1.12. We give here the directions for reading the pictures representing the config-
urations. An invariant line with multiplicity k > 1 will appear in a configuration in bold
face and will have next to it the number k. Real invariant straight lines are represented by
continuous lines, whereas complex invariant straight lines are represented by dashed lines.
The multiplicities of the real singular points of the system located on the invariant lines, will
be indicated next to the singular points.
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Config. 7.1b Config. 7.2b Config. 7.4b Config. 7.5b
(1) (1) (1) (1)
() (1) © (1)
Config. 7.6b Config. 7.7b Config. 7.9b Config. 7.10b

Config. 7.11b

Config. 7. 20b

(1)

<O\

Config. 7.21b Config. 7. 22b Config. 7.23b Config. 7. 24b Config. 7. 25b

Figure 1.1: The configurations of invariant lines for cubic systems in the class
CSLZTZCoo
(3,1,1,1)

Since a configuration of invariant lines of a system (1.1) could contain simultaneously
real and complex invariant lines, there appears the problem of indicating these lines simul-
taneously on a picture in the Poincaré disc in order to capture and see schematically this
phenomenon. So in order to fix the positions of real lines with respect to the complex ones in



8 C. Bujac, D. Schlomiuk and N. Vulpe

< AN <

Config. 7. 26b Config. 7. 27b Config. 7.28b

(1)

2
(1.1)

Config. 7. 32b Config. 7. 33b Config. 7. 34b

(1) (1) (1)

1.1

Config. 7.37b Config. 7.38b Config. 7.39b Config. 7. 40b

Config. 7.41b Config. 7. 42b

Figure 1.1 (cont.): The configurations of invariant lines for cubic systems in the
class CSL%;/ZSCI’D

a coherent way, we present here the following mode of representing complex invariant lines
of systems (1.1) along with the real invariant ones on the Poincaré disc.

Convention. Assume that a system (1.1) possesses an invariant line with complex coefficients
such that we cannot multiply all its coefficients by a non-zero complex number and obtain
real coefficients. Then clearly the corresponding conjugate line is also invariant for this system
having the same property. Suppose that such invariant lines are:

L: Ax+By+C=0, L:Ax+By+C=0, A,BCeC, (AB)#(0,0).

These lines are affine lines in C? (= R*) and hence planes in R*.
Without loss of generality, due to the change x <> y we may assume B # 0 and then the
lines become:

y=(a+bi)x+ (c+di) = (ax+c)+i(bx +d), (ab,c,d) € R, b*>+d>+#0. (1.3)
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(3<0 -2;7—<(())>Conﬁg. 7.1b
>
(2 #0 —>D7 Config. 7.2b
<0
(1<0 C3>0-D7—O>Conﬁg. 7.53b
0 7—>>Conﬁg. 7.4b
C2;bConﬁg. 7.5b
Q%o-MConﬁg. 7.6b
D120, ¢ 7.7
D4#0|¢1>0 —— - Config. 7.
Q:()-M»Conﬁg. 7.8b
MConﬁg. 7.9b
§2¢0-M00nﬁg. 7.10b
=0 MConﬁg. 7.11b
Q—:()»Conﬁg. 7.12b
D5 #0 (5<0 -7;7—<(())>Conﬁg. 7.13b
>
(o #0 D7—O>C'0nﬁg. 7.14b
<
<0 C5>0-D7—>0>Conﬁg. 7.15b
0 =T~ "y Config. 7.16b
L»Conﬁg. 7.17b
§47A0-M>Conﬁg. 7.18b
D7>0
o D,=0|¢1>0 == Config. 7.19
2;142(2);{(;4:12) MConﬁg. 7.21b
C2¢Q-M>Conﬁg. 7.92b
G1=0 MC’onﬁg. 7.23b
CQ;OPC’onﬁg. 7.24b
(3<0 -MConﬁg. 7.1b
(2 #£0 —>D7>O Config. 7.2b
D7 <0
—0 L>C’0nﬂg. 7.4b
D5=0 L»Conﬁg. 7.5b

!/
0
C1—>> Bi(next page)

¢1=0
L= 5 By(next page)

Figure 1.2: Diagram of the configurations for the class CSL%;/Zf,‘fl): statement

(A1)
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D7 <0

LA Config. 7.6b
B, MConﬁg. 7.7b
12/5;8’} =0 M Config. 7.8b
2r2co0
CSL(371,1,1) ! M>C’0nﬁg. 7.9b
Dyl < %}A% (o0 -—>D7 <0 Config. 7.10b
4 prm prm
? By M>C’0nﬁg. 7.11b
15/5_:8’ @;Ob Config. 7.12b
1=
Figure 1.2 (cont.): Diagram of the configurations for the class CSL%g,zfl‘f]): state-

ment (A1)

We associate to the lines (1.3) over C the two lines with real coefficients: the real line [ =
R(L,L): y = ax + c as well as its complexification CI defined by the same equation but letting
x,y run over the complex plane. The real line I can be drawn on the Poincaré disk. Consider
now the two cases b # 0 and b = 0.

Case b # 0. In this case the two lines (1.3) intersect at the real point My = (—d/b, —(ad —
bc)/b) € R? that also lies on the real line I C CI. Being at the intersection of the two complex
invariant lines (1.3) , the real point My is a singular point for systems (1.1). To signal the
presence of the complex lines (1.3) we make the convention to represent them on the Poincaré
disk as two dashed lines both passing through M,. Thus the real line / will appear inside
two of the four curvilinear triangles described by the dashed lines and parts of the circle at
infinity. We denote this domain by D.

Suppose now that the system S has a real invariant line I’ also passing through M, and
consider its complexification L' = CI’ that is also an invariant line.

We assume that our system is included in a family of systems possessing the invariant
lines (1.3) and the line L. If the parameters b and d tend simultaneously to zero, then it is
clear that the two complex lines tend to the complexification of the real line y = ax 4 c. Then
clearly this line is an invariant line that is a multiple line of multiplicity two or three. We now
distinguish two subcases: I' =1l or I’ # I.

Subcase I’ = I. In this case two complex invariant lines (1.3) coalesced with the invariant
line L" and hence this is a triple line. In this case we will draw the real line !’ inside the domain
D.

Subcase I’ # [. In this case if both b and d tend to zero then the lines (1.3) will tend to a
double line, the complexification of the real line y = ax + c¢. In this case we draw the line I’
outside D.

Case b = 0. In this case the lines (1.3) intersect at infinity at the real point [1 : a : 0]. The
real line | : y = ax + c passes also through this point. We draw by dashed lines these two
complex lines placing inside the domain delimited by them and denoted by D’ the real line /.
Suppose the line L’ passes through the same point at infinity [1 : a : 0]. We make the following
convention:

If I’ = I then we will draw !’ inside the domain D’. If I’ # [ then we will draw !’ outside
the domain D’.

The work is organized as follows. In Section 2 we give some preliminary results needed
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(5<0 M Config. 7.1b

(5 #0 MConﬁg. 7.2b

(1<0 C3>0'%’00nﬁ9~ 7.5b
—— 3 Config. 7.4b

@;O>C’onﬁg. 7.5b

<47£0'M00nﬁg. 7.6b

(A2) [¢1>0 MConﬁg. 77h

(=0 M Config. 7.8b

M>Oonﬁg. 7.9b

Cﬁgo-MC’onﬁg. 7.10b
G =0 M»C’onﬁg. 7.11b
(4=0 0 Config. 7.12b

-M» Config. 7.25b

D7 <016 >0 » Config. 7.260
(43) %;O»Conﬁg. 7.27b
2r2coo
CSL(371’171> MCOTLﬁg 7.28b

Dy <0,

(Ay) Q;O)Cbnﬁg. 7.30b

(>0 M Config. 7.31b
M Config. 7.32b

CQ#O-@;O}COTLﬁg. 7.2b
61 <0 @A»C’onﬁg. 7.4b

Cz—:O>Conﬁg. 7.5b

(As) Q>0-%Conﬁg. 7.7b
C4;0>C’onﬁg. 7.9b

0 % Config. 7.11b

CZ;O> Config. 7.12b

1:

Figure 1.3: Diagram of the configurations for the class CSL%ng‘fl): statements

(A2)-(As)
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(o0 ﬁ» Config. 7.14b

(s<0 ¢ C5;O>C’0nﬁg. 7.16b
2=0

(Ag) O—> Config. 7.17b
CS—>>C'0nﬁg. 7.19b
-ﬂ»Conﬁg. 7.23b

ﬁ» Config. 7.13b

€1<0165>0 » Config. 7.15b
C5;0>C'0nﬁg. 7.17b

(A7) ‘o >0.ﬂ> Config. 7.18b

Q;())Conﬁg. 7.20b

G :o-ﬂ» Config. 7.11b

C5;0> Config. 7.12b

(3<0
C S22 v5 #0=— Config. 7.35b

(3,1,1,1
) D40 18>0 Config. 7.94b

D1<07 X :O
Vi=U2=0 22— 7y Config. 7.35b
(5<0

A —> Config. 7.36b

Dy=0 M»Conﬁg. 7.37b

)
(270, Config. 7.98b

Dy #0 .M; Config. 7.39b

(Ay) M»Conﬁg. 7.40b
<0
Dy=0 -C9—> Config. 7.41b

M» Config. 7.42b

(As)

Figure 1.4: Diagram of the configurations for the class CSL%g,szl): statements

(A6)—(A9)

for this paper. In Section 3 we prove our Main Theorem considering the family of cubic
systems possessing invariant lines in the configuration of the type (3,1,1,1) and having two
real and two complex distinct infinite singularities. More exactly, in Subsection 3.1 we prove
the statement (A) of the Main Theorem, constructing the canonical systems and determining
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the corresponding configurations which these systems could possess. Moreover, the neces-
sary and sufficient conditions for the realization of each one the obtained configurations are
determined. In Subsection 3.2 we prove the statement (B) of the Main Theorem. Using the

geometric invariants, we prove that all the 42 detected configurations of invariant lines for the

class of cubic systems in CSL%ng‘f’l) are distinct according to Definition 1.3.

2 Preliminaries

Consider real cubic systems, i.e. systems of the form:

X =po+pi(x,y) + p2(x,y) + ps(x,y) = P(a, x,y),

2.1
y=q0+q1(xy) +q(xy) +q3(x,y) = Qa,x,y) &1

with variables x and y and real coefficients. The polynomials p; and g; (i =0,1,2,3) are
homogeneous polynomials of degree i in x and y:

po = ac, p3(x,y) = asx’ + 3axx*y + 3axy” + agsy”,
p1(x,y) = a1ox +any, pa(x,y) = a0x* + 2a11xy + aey’,
go = boo, q3(x,y) = b3ox® + 3byx%y + 3b1oxy? + bosy?,
q1(x,y) = biox +bory,  qa(x,y) = baox* 4 2b11xy + boay?.

Let a = (apo, a10, 401, - - - , 803, boo, b1o, bo1, - - -, boz) be the 20-tuple of the coefficients of systems
(2.1) and denote R[a, x, y] = Rlago, a10, 401, - - -, @03, boo, b1o, boa, - - -, bos, x, y].

2.1 The main invariant polynomials associated to configurations of invariant lines

It is known that on the set of polynomial systems (1.1), in particular on the set CS of all cubic
differential systems (2.1), acts the group Aff(2,R) of affine transformation on the plane [40].
For every subgroup G C Aff (2,R) we have an induced action of G on CS. We can identify the
set CS of systems (2.1) with a subset of R?” via the map CS— RR? which associates to each
system (2.1) the 20-tuple a = (ago, @10, 401, - - - , 403, boo, b10, bo1, - - -, bos) of its coefficients.

For the definitions of an affine or GL-comitant or invariant as well as for the definition of
a T-comitant and CT-comitant we refer the reader to [36]. Here we shall only construct the
necessary affine invariant polynomials which are needed to detect the existence of invariant
lines for the class of cubic systems with four real distinct infinite singularities and with exactly
seven invariant straight lines including the line at infinity and including multiplicities.

Let us consider the polynomials

Ci(a,x,y) = ypi(a,x,y) — xqi(a,x,y) € Rla,x,y], i=0,1,2,3,

0 0 .
Di(a,x,y) = api(a, X, y) + @qi(a, x,y) € Rla,x,y], i=1,23.

As it was shown in [42] the polynomials

{Co(a,x,y), Ci(a,x,y), Ca(a,x,y), C3(a,x,y), Di(a), Da(a,x,y) D3(a,x,y)} (2.2)

of degree one in the coefficients of systems (2.1) are GL-comitants of these systems.
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Notation 2.1. Let f, ¢ € Rla, x,y] and

k k akf ak
(k) _ _a\k 8
(f.8) §:‘,( 1) <h> axkfhayh axhayk*h.

(f,2)® € Ra, x,y] is called the transvectant of index k of (f,g) (cf. [20,28]).

Theorem 2.2 ([46]). Any GL-comitant of systems (2.1) can be constructed from the elements of the
set (2.2) by using the operations: +, —, x, and by applying the differential operation (f,g)®

Let us apply a translation x = x' +x9, y = vy’ + yo to the polynomials P(a,x,y) and

Q(a,x,y). We obtain P(d(a,xo,v0),x",y') = P(a,x' + x0,y' +v0), Q(d(a, xo,v0),x,y) =
Q(a, x" + x0,y' + yo). We construct the following polynomials

Q;(a, x0,y0) = Res v (C( (a,x0,0),x",y"), Co(a(a, xo,y0), x ,y’))/(y’)”l,
Qi(a, x0,y0) € Rla,xo,y0], (i=1,2,3)
and we denote
Gi(a,x,y) = Qi(a, xo,y0)|{x0:xl o=y} € Rla,x,y] (i=1,2,3).

Remark 2.3. We note that the polynomials G;(a, x,y), G2(a, x,y) and G3(a, x,y) are affine comi-
tants of systems (2.1) and are homogeneous polynomials in the coefficients agy, ..., bos and
non-homogeneous in x, y and

deg, G = 3, deg, G» = 4, deg, G5 = 5,
deg ., Ql =8, deg, Qz =10,  deg, 93 =12.

Notation 2.4. Let G;(a,X,Y,Z) (i = 1,2,3) be the homogenization of G;(a, x,y), i.e

Gi(a,X,Y,Z) = 278G (a,X/2,Y/Z),
gZ(al XI Y/ Z) = ZlOGZ(a/ X/Z/ Y/Z)I
Gs(a,X,Y,Z) = 22G3(a, X/ Z,Y / Z),
and H(a,X,Y,Z) = ged (g1(a, X,Y,Z), G2(1,X,Y,Z), Gs(a, X, Y,Z)) in Rla, X, Y, Z.

The geometrical meaning of these affine comitants is given by the two following lemmas
(see [25]):

Lemma 2.5. The straight line L(x,y) = ux+oy+w = 0, u,o,w € C, (u,v) # (0,0) is an
invariant line for a cubic system (2.1) if and only if the polynomial L(x,y) is a common factor of the
polynomials G1(x,y), G2(x,y) and G3(x,y) over C, i.e.

Gi(x,y) = (ux + oy + w)Wi(x,y) (i=1,2,3),
where Wi(x,y) € Clx,y].

Lemma 2.6. Consider a cubic system (2.1) and let a € R* be its 20-tuple of coefficients.



The family of cubic differential systems with invariant straight lines 15

D If L(x,y) =ux+ovy+w =0, uv,w e C, (u,v) # (0,0) is an invariant straight line of
multiplicity k for the system associated to a then [L(x,y)]* | gcd(G1, G2, G3) in Clx,y), ie.
there exist Wi(a, x,y) € Clx,y| (i = 1,2,3) such that

Gi(a, x,y) = (ux + oy + w)kWi(a, x,y), i=1,23.

2) If the line los : Z = 0 is of multiplicity k > 1 then ZF-1 | gcd(Gy,Ga, G3), ie. we have
71| H(a,X,Y,Z).

Consider the differential operator £ = x - L, —y - L; constructed in [3] and acting on
R[a, x,y], where

L, =3a o +2a o +a J 1 J 2 i +a i
3a10 0320 " o4y, t3a 25401, t3a Uo3ay " " oas
" 9 5 1 s 2 s 9
+3boogy =+ 2bw g+ bor g+ Fboag = A Sbug A+ bog
L 3a i + 2a J +a J + = 1 J + = 2 i “+a i
2 = 00y A g T T 3%y T 3 a9, T M %a0
Y % J 3 2 a 9
+3boo gy — 4 2bor 3 =+ buogy -+ 3b208b +3bug, s beg -

Using this operator and the affine invariant yo = Resultant, (ps(a, x,v),q3(a,x,y))/ y° we con-
struct the following polynomials

pilaxy) = £ £0(w), i=1,..9,

where L0 (u9) = L(LV (1)) and LO) (19) = po.

These polynomials are in fact comitants of systems (2.1) with respect to the group GL(2,R)
(see [3]). The polynomial y;(a,x,y), i € {0,1,...,9} is homogeneous of degree 6 in the coeffi-
cients of systems (2.1) and homogeneous of degree i in the variables x and y. The geometrical
meaning of these polynomial is revealed in the next lemma.

Lemma 2.7 ([2,3]). Assume that a cubic system (S) with coefficients a € R belongs to the family
(2.1). Then:

(i) The total multiplicity of all finite singularities of this system equals 9 — k if and only if for every
i€{0,1,...,k—1} wehave p;(a,x,y) = 0in the ring R[x,y] and py(a,x,y) # 0. In this case
the factorization i (a, x,y) = [T5_; (uix — v;y) # 0 over C indicates the coordinates [v; : ; : 0]
of singularities at infinity which in perturbations generate finite singularities of the system (S).
Moreover the number of distinct factors in this factorization is less than or equal to four (the
maximum number of infinite singularities of a cubic system) and the multiplicity of each one of
the factors u;x — vy gives us the number of the finite singularities of the system (S) which have
coalesced with the infinite singular point [v; : u; : 0].

(ii) The point My(0,0) is a singular point of multiplicity k (1 < k < 9) for the cubic system (S)
if and only if for every i such that 0 < i < k —1 we have pg_;(a,x,y) = 0 in R[x,y| and
,ug_k(a, X, y) # 0.

(iii) The system (S) is degenerate (i.e. gcd(p,q) # const) if and only if u;i(a,x,y) = 0 in R[x, y]
foreveryi=20,1,...,9.
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In order to define the invariant polynomials we need, we first construct the following
comitants of second degree with respect to the coefficients of initial systems (2.1):

S = (Co,Cl)(l) , S10 = (C1/C3)(1) p S19 = (Co, D3)(1) ,
Sy = (Co,Cz)(l) , S11 = (CLCB)(Z) , Sao = (Co, D3)(2) ,
Sz = (COzDZ)(l) , Sn= (Cl,Ds)(l) ;S = (Dz,C3)(1) ,
Sy = (CU,C3)(1) , S13 = (C1/D3)(2) , Sm= (Dz,D3)(1) ,
S5 = (CO,D3)(1) ;S =(Cy, Cz)(z) , Sa3 = (Gs, Cs)(z) ,
Se = (Cl,Cl)(Z) , S5 = (Cy, Dz)(l) ;S = (G, C3)(4) ,
S;=(Cl,)W,  Sis=(C,C3)V, S5 =(Cs3,D5)",
Ss (Cl,Cz)(Z) , Si7 = (Cy, Cs)(z) , Sa6 = (Cs, D3)(2) ,
- )! (

We shall use here the following invariant polynomials constructed in [25] and [10]:

Dia) = 653 — [(C5,5)@)]
2(a,x,y) = — S,
5(a,%,y) = (S23, S23)? — 6C5(Cs, S23) @,
Dy(a) = (C3, Do),
Ds(a) = Ay — Ay,
De(a) =3A1 + Ay,
D;(a) = — A — 3A,,
Dg(a) = 2A3 —9AZ +2A1 A1 + Aus,
Vi(a,x,y) = Sz +2D3,
Va(a,x,y) = Soe,
V3(a,x,y) = 6Sys5 — 3Ss3 — 2D3,
Vala,x,y) = Cs [(c3, S23)™® +36 (Ds, 526)(”} ,
Vs(a,x,y) = 6Ty (9A5—7Ag) + 2T>(4Tyg — Ti7) — 3T3(3A1+5A)+3A,Ty+36T2 —3Ty,
Uq(a) = Sra — 4Sy7,
(a,%,y) = 6 (Sz3 — 3525, S26) V) — 3S23(Sas — 8S27) — 2483,

+2C3 (C3,S23) ™) + 24D (D3, S26) V) + 24D325,;,

In order to characterize the cubic systems belonging to the class CSL%ng‘f’l) we define here the

following new invariant polynomials:

xi1(a,x,y) = Tiz — 2Ty,
x2(a,x,y) = 8A3Ty +22A4T) + 15Tsy + 9Tep — 21T + 6Te3 + 9Tes,
x3(a,x,y) = 2T TgTh5 + 2T5T74 + T5T7s,
Xa(a) = A7 + Ag — Ay,
Xxs(a) = Ay,
(a,%,y) = 30(6A3T? + 9Ts T — 3Ty To — ToTag) — T1(29Tx Try + 32TxThs — 108Ts6 — 45Ty),
(ﬂ x,y) = Tip — T3,
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xs(a,x,y) = 10A3T, + 30A4Tr — 6Tsg + 15To + 15Ts7 — 31Tsp + 17 T3 + 5Ty + 5Tes,
Xg(a, x,y) =6T;5 (3T11 — 4.T13) + 10T5T1g + 6Ty T1s — 3TrTsg + 2T2(T49 + T50) + 22T T71 + Tge,
X10(a, x,y) = 880A3T;(101T>Ts—36T To)+337920(Ty1 — T13) (Tra+Tr5) — 880(5T5+27T3) Ta
— 528T(120A4T7 + 11658 T5Tg + 50T2 Tag — 60Ty Ta7 + 25T75 — 80T7s)
— 44T19(21442T, Ty5 — 259854 T34 + 42588T37 + 59307 Typ — 42888T35)
— 2640T6(128To5 — 3Tz + 10Toy + 24Tog) + 24Ty T (344426 T14 — 921997 T;5)
—3T4(345752T5 T15—1006720Tgo—1019038 Tg; +969523 Tgp+2177623 T3 —11264Tgy ),
x11(a, x,y) = 360A; T, +3066T119—270T 11 +148T113 —1895T;14+2675T 15— 1176 T116+3090T117
— 540Ty15 — 680T119 + 155T150 + 1375T121,
x12(a,x,y) = 18T3 To— T (36 Ta3+324Toy —737T26) — T1 (108 T2 Ty5—6(460 T4 —629T37 — 656 Ty ) )
— 3(29028T5Ts + 54T3To — 629T, Ty + 96T7s),
x13(a,x,y) = —60(2A14+47A15)To — 12180A4Ty7 + 30A3(47T16+51Ty7) — 105A1 (Ts7+12Ts3)
— A»(1200Typ — 174Ts9 — 255Ts7 — 5754Tg + 2403Te — 4435Ts + 7820T¢s5),

X1a(a,x,y) = 3T TgTy5 — 3T5T75,
xis(a,x,y) = Ts,
)(16(11, x,y) =96T¢Tg + 12T135 + 9T435 + 28Tr T4 + 21T, T,
x17(a,%,y) = 9TsTo(174Ty To + 193T19) + T2(77T>To + 1164T; Tra — 69Ts3 — 57Tas) — 696T2,,
Xi(a,x,y) = Tiz — 2Ty,
X2(a,x,y) = 3TaTs + 2T1 To + Tho,
01(a,%,y) = (A1 — A2)(5A3T> +25A4Ts — 9Tse + 15Tsy — 39Ter + 33Te3),
21 (a,%,y) = 972T; (A Ta+6T7) — 5832Ts (5Tsg+ Tsg) + 27(14904T2, +216 Ty Tys — 16344 T4 Ty

— 7T2Ts9 — 81T3Ts9 + 18Ty Ts9),
02(a) = 432AA4 — 162A15 — 81A13 — 27 A1, — 64845,
03(a) =A7(2A1 A9 — 3A4A¢),
Ca(a, x,y) = Tso,
U5(a) =36A2A% — (Ap —4A13 — Ay — 2A15)%,
T6(a) =8A3A; +58A3 —29A2 + 82A,Aq + 245A14,

g7(a) = — (5A1+3A,),

Cs(a) = A4(245 +3A4),

Go(a) = — ToThy,
where

Ay =524/288, Ay= Sy7/72, As= (72D1A2+ (S, D2) V) /24,

Ay = [9D1S2y — 2592D; A +36(S11, D3)?) + 24(S1g, D2) Y — 8(S1a, D3) ) — 8(S20, D2)
—32(S2,D2)V]/27/3%, A = (Sae,D3) P /25/3°, A; = (To,C3)#)/25/32,

Ag = (Tiy, D3)? /12, A9 = (Tis,D3)¥ /12, Ay = [Sas, D3) P, D3)?) /27 /3%,

App = [To, C3)®), D3) @ /26/3%,  Ays = [To, C3)@), C3) W /27/33,

Ay = [To, D3)?), D3)?) /25/3%,  Ay5 = [Tis, C3)1?), D3)?) /25 /32,

A1e = [S23,C3) 1), D3) @, D3)?), D3)?) /57213 /37
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are affine invariants, whereas the polynomials
T1=C;, To= D3, T3= 5x3/18, Ty= Sy5/6, Ts= Sx/72,
Te = [3C1(D3 — 9T5 + 18Ty) — 2C2(2D2D5 — S17 + 2519 — 6521 )+
+2C5(2D3 — S14 +8515)] /24 /32, Tr = (823, C3) V) /72,
Ty = [5Dy(D3 + 27T — 18Ty) + 20D5S19 + 12(S16, D3) ! — 8D3817] /5/2°/3°,
Ty = [9D;(9Ts — 18T — D3) + 2D5(DaD5 — 3S17 — S19 — 9S21) + 18(S15, C3) 'V —
— 6C(2520 — 352) + 18C1526 +2D5514]/24/3%, Ty = (Sas, D3) M) /25/33,
Ty = [(D3 = 9Ts + 18Ty, C)'? — 6(D2 — 9T5 + 18Ty, D;) ") — 12(S26, C2) M+
+ 12D 56 + 432Co (A — 5A2)] /27 /3%,
Ty = [(D}+15Ts — 6Ty, Co)? — 6(D3 — 3T3 + 12Ty, Do) ) — 4(Sp6, C2) '+
+10D,S26 — 720(A1 + 3A;5)Cs] /27 /3%,
Tis = [(D3+27T5—18Ty, Cy) = 216(Ty, Dy) V-+48D5850+36D,S0 —432C, (3A; +17A,))/27/3%,
Tis = [(8S19 + 9521, D2)") — D2(8S20 + 352) + 18D1 56 + 1296C; 4] /24 /3%,
Tis = [72(S19, D2) M —(S17,C2) @ +16(Sp1, D)V —3(D2, C1) P +27(T5, C1 ) ?) —54(Ty, C1) @
+36D1S26+2160C; A1 4+4752C1 Ay —16D2 520 +4(S14, D3) V) —68(S15, D3) M) —8(S14, C3) )
—8(S15,C3)1? —4D,815]/2°/3%,  Tig = (S23,D2)?/2°/3%, Tiz = (S26,D3) V) /2°/33,
Tis = [4(D%+ 6Ty, Co)® +2(CoDs, C3) @ — 9D, (96A; + Say),
Ty = (T6,C3)(1)/2, Ty = (T6,C3)(2)/6, Tos = (Te, Ds)(l)/6,
Tos = [16[(Cy, D3)V]? + 5184C; (3A42C3 — TsD3) + D3(D3 — 81Ts — 54Ty) + 4D (648T5C,
+3D3517 +2D3519 — 18C3520)] /2°/3%,  Tog = (To, C3)(1)/4, T36 = (T6, D3) @ /12,
Ty = (To, C3)(2)/12, Tss = (To, Da)(l)/6, Ty = (Ta, Cs)(l)/z,
Tus = ((S23,C3)\Y, D) 2 /572033, Tso = (T1p, D3) M /e,
Ts7 = (To, Da)(z)/lz, Tso = (T, C3)(4)/24/32, Teo = (To, C3)(3)/72,
Ter = (Tha, C3)(2)/6, Tes = (Tus, C3)(2)/6, Tes = (Tis, D3)(1)/6, Tes = (Ta, Da)(l)/6,
Tyy = [18(27T3Cy Dy —54T4Ca D1 —64Ts Dy —3T3C1 Dy +6T4Cy Dy) D3 —6(9C, Dy —C1 D) D3
+27CoDj3 4 D3(—486T5Co + 972T4Co + 108C3 D1 Dy — 8CoD3 — 54C3Ss + 108C3S9
+27CyS11 — 27C3S15 + 4C2S14 — 32C2S15 4 54D1 516 — 3C1S17 + 6C1S19 — 18C1S51)
—972(Ts — 2T4)C3D1 Dy + 72(Ts — 2T4)Co D3 — 486C3(128T11Cy — T3Ss + 2T3Ss
+2T5S9 — 4T4So) + 20736 T11C3 — 9C5(Ts — 2T4) (27511 — 27512 + 4514 — 32S15)
+ 2187(T3 — 2T4)*Co + 576 Ts(S17 — 2819 + 6S21) — 27T3(18D1S16 — C1S17 + 2C1S19
— 6C1521) + 54T4(18D1S16 — C1S17 + 2C1S19 — 6C1S21)] /28 /3%,
Tys = [ — 18(40C3D; + 137S1) (D3, C1 )" — 48(4C3D; — 3C2D5 — Sy6) (S14, C3)
— 768C3D,(S15,C3)"") +9(16C3 Dy — 9C, D5 + 5516) (Sa3, C1 )" — 648C, D
+ 162(C2D3 + 3516) (S25, C1) W) 4 144(9C,D; +2C1 D,) D3 — 12D2(32C, D2 — 18C5Ss
+9C,S11 — 54C,S1 + 24C 514 — 96CoS15 — 324D1 516 — 6C1 S17 + 12C1 S19 — 18CoSa3



The family of cubic differential systems with invariant straight lines 19

+216C0S25) + 8D3(64C3D3 + 64C3D2S14 + 16D3S16 + 12514516 — 96515516 — 36C3S15
— 96C2D,S19 + 108C3S50 + 240C2 D2 Sp1 — 297C, D1 Sp3 — 24C1 D2 So3 + 1134C, D1 Sps5)
+ 62208C3(3T13C; —16T3Dy ) + 2(1728C3D1 Dy +32C, D3 +18C3S5+4176C350 —9C, 511
—1395C,515 — 16C2514 4 96C2S15 — 108D; S16 — 18C1 S17 — 60C1 S19 + 2160C1 Sp1)Sa3
+ 54CS3; + 32(5832T13C; C3 — 31104TsC3 Dy — 34992T5S19 — 3C3514517 — 4D2516517
+ 3,82, + 12C2C3D5 518 — 3C2516S18 + 16C3D3S19 — 2C3514519 4+ 16C3515519
+24D7S16S19 — 12C2S539 — 36C2C3D2S00 + 9C2S16S20 — 48C3D3S01 — 12C3514501
— 24D,816571 + 12C2517521) — 36(288C3D; Dy + 474C3Sg + 528C3S9 — 237C,S1;
— 255C 51— 180D S16—86C1 S17+156C1 S19+276C1 S1) So5 —1944C, S35 /21 /3%,
Ty = [T, C3)@, C3) V) /36, Trg = (T25,C3)(1)/2, Tso = [To, C3)®, C3) V) /144,
Tor = [Ts, C3)®, C3) M) /20/3%, Tgp = [To, C3)'?, D)1 /23 /33, Tas = [Te, C3)V), D3) 1) /24,
Ty = (Tos, Ca)(Z)/6, Tss = [Ti1, C3)'?, C3)V) /36, Tigy = [To, D3)?, D3)) /432,
Tiio = [Te, C3)™, C3) 2 /27 /8%, Tyyy =[Te, C3)', D3)P/27 /3%, Tiaz =[Tua, C3)@, C3) @)/ 72,
Tig = [Tia, C3)?, D3)V /72, Tiis = [Tha, C3) Y, D3) ) /72, Tie = [Ti5,C3) 1, C3) ) /72,
Ty = [Ts, D3)@, D3)? /25 /3%, Ty = [To, C3)®), C3) @) /25/33, Typ9 = (Tos, C3) @ /2%/3?,
Tizo = [To,C3)®), D3) ) /2/3%, Tizy = [To, C3)1®), D3) ) /2/3%, Tuss = (Tya, C3)',
Ti35 = (T7s, Cs)(l),

are T-comitants of cubic systems (2.1) (see for details [36]). In the above list the bracket “[”
means a succession of two or up to four parentheses “(” depending on the row in which it
appears.

We note that these invariant polynomials are the elements of the polynomial basis of T-
comitants up to degree six constructed by Iu. Calin [15].

2.2 Preliminary results

In order to determine the degree of the common factor of the polynomials G;(a, x,y) for i =
1,2,3, we shall use the notion of the k" subresultant of two polynomials with respect to a given
indeterminate (see for instance, [22,28]).

Following [25] we consider two polynomials

f(z) =apz" +az" N+ ta,,  g(z) =boz" + b2 4+ by,

in the variable z of degree n and m, respectively.
We say that the k—th subresultant (see for example, [28]) with respect to variable z of the
two polynomials f(z) and g(z) is the (m +n — 2k) x (m + n — 2k) determinant

ap a1 4az ... ... Aymin-2k-1
0 a a1 ... ... Appn—2k—2 (m — k) times
0 0 ap ... .. Amyn-2k-3
RO, = ... o (2.3)
0 0 bO cee e bm+n—2k—3
0 by b ... ... buin_2k2 (n — k) times
Bo b by e eri binooin
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in which there are m — k rows of a’s and n — k rows of b’s, and 4; = 0 for i > n, and b; = 0 for
j>m.

For k = 0 we obtain the standard resultant of two polynomials. In other words we can say
that the k—th subresultant with respect to the variable z of the two polynomials f(z) and g(z)
can be obtained by deleting the first and the last k rows and the first and the last k columns
from its resultant written in the form (2.3) when k = 0.

The geometrical meaning of the subresultants is based on the following lemma.

Lemma 2.8 (see [22,28]). Polynomials f(z) and g(z) have precisely k roots in common (considering
their multiplicities) if and only if the following conditions hold:

RO(f,9) =RV (f,8) =RP(f,9) = =R V(f,9) =0 # RV (f,9).

For the polynomials in more than one variables it is easy to deduce from Lemma 2.8 the
following result.

Lemma 2.9. Two polynomials f (x1,%x2,...,%y) and §(x1,x2,...,X,) have a common factor of degree
k with respect to the variable x; if and only if the following conditions are satisfied:

RO(F,9) = RV(F,9) = R2(F,g) = - = REV(F.9) =0 £ RY(F,g),

where RJ(C? (f,g) =0in R[x1, ... X1, Xj41, .-, Xn).

In paper [25] all the possible configurations of invariant lines are determined in the case,
when the total multiplicity of these lines (including the line at infinity) equals nine. All
possible configurations of invariant lines in the case when the total multiplicity of these lines
(including the line at infinity) equals eight, are determined in [5,9-12].

In the above mentioned articles, several lemmas are proved concerning the number of
triplets and/or couples of parallel invariant straight lines which could have a cubic system.
Taking together these lemmas produce the following theorem.

Theorem 2.10. If a cubic system (2.1) possesses a given number of triplets or/and couples of invariant
parallel lines real or/and complex, then the following conditions are satisfied, respectively:

(i) two triplets = Vi=W=U =0
(ii)  one triplet and one couple = V4 =Vs5=U =0;
(iii)  one triplet = Wy=Ur=0;
(iv) 3 couples = V3=0

(v) 2 couples = Vs=0.

Remark 2.11. The above conditions depend only on the coefficients of the cubic homogeneous
parts of the systems (2.1).

We rewrite the systems (2.1) using a different notation for the coefficients::

X =a+cx +dy + gx* + 2hxy + ky* + px® + 3qx%y + 3rxy* +sy° = p(x,y),

24
¥ =b+ex+ fy+1x® + 2mxy + ny® + tx* + 3ux’y + 3oxy® + wy’ = q(x,y). Y

Let L(x,y) = Ux + Vy + W = 0 be an invariant straight line of this family of cubic systems.
Then, we have

Up(x,y) + Vq(x,y) = (Ux + Vy + W) (Ax* +2Bxy + Cy* + Dx + Ey + F),
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and this identity provides the following 10 relations:

=(p— AU+tV =0, Eg = (2h—E)U+(2m—D)V—2BW =0,

qu (3g—2B)U+ (3u—A)V =0, Egy=kU+ (n—E)V—CW =0,
= (3r—C)U+(3v—2B)V =0, Egg=(c—F)U+eV—DW=0 (2.5)
=(s-CQU+Vw =0, Eqo=dU+ (f —F)V—EW =0,

Eq5 (g—D)U+1V — AW =0, Eqio = all + bV — FW = 0.

It is well known that in the case of the non-singular infinite invariant line the infinite
singularities (real or complex) of systems (2.4) are determined by the linear factors of the
polynomial

Cs = yps(x,y) — x43(x, y).

Remark 2.12. Let C3 = [Tt (a;x + Biy), i = 1,2,3,4. Then [B; : a; : 0] are the singular
points at infinity. Hence the invariant affine lines must be of the form Ux + Vy+ W = 0
with (U,V) among («;, B;). In this case, for any fixed («;, B;), for a specific value of W, six
equations among (2.5) become linear with respect to the parameters {A,B,C,D,E,F} (with
the corresponding non-zero determinant) and we can determine their values, which annihilate
some of the equations (2.5). So in what follows, for each direction given by («;, B;), we will
examine only the non-zero equations containing the last parameter W.

For the proof of the Main Theorem it is useful to consider the following homogeneous
cubic systems associated to systems (2.4):

X =ps(xy), ¥ =plny). (2.6)

Clearly in the case of two real and two complex distinct infinite singularities the polyno-
mial C3(x,y) has four distinct linear factors over C: two of them being real and two complex.
The following remark concerning the associated homogeneous cubic systems (2.6) is useful.

Remark 2.13. Assume that a cubic system (2.4) in CSL%ng‘fl) possesses invariant lines of total
multiplicity three in a real direction. Then the corresponding associated homogeneous cubic
systems (2.6) has one invariant line of multiplicity three in the same direction.

Indeed, if a system (2.4) possesses a triplet of parallel invariant lines (distinct or coinciding)
in a real direction then via an affine transformation this system could be brought to the form

x=x[(x+b)?+ul, y=qaxy).

It is clear that if u < O (respectively u > 0) then we have three real (respectively one real and
two complex) all distinct invariant lines. In the case u = 0 we either have one simple and
one double invariant lines if b # 0, or one triple invariant line if b = 0. It remains to observe
that in all four cases the corresponding associated homogeneous cubic systems possess the
invariant line x = 0 of multiplicity at least three.

According to [9,25] (see also [30]) we have the following result.

Lemma 2.14. A cubic system (2.4) has 2 real and two complex all distinct infinite singularities if and
only if the condition Dy < 0 holds. Moreover its associated homogeneous cubic systems (2.6) could be
brought via a linear transformation to the canonical form

(5n) { x'=14u)x®+ (s+o)x’y+rxy?,  Cy=x(sx+vy)(x*>+y?), 27

Y = —sx® +ux?y +oxy? + (r — 1)y
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3 The proof of the Main Theorem

Considering Lemma 2.14 we deduce that for the systems in the class CSL%;Z{T]) the condition

D; < 0 holds and these systems could be brought via a linear transformation to the family of
systems

X =a+cx+dy+ gx* 4+ 2hxy + ky? + (1 +u)x® + (s +0)x°y + rxy?, 51)
Y =b+ex+ fy+ Ix* + 2mxy 4+ ny* — sx° + ux?y + oxy* + (r — 1)y° '

with C3 = x(sx + y)(x? + y?). In what follows we examine cubic systems possessing configu-
rations of invariant lines of the type ¥ = (3,1,1,1).

3.1 The proof of the statement (A)

The configurations of the type 7 = (3,1,1,1) could only have one triplet of parallel invariant
lines and clearly in the case of two real and two complex infinite singularities such triplet
could be only in a real direction.

3.1.1 Construction of the associated homogeneous systems

Since systems with the configuration of the type 7 = (3,1,1,1) could only possess one triplet
of parallel invariant lines, according to Theorem 2.10 the conditions V4 = U> = 0 are necessary
for systems (3.1). Taking the corresponding associated homogeneous systems (2.7) we force
the conditions V4 = U, = 0.

We observe that the invariant polynomial U/, is a homogeneous polynomial of degree four
in x and y. So we shall use the following notation:

4 . .
U, = Z Z/{zjx‘l’]y].
j=0

On the other hand a straightforward computation of the value of V, for systems (2.7) yields
YV, = 9216V, Cs(x,y), where
Vi = 615 + (251 — 9s — 30) + (5 + v) (50 — 3u).

As for systems (2.7) we have C; = x(sx +y) (x> + y*) # 0, we conclude that the condition
V; = 0 for these systems is equivalent to V4 = 0.
For systems (2.7) we evaluate

4
Uy =322 Y Uypix* Ty,
i=0
where U 2j are polynomials in the parameters r, s, u and v. We have

Z/Af24 =r(9u —12ru + 472y — 350 + 2rsv — rvz) -0

and we consider two cases: ¥ # 0 and r = 0.

1: The case r # 0. Then we must have

9u — 12ru + 4r*u — 350 + 2rsv — rv* = (3 — 2r)%u + v(—3s 4 2rs — 1) = 0
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and we examine two subcases: 3 —2r # 0 and 3 — 2r = 0.

1.1: The subcase 3 —2r # 0. Then the condition ifpy = 0 gives u = %W and we

obtain: ( )2 2)
3r(3s —2rs+v)|(3—2r) +v ~
21’)—[(3 =(3—-2r)Vy=0.

Since (3 — 2r) # 0 the above condition gives v = (2r — 3)s and this implies U = V; = 0.
Therefore we get the family of systems

U =

X = (1—82+7rsH)x® +2(—1+4r)sx’y + rxy?, (3.2)
y= —sx+ (—1+7r)s’x*y + (=34 2r)sxy* + (=1 +7r)y°. '

1.2: The subcase 3 — 2r = 0. We get r = 3/2 and therefore the condition U 24 = 0 givesv = 0.
Then we obtain V; = 0 and

Uz = —3(s> — 2u) [4s* + (3 +2u)?] /4 =0

and we discuss two possibilities: s2—2u=0o0rs=3+2u=0.

1.2.1: The possibility s2 — 2u = 0. We have u = s?/2 and then U, = V; = 0. In this case
we arrive at the family of systems

¥ = (1+5%/2)x> +sx’y + 3xy°/2,

3.3
y= —sx>+1/28°x%y +y°/2. (3.3)

We observe that the above family of systems is a subfamily of (3.2) defined by the value
r=3/2.

1.2.2: The possibility s = 3 + 2u = 0. In this case we get again U, = V; = 0 and we obtain
the system
X= —x3/243xy*/2, y=-3x*y/2+y>/2. (3.4)

However for this system we calculate (see the definition of the polynomial H (X,Y,Z) on the
page 14, Notation 2.4):

H(X,Y,Z) = gcd(Gi, G2, G3) = 3XY (X2 + Y?)3 /4.

So system (3.4) possesses two triple invariant lines x & iy = 0 and by Remark 2.13, systems
(3.1) could have triplets of parallel invariant lines only in these two directions. However since
these lines will be complex, we deduce that systems (3.1) with the associated homogeneous
cubic system (3.4) could not possess invariant lines with the configuration of the type T =
(3,1,1,1).

2: The case r = 0. Then we calculate
U =3(s+0)(Bu —sv), V4= —(s+0)(3u—sv)

and we examine two subcases: s+ v =0o0rs+ v # 0 and 3u —sv = 0.

~

2.1: The subcase s +v = 0. Then v = —s and this implies i/, = V4 = 0. Therefore we get the
family of systems (we set new parameters and variables: s =51, u = 11, X = X1, Y = Y1)

X =1+ ul)x%, v = —slxcf + ulx%yl — slxly% — y:i’. (3.5)
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In this case we observe that the systems (3.2) via the transformation
xp=—(sx+y), y1=—-x+sy, t =—t/(s*+1)

can be transformed to systems (3.5) after additional change of the parameters: s = s; and
s2—r(1+s%) = uy.

2.2: The subcase 3u — sv = 0 and s + v # 0. Then u = sv/3 and we calculate
Up = —(s+0v)(3s +0)(9+ ?).

Since s + v # 0 we get v = —3s and this implies Uy = V4 = 0. In this case we obtain the
family of systems

3 — s%x%y — 3sxy® — v°. (3.6)

x=(1—-5%)x —2sx%y, y= —sx
We observe that the above family of systems is a subfamily of (3.2) defined by the value r = 0.
So we have proved the next lemma.

Lemma 3.1. If for a homogeneous cubic system (2.7) the conditions V4 = U, = 0 hold then this system
could be brought via a linear transformation and time rescaling to the form (3.5) with one exception:
when the conditions s = v = 0 and r = —u = 3/2 (which imply V4 = Uy = 0) then we get the
system (3.4) that has two triple complex invariant lines x £ iy = 0.

Thus according to this lemma forcing the conditions V, = U, = 0 to be satisfied for sys-
tems (3.1) we obtain two families of systems. The first one with the associated homogeneous
cubic systems of the form (3.5) and due to an additional translation having the parameter
n = 0 in the quadratic parts of systems (3.1):

X = a+cx +dy+ gx® + 2hxy + ky? + (14 u)x?,

3.7
]7:b+3x+fy+lx2—|-2mxy—sx3—|—ux2y—sxy2_y3l (37)

The second family has the associated homogeneous cubic systems of the form (3.4) and
applying an additional translation we can assume that two parameters vanish: m = 0 and
n = 0. As a result we arrive at the following family of systems:

X =a+cx+dy+ gx® + 2hxy + ky* — x°/2 4+ 3xy% /2,

3.8
y=Db+ex+ fy+Ix* —3x%y/2+y/2. 8)

As it was mentioned above, by Remark 2.13 systems (3.8) could not possess invariant lines
with the configuration of the type ¥ = (3,1,1,1). And later (see Lemma 3.25) will be proved
that none of the sets of conditions provided by the statement A) of Main Theorem could be
satisfied for systems (3.8).

Next we prove the following lemma which is the first step in the classification of the
configuration of systems in the class CSL%;?ffl).
Lemma 3.2. Assume that for a non-degenerate cubic system (2.4) the conditions D1 < 0 and Vy =
Uy = 0 hold. Then the infinite invariant line Z = 0 of this system has the multiplicity indicated below
if and only if the corresponding conditions are satisfied, respectively:

(i) one < Dy #0;
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(ii) two < Dy = 0and X1 # 0;
(iii) three < Dy = x1 = 0and X2 # 0;
(iv) four < Dy = x1=x2=0.

Moreover the maximum multiplicity which could have the line at infinity of a non-degenerate system
with D1 < 0and V4 = Uy = 0 is four.

Proof. First of all we mention that by Lemma 2.14 the condition D; < 0 implies the existence
of 2 real and 2 complex infinite singularities.

On the other hand as it was mentioned earlier, according to Lemma 3.1 the conditions
V4 = Uy = 0 lead either to the family of systems (3.7) or to (3.8).

According to Lemma 2.6 if the invariant line Z = 0 is of multiplicity k > 1 then Z*~! is a
common factor of the invariant polynomials G;(a,X,Y,Z), i = 1,2,3 defined in Notation 2.4
of the manuscript. So the existence of such a common factor of the above mentioned three
polynomials is a necessary condition for the invariant line Z = 0 of systems (3.7) to be of the
multiplicity k.

For systems (3.7) calculations yield:

G1(X,Y,Z) = (1+u)X3(sX + Y)(X* + Y?) (uX? — 2sXY — 3Y?) + Z[¥1(X, Y, Z)],
G(X,Y,Z) = (1+u)X3(sX + Y)(X* + Y?) [(s* + 2u + 2u*) X* — 45uX3Y

+ (s* =3 —6u) X2Y? + 4sXY° + 3Y*] + Z[¥2(X, Y, Z)], (3.9)
G3(X,Y,Z) =24(1 4+ u)X>(sX + Y) (uX? = Y2)(X* + Y?)[(1 + s* + 2u + u?) X*

—25uX’Y + (5 — 1 —2u) X*Y* + 2sXY° + Y*] + Z[¥3(X, Y, Z)],

where ¥;(X,Y,Z) (j = 1,2,3) are some polynomials in X, Y and Z.

Evidently Z will be a common factor of the polynomials G;(X,Y, Z) (i.e. Gi(X,Y,0) =0
for each i = 1,2,3) if and only if u + 1 = 0. Since the condition D7 # 0 implies u + 1 # 0 we
deduce that Z could not be the needed common factor and hence the infinite invariant line
Z =0 for systems (3.7) is of multiplicity one.

On the other hand for systems (3.8) we calculate

Gi(X,Y,Z) = 6XY(X*+Y?)P+ Z[®(X,Y,Z)], D;=4+#0,

where ®(X, Y, Z) is a polynomials in X, Y and Z. So we can see that the polynomial G;(X, Y, Z)
could not have as a factor Z and hence all three polynomials G;(X,Y,Z) i = 1,2,3 could not
have the common factor Z. So we arrive at the following remark.

Remark 3.3. The family of systems (3.8) could not have the infinite invariant line Z = 0 of
multiplicity greater than one.

Thus we conclude that in the case D; # 0 a non-degenerate cubic system with D; < 0
and V; = U> = 0 has the line at infinity of multiplicity one. This completes the proof of the
statement (i) of the lemma.

(ii) Assume now that the condition D; = 0 holds and taking into account Remark 3.3
we consider the family of systems (3.7). In this case the condition D; = 0 gives us u = —1
and considering (3.9) we deduce that Z is a common factor of the polynomials G;(X,Y,Z),
i = 1,2,3. We claim that the invariant line Z = 0 of systems (3.7) has multiplicity at least
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two. For this it is sufficient to apply the following perturbation to systems (3.7) with u = —1
(remaining in the class of cubic systems):

X¥=(a+cx+dy+gx®+2hxy+ky*)(1+ex), y=q(xy), | <1

It is clear that the perturbed systems possess the invariant line ex +1 = 0 which coalesces with
infinite one when ¢ tends to zero. So we deduce that the invariant line Z = 0 is of multiplicity
at least 2 and in order to determine exactly its multiplicity we calculate:

Gi(X,Y,2)/Z= — (sX+Y)(X*+Y?)[(g—2hs)X* +2(g — k)sX>Y
+ (3¢ — k+2hs) X*Y? + 4hXY? + kY*] + Z[¥1(X,Y, Z)],
G(X,Y,Z)/Z = (sX+Y)*(X*+Y*)?[(g — k)sX® + (3g — k + 2hs) X?Y (3.10)
+6hXY? +2kY®| + Z[¥5(X, Y, Z)],
G3(X,Y,Z)/Z = —24(sX + Y)*(X* + Y?)*(¢X* + 2hXY + kY?) + Z[Y5(X, Y, Z)],
where ‘F;(X, Y,Z) (j = 1,2,3) are some polynomials in X,Y and Z.
We observe that each one of the polynomials G;(X,Y,Z)/Z, i = 1,2,3 has the factor Z if

and only if k = h = ¢ = 0. This condition is governed by the invariant polynomials x; because
for systems (3.7) with u = —1 we have

Coefficient[x1, xy*] = —8ks/3, Coefficient[x1,y°] = 2k(s* —3)/9
and clearly the condition ;1 = 0 implies k = 0. Then we calculate
X1 =2x*[2(h +2gs — 3hs®)x + (3g — 8hs — gs*)y] /9 =0,
and we determine that for s = 0 we get h = g = 0. If s # 0 we obtain:

h(3s* —1)
2s

3h(1 + s2)?

— 2: =
h+2gs —3hs* =0 = ¢ s

= 3¢ —8hs — gs® = — =0= h=g=0.
So in the case X1 # 0 we have k? + h? + g% # 0 and therefore the invariant line Z = 0 has the
multiplicity exactly two.

(iii) Admit now that the conditions Dy = 0 and 7 = 0 are satisfied. This implies u = —1
and k = h = ¢ = 0 and considering (3.10) we deduce that Z? is a common factor of the
polynomials G;(X,Y,Z), i = 1,2,3. We claim that the invariant line Z = 0 of systems (3.7)
has the multiplicity at least three. For this it is sufficient to apply to (3.7) with u = —1 and
k = h = g = 0 the following perturbation (remaining in the class of cubic systems):

x=(a+cx+dy)(1+ex+ex?), y=q(xy)

with |e;| < 1 (i =1,2). Clearly the perturbed systems possess the two invariant lines defined
by the equation 1+ e1x + €2x%2 = 0 which coalesces with infinite one when ¢; and ¢, tend to
zero. So we deduce that the invariant line Z = 0 is of multiplicity at least 3 and in order to
determine precisely its multiplicity we calculate:

Gi(X,Y,Z)/Z* = — (sX+Y)(X*+ Y?)[(c — ds) X® + 2csX?Y + (3¢ + ds) XY?
+2d4Y°] + Z[¥{(X, Y, Z)],

Go(X,Y,2)/Z% = (sX 4+ Y)*(sX +3Y)(cX +dY)(X* + Y*)* + Z[¥5 (X, Y, Z)],

Ga(X,Y,Z)/Z* = —24(sX + Y)* (X +dY)(X* + Y?)* + Z[¥4(X,Y, Z)],

(3.11)
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where ‘I’;’ (X,Y,Z) (j =1,2,3) are some polynomials in X,Y and Z. We observe that each of
the polynomials G;(X, Y,Z)/Z?, i = 1,2,3 has as a factor Z if and only if c = d = 0. This
condition is governed by the invariant polynomials X, because for of systems (3.7) u = —1
and k = h = g = 0 we have

X2 = 4x*(sx + y) (cx + dy) (x* + v?) [(352 —1)x® +8sxy + (3 — sz)yz] /3.

Evidently the condition > = 0 is equivalent to ¢ = d = 0. So in the case X2 # 0 we have
¢? +d? # 0 and therefore we deduce that the invariant line Z = 0 has the multiplicity exactly
three.

(iv) Admit now that the conditions Dy = 0 (i.e. u = —1) and X1 = X2 = 0 which implies
k=h=g¢=4d=c=0. Then considering (3.11) we deduce that Z3 is a common factor of
the polynomials G;(X,Y,Z), i = 1,2,3. We claim that the invariant line Z = 0 of systems
(3.7) is of multiplicity at least four. For this it is sufficient to apply to (3.7) with u = —1 and
k =h = g =d = c = 0 the following perturbation (remaining in the class of cubic systems):

¥ =a(l+ex +ex® +e3x%), y=q(xy)

with |e;| < 1 (i = 1,2,3). Clearly the perturbed systems possess the three parallel invariant
lines defined by the equation 1+ &1x + e2x% + e3x3 = 0 which coalesce with the infinite one
when ¢; (i = 1,2,3) tend to zero. So we deduce that the invariant line Z = 0 is of multiplicity
at least 4 and in order to determine precisely its multiplicity we calculate:

Gi1(X,Y,2)/Z% = —(sX + Y)(X*+ Y?)(X* +2sXY +3Y?) + Z[¥{ (X, Y, Z)],

where ¥/'(X,Y,Z) (j = 1,2,3) is a polynomial in X,Y and Z. As we can see the polynomial
G1(X,Y,Z)/ 73 could not have Z as a factor and therefore we deduce that the maximum
multiplicity of the invariant line Z = 0 for systems (3.7) equals four.

As all the cases are examined we conclude that Lemma 3.2 is proved. O

Thus considering Lemma 3.1 as well as Lemma 3.25 (which will be proved later) in what
follows we consider the family of systems (3.7), i.e. the systems

X = a+cx+dy 4 gx* 4+ 2hxy + ky? + (1 +u)x®,

3.12

v =b+ex+ fy+Ix* 4 2mxy — sx® + ux’y — sxy? — 1, (3.12)
for which we have Cs(x,y) = x(sx + y)(x? + y?). For the corresponding associated homoge-
neous cubic systems we calculate (see the definition of the polynomial H(X, Y, Z) on the page
14, Notation 2.4):

H(X,Y,Z) =gcd(G1,G2,G3) = (1+u)X3(sX + Y)(X* + Y?). (3.13)

So by Remark 2.13, systems (3.12) could have one triplet of parallel invariant lines in the
direction x = 0. However for some values of the parameters u and s the common divisor
gcd(G1, G2, G3) could contain additional factors (see Notation 2.4 and Lemma 2.6). We prove
the following lemma.

Lemma 3.4. Systems (3.12) could possess a triplet of parallel invariant lines in the real direction
sx+y=0ifand only ifs = u = 0.
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Proof. Consider the corresponding homogeneous cubic systems associated to (3.12):

3

¥=(1+u)x®, y=—sx>+ux’y—sxy®> —1°. (3.14)

It was shown above that for these systems the value of H(X, Y, Z) is given in (3.13). Since the
factor (sX +Y) in ged(G1, G2, G3) depends on Y, according to Lemma 2.9 in order to increase
its multiplicity up to 3 it is necessary

RY(G,/H, Gi/H) = RY(G2/H, G1/H) = 0.

We calculate
Rg{l)(QZ/H, gl/H) — 65(9+52)X3 -0

which implies s = 0. Then for systems (3.14) with s = 0 we obtain
RY(Gy/H, Gi/H) = 9u*(3 + u)2X® = 0.
Therefore this condition gives #(3 + 1) = 0. If u = —3 we get the homogeneous system
£= 20, =y + ),

for which we have H(X,Y,Z) = 6X3Y(X? + Y?)?, i.e. considering Remark 2.13 we could not
have a triplet of parallel invariant lines in he direction y = 0.
Assuming u = 0 we get the homogeneous system

=23, y=—, (3.15)
for which we have H(X,Y,Z) = 3X3Y3(X? + Y?) and this completes the proof of the lemma.
O

3.1.2 Construction of the cubic systems possessing configuration of the type 7 =(3,1,1,1)

In what follows we examine systems (3.12) considering each one of the cases provided by
Lemma 3.2.

1: The case D7 # 0. Then by Lemma 3.2 the infinite invariant line Z = 0 of systems (3.12)
is of multiplicity one and hence, we have to detect the conditions for the existence of invariant
affine lines of total multiplicity six. Moreover these lines have to be in the configuration of the
type (3,1,1,1). Since the existence of a triplet of parallel invariant lines in the real direction
x = 0 for systems (3.12) is a generic case we begin with the study of this case.

Considering the equations (2.5) and Remark 2.12 for systems (3.12) in the case of the
direction x = 0 we obtain the following non-vanishing equations Eg;:

Eq; =k Eqo=d—2hW, Eqy=a—cW +gW?— (1+u)W°. (3.16)

It is clear that these three equations can have three common solutions if and only if k = d =
h = 0 and since Dy = (u + 1) # 0 we obtain that in this case the equation Eq;9 = 0 has three
solutions. They could be real or/and complex, distinct or coinciding. This means that systems
(3.12) have in the direction x = 0 a triplet of parallel invariant lines.

Next we have to determine the conditions for the existence of three invariant lines in three
distinct directions: one real (sx + y = 0) and two complex (x iy = 0). Since the coefficients
of systems (3.12) are real it is clear that for the complex directions it is sufficient to examine
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only one of them: x + iy = 0. In this case we have U = 1, V = i and considering (2.5) and
Remark 2.12 we obtain

Eq7 =2m —g—il+ (3+u —2is)W,
Eqo=e+i(f—c)—2[l+i(m—g)])W — [3s+i(3+2u)|W?, (3.17)
Eqio =a+ib— (c+ie)W+ (g + il )W? — (1 +u — is) W,

Calculations yield

RESW(EI]7, EQ9) = H; +iH,, R€SW(Eq7, quo) = H3+iH,

Hy = — [4s* — 3+ u)?*|e+ [4(f — )3+ u)s + (g% — 4m*)s — I°s — 21(3g — 3m + mu)],
Hy = [45* — 3+ u)?|(c — f) +2gm(u — 3) — 31> + 3g* — 12es + 2Igs — 4m*u — 4esu]
Hz = —a(3+u)[125> — (3+ u)?] — 2bs[4s* — 3(3+u)?] + (cg — le — 2cm) [45* — (3 +u)?]
— 135 — 2c1(3¢g — 3m + mu) + 2(g — 2m)(g* — gm — 2m* — 6es + gmu — 2m>u — 2esu)
—Is(12¢c — 3g* + 4gm + 4m? + 4cu),
Hy =2as[4s*—3(3+u)?| —b(3+u)[125*— (3+u)?] + (cl+eg—2em) [45* — (3+u)?]| —2I°
— (g —2m)(g* — 12c — 4m* — 4cu)s + 21(3¢g* — 6gm — 6es + 2gmu — 4m>u — 2esu)
+ 1?(3g — 2m)s. (3.18)

It is clear that for the existence of a common solution of equations Eq; = Eq9 = Eq19 = 0 with
respect to W it is necessary and sufficient Hy = Hy = H3 = Hy = 0.
Solving the system of equations H; = Hp = 0 with respect to the parameters e and f we
obtain:
1
e= 5 [lzs(u2—27—452—6u)+21 [m(3—u)(4s* — (3+u)?)+gu(4s*+18+3u)
[45%+ (34u)?]
+27¢] +s(g — 2m)(27g — 18m + 4gs* + 8ms* + 6gu + 12mu — gu* + 6mu2)] ,
— 1 2 2 2 _ 2 o2 2
=c+ 5 |17(27+18u+4s"u+3u”) +21s(27g —36m+4gs”+6gu — gu”+4mu*)
[4s2+(3+u)?]

— (g — 2m) [452(6m + gu) + (3 + u)2(3g+2mu)]] (3.19)

and evidently we could do this only in the case 4s? + (3 + u)? # 0.
On the other hand for systems (3.12) we have

Dy = —8(s> — u)[4s* + (3 +u)?] /27 (3.20)

2

and as we will see later the condition s — u = 0 is also essential.

So in what follows we have to consider two subcases: Dg # 0 and Dg = 0.

1.1: The subcase Dg # 0, i.e. 45> + (3 + u)? # 0. Considering this condition we examine all
the needed directions.
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(i) The direction x + iy = 0. In this case we have the conditions (3.19) and solving the system
of equations H3 = Hy = 0 with respect to the parameters a and b we obtain:

.o (8 [—4522”2 ((?31?)2’_]3215 [0(452 + (3+u)?)? + [4ls — 2g(3+u) + 4m(3 + u)]
x [g(3 428" +u) + (1+u)(ls+3m—|—mu)ﬂ,
b — 2(g—2m)s+1(3+u)
[4s2 4+ (3 + u)2]3

+22(3+u) (3 425" +u) + 8lsm(1+u)(3+u) +2Igs[4s* — (u —1)(3 + u)]} . (321

[c [4s + (3+ u)z]Z —2(g —2m)[2g5*(1 + u) + m(8s* + (3+u)?)]

Thus if for systems (3.12) the conditions k = d = h = 0, (3.19) and (3.21) are satisfied then
these systems possess five invariant affine lines: three in the direction x = 0 and two in the
complex directions x £ iy.

(ii) The direction sx +y = 0. Then we have U = s, V = 1 and considering (2.5) and the
above conditions we obtain

Eqs =1 4 gs — 2ms + (s> —u)W (3.22)

and since the condition Dg # 0 implies s> — u # 0 we deduce that the above equation is linear
with respect to the parameter W. Then the condition Eqs = 0 gives W = (I 4+ gs — 2ms) /(u —
s?) and we calculate:

2(1+s*)HH 1+s)HH
Egs = ( ) > 5, Equo = ( ) o 3/ (3.23)
(s2 —u)?[4s2 + (34 u)?] (s2 —u)3[4s2 + (34 u)?]

where

H=s(g—2m) (94 u) +1(9 — 25> + 3u),
Hs =15(9+s*) (1 +u) + m(1+u)[s*(u —9) = 3u(3+u)| + g[2s* + u*(3 + u) +5*(9 + 5u)],
Ho = c(s* — u)2[4s2 + (3 +u)?] + 12(25% — 9 — 3u) (1 + u) (9 + 752 + 25* + 3u — s%u)
+ g [6s* (u® — 9 — 4u) —45°(3+ u) — u?(3 + u)® — 57(81 + 99u + 55u* + 13u°)]
+2m[4gs®(3 +u) + 415> (1 + u) (3 +u) + gu*(3 + u)® — 81> (1 + u) (u® — 9 + 2u)
+6ls(14u) (3 + u) (9 + 4u + u?) — gs*(u® — 81 — 45u + 13u?)
+2g5%(81 + 126u + 76u” + 201> + u*)| + 4m?s*(1 + u) (9 + u) (s*u—9—3s*—7u—2u?)

+21gs [4s°+s*(3—10u—u?) +25% (2u* +u> —18—23u) — (3+u) (27+39u+12u*+2u°) .
(3.24)
We observe that the equations Eqs = Eqip = 0 imply either H = 0 or Hs = Hg = 0 and we
examine both possibilities.

First we observe that if for systems (3.12) the conditions of the existence of a triplet in
the direction x = 0 are satisfied (i.e. k = d = h = 0) then for these systems we have x; =
—H( g,1,m,s,u)x3/9. Therefore we conclude that the condition H=0is equivalent to x; =0
in the case under consideration.

1.1.1: The possibility x; = 0, i.e. H = 0. We observe that the polynomial H is linear with
respect to the parameter [ with the coefficient 25> — 3(u + 3) in front.
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On the other hand for systems (3.12) we have
De = 4[25* — 3(u+3)] /9

and therefore we have to consider two cases: D¢ # 0 and Dy = 0.

1.1.1.1: The case Dg # 0. Then 9 — 25 + 3u # 0 and we calculate [ = %. So
considering conditions (3.19) and (3.21) we arrive at the following lemma.

Lemma 3.5. Assume that for a system (3.12) the conditions
u+1#0, (s—u)[4s®+(B+u)’] #0, x=25"—3(u+3)#0. (3.25)

hold. Then this system possesses invariant lines in the configuration (3,1,1,1) if and only if the
following conditions are satisfied:

k=d=h=0, I=
s
e= ?(g—Zm) [g(s* —27

f=c+ %(g —2m)[3g(s* — 3) — 2m(s* + 3u)], (3.26)

(u+9)(g —2m),

N

+2m(s* — 3u +18)],

~—

“= _%(g—ZM) [c32 + 6(g — 2m) (gs* — 3g — 3m — 3mu)],

= i(g —2m) [C P 2(g— 2111)(4-_gs2 —2ms® — 9mu — 27m)].

3

Next we construct the invariant conditions corresponding to (3.26).

b

Lemma 3.6. Assume that for a cubic system (3.12) the conditions x1 = 0 and DeD7Dg # 0 hold. Then
this system has invariant lines in the configuration (3,1,1,1) if and only if the conditions x3 = x¢ =0
are satisfied.

Proof. For systems (3.12) we have Dy = 2304s(9 + s?) and we examine two possibilities: Dy #0
and D4 =0.

a) The possibility Dy # 0. For systems (3.12) we calculate
Coefficient[x1, %] = k(1 + u)

and since D7 = 4(1 4 u) # 0 the condition x; = 0 implies k = 0. Then we get the conditions
Coefficient[x1, xy*] = %h(s2 +3u) =0, Coefficient[x;, x*y] = ghs(u -3)=0

and since s # 0 (due to Dy = 2304s(9 + s?) # 0) we obtain & = 0. In this case we calculate

X1= %[l(—9+252 —3u) — (g —2m)s(9+u)]x> =0

s(u+9)(g—2m)
2s2—-3(u+3)
conditions on the parameters k, i and [ from (3.26).

Next assuming that these conditions are satisfied we examine the other conditions from
(3.26). Evaluating the invariant polynomial xs we obtain

which implies I = Thus the condition x; = 0 for systems (3.12) gives us the

Coefficient[xe, xy’] = 10d(s*> —9 — 6u), Coefficient[xs, x*y°] = %ds(Sl + 23s% — 42u)
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and since s # 0 we claim that the vanishing of these coefficients implies d = 0. Indeed
supposing d # 0 we get s> —9 — 6u = 0 which gives u = (s> —9)/6. Then we obtain
81 +23s% — 42u = 16(9 + s?) # 0 and the contradiction we obtained proves our claim.

Thus d = 0 and calculations yield

Coefficient[xs, xy] = 110 |e(s? —9 — 6u) — fs(3+ 5% — 2u) +cs(3+ 5% — 2u)
+ 2 amyg-mo+4)],

Coefficient[xe, x*y*] = % [e(7s2 — 927 —330u) — fs(21 4 395> — 110u) + cs(21 + 395> — 110u)
+§(g—2m)(9+sz) (927m—711g—|—86g52—62m52—165gu—|—165mu)}

and we observe that the above polynomials are linear with respect to the parameters e and f
with the corresponding determinant —32fs(9 + s?)?5c> # 0. So forcing these polynomials to
vanish we get

— (g —2m)[g(s —27) + 2m(s — 3u+ 18],
F= et S5(s—2m) [Bg(s2 - 3) — 2m(s* + )]

Thus provided the condition x; = 0 is fulfilled, the condition s = 0 for systems (3.12)
gives us the conditions on the parameters d,e and f from (3.26).

So it remains to determine the invariant polynomials which are responsible for the condi-
tions on the parameters a and b given in (3.26). Evaluating the invariant polynomial x3 for
systems (3.12) for which the conditions on the parameters k,d, h,1,e and f are given in (3.26)

we have:
5

2x

X3 = g7 a¥ays[ax+ syl
where
s(u—3)x+ (s* +3u)y,
= (u? —3s%)x® —4s(3+ u)xy + (s> — 9 — 6u)y?,
= (6% +3u + u?)x* +25(9 + u)xy + (9 — 25* + 3u)y?,
1/J4: — b3 +5(g —2m) [c 5 +2(g — 2m) (4gs® — 2ms* — 9mu — 27m)],
W5 = as +3(g — 2m) [c 5* + 6(g — 2m) (gs* — 3¢ — 3m — 3mu)].

1/]1

It is not too difficult to see that due to s # 0 the condition ¥;¢»3 # 0 holds. Therefore
the condition x3 = 0 is equivalent to ¢4 = 15 = 0 and solving these equations with respect
to the parameters a and b we get the expressions for these parameters given in (3.26). This
completes the proof of Lemma 3.6 as well as the statement (A;) of the Main Theorem in the
case Dy # 0. O

b) The possibility Dy = 0. Then s = 0 and we observe that the conditions (3.26) become of
the form:

1
- (3+u)y?
(g —2m)[c(3+u)* —2(g — 2m)(g + m + mu)],

k=d=h=1l=e=b=0, f=c 5 (g —2m)(3g +2mu),

(3.27)

(3+u)d
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For systems (3.12) with s = 0 we calculate

1

1 2
X1= g [31(u + 3) + 2hu?]x® — §k(u —3)ux’y + ghuxyz +k(u+1)y°

and due to the condition D;Dg = 32u(1 + u)(3 + u)?/27 # 0 we deduce that the condition
Xx1 = 0isequivalenttok =h =1=0.
On the other hand for systems (3.12) with s = k = h = [ = 0 we calculate

Coefficient[xes, xy’] = —30d(34+2u), Coefficient[xs, ¥*y°] = 180d —10(3+2u)(42d+33e+40du)
and evidently the condition x¢ = 0 implies d = 0. Then we calculate again
Coefficient[xs, x*y°] = —330e(3 4+ 2u), ~Coefficient[xs, x°y°] = 5¢[81 + (3 + 2u) (10u — 99)]
and we observe that in this case the condition s = 0 implies e = 0. We finally calculate
X6 = 60u[(c— f)(34u)? — (g —2m)(3g + 2mu)] x°y*
and since u(3 + u) # 0 the condition x¢ = 0 yields

f=c— (?)_:u)z(g—Zm)(?)g—FZmu),

i.e. we get the condition for the parameter f given in (3.27).
Next assuming the above mentioned conditions are fulfilled for systems (3.12) we calculate

X3 = 9(32fu)2x5y(ux2 + 3y2) (u?x? — 9y — 6uy?)
X {b(3 +u)’x — [a(B+u)®— (g—2m)(c(3+u)* —2(g —2m)(g +m + mu)}y}].

Therefore due to u(3 + u) # 0 the condition x3 = 0 implies

1 5 (g —2m) [c(3+u)* —2(g — 2m)(g + m + mu)],

T T By

i.e. we get the two conditions for the parameters b and a given in (3.27). This completes the
proof of our claim and hence the statement (A;) the Main Theorem is valid also in the case
Dy =0.

1.1.1.2: The case D¢ = 0. This implies 9 — 25> + 3u = 0 and we have u = (25> —9)/3.
Then we obtain:

H=s(g—2m)(9+4u) +1(9— 25> 4 3u) =2(g — 2m)s(9+52)/3 =0

i.e. we get s(¢ — 2m) = 0. On the other hand for u = (25> — 9)/3 we calculate (see (3.20))
gets(g

2 2(249) 20,

— 2 2 2 _
Dg = —8(s* — u)[4s* + (34 u)*] /27 = 6

So s # 0 and this implies ¢ = 2m. Considering (3.19) and (3.21) we arrive at the next lemma.
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Lemma 3.7. Assume that for a system (3.12) the conditions x1 = 0, D;Dg # 0 and Dg = 0 hold.
Then this system possesses invariant lines in the configuration (3,1,1,1) if and only if the following
conditions are satisfied:

k=d=h=0, u=(2s*-9)/3, g=2m,
_ BI[3I(s* = 27) + 4ms(9 + 5?)]

45(9 + s%)? ’
8112(s? — 3) + 361ms(9 + s2) + 4cs?(9 + s2)?
f= 452(9 + $2)2 ’ (3.28)
91[271%(s* — 3) + 18Ims(9 + %) + 2cs*(9 + s2)?]
= 453(9 4 s2)3 ’
b 31[181%s + 91m(9 + s?) + cs(9 + s%)?]
25(9 +s%)3 '

Next we determine the invariant conditions equivalent to those provided in the above
lemma. More exactly we prove the following lemma.

Lemma 3.8. Assume that for a system (3.12) the conditions 1 = 0, D;Dg # 0 and Dg = 0
hold. Then this system has invariant lines in the configuration (3,1,1,1) if and only if the conditions
X2 = x3 = 0 are satisfied.

Proof. For systems (3.12) with u = (25> —9) /3 we calculate:

D; = g(s2 —3), Coefficient[x1,y°] = 2k(s* —3)/3, Coefficient[x1, xy*]

So it is clear that due to Dg # 0 (i.e. s # 0) the condition ); = 0 implies k = & = 0 and then
calculations yield:

o = 2h(s* —3)/3.

x1 = —2(g—2m)s(9+5s*)x>/27, Dg= —7372952(9 +5%)% £0.

So we conclude that the condition x; = 0 for systems (3.12) with Dg = 0 (i.e. u = (25> —9)/3)
is equivalent to k = h = 0 and ¢ = 2m. Assuming that these conditions are fulfilled for
systems (3.12) we obtain:

Coefficient[xz, y?] = 56ds(9 +s?)/3=0 < d=0

and then we calculate
8 , , 16 ,
X2 = =g P1x¥" + 52Xy,
where
@} =36es(3 +s%) — 8fs* 4 8112 — 36lms + 8cs?,
¢y =9e(s*> — 3) — fs(—27 +s*) — 18clm — 27cs + cs°.
We observe that the polynomials ¢} and ¢, are linear with respect to the parameters e and f

with the corresponding determinant 36s%(9 + s?)? # 0 and therefore the equations ¢} = ¢, =
0 give us

e = 3l 5 [31(5* — 27) + 4ms (9 + )],

45(9 +s?)

f = g B1E( = 3) +36Ims(9+ ) + des(9-+ 7).
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Thus provided x; = 0 is fulfilled, the condition x> = 0 for systems (3.12) gives us the condi-
tions on the parameters d, e and f from (3.28).

Next evaluating the invariant polynomial x3 for systems (3.12) for which the conditions
on the parameters k,d, h,u, g, e and f are given in (3.28) we have:

2x8(sx +3y) . . ) A
X 656152(9 + s2)2 77011/’2[ - 2521p3 X + iy y] )

where
1 = 25(s> —9)x +9(s* — 3)y,
P2 = (81 — 63s% + 4s*)x? — 24s%xy — 27(s* — 3)y/?,
B3 = —2bs(9 +5%)> + 31[181%5 + 9Im(9 + s%) + ¢s(9 + 5%)?],
s = —4as>(9+ %)% — 91[271%(5* — 3) + 18Ims(9 + s?) + 2cs*(9 + s%)?].

It is not too difficult to see that due to s(s?> — 3) # 0 the condition 91§, # 0 holds. Therefore
the condition x3 = 0 is equivalent to 3 = 14 = 0 and solving these equations with respect
to the parameters a and b we get the expressions for these parameters given in (3.28). This
completes the proof of Lemma 3.8 as well as the statement (A;) of the Main Theorem. O

1.1.2: The possibility x1 # 0. Then considering (3.23) in order to have invariant lines of
total multiplicity seven we must force Hs = Hg = 0. Taking into account (3.24) we consider
two cases: s # 0 and s = 0 and this condition is governed by the invariant polynomial
Dy = 2304s(9 + s2).

1.1.2.1: The case Dy # 0. Then s # 0 and solving the equations Hs = Hg = 0 with
respect to the parameters c and [ we obtain:

1
T 20+22(1+un)
— &*(2s*u — 275* — 7s* — 65%u — 9u* + 352u2)} ,

_ 1
~5(9+52)(1+u)

[ — 27m2(s* — 3)(1 + u)? + 6gm(s* — 3) (1 + u) (s* + 3u)

l

{m(l +u)(9s* + 9u — s?u + 3u®) — g(9s* + 2s* + 5su + 3u* + uS)} .

Thus considering the conditions k = d = h = 0 and the conditions for the parameters ¢
and f from (3.19) as well as for the parameters a and b from (3.21) and the above conditions
we conclude that altogether these conditions guarantee the existence of common solutions of
the equations (2.5) for each one of the four directions for invariant lines of systems (3.12). So
we arrive at the following lemma.

Lemma 3.9. Assume that for a system (3.12) the conditions x1D7Dg # 0 and Dy # 0 hold. Then this
system possesses invariant lines in the configuration (3,1,1,1) if and only if the following conditions



36 C. Bujac, D. Schlomiuk and N. Vulpe

are satisfied:

k=d=h=0,
1

f= > [3m?(1 + u)?(27 — 95* + s* + 27u — 3s*u + 9u?)
s2(s24+9)" (u+1)?
+18gm (1 + u)(25* +s* — 3u — 3u® — u®) — g*(s* + 3u) (25> + s* — 3u — 3u* — )],
e= 12 [m?(3u — 18 — s%) (1 + u)*(s* + 3u)
s(s2+9)" (u+1)2
+ 6gm(1+ u)(6s® + s* + 9u + 4s?u + 9u® — u®)
+ g% (—275% — 11s* — s® — 24s%u — 4s*u — 18u* — 8s%u? — 12u° + u*)],
8B +s*+2u) —6m(l+u) . , 2 202, .2
a= Im“(14+u)” —6gmu(l+u)+ ¢°(s“+u°)|,
19 1) [9m* (1 +u)* — 6gmu(1 + u) + g*( )]
m(s? —3u)(1+ u) + g(s? + u?)

b= — - [m? (14 u)*(81 + 81s* + 25* + 81u — 3s%u + 18u?)
$3(s24+9)" (u+1)3
+ ¢2(8 4 8% +2u) (95* + 25* + 55%u + 3u® + u?)
—2gm(1+ u)(36s* + 10s* + 27u + 33s”u + 27u” + su* + 6u°)],
1 2 2 2 2 2
c= 20T 21 u) [27m*(3 — s*) (1 4 u)* + 6gm(s* — 3)(1 4 u)(s* + 3u)

+ g2(27s% + 7s* + 6su — 25*u + 9u* — 3s%u?)],
1

I= _s(9+52)(1+u)[

m(1+ u)(s*u — 9s* — 9u — 3u?) + g(9s + 2s* + 55%u + 3u” + 1°)]
(3.29)

Next we determine the invariant conditions equivalent to those provided by the above
lemma. More exactly we prove the following lemma.

Lemma 3.10. Assume that for a system (3.12) the conditions x1D;Dg # 0 and Dy # 0 hold. Then
this system has invariant lines in the configuration (3,1,1,1) if and only if the conditions x7 = xs =
X9 = x10 = 0 and either D5 # 0 and x11 = 0 or D5 = x12 = 0 are satisfied.

Proof. For systems (3.12) we calculate:
X7 = %(hx + ky) [(3s% + 3u + 2u?)x* — 2s(u — 3)xy — (s* + 3u)y?].

We claim that the condition 7 = 0 is equivalent to k = h = 0. Indeed assume that xy7 = 0

and k? + h? # 0. Then we must have 3s? + 3u + 2u? = s(u — 3) = s + 3u = 0. However since

s # 0 (due to Dy # 0) we obtain u = 3 and this leads to a contradiction s> +9 = 0. So our

claim is proved and we conclude that the condition 7 = 0 gives k = h = 0 from (3.29).
Assuming that for systems (3.12) the conditions k = h = 0 hold we calculate

160
Xs = Td [s(35% — 9+ 4u?)x® + 2(6s + 9u + s*u + 6u?)xy +5(9 + s2)y?]
and due to s # 0 we deduce that the condition yg = 0 is equivalent to d = 0.

Next we evaluate the invariant polynomial x9 for systems (3.12) with the conditions k =
h=d=0:

__ 16
X9 = 9

[1s(9 4+ %) (1 +u) + m(1 + u)(s*u — 9s* — 9u — 3u?)
+ (95 4 25* 4 55%u + 3u® + %) | °.
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Evidently forcing the condition )9 = 0 to be fulfilled we get the condition for the parameter /
given in (3.29).

Assuming that for systems (3.12) the conditions under the parameters k, i, d and | provided
by Lemma 3.9 are fulfilled we calculate

- 40
A= 9s%(9 + s2)2

+ (uzic + uze — ussf + V(g,m,s,u))xy + (uzic + use — ussf + W(g,m, s,u))yz} ,

2

e [(unc + uppe — ursf + U(g,m,s,u))x

where
urp = s2(9 +5%)23(1 + u)?(4275%u + 912s> — 905u* — 237u + 2277),
U1y = 52(9 + 5%)2(1 + u)?(529s5%u + 1830s> — 2103u? — 7479u — 6831),
w13 = 5°(9 + 5%)2(1 + u)?(5295%u + 6065 — 599u> — 1155u + 2277),
Uy = 25*(9 4+ s%)%(1 + u)2(3325 — 613s%u + 9965 — 306u> — 459u),
U = 25%(9 4 5%)%(1 + u)*(383s* — 1686u — 1611),
Upz = 25%(9 4 s%)%(1 + u)?(383s* — 307s%u + 996s> + 153u> — 459u),
us1 = 843s3(9 +5%)2(1 4+ u)?*(3 + 5> — 2u),
uzy = 843s%(9 +5%)2(1 + u)*(s* — 6u — 9),
Uusg = 8435%(9 +5%)2(1 + u)*(3 + s* — 2u)

and

u=2s [mz(l + )% (s + 3u) (10585*u 4 1824s* — 1740s%u* 4 20255%u + 20601s> + 459>

— 8775u* —55080u —73872) —3gm (1+u) (4275%u> +-2815%1+9245° +3765* 1% +34045% 1>
+ 40655 u — 6777s* — 16575%u* — 34565%u> — 9999s5%u> — 50841521 — 61479s> + 3061°
— 12159u* — 78084u> — 137052u” — 61479u) + g (612s® + 4275°u> — 6435°u — 1805s°u
+17135%+26585*u> — 127865* 1> — 54540s* 1 — 354245* — 11285 1° — 525952 u* —213215%u>

—11250952u2—22072552u—12295852+153u6—9234u5—59724u4—112428u3—61479u2)],

V=2 [m2(1 + 1) (s? 4 3u) (15325 — 16865*u + 6894s* — 13775%u? — 17928s*u — 248675*
+1377u>+-8262u* +12393u) —6gm (1+ 1) (3325% 1 — 43455 +3835° 1> +11505°u — 4599s°
—1379s*u> —1074s*u> —80555*1 — 18630s* — 153s2u* —91985% 1> —269195° 1> — 10368521
+ 459u° + 2754u* + 4131u3) 4 ¢*(664s3u* — 2656551 — 1484s® + 1535°u> + 22985012
— 305075%u —253085° —1992s*1* —3378s* 1> —193415*u? —99360s*1 —70389s* — 1333857 u*
— 372875%u> — 42125u* + 12393s%u 4 459u® + 2754u° + 4131144)} ,

W = 1686(g — m)s(9 + s2) (1 + u) [g(s*u — 5s* — 6s*u — 185> — 3u® — 9u?)

—m(2s* —9 — 3u) (1 + u)(s* + 3u)].
We observe that the condition x1; = 0 yields the equations
Coefficient[x11, x*] = Coefficient[x11, xy] = Coefficient[x11, y*] = 0 (3.30)

which are linear with respect to the parameters ¢, e and f. Calculating the corresponding
determinant det ||u;j|| (i,j = 1,2,3) we obtain

det ||u;j|| = 2631171657 (s* + 3u) (9 + 5%)7 (1 + u)°(s* — u) [4s* + (u + 3)?].
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On the other hand for systems (3.12) we have

4
Ds = §(52 +3u), Dy=2304s(9+s?), D; =4(1+u), Ds= —8(5* —u)[4s* + (3+u)?| /27

and since DyD;Dg # 0 we conclude that in the case Ds # 0 we get det ||u;;|| # 0.

So assuming D5 # 0 and solving the system of equations (3.30) with respect to the pa-
rameters ¢, e and f we get exactly the conditions provided by Lemma 3.9 for these three
parameters.

We examine now the case D5 = 0 when the invariant polynomial x1; could not be used
for the determining the conditions under parameters c, e and f.

So assume that for systems (3.12) the conditions on the parameters k, 11, d and [ provided by
Lemma 3.9 are fulfilled and in addition the condition D5 = 0 holds. This implies s> + 3u = 0
(i.e. u = —s?/3) and we calculate

4x? 4
X2 = gagra g P YO R s ey 9y, D= —3(s°-3),
where
Py = —2751246(s* — 3)?(3f — 3¢ + g* — 2gm + cs* — fs%).
Since Dy # 0 (i.e. s> — 3 # 0) the condition ¢, = 0 gives us

1
f= m(cs2 —3c+ g* —2gm) (3.31)
and then we calculate
¢ = 655371 (s> — 3) [9e(s* — 3)* — gs(18m — 27g + gs* — 6ms”)].

Therefore due to s> — 3 # 0 the condition ¢} = 0 implies

gs

m(g& — 27 — 6ms* + 18m)

e —=

and for these values of the parameters f and e we obtain
x12 = —432(s? — 3)x8(sx 4 3y)? [cs?(s? — 3)(9 + 5%)? — Im?*(s? — 3)° + ¢°s*(9 +57)?].
Again since s> — 3 # 0 as well as s # 0 (due to D, # 0) the condition 1, = 0 yields

1

€= s2(s2 —3)(9 + s2)

5 [9m?(s* = 3)° — g%s%(9 +5%)?].

So considering (3.31) we obtain

m

f = 52(52 — 3)(9 T 52)2 [971’1(52 _ 3)3 _ 2g52(9 + 52)2] '

Comparing the conditions obtained for the parameters c, e and f above with (3.29) for u =
—s2/3 we conclude that they coincide.

Thus from the conditions (3.29) it remains to construct the invariant analog for the con-
ditions on the parameters a2 and b and this will be done independently on the value of the
invariant polynomial Ds.
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So evaluating the invariant polynomial x1o for systems (3.12) for which the conditions on
the parameters k,d, h,1,c,e and f are given in (3.29) we have:

112640x° o / !
X0 = 9sa(9 + s2>4(ﬁ +u)* Ygays[9m(1 +u) — g(s* + 3u)]| [h x + Y5 y],

where

= (2s* +s%u® — 3s%u — 2u® — 9u® —9u) x —s(s* +9)(u + 1)y,
= (38 4 2u* 4 3u) x* — 2s(u — 3)xy — (s> + 3u) v?,
= (3s* — u?)x® +4s(3 + u)xy — (s> — 9 — 6u)y?,
1/;4 = bs?(9+52)>(1+u)® + [m(s*—3u) (1+u) + g(s*+u?)] [m*(1+u)?*(81+81s*+2s*+81u
—35%u+18u%) + g% (3452 4-2u) (95* +25* +-55*u+3u* +u>) —2gm(14-u) (365> +10s*
+ 27u + 33s%u + 27u® + su® + 6u3)] ,
ph= —s(9+s*)(1+u) {a52(9 +5%)2(1 +u)? — (3¢ — 6m + gs* + 2gu — 6mu) [g°s”

+ (gu —3m — 3mu)2]].

We observe that the polynomial xjo contains as a factor the expression 9m (1 + u) — g(s> +
3u) which is different from zero due to the condition x; # 0 because in the case under
consideration we have:

(s> —u)

95(9 +s2)(1 + 1) [45* + (u+3)?] [9m(1 + u) — g(s* + 3u)].

X1 =

It is evidently due to DyD;Dg # 0 that the condition x; # 0 is equivalent to 9m(1 + u) —
¢(s?>+3u) #0.

Thus due to x1 # 0 we conclude that the condition x19 = 0 is equivalent to ¢}, = 5 = 0,
because for s # 0 the condition ¢ 9,95 # 0 holds. Solving the equations ¢ = i = 0 with
respect to the parameters a2 and b we get exactly the expressions for these parameters given in
(3.29).

So Lemma 3.10 is proved and this means that the statement (A3) of the Main Theorem is
also proved. O

1.1.2.2: The case Dy = 0. Then s = 0 and considering (3.24) and systems (3.12) with the
conditions (3.19) and (3.21) we obtain

Dy =8u(3+u)?/27, H=31(3+u), Hs=—u(3+u)Bm—gu-+3mu),
He = —(3+u)*[91%(1 +u) + g(g — 2m)u*(3+u) — cu*(3+u)?].

Since in this case the conditions H # 0 and Dg # 0 imply lu(3 + u) # 0, solving the equations
Hs = Hp = 0 with respect to the parameters c and g we obtain:

_ B3(14u) [32 + m?(3 4 u)? ~ 3m(1+u)
€= u2(3 + u)? r 87 u

So we arrive at the next lemma.
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Lemma 3.11. Assume that for a system (3.12) the conditions D;Dg # 0 and Dy = 0 hold. Then this
system possesses invariant lines in the configuration (3,1,1,1) if and only if the following conditions
are satisfied:

k=d=h=s=0, 62217771, 323’”(1;”),
f_u2(31+ )2 [mzu(3+u)2+3lz(3+3u+u2)],
c= u?z’%i ))z[3lz+m2(3+u)2], 1(3+u) #0, (3.32)
= O e,
I
:m[m2(3+u)z+l2(3+2u)],

Next we determine the invariant conditions equivalent to those provided in the above
lemma. More exactly we prove the following lemma.

Lemma 3.12. Assume that for a cubic system (3.12) the conditions x1D;Dg # 0 and Dy = 0 hold.
Then this system possesses invariant lines in the configuration (3,1,1,1) if and only if the conditions

X4 = X5 = X7 = X9 = X13 = X14 = 0 are satisfied.
Proof. For systems (3.12) the condition Dy = 2304s(9 + s?) = 0 gives s = 0 and we calculate:

1
X7 = §u(hx + ky) ((3x* + 2ux* — 3y?)).

Is evidently due to Dg # 0 the condition x7 = 0 is equivalent to k = h = 0. Assuming these
conditions to be satisfied for systems (3.12) as well as the condition s = 0 we calculate

Xe=—2du(1+u), xs=—-2lm—du+eu,
3376
27

Therefore due to D;Dg # 0 (i.e. u(u+1)(u+ 3) # 0) we conclude that the condition x4 = 0
is equivalent to d = 0 and in this case the condition x5 = 0 gives us e = 2/m /u. Moreover the
condition x9 = 0 implies ¢ = 3m(1 + u)/u. So we get the conditions for the parameters d, e
and g given in (3.32).

Next provided these conditions are satisfied for systems (3.12) and evaluating the invariant
polynomial x;3 we have:

u(3+u)(gu —3m —3mu)x°, Dy =4(1+u).

X9 =

X = %(Gixz +05y%)
where
0] = — cu®(138 + 178u + 69u?) — fu?(—138 — 145u + 17u?) + 31%u(11 + 17u)
+ 2m? (207 + 405u + 298u* 4 112u°),
05 = —3cu®(3 4 2u) — 3f (=3 + u)u? + 3[31%u +m?(9 + 12u + 7u?)].
We observe that the equations 8] = 6, = 0 are linear with respect to the parameters ¢ and

f and the corresponding determinant equals 105u°(3 + u)? # 0. Solving these equations we
obtain:

1

s[BP+m*(3+u)?|, f= 2GR

[m*u(3+ u)? + 31%(3 + 3u + u?)],
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i.e. we get exactly the values for the parameters c and f presented in (3.32).

Thus from the conditions (3.32) it remains to construct the invariant analog for the condi-
tions under parameters a and b. Evaluating the invariant polynomial x14 for systems (3.12)
for which the conditions on the parameters k,d, h,s,e, g, c and f are given in (3.32) we have:

2(u+1)xy

26T (ux® — 3y*) [ux* — 3(3 +2u)y?] [ub] x + 65 y],

X14 =

where
0 = —bu*(3+u)® +1[m*(3+u)” + 133 +2u)],
05 = au®(3 +u)? — m(1+ u) (91> + 9m? + 6m*u + m*u?).

It is clear that due to u(u 4 1)(u + 3) # 0 the condition x14 = 0 is equivalent to 6 = 6} =0
and this implies exactly the conditions for the parameters a and b given in (3.32).

It remains to observe that the condition /(3 + u) # 0 from (3.32) is equivalent to x; =
—1(3+u)x®/3 # 0. This completes the proof of Lemma 3.12 as well as of the statement (Ay)
of the Main Theorem. O

1.2: The subcase Dg = 0, i.e. (s> — u)[4s* + (3 + u)?] = 0.
Remark 3.13. For systems (3.12) the condition Dg = 0 = Dy is equivalent to 4s> + (3 + u)? = 0.

Indeed for systems (3.12) we have Dy = 4(2s> —9 — 3u)/9. Assume that Dg = D = 0
but 452 + (3 + u)? # 0. Then we get u = s> and this implies Dg = —4(9 +5%)/9 # 0. This
contradiction proves the validity of the above remark. So in what follows we examine two
possibilities: Dy # 0 and D = 0.

1.2.1: The possibility Dg # 0. Then the condition Dg = 0 yields s> — u = 0. We mention
that earlier (up to 1.1: The subcase Dg # 0, see page 29) we have investigated the directions
x = 0 and x £ iy = 0. So now we examine the remaining direction for the invariant lines, i.e.
sx+y=0.

Thus we have u = s? and considering (3.22) for the direction sx +y = 0 the condition
Egs = 0 gives | = s(2m — g). In this case for the equations Eqs = 0 and Egq1p = 0 we obtain

2(2m —g)s + (9 +s*)W

Egs = CESE ®q(g,m,s, W) =0,
22m —g)s+ (9 + )W
Eqio = ( (gg)+ 52()2 ) D, (g,m,s,W) =0,

where ®;(g,m,s, W) is a polynomial in the parameters g, m and s and it is of degree i with
respect to the variable W.
As we can see the above equations have a common solution in variable W, i.e. in the
direction sx 4+ y = 0 we have one invariant line and altogether we get six invariant affine lines.
Thus considering (3.19) and (3.21) in the case u = s? as well as the condition [ = s(2m — g)
we arrive at the following lemma.

Lemma 3.14. Assume that for a system (3.12) the conditions D7D # 0 and Dg = 0 hold. Then this
system possesses invariant lines in the configuration (3,1,1,1) if and only if the following conditions
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are satisfied:

k=d=h=0, I=s2m—g), u=s?

e= 5((55’2129)”12) (gs* — 278 — 4ms® + 36m), (3.33)
= 3((5%’12)@ [c(9+5%)* + 6(g — 2m)(gs” — 3 — 3m — 3ms?)],
b= — S((;‘;jrzg)"? [c(9 +5%)2 +2(g — 2m) (4gs* — 27m — 11ms?)].

In order to detect the corresponding invariant conditions we consider two cases: Dy # 0
and Dy = 0.

1.2.1.1: The case Dy # 0. We observe that the conditions (3.33) can be obtained as a
particular case from the conditions (3.26) by setting u = s? (i.e. we allow the condition Dg = 0
to be satisfied).

On the other hand in the proof of Lemma 3.6 we did not use the condition s> — u # 0
and this means that Lemma 3.6 is valid in the case Dg = 0 too. Therefore we deduce that the
statement (As) of the Main Theorem is true.

1.2.1.2: The case Dy = 0. Then s = 0 and we have u = 0 = s. Then according to
Lemma 3.4 we could have a triplet of invariant lines either in the direction x = 0 or in the
direction y = 0. Therefore we have to construct the affine invariant conditions taking into
consideration the second possibility for the existence of a triplet.

In the first case (i.e. when a triplet of invariant lines is in the direction x = 0) we have
constructed the corresponding conditions which coincide with (3.33) for s = 0. Now we have
to determine the conditions on the parameters of systems (3.12) in order to possess invariant
lines in the configuration (3,1,1,1) with the triplet in the direction y = 0.

So we have to examine each one of the directions for the invariant lines in this case.

(i) The direction y = 0. Considering the equations (2.5) and Remark 2.12 for systems (3.12)
with s = u = 0 in the case of the direction y = 0 we obtain the following non-vanishing
equations containing the parameter W:

Egs =1, Eqs=e—2mW, Eqyq=>b—fW+W>

So it is evident that for the existence of a triplet the conditions I = e = m = 0 have to be
satisfied.

(i) The direction x 4+ iy = 0. In this case we have U = 1, V = i and considering (2.5),
Remark 2.12 and the conditions u = s = = ¢ = m = 0 we obtain

Eq7; =k —g—2ih+3W,
Eqo=d+i(f —c) —2(h—ig)W — 3iW?,
Eqio = a+ Ib — cW + gW? — W5,

Calculations yield

Resw(Eq7,Eq9) = V4 +iVa,  Resw(Eq7,Eqio) = V3 +iVa
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Vi =3d —2gh —2hk, Vo = 3f —3c+g* — K
V3 =27a — 9cg + 2¢° + 9ck — 3g%k — 12h%k + K, (3.34)
Vi =27b — 18ch + 6g*h + 8h° — 6hk>.
It is clear that for the existence of a common solution of equations Eq; = Eq9 = Eq19 = 0 with
respect to W it is necessary and sufficient V; = V, = V3 = V; = 0. Solving these equations we

get
(Bc— 2+ 1), d:zefl(gwc), b:%(9c—3g2—4h2+3k2),

a= 21—7 [9c(g — k) —2¢° +3(g* + 4h*)k — k]

f=

QW+

(iii) The direction x = 0. In this case considering the above already detected conditions
and (2.5) as well as Remark 2.12 we obtain Eqy; = k = 0. Hence k = 0 and we calculate the
remaining non-vanishing equations:

2 1
Eqo = 3 h(g—3W), Eqio= —ﬁ(g —3W)(—9c + 2% + 6gW — 9W?).
As we can see the equations Eq9 = 0 and Eg;p = 0 have a common solution W = g/3.

Thus we conclude that the following lemma is valid.

Lemma 3.15. Assume that for a system (3.12) the conditions D7 D¢ # 0 and Dg = Dy = 0 hold. Then
this system possesses invariant lines in the configuration (3,1,1,1) if and only if one of the following
sets of the conditions is satisfied:

— for a triplet in the direction x = 0:

u=s=k=d=h=1l=e=b=0, f:c—f—m,

¢ 2m 3 (3.35)
_ & 2 . i 2
a= 5 (2g* —9c —2gm — 4m?).
— for a triplet in the direction y = 0:
2
u=s=k=Il=e=m=020, d:@, f:c—g—,
o 3 3 (3.36)
_i h2 _ e 2 2
=5 (9c—2¢%), b 27( 9c + 3¢ + 4h*).

We point out that in order to construct the equivalent invariant conditions for a system
(3.12) to possess invariant lines in the configuration (3,1,1,1) we have to take into consider-
ations both sets of conditions: (3.35) (when the triplet is in the direction x = 0) and (3.36)
(when the triplet is in the direction y = 0).

First of all we recall that for systems (3.12) the conditions Dg = 0 and Ds # 0 yields
—u = 0 (see page 41) and D4 = 0 gives s = 0, i.e. we have for systems (3.12) s = u = 0.
Considering these conditions we evaluate the invariant polynomial i for systems (3.12):

52

x1 = —Ix*+ ky3

and evidently the condition x; = 0 implies k = I = 0. We observe that these conditions are
included in (3.35) as well as in (3.36). Then we calculate

X3 = 2(mx + hy)x3y3(x2 + yz) [3ex2 —2(3c—3f — g2 +2gm)xy — (3d — 2gh)y2} ,
X8 = — 960hmxy

and we prove the next lemma.
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Lemma 3.16. Assume that for a system (3.12) are satisfied either the conditions (3.35) or (3.36) and
in addition we have h = m = 0. Then this system possess invariant lines of total multiplicity 9.

Proof. Supposing h = m = 0 a straightforward calculation shows us that the conditions (3.35)
coincide with (3.36) and have:

u=s=k=d=h=Il=e=b=0, f=c—g°/3, a= —%(2g2—9c).

The above conditions lead to the family of systems
1
X = —ﬁ(g +3x) (2¢% — 9c — 6gx — 9x%),

1
v =3y B8 =3y,

which evidently possess two triplets of parallel invariant lines: one in the direction x = 0 and
another in the direction y = 0. Moreover in addition these systems possess the following two
complex invariant lines: ¢+ 3(x £ iy) = 0 and this completes the proof of the lemma. O

Thus we conclude that in the case of the conditions (3.35) or (3.36) the conditions h* 4 m? #
0 must hold. It remains to observe that this condition is governed by the invariant polynomial
X15 because for systems (3.12) with s = u = k = | = 0 we have x5 = x?y*(mx + hy).

So in what follows we assume that the condition x5 # 0 holds, i.e. k> + m? # 0. Then the
condition x3 = 0 implies

e=0, f:%(Bc—gz—i—ng), d=—"—

whereas the condition g = 0 implies hm = 0.

In the case h = O we get e = d = 0 and f = (3¢ — g*> + 2¢m)/3 and we observe that we
obtain exactly the conditions from (3.35) provided for the parameters h, e, d and f.

On the other hand if m = 0 we obtain e = 0, d = 2gh/3 and f = ¢ — ¢*/3, i.e. we obtain
exactly the conditions from (3.36) provided for the parameters m, e, d and f.

We examine each one of the cases mentioned above.

«) Assume first that for systems (3.12) all the conditions (3.35) are satisfied except the
conditions on the parameters a and b. Then for these systems we calculate

X16 = —12x°y°[(27a — 9cg + 2g° + 18cm — 6g*m + 8m®)x + 27by]

and we determine that the condition 16 = 0 implies

0 = 5 (g~ 2m)(9c ~ 267 + 2gm + 4w®), b =0

So we obtain exactly the conditions on the parameters a and b given in (3.35).

B) Suppose now that for systems (3.12) all the conditions (3.36) are satisfied excepting the
conditions on the parameters a and b. Then for these systems we calculate

X16 = —12x°y°[(27a — 9cg + 2¢°)x + (27b — 18ch + 6g*h + 81°)y]
and we obtain that the condition x1¢ = 0 implies in this case
_ 1 o e2 20, 302 a2
a= 27g(9c 29°), b= 27h(9c 3g° —4h”).

So we obtain exactly the conditions on the parameters a and b given in (3.36).
Thus we have proved the following lemma.



The family of cubic differential systems with invariant straight lines 45

Lemma 3.17. Assume that for a cubic system (3.12) the conditions DeD7 # 0 and Dy = Dy = 0 hold.
Then this system possesses invariant lines in the configuration (3,1,1,1) if and only if the conditions
X1 = X3 = X8 = X16 = 0 and x15 # 0 are satisfied.

From this lemma the validity of the statement (Ag) of the Main Theorem follows.

1.2.2: The possibility Dg = 0. Since Dg = 0, according to Remark 3.13 the condition
452 + (3+u)? = 0 holds. Then s = 0, u = —3 and by Lemma 3.4 we conclude that a triplet
could be only in the direction x = 0. So considering the condition k = d = h = 0 which
guarantees the existence of a triplet of parallel invariant lines in the direction x = 0 we
examine the directions sx +y = 0 (which becomes y = 0) and x + iy = 0.

a) The direction y = 0. Considering (2.5) and Remark 2.12 we obtain
Egs =1+3W, Egqs=e—2mW, Eqio=0b— fW+W>.
Therefore the condition Eqs = 0 yields W = —I/3 and then we obtain
Egs = (3e+2Im)/3 =0, Eqio= (27b—13+91f)/27 = 0.
Solving these equations with respect to the parameters b and e we get
b=1(>-9f)/27, e= —2lm/3 (3.37)

and these conditions guarantee the existence of one invariant line in the direction y = 0.

b) The direction x 4 iy = 0. In this case taking into account the conditions k =d =h = 0
and (3.37) we obtain

Eq;=2m—g—il, Eqo=—2lm/3+i(f—c)—2[l+i(m—g)])W +3iW?
Eqio = a+il(I> = 9f) /27 — (c — 2lmi/3)W + (g + il )W? + 2W°,

Clearly the condition Eq7; = 0 implies | = 0 and g = 2m and therefore we have
Eqy = i(—c+ f +2mW +3W?), Egqi = a— cW +2mW? + 2IW°.
Calculations yield

Resw (Eqo, Equo) = i[27a* + 2am(9c + 4m?) — (c — £)(c* + dcf +4f* +4fm?)] = iH,

(3.39)
Res%) (Eqo, Eq1o) = 3¢ + 6f + 4m?.

Thus the condition H' = 0 implies the existence of at least one common solution W = Wj of
the equations Eqg9 = 0 and Eqq9 = 0. Moreover in this case the condition Res](/é) (Eq9, Eq10) # 0
must hold (i.e. 3c + 6f +4m? # 0), otherwise we get that the mentioned equations have
two common solutions and therefore the corresponding systems do not belong to the class
CSLEET,

We observe that the polynomial H' is quadratic with respect to the parameter a2 and we
calculate

Discrim[H’,a] = 4(3c — 3f + m?*)(3c + 6f + 4m?)*.

Since the condition 3¢ + 6f 4+ 4m? # 0 has to be fulfilled (see the previous paragraph) we
deduce that the condition 3c — 3f + m?% > 0 must hold.
So we have proved the following lemma.
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Lemma 3.18. Assume that for a system (3.12) the conditions D7 # 0 and Dg = De = 0 hold.
Then this system possesses invariant lines in the configuration (3,1,1,1) if and only if the following
conditions are satisfied:

s=0,u=-3,k=d=h=e=1=b=0, g=2m,
270 + 2am(9c + 4m?) — (c — f)(c* +4cf +4f* +4fm?) =0, (3.39)
3c—3f+m?>0, 3c+6f+4m>#0.

Next we determine the invariant conditions equivalent to those provided in the above
lemma. More exactly we prove the following lemma.

Lemma 3.19. Assume that for a cubic system (3.12) the conditions D7 # 0 and Dg = De = 0 hold.
Then this system possesses invariant lines in the configuration (3,1,1,1) if and only if the conditions
X1=X2=Xa=X6=xX17 =0, x11 # 0and 4 <0 are satisfied.

Proof. As it was mentioned earlier (see Remark 3.13) the conditions Dg = D = 0 imply for
systems (3.12) s = 0 and u = —3. Then for these systems we calculate:

xi=2hx+ky)(x*+y*) =0 & h=k=0.
Herein calculations yield
Coefficient[xs, xy’] = 90d, ~Coefficient[xe, x*y*] = —7201
and evidently the condition x¢ = 0 implies 4 = 0 and / = 0. Then we calculate again
X6 = 90x>y [15ex* + 6(g — 2m)*x’y + 26ex*y* + 11ey*]

and clearly the condition x¢ = 0 yields e = 0 and ¢ = 2m. Then considering the above
detected conditions we obtain

x11 = 4080(3c + 6f + 4m?)xy

and we deduce that the condition 3¢ + 6f + 4m? # 0 fixed in (3.39) is equivalent to x11 # 0.
Next we calculate
Ty = —(3c — 3f +m?)(13x* 4 31?)

and clearly the condition 3¢ — 3f + m2 >0 given in (3.39) is equivalent to {4 < 0.

Thus all the conditions provided by Lemma 3.18 are defined by the corresponding invari-
ant polynomials except the conditions b = 0 and H' = 0 (see (3.38)). These conditions are
governed by the invariant polynomials x17 which being evaluated for systems (3.12) under
the conditions (3.39) (except for b = 0 and H' = 0) has the form

xX17 = —18792x8(x% 4 y?)* [27bzx2 — 2b(27a 4 9em + 4m®) xy + H’yz] .

The condition x17 = 0 is evidently equivalent to b = 0 = H’ and this completes the proof of
Lemma 3.19 as well as the proof of the statement (Ay) of the Main Theorem. O

2: The case D7 = 0. Then u = —1 and by Lemma 3.4 we could not have a triplet of parallel
invariant lines in the direction y = 0. Since for the direction x = 0 we have the equations

Eq;=k Eqo=d—-2hW, Eqo=a—cW+ ng. (3.40)
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we arrive at the conditions k = d = h = 0 and considering u = —1 we have
X1 = 2gx*[4sx + (3 — s*)y] /9.

According to Lemma 3.2 we consider two subcases: X1 # 0 and 7 = 0.

2.1: The subcase x1 # 0. We prove the following lemma.

Lemma 3.20. Assume that for a system (3.12) the conditions D7 = 0 and X1 # 0 hold. Then this
system possesses invariant lines in the configuration (3,1,1,1) if and only if the conditions x1 = X2 =
x3 = 0 are satisfied.

Proof. As it was mentioned above the condition Y7 # 0 implies ¢ # 0 and according to
Lemma 3.2 the infinite line Z = 0 of systems (3.12) with the conditions # = —1 has the
multiplicity exactly 2. Moreover in the direction x = 0 we have two parallel invariant affine
lines (due to g # 0).

Thus we have to examine the remaining three directions: x & iy = 0 and sx +y = 0.

(i) The direction x + iy = 0. We repeat the examinations of the corresponding equations
(3.17) for this particular case (i.e. u = —1) and considering (3.18) we arrive at the equations

Hilpe 1y =0, i=1,2,3,4.

Solving these equations with respect o the parameters a,b,e and f we obtain the values of
these parameters given in (3.19) and (3.21) for this particular case u = —1. More precisely we
get the following conditions:

a= 4(14152)2(3_2’” —Is) [26(1 +5%) —g(g—2m —zs)},

b= m(l + g5 — 2ms) [12 —2(g —2m)m +1gs +2c(1+ 52)},

o 4(14152)2 (g — 2m)s(5g — 6m + gs? + 2ms?) — 1%5(5 4 5?) + 21(3g — dm — gs” + 4ms?) |,
f= 4(1;2)2 [4C(1+52)2+12(3—52)+215(5g—8m+g52)+(g—2m)(2m—3g+gsz—6msz)}_

(3.41)
(ii) The direction sx +y = 0. Considering (3.22) and u = —1 for this direction we obtain

Eqs =1+ gs —2ms + (s +1)W = 0,

which yields W = —(I + gs — 2ms) /(s> + 1). Then considering (3.23) we obtain

Egs = z(lgTQ)[zl(g—2m)s+l(3—sz)], o)

Eqi = 2c — g%+ 2gm + 1gs + 2cs?) [4(g — 2m)s + 1(3 — s7)].

_
4(1+ s2)?
Since ¢ # 0 the condition Eqs = 0 gives 4(g — 2m)s + (3 — s?) = 0, which implies also
Egq10 = 0, and we consider two possibilities: Dy # 0 and Dy = 0.

2.1.1: The possibility Dy # 0. Then s # 0 and we obtain m = (3] +4gs — Is?)/(8s). So
taking into consideration (3.41) we obtained that a system possesses invariant lines in the
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configuration (3,1,1,1) if and only if the following conditions are satisfied:

(211 — 8gs + 1s?)

u=-1, k=d=h=0, e=— /
64s
241gs + 64cs® + 31%(s* — 3) 31(31g + 8cs)

— =6 T/ 3.43
/ 64s? o 647 G439

_1[121gs +32¢s? + 12(9 + 52)] o (Blt4gs— 1s?)

B 25652 ’ B 8s '

Considering the conditions provided by Lemma 3.20 for systems (3.12) with u = —1 we

calculate:
Coefficient[x1, xy*] = 2[4ks + h(s* —3)] /9, Coefficient[x1, x*y] = 4[k(3s* — 1) — 4hs] /9
and due to s # 0 the condition ); = 0 implies k = & = 0. Then we obtain
x1=2[I(s*—3)—4(g—2m)s]/9=0

which gives us m = (3] 4 4gs — Is?)/(8s). So we deduce that forcing x; = 0 we get the
conditions for the parameters k, 1 and m given in (3.43).
Herein calculations yield

Coefficient[xz, y?] = 56ds(9 +s?)/3=0 < d=0
due to s # 0. Then we obtain x, = g?)1x2/ 6 + ¢oxy/s, where

¢1 = 128fs* — 64es(15 + s2) — 128cs*> — 1(9 + %) (331 — 8gs + Is?),
¢z =16es(s*> — 3) — 16£s*(5 + 5%) + 16¢s*(5 + s%) +1(9 + %) (4gs — 31 + Is?).

We observe that the equations ¢; = 0 and ¢, = 0 are real with respect to the parameters ¢
and f and the corresponding determinant equals 1024s%(9 + s?)2 # 0 due to s # 0. Solving
these equations we get exactly the expressions for the parameters e and f given in (3.43).

Next supposing that for systems (3.12) the conditions on the parameters u,k, h,d, e, m and
f given in (3.43) are satisfied, we calculate

_ X AD (A A
X3 =~ {7age2 P394(Psx + Poy),

where

G3 =4dsx + (3 -5y, @s= (3% —1)x* +8sxy + (3 —s%)y?,

¢5 = — 256bs* + 13(9 + s2) + 4ls(31g + 8c¢s),

6 =4[64as” +31(31g + 8cs)].
We observe that due to s # 0 we have @3¢5 # 0 and therefore the condition x3 = 0 is
equivalent to ¢5 = @ = 0. Solving these equations with respect to the parameters a and b we

get exactly the expressions given in (3.43) for these parameters. This completes the proof of
Lemma 3.20 in the case D4 # 0.

2.1.2: The possibility Dy = 0. Then s = 0 and the condition (see (3.42))

Egqs = [4(g—2m)s+1(3—s*)] =0

8
2(1+s?)
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implies [ = 0. Then considering (3.41) in the case s = 0 we arrive at the following conditions:

u=-1, k=d=h=e=b=s=1=0,
(3.44)
f= %(46—3g2+8gm—4m2), a= —i(g—Zm)(—2c+g2—2gm).

Next for systems (3.12) with u = —1 and s = 0 we calculate
x1 = —2x(31x* + hx® + 2kxy + 3hy?) /9
and evidently the condition x; = 0 is equivalent to k = h = [ = 0. Then calculations yield
x2 = —16(2d +3e)xy, Coefficient[xs, x*y’] = —4dg/3,
Coefficient[xs, x°y°] = 2(6b — 2dg — 3eg + 6em) /3

and clearly the conditions x> = x3 = 0 implies to d = e = b = 0. Herein we obtain

X3 = 22°y(x* = 3y*) ($1%% + 2y%) /9
where N
1 = —2a+3cg —2fg—2¢° — 2cm + 6¢*m — 4gm?,
Py = 6a —cg — 2fg + 6cm — 2g*m + 4gm?.
So the condition x3 = 0 implies ¢; = ¢, = 0 and solving these two equations with respect to
the parameters 4 and f we obtain exactly the expressions given in (3.44) for these parameters.

This complete the proof of Lemma 3.20 as well as the proof of the statement (Ag) of the Main
Theorem. O

2.2: The subcase x1 = 0. Then ¢ = 0 and according to Lemma 3.2 we examine two pos-
sibilities: X2 # 0 and Y2 = 0. Since for systems (3.12) with the conditions u = —1 and
k=d=h=g=0wehave

X2 = 4ex®(sx +y) (x* + 7)) [(35> — 1)x* + 8sxy + (3 —57)y?] /3
we deduce that the condition ), = 0 is equivalent to ¢ = 0.

2.2.1: The possibility x» # 0. Then by Lemma 3.2 systems (3.12) possess a triple infinite
invariant line Z = 0 and since X2 # 0 implies ¢ # 0 we deduce that in the direction x = 0
systems (3.12) possess only one invariant line, which is real.

So we have to examine the remaining three directions: x £iy = 0 and sx +y = 0.

(i) The direction x + iy = 0. We repeat the examinations of the corresponding equations
(3.17) for this particular case u = —1 and ¢ = 0 and considering (3.18) we arrive at the
equations

Hil(ue 140y =0, i=1,234.

Solving these equations with respect o the parameters a,b,e and f we get the values of these

parameters given in (3.19) and (3.21) for this particular case u = —1 and g = 0. More precisely
we get the following conditions:
_c(2m+1s) _(I=2ms) 1,5 » ’
a = m, b—m[l +4m +2C<1+S)],

s B 2y, 12 2
1+522[ 3+ %) = 8lm(—1+ %) + Ps(5+ %), (3.45)

f= PIgEE)E 16Ims+4m?*(1—3s%) +1%(— 3+sz)}.
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(i) The direction sx +y = 0. Considering (3.22) and the conditions u = —1 and g = 0 for
this direction we obtain
Egs =1—2ms + (s> +1)W =0,

ie. W= —(I —2ms) /(s> +1). Then considering (3.23) we obtain

Eqs =0, Egio= 1(3 —s*) — 8ms]. (3.46)

TgEmal
2(1+s?)
Since ¢ # 0 the condition Eqyp = 0 gives [(3 —s?) — 8ms = 0 and we consider two cases:
s # 0 and s = 0. As it was mentioned earlier these conditions are governed by the invariant
polynomial Dy = 2304s(9 + s?).

2.2.1.1: The case Dy # 0. Then s # 0 and we obtain m = [(3 — s2)/(8s) and considering

the conditions u = —1, k =d = h = g = 0 and (3.45) we arrive at the following lemma.

Lemma 3.21. Assume that for a system (3.12) the conditions Dy = x1 = 0, X2 # 0 and Dy # 0 hold.
Then this system possesses invariant lines in the configuration (3,1,1,1) if and only if the following
conditions are satisfied:

I2(21 + s?)
u=-1,k=d=h=g=0, e——T,
64cs? + 31%(s? — 3) 3cl
_ _ 3l 3.47
f 6452 r T T s (4)
_ 1[32cs* +12(9 + 5%)] _1(3—5%)
25652 T e

Next we determine the invariant conditions equivalent to those provided by the above
lemma. More exactly we prove the following lemma.

Lemma 3.22. Assume that for a system (3.12) the conditions D7 = x1 = 0, X2 # 0 and Dy # 0 hold.
Then this system possesses invariant lines in the configuration (3,1,1,1) if and only if the conditions
X1 = X3 = X6 = 0 are satisfied.

Proof. Clearly the condition D7 = 0 imply u = —1. Then for systems (3.12) we calculate
Coefficient[x1, xy*] = —(8ks)/3
and clearly due to Dy # 0 (i.e. s # 0) the condition )Y; = 0 implies k = 0. Then we calculate
X1 = 2x*[2(h +2gs — 3hs*)x + (3g — 8hs — gs*)y] /9 =0

and we claim that the condition ¥; = 0 implies ¢ = & = 0. Indeed assuming h +2g¢s — 3hs*> = 0

we get ¢ = h(3522s_1) and then

2 2
;a:—wzo = h=0= ¢g=0
2s
and this completes the proof of our claim.
Thus the condition )1 = 0 for systems (3.12) with u = —1 gives us k = h = g = 0. Then

calculations yield

Coefficient[xs, x*y®] = 10ds(123 +23s?)/3=0 = d =0
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due to s # 0. Herein we obtain
Coefficient[xe, x°y°] = 110[e(s* — 3) — f5(5 +5%) — (6]m — 5¢cs — 4m*s — cs°)]
Coefficient[xs, x*y*] = 1370 [es(7s* — 597) — fs*(131 + 39s%) — 216> — 42Ims
+131cs® + 124m?s® 4 39cs*]

and we observe that the above polynomials are linear with respect to the parameters e and f
with the corresponding determinant —35200s2(9 + s2)2/3 # 0. So forcing these polynomials
to vanish we get

1
4s5(9 + 52)2(

f= 4SZ(91+52)2 [4(:52(9 + 52)% — 3(31 — 2ms) (42ms — 91 + 315> + 2m53)],

e = 2ms — 31) (451 + 6ms + 91s + 2ms®),

(3.48)

and then calculations yield

20
X6 = 5 (8ms — 31 + 15%)2x° [16s%(6 + s%)x° + 5(63 4 30s” — 5*)x?y

© s2(9+52)
+9(14s* — 3+ s*)xy? + 125(9 + 5%)y°] .

Due to s # 0 the condition )¢ = 0 evidently implies 8ms — 3] + Is> =0, and considering (3.48)
we determine:

12(21 + s?)

_ 64cs® +31%(s* - 3) . 1(3 —s?%)

- 64s ' f 6452 ’ 8s

So we obtain exactly the expressions for the parameters e, f and m given in (3.47).
Next considering that all the conditions from (3.47) are satisfied except the conditions for
the parameters 2 and b we calculate:

1
— g X (4sx+3y = %y) [(3s® — 1)x + 8sxy + (3 - )]’
x [(91° — 256bs? + 32cls* + I°s?)x + 32s(3cl + 8as)y].

X3 =

Therefore due to s # 0 it is simple to determine that the condition y3 = 0 gives us exactly the

expressions for the parameters a and b given in (3.47). This completes the proof of Lemma 3.22.
O

2.2.1.2: The case Dy = 0. Then s = 0 and the condition Eqip = 0 (see (3.46)) gives us
Egqip = 3cl/2 = 0 and due to ¢ # 0 this implies / = 0. In this case considering the conditions
u=-1,k=d=h=g=s=0and (3.45) we arrive at the following lemma.

Lemma 3.23. Assume that for a system (3.12) the conditions D7 = x1 = 0, X2 # 0 and Dy = 0 hold.
Then this system possesses invariant lines in the configuration (3,1,1,1) if and only if the following
conditions are satisfied:

u=-1,s=0, k=d=h=g=Il=b=e=0, a=—cm, f:c—mz. (3.49)
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Now we determine the invariant conditions equivalent to those provided by the above
lemma. We claim that Lemma 3.22 which was proved for Dy # 0 is also true in the case
Dy =0.

Indeed it is clear that the conditions D; = Dy = 0 imply u = —1 and s = 0. Then for
systems (3.12) we calculate

X1 = 2[2hx® + (3¢ + 2k)x*y — 3ky®] /9
and evidently the condition x; = 0 implies k = h = g = 0. Then calculations yield
x1=-2x/3=0 = 1=0
and we obtain
X6 = —10xy[(10d—129¢)x°+72(c— f —m?*)x’y+ (25d +42e) x*y* —3(16d —33e) x*y* +9dy°] / 3.

It is clear that the condition x5 = 0 implies d = ¢ = 0 and f = ¢ — m? and we observe that all
the conditions given in (3.49) are obtained except for the parameters a and b.
Finally we calculate

x3 = 4[bx — (a+ cm)y]x’y(x* — 3y*)*/9

and evidently the condition x3 = 0 gives us b = 0 and a = —cm. This complete the proof of
the statement (Ag) of the Main Theorem.

2.2.2: The possibility x» = 0. We prove the following lemma.

Lemma 3.24. If for a system (3.12) the conditions D7 = X1 = X2 = 0 hold then this system could hot
have a configuration of the type (3,1,1,1).

Proof. Assume that for a system (3.12) the conditions provided by this lemma are fulfilled. As
we already know the condition D7 = 0 implies u = —1 and by Lemma 3.4 we could not have
a triplet of parallel invariant lines in the direction y = 0. Since for the direction x = 0 we have
the equations (see (3.40))

Eq; =k Eqo=d—2hW, Eqy=a—cW +gW2
we arrive at the conditions k = d = h = 0 and considering u = —1 we have
X1 = 2gx*[4sx + (3 —s*)y] /9.

Therefore the condition ; = 0 implies ¢ = 0 and evaluating the invariant polynomial X, for
systems (3.12) withu = —land k =d =h = g = 0 we get

X2 = 4cx®(sx +y) (2 +y*) [(3s* — 1)x* + 8sxy + (3 — s7)y?] /3.
It is clear that the condition x> = 0 implies ¢ = 0 and hence we arrive at the family of systems
x=a, y=b+ex+ fy+Ix*+2mxy—sx’ —x%y —sxy* — . (3.50)

Suppose the contrary, that these systems possess the configuration invariant lines of the type
(3,1,1,1). Therefore we must have two complex invariant lines: one in the direction x +iy = 0
and another in the direction x — iy = 0.
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Thus considering the equations (2.5) and Remark 2.12 for the direction x +iy = 0 we
obtain U =1, V =iand

Eq; =2m —il +2(1 —is)W, Eqo =e+if —2(I+im)W — (i + 3s)W?,
Eqio = a +ib — ieW + ilW? + isW°.
We calculate Resy (Eq7, Eq9) = Hy + iH, where
Hy =8lm —s(I> — 8f +4m?) — de(s*> — 1),
Hy, =4m? — 31> — 8es — 4f (s> — 1).

So solving the system of equations H; = 0 and H, = 0 which are linear with respect to the
parameters e and f we obtain:

4m?s(s?> — 3) — 8lm(s> — 1) + 1?s(5 + s?)

c=- 4(1 + s2)2 /
foo 161ms + 4m?(1 — 3s2) + 12(s*> — 3)
N 4(1 +s2)2 '

Then calculations yield

Resw (Eq7, Eqio) = ((S + 1) [(12 +4m?) (1 — 2ms) — 4b(1 + s?)% + 4ia(1 +s2)2] =0

1+52)2

and since the parameters of the systems are real this condition implies a = 0. However in this
case systems (3.50) become degenerate and this completes the proof of the Lemma 3.24. [

Since all the possibilities for cases provided by the statement (A) of the Main Theorem are
examined we conclude that this statement is proved.
As we mentioned earlier (see page 24) we have to prove the following lemma.

Lemma 3.25. None of the sets of the conditions (A1)—(Ag) could be satisfied for systems (3.8).

Proof. For systems (3.8) calculations yield:
Dy=0, Dg=-4 Dy=4, Dg=0

and comparing with the sets of the conditions provided by the statement (A) of the Main
Theorem we conclude that all the sets of the conditions (A;) fori =1,2,...,5,7,...,9 could
not be satisfied for systems (3.8). It remains to prove that set of of the conditions (Ag) could
also not be satisfied for this family of systems.

Indeed for systems (3.8) we have

1
Xi=g [—(+ 2h) x> +3(g — k)x?y + 3(cl + 2h)xy? + (k — g)y?’]

and therefore the condition x; = 0 provided by the statement (A¢) gives | = —2h and g = k.
Then we calculate

xs = —240( + k) (2 +12), x5 = —(kx — hy) (&% + y?)%/4

and since according to the statement (Ag) we must have xs = 0 and 15 # 0 we evidently get
a contradiction and this completes the proof of the lemma. O
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3.2 The proof of the statement (B) of the Main Theorem

In this section we examine step by step each one of the statements (4;) (i = 1,...,9) of
Main Theorem and determine the possible configurations of invariant lines, correspondingly.
Moreover we find out necessary and sufficient affine invariant conditions for the realization
of each one of the configurations found.

3.2.1 The statement (Aq)

It was shown in the proof of the statement (A) of the Main Theorem that the affine invari-
ant conditions provided by the statement (A;) for the family of systems (3.12) lead to the
conditions (3.26).

It is not too difficult to determine that in this cases we arrive at the family of systems

X = {x— %(g—Zm)] [c+ %(g—Zm) (g5* — 3g — 3mu — 3m)

+ J%(gs2 —3g—3m—3mu)x+ (1+ u)x2] = Li(x)Lps(x),

y= %(8—2’”) [C%Z +2(g — 2m) [4gs?* — m(27 + 257 +9u)”
+ %(g—Zm) (g (s*—27) +2m (s* —3u+18) | x + %(8—2m)(9—|-u)x2

+ {c + %(g —2m)[3g (5* — 3) —2m (5* + 3u) H y + 2mxy — sx® + ux’y — sxy* — >,
(3.51)
where 5 = 252 —3(u +3) # 0 and s # 0 or s = 0 depending on the value of the invariant
polynomial Dy.
We need to determine if the two lines defined by the equation L, 3 = 0 are real or complex
and in the case when they are real, if one of them coincides with the invariant line L; = 0. So
we calculate

4
Discrim [Lp 3, x] = —;/\(C, g,m,s,u),

1
Resy (L1, Lp3) = ?y(c,g, m,s,u)

where
A=c(l+u)s— [g(s* —3) = 3m(1+u)][g(s* — 9 — 6u) +9Im(1+u)],

p=cx*+3(g—2m)[g(4s* — 9+ 3u) — 18m(1 +u)].
We observe that

(3.52)

sign (Discrim [L 3, x]) = —sign (1),

i.e. the invariant lines L, 3 = 0 are real (respectively complex; coinciding) if A < 0 (respectively
A > 0; A = 0). The invariant line L1 = 0 coincides with one of the lines L,3 = 0 if and only if
u=0.

Evaluating for systems (3.51) the invariant polynomials ¢; and {, we obtain:

0= %( 24+3u)’x®A, Zo=8u, Ds=4(s*+3u)/9
and therefore the condition {, = 0 is equivalent to 4 = 0. On the other hand we have
sign (A) = sign ({71) only if D5 # 0. So in what follows we examine two possibilities: D5 # 0
and D5 = 0.
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1: The possibility D5 # 0. Then the sign of A is governed by the invariant polynomial ;
and we prove the next proposition.

Proposition 3.26. Assume that for a system (3.51) the conditions D¢D7Dg # 0 and Ds # 0 hold.
Then this system possesses one of the configurations of invariant lines presented below if and only if the
corresponding conditions are satisfied, respectively:

Dy#0,01<0,00#0,03<0,D; <0 <« Config. 7.1b;
Dy 75 0, gl <0, €2 75 0, §3 <0,D;>0 <& COl’lﬁg. 7.2b;
Dy#0,01<0,02#0,03>0,D; <0 <« Config. 7.3b;
Dy 7'é 0, Cl <0, 52 7& 0, Cg, >0,D;,>0 < COTlﬁg. 7.4b;
Dy#0,01<0,0,=0 & Config. 7.5b;
Dy 75 0, Ql >0, €4 7é 0,D; <0 = COTlﬁg. 7.6b;
Dy #0,01>0,04#0,D; >0 & Config. 7.7b;
Dy#0,01>0,04,=0,D; <0 & Config. 7.8b;
Dy 75 0, C] >0, €4 =0,D;>0 ~ COI’lﬁg. 7.9b;
Dy 7é 0, €1 =0, gz 7é 0,D; <0 = Conﬁg. 7.100b;
Dy #0,01=0,0#0,D; >0 & Config. 7.11b;
Dy 75 0, C] =0, gz =0 = COTlﬁg. 7.12b;
Dy =0, 61 <0, 52 7& 0, €5 <0,D; <0 <« COl’lﬁg. 7.13b;
Dy=0,01<002#0,05<0,D; >0 <« Config. 7.14b;
Dy=0,01<0,02#0,05>0D;<0 <« Config. 7.15b;
Dy=0,01<0,02#0,05>0,D7; >0 < Config. 7.16b;
Dy =0, gl <0, éz =0 = COTlﬁg. 7.17b;
Dy=0,01>0,04#0 D;<0 & Config. 7.18b;
Dy=0,01>0,04#0,D;>0 & Config. 7.190b;
Dy =0, €1 >0, 54 =0,D; <0 ~ COl’lﬁg. 7.20b;
Dy =0, g1 >0, €4 =0,D;>0 = CO?’lﬁg. 7.21b;
Dy=0,01=0,0#0D; <0 & Config. 7.22b;
Dy=0,01=0,0#0 D;>0 & Config. 7.23b;
D4 =0, él =0, 52 =0 ~ COTlﬁg. 7.24b.

Proof. Following the conditions provided by the above proposition we consider two cases:
Dy #0and Dy = 0.

1.1: The case D, # 0. We examine three subcases: {1 < 0,{; > 0and {; = 0.

a) The subcase {1 < 0 (D5 # 0). Then A < 0 and we may use a new parameter v setting
A = —v? < 0. Since we have DgD7 # 0 (i.e. (1 + u)s # 0) considering (3.52) we obtain

c _ 1 [%(s* —3)(s* — 6u — 9) — 27m*(1 + u)? + 6gm (1 + u)(s* + 3u) — v*].

(1+u)2 (3:53)

This leads to the following family of systems

= ([ 2872 [ 8738 o),
[x—k gs?> — 3¢ (—13:1u—) 3mu+v]’
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= m [(ng(27 +752) (1 +u) — m?(1 + u)(81 4 85> + 9u)
— &[5t +25%(u—2) +9(3+2u)] + )} <g%2m)(36m 279 + gs* + 2ms? — 6mu) x
+ %2(11_%) [§%(5*—3) (s*+3u) —18gm (s> —3) (1+u) +3m*(1+u) (45> —9+3u) —v*] y

+ %(g —2m)(9 4 u) x* + 2mxy — sx° + ux’y — sxy* — y°. (3.54)

On the other hand for the value of ¢ given in (3.53) we calculate
1
14+u

and since the condition y = 0 leads to the coalescence of two invariant lines of the triplet, we
examine two possibilities: {, # 0 and {, = 0.

p= (v*=0%), v =g(s*+3u) = 9Im(1+u) (3.55)

a.1) The possibility {» # 0. Then u # 0, i.e. (7 —v)(y +v) # 0 and setting a new parameter

a= :fz we observe that 4 — 1 # 0. Indeed calculation yields: a — 1 = 27’ ~ # 0 due tov # 0.

So from the relation a = r“v we can determine the parameter m as follows:

gla—1)(s>+3u)— (a+1)v
9(a—1)(1+u)

Then we can apply to systems (3.54) the following transformation (we recall that s = 25> —
3(u+3) #0):
t

1% sV
X1 =0ax — — y1=txy+@, tlzﬁ,

60’
y (a— 1)2(21)—’— u)%, v=(a—1)g»x—2(1+a)v.
This transformation brings these systems to the following family of systems (we keep the old
notations for the variables):

=1+ux(x—1)(x—a),

3.56
y=1+u)[a—x(a+1)]y—sx®+ux’y —sxy* — >, (3:56)
for which the parameters s and u satisfy the conditions (3.25).
We detect that systems (3.56) possess six distinct invariant affine straight lines
Li:x=0,Ly:x=1L3g:x=a, Ly:y= —sx, Lse:y = *fix (3.57)

and the following nine finite singularities:

M;(0,0), Mp3(0,£y/a(14u) ), Ms(1,—s), Mse(1,+i), My(a, —as), Mgo(a, £ia). (3.58)

For systems (3.56) calculations yield

o= — %(a— 12(u+1)%2 (2 +3u)’, o = 8as2(1+u),

D5:§(sz+3u), D6:§[252—3(u+3)] =25 D7 =4(1+u).

9

Since the conditions D5 # 0 and DgD; # 0 hold we obtain that the conditions {; < 0 and
{» # 0 imply for the parameter a of systems (3.56) the condition a(a — 1) # 0.
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We observe that the singular points M, and M3 could be real (if a(1 + u) > 0) or complex
(if a(1 4+ u) < 0). On the other hand due to the condition a(a — 1) # 0 we conclude that
the line L3 : x = a could neither coincide with L; (for 2 = 0) nor with L, (for 2 = 1). So
considering the condition a(a — 1) # 0 we examine the following two cases: a(1+ 1) > 0 and
a(l+u) <0.

a.1.1) The case a(1+ u) > 0. So the singular points M3(0, £1/a(1+ u) ) are real and we
observe that all the singularities (3.58) are located at the intersection of the invariant lines,
except for Mp3 (0, +v/a(l+u) ) which lie on the line x = 0 and are symmetric with respect to
the origin of coordinates. Moreover fixing the position of all invariant lines and moving only
the singularities M3 we could not obtain new configurations. So the distinct configurations
depend on the position of the invariant lines.

We deduce that only two lines are not fixed, and namely: L3 : x = a, Ly : y = —sx
Moreover four of them (i.e. L1, Ls and Lsy) intersect at the same point (0,0). Since this point
lies on the line L, considering the triplet of parallel invariant lines (L1, L, and L3) we deduce
that we could get different configurations depending on the position of the line L3 = a. More
precisely, if a < 0 then L3 is located on the left of L; and if 2 > 0 then L3 is located on the
right of L;.

Regarding the invariant line L4 : y = —sx we make the following remark.

Remark 3.27. Considering our Convention on page 8 we deduce that the invariant line y =
—sx coincides with the projection of the complex invariant lines y = +ix on the plan (x,y) if
and only if s = 0.

Since in the case under consideration we have s # 0 it is not too difficult to determine that
systems (3.56) possess the configuration of invariant lines Config. 7.1b if a < 0 and Config. 7.2b
ifa > 0.

a.1.2) The case a(1 4 u) < 0. Then the singular points Mp3(0, +1/a(1+u) ) are complex
and on the invariant line L; there are no real singularities except M;(0,0). So applying the
same argument as in the previous case above we obtain the following two configurations of
invariant lines for systems (3.56): Config. 7.3b if a > 0 and Config. 7.4b if a < 0.

Thus we obtain that in the case {; < 0 and (» # 0 systems (3.56) could possess only four
distinct configurations Config. 7.1b - Config. 7.4b.

Next we determine the corresponding invariant conditions for distinguishing these con-
figurations of invariant lines. We evaluate for systems (3.56) the next invariant polynomials:

03 =—2(a—1)%as’(9+s2)2(1+u)>/81, Dy =4(1+u)#0, Dy=2304s5(9+5s%) #0

and due to a(a —1)(u+1)s # 0 we have sign({3) = —sign(a(u + 1)) and sign (D7) =
sign (u +1).

Considering the conditions on the parameters a4, u determined above which define the con-
figurations Config. 7.1b - Config. 7.4b for systems (3.56) in the case {; < 0 and (> # 0 as well
as the expressions for the invariant polynomials given above we obtain the following affine
invariant conditions for distinguishing these configurations (as well as the corresponding ex-
amples of their realization):

(3<0,D;<0 < Config.71b (a=—-1,u=-2,s=1);
(3<0,D;>0 <« Config.72b (a=2,u=2,s=1);
(3>0,D;,<0 < Config.7.3b (a= 2 u=-2,s=1)
(3>0,D;>0 < Config.74b (a=-1L,u=1,s=1).
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a.2) The possibility {, = 0. Then p = 0 and considering (3.55) we get (7 — v)(y +v) = 0.
We may assume y — v = 0 due to change v — —v and setting v = v # 0 in systems (3.54) we
arrive at the family of systems

3(g—2m)}2[x_ 12m(1+u)—g(252—|—3u—3)}’

x:(1+u)[x— ey

VA

y:-—g;iﬁ;“@m@7+%%u+ﬁo—m%1+ux&+ﬂ§+9m

— &t +25%(u—2) +9(3+2u)] + 02)] + (g_%im)s(36m—27g+g52+2msz—6mu) X

1 2
+ 72 (14u) [
+ %(g —2m)(9 4 u) x* + 2mxy — sx° + ux’y — sxy® — v°,

s2—3)(s?+3u) — 18gm(s*—3) (1+u)+3m*(1+u) (4s* —9+3u) —v?] y

where » = 25> —3(u +3) # 0. Since v = g(s®> +3u) —9m(1 +u) # 0 then applying the
transformation

3 —2m 1+I/l S —2m 1—|—1/l
X1 = ax + (g 2r3( )/ yl—DCy— (g 2r))/( )/
bh=-3 &= 2y

we obtain the following 2-parameter family of systems:

. 2
x.— (T+u)x"(x—1), (3.59)
y=—(1+u)xy —sx® + ux’y — sxy> — y°.

We observe that this family of systems is a subfamily of (3.56) defined by the condition a = 0.
So the above systems possess invariant lines (3.57) among which only five are distinct, because
the line Ly = L; : x = 0 is double. These systems have only 4 distinct finite singularities
because setting @ = 0 in (3.58) we obtain that the five singularities M»3(0, £+/a(1+u) ),
Mjy(a, —as) and Mgg(a, +ia) coalesce with the singular point M;(0,0). As a result we get a
singular point of multiplicity 6 which is a point of intersection of four invariant lines: Lj, Lg
and Ls¢. Therefore considering Remark 3.27 due to the condition s # 0 we obtain the unique
configuration of singularities given by Config. 7.5b.

b) The subcase {1 > 0 (Ds # 0). Then A > 0 and we set A = 92 > 0. Since (1 + u)(9 — 25> +
3u) # 0 we obtain

‘ :(1+u)(9—1252+3u)2 [83(s% = 3) (52— 6u—9) = 27m? (1 -+ 1) +6gm (1 +u) (s> +3u) + v7].

This leads to the following family of systems

Mg—ﬁ@][kwl—@—3ma+uﬂ?+ﬁ

VA

_|_

2(gs* — 3¢ — 3m — 3mu) ’
(1 +u) rexy
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y= (53(_1242; [m?(1+u)(81 + 8% 4+ 9u) — 2gm(27 + 7s) (1 + u) + g*(s* + 25> (u — 2)

+9(3+2u)) + 0% + (g_%im)s(%m — 27¢ + 36m + gs* + 2ms* — 6mu) x

+ %2(11+u) [§2(s% — 3) (% + 3u) + 3m2(1 + u) (45 + 3u — 9)

—18gm(s* —3)(1+u) +0*| y + %(g —2m)(9 4 u) x* + 2mxy — sx° + ux’y — sxy* — y°.
(3.60)

In order to simplify these systems we need to use a transformation which depends on the
condition: either ¢ # 0 or ¢ = 0 (we recall that v = g(s? + 3u) — Im(1 + u)).
On the other hand for systems (3.60) we calculate:
7 2 2 2
la = = [(4s® — 13)x* — 2sxy — 3y7]
and therefore the condition ¢y = 0 is equivalent to {4 = 0.

b.1) The possibility (4 # 0. Then v # 0 and setting a new parameter a = % # 0 we can
determine the parameter m as follows:
_ags*+3agu —v
 9a(1+u)

Then we can apply the following transformation

v sv t a(l+4u)sx
== T A = a’ t =, 0=—-——", V=a —20,
X] = &x 30 y1 =y + 9% 1 2 o gx

which brings systems (3.60) to the following family of systems (we keep the old notations for

the variables):
2= 1+u)x[(x—1)*+a%], (3:61)
y=14+a®)(1+u)y —2(1+u)xy — sx° + ux?y — sxy* — y°. '

For the above systems calculations yield

80
3
and clearly the condition {; > 0 implies a4 # 0 and we must have u +1 # 0 (i.e. Dy # 0),

otherwise we get degenerate systems.
We determine that systems (3.61) possess six distinct invariant affine straight lines

01 a*(1+u)?(s®> +3u)’x?, D; =4(1+u)

Li:x=0, Log:x=1%ia, Ly:y= —sx, Lse:y = *ix

and the following nine finite singularities:

Mi(0,0), Mas(0,%1/(1+a2)(1+u) ), Mys(1+ia,+(i — ),
Mey(1—ia, £(i+a)), Mgo(1+ia, —sFis).

(3.62)

We observe that the singular points M, and M3 could be real (if 1 +u > 0) or complex (if
1+ u < 0), but they could not coincide due to 1 + u # 0. So we consider two cases: 1+ u < 0
and 1+ u > 0, taking into account that sign (1 + u) = sign (Dy).
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b.1.1) The case D7 < 0. Then 1+ u < 0 and therefore the singular points M3 are complex
and the unique real finite singular point of systems (3.61) is M;(0,0) which is the point of
intersection of four invariant lines: L;,L4 and Lse. As a result taking into consideration
Remark 3.27 due to the condition s # 0 we obtain the unique configuration Config. 7.6b.

b.1.2) The case D; > 0. Then 1+ u > 0 and hence the singular points M;3 are real. We
observe that all the singularities (3.62) are located at the intersection of the invariant lines,
except for M3 which lie on the line x = 0 and are symmetric with respect to the origin of
coordinates. Therefore considering Remark 3.27 and the condition s # 0 we arrive at the
configuration of invariant lines given by Config. 7.7b.

So we have proved that if {; > 0, {4 # 0 and D4 # 0 systems (3.54) possess the configu-
ration Config. 7.6b (a =1, u = —2,s =1)if D; < 0and Config. 7.7b (a =1, u =1,s = 1) if
D7 > 0.

b.2) The possibility {4 = 0. This implies y = 0 and considering (3.55) the condition ¢y = 0
gives us

B ¢(s? 4+ 3u)
9(1+u)
Then we can apply the transformation
g sgx t (1+u)sx
— _— — _ t = — = -
X1 Dcx+3v, Y1 =ay 9’ 17 o -

which brings systems (3.60) to the following family of systems (we keep the old notations for
the variables):

x=1+uwx(x*4+1), y=1+u)y—sx®+ux’y —sxy> —y° (3.63)

with 1+ u # 0. We determine that systems (3.63) possess six distinct invariant affine straight
lines
Li:x=0, Log:x=2i, Ly:y = —sx, Lse:y = *ix

and the following nine finite singularities:
M, (0,0), M2,3(0, +V14+u ), M4,5( +1i, 1), M6,7( +i, —1), Mg/g( +1, :FZS)

We observe that the singular points M, and M3 could be real (if 1 +u > 0) or complex (if
1+ u < 0), but they could not coincide due to 1+ u # 0.

So, similarly as in the case of systems (3.61) we have two real and four complex invariant
lines. However in this case considering our Convention (see page 8) we determine that the real
invariant line x = 0 coincides with the projection of the complex invariant lines L3 : x = =+i
on the plane (x,y). As it was mentioned earlier the invariant line Ly : y = —sx coincides
with the projection of the complex invariant lines Ls¢ : ¥ = %ix on the plane (x,y) (see our
Convention on page 8) if and only if s = 0. Therefore due to the condition s # 0 we arrive at
the configuration Config. 7.8b if u < —1 and at Config. 7.9b if u > —1.

Since sign (1 + 1) = sign (D7) we deduce that for {1 > 0, {4 # 0 and D4 # 0 systems (3.54)
possess the configuration Config. 7.8b (u = —2,s = 1) if Dy < 0 and Config. 7.9b (u =1,s =1)
if Dy > 0.

c) The subcase {1 = 0 (D5 # 0). This implies A = 0 and considering (3.52) and solving the
equation A = 0 with respect to the parameter c, it is clear that we get (3.53) for v = 0. This
leads to the systems (3.54) with v = 0, which we denote by (3.54)(,—0}-
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In this case for systems (3.54)(,—gy we have
872

o= a1

and we again consider two possibilities: {» # 0 and {, = 0.

c.1) The possibility (o # 0. This implies v # 0 and via the transformation

3v sV t (T+u)sx
X] = ax + ~ 1 =ay Y f o o v=(g—2m)(1+u)
systems (3.54)(,—gy can be brought to the following family of systems (we keep the old nota-

tions for the variables):

x=(1+u)x(x—1)?%

3.64
y=(1+u)(1—2x)y —sx®+ux’y —sxy? — y°. (3.64)

We observe that this family of systems is a subfamily of (3.56) defined by the condition a = 1.
So systems (3.64) possess invariant lines (3.57) among which only five are distinct. More
exactly the line L3 = L, : x = 1 is double.

These systems have 6 distinct finite singularities because setting 2 = 1 in (3.58) we obtain
that the real singularity M7 coalesces with the real singularity M,, whereas the complex sin-
gularity Mg (respectively My) coalesces with the complex singularity Ms (respectively Meg).
Moreover we observe that the simple singular point M;(0,0) is the point of intersection of
four invariant lines: Li,Ls and Lse. Therefore considering Remark 3.27 and the condition
s # 0 we arrive at the configuration Config. 7.10b if u +1 < 0 and at configuration Config. 7.11b
ifu+1>0.

So since sign (u + 1) = sign (D7) we conclude that in the case {; = 0, {» # 0 and D4 # 0
systems (3.54) possess the configuration Config. 7.10b (u = —2,s = 1) if D; < 0 and Config.
7116 (u=1,s=1)if D; > 0.

c.2) The possibility (, = 0. This implies vy = 0 and considering (3.55) we determine m =

gg(iii%‘). In this case systems (3.54) with v = 0 for this value of the parameter m become the
systems
~ (g+3x+3ux)®
27(1+u)? 7
_ %s(27 4252 +9u)  ¢*s(27+s*46u)  ¢*(s®+3u)
ST 90w sldtu? T wd+ap

B gs(9+u) 2 2g(s% +3u)
9(1 +u) 9(1+ u)

and after the transformation

Xy — sx® + uxzy - sxy2 - y3,

g 83

By T ey T

X1 =X+
we arrive at the homogeneous systems
x=(1+u)®, y=-s®+uxty—sxy*—y>, 14+u#0. (3.65)

These systems possess the invariant lines

L1,2,3 X = O, L4 LYy = —SX, L5,6 Y= +ix



62 C. Bujac, D. Schlomiuk and N. Vulpe

and the unique finite singularities M;(0,0) of the multiplicity nine. As a result, taking into
consideration Remark 3.27 and the condition s # 0 we obtain the unique configuration Con-
fig. 7.12b.

1.2: The case Dy = 0. Then we arrive at the family of systems (3.51) with s = 0.

So we could follow step by step the investigations given earlier for systems (3.51) but now
considering the condition s = 0. This condition is essential because considering Remark 3.27
we could obtain new configurations of invariant lines. More exactly we have the following
remark.

Remark 3.28. We observe that in the case s # 0 we have constructed 6 canonical forms of
systems (3.51) depending on the the values of the invariant polynomials (1, {> and (4. And the
algorithm of the construction does not depends on the value of parameter s. More precisely
we have the following canonical systems and their corresponding form in the case s = 0:

01<0,0#0 = (356) = (3.56)0);
(1<0,0=0 = (359) = (3.59 0
01>0,0#0 = (361) = (3.61)p);
G>0,0L#0 = (363) = (3.63) 0y
01=00#0 = (364) = (64 oy
01=0,0=0 = (365 = (3.65)0

As it was shown in the case s # 0 all the canonical systems enumerated above possess among
their invariant lines the following three ones: Ly : y = —sx (ory = 0if s = 0) and Lsg : y =
+ix. Considering Remark 3.27 the positions of these three invariant lines in configurations in
the case s = 0 are different from that in the case s # 0.

So considering the above remark we conclude that in the case s = 0 systems (3.51) possess
also 12 configurations of invariant lines which are distinct from those in the case s # 0.
In order to determine the corresponding affine invariant conditions we evaluate for systems
(3.51){s—0y the invariant polynomials which distinguished the configurations Config. 7.1b -
Config. 7.12b.

Considering Remark 3.28 we observe that the invariant polynomials {;, {» and {4 were
used for constructing the canonical forms mentioned in this remark. On the other hand the
invariant polynomials D; and {3 were applied for distinguishing the configurations Config.
7.1b — Config. 7.12b (see the statement of Proposition 3.26, case D, # 0). Evaluating these two
polynomials for systems (3.51)(,_gy we have

D7:4(1—|—M), C3:0

and hence the invariant polynomial {3 could not be used for systems (3.51),_q;-

On the other hand we observe that this invariant polynomial is applied only in the case of
systems (3.56) and in the case s # 0 it is responsible for the sign of the expression a(u + 1)
because for systems (3.56) we have

73 = —2(a —1)%as*(9 +s*)%(1 +u)3/81.

Therefore for these systems in the case s = 0 we need another invariant polynomial and we
define the invariant {5 which for systems (3.56),_¢, has the value

05 = —144(a —1)%a(1+u)®
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and clearly if {5 # 0 then sign ({5) = —sign (a(u +1)).

Thus considering Remark 3.28 and the first part of the statement of Proposition 3.26 corre-
sponding to the case D4 # 0 as well as our Convention on page 8 and Remark 3.27, in the case
D4 = 0 we arrive at the configurations Config. 7.13b — Config. 7.24b. For the realization of each
one of these configurations it is sufficient to take the corresponding examples presented in the
proof of the case Dy # 0 and substitute s = 1 by s = 0. Thus we conclude that Proposition
3.26 is completely proved. O

2: The possibility Ds = 0. In this case we get u = —s?/3 and then {; = 0. So we have to
detect another invariant polynomial which governs the sign of the polynomial A. We observe
that in this particular case we have

A =3(s* —3)*(8c — g% + m?* — cs?),

where s? — 3 # 0 due to D; = —4(s?> —3)/3 # 0.
On the other hand for systems (3.51) with u = —s%/3 we calculate

7 = 64s(9 +52)*(3c — g% + m? — cs?)x®, Dg = —325%(9 4 s%)%/729. (3.66)

Therefore due to Dg # 0 we have s # 0 and we conclude that in the case D5 = 0 we have

sign (1) = sign (¢1).
We prove the following proposition.

Proposition 3.29. Assume that for a system (3.51) the conditions De¢D7Dg # 0 and Ds = 0 hold.
Then this system possesses one of the configurations of invariant lines presented below if and only if the
corresponding conditions are satisfied, respectively:

51 <0,0#0,03<0,D;,<0 <& COTlﬁg. 7.1b;
Ci <0,02#0,03<0, D7 >0 <& Config. 7.2b;
Ci <0, gz 7& 0, €3 >0,D,<0 < Conﬁg. 7.3b;
Ci <0, Cz 7é 0, C3 >0,D;,>0 < COTZﬁg. 7.4b;
01<0,0,=0 < Config. 7.5b;
04 >0,04#0D;<0 < Config. 7.6b;
{1>0,04#0,D;>0 & Config. 7.7b;
1>0,0=0D;<0 < Config. 7.8b;
1>0,04=0,D;>0 < Config. 7.9b;
(1=00#0D;<0 < Config. 7.10b;
(1=0,0%#0,D; >0 & Config. 7.11b;
1=00=0 < Config. 7.12b.

Proof. First of all we observe that for systems (3.51) with u = —s?/3 according to (3.66) the
condition Dg # 0 implies s # 0 (i.e. Dy # 0).

On the other hand, the proof of Proposition 3.26 for the case D4y # 0 was performed for
the condition u = —s?/3 inclusively, because this condition is not essential for the proof.
Therefore a system (3.51) with u = —s?/3 could possess only one of the configurations Config.
7.1b-Config. 7.12b provided by Proposition 3.26 in the case Dy # 0. We claim that each one of
these 12 configurations is realizable in the case u = —s?/3.
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Indeed for systems (3.51) with u = —s?/3 we have

01=0, o=-72(s*=3)(3c — g* +m? —cs?),
fs— 8s%(9 + s2)?

37T T 243(—=3+5?)
Oy = m?(4s*x* — 13x* — 2sxy — 3y?), D; = —4(s* —3)/3, Dg= —325*(9+5%)*/729

(3c — g% +m* — cs%)(3c — g% + 4m> — cs?),

and to prove the compatibility of the conditions provided by Proposition 3.29 it is sufficient
to present the examples of the realizations of the corresponding configurations for systems

(3.54) with u = —s?/3 in terms of the parameters (c, g, m,s) = (co, g0, Mo, o) With so # 0. So
we have

CO]’lﬁg. 7.1b: (Co,go,THQ,So) (1,1,0, —2);

Config. 7.2b:  (co, g0, Mo, S0) = (—1,0,1,—1);

Config. 7.3b:  (co, g0, Mo, S0) = (2,0,1,=2);

Config. 7.4b:  (co, g0, mo,s0) = (0,1,0,—1);

Config. 7.5b:  (co, o, Mo, s0) = (4,0,1,2);

Config. 7.6b:  (co, o, M0, %0) = (—1,0, -2, -2);

Config. 7.7b:  (co, g0, mo,s0) = (—1,0,—2,—1);

Config. 7.8b:  (co, g0, Mo, 50) = (—1,0,0, —2);

Config. 7.9b:  (co, o, Mo, 50) = (1,0,0, —1);

Config. 7.10b:  (co, g0, Mo, S0) = (0,1,1,—2);

Config. 7.11b:  (co, g0, Mo, s0) = (0,1,1, —1);

Config. 7.12b:  (co, g0, Mo, S0) = (0,0,0,1).
This completes the proof of Proposition 3.29. O

3.2.2 The statement (A;)

As it was shown in the proof of statement (A) of the Main Theorem the affine invariant con-
ditions provided by the statement (A;) for the family of systems (3.12) lead to the conditions
(3.28).

Assuming these conditions to be fulfilled for systems (3.12) we arrive at the family of
systems

i [x— 9l } [2712(52 —3) + 18Ims(9 + s2) + 2cs%(9 + s2)?
N 25(9 +s2) 252(9 + s2)?
3I(s* —3) +2ms(9 +5?) > 23] = 1MW
5015 x+2(s°—3)x /3} = Ly (x)Ly3(x),
_ BI[181%s +9Im(9 + 5) +cs(9 +s%)?]  31[3I(s* — 27) + 4ms(9 + 5?)] (3.67)
y= 25(9 + s2)3 + 45(9 + s2)2 *
811%(s? — 3) + 36Ims(9 + s2) + 4cs?(9 + s2)? 5
+ 452(9 4 52)? y+ I+ 2may

—sx3 + (282 = 9)x%y /3 — sxy® — i,

for which we have
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We need to determine if the two lines defined by the equation Lg = 0 are real or complex

and in the case when they are real, if one of them coincides with the invariant line Lgl) =0.
So we calculate

- 1 1
Dlscrlm [Lg/:;?, x] - _WAU) (C, l, m,S),
1 0 1
Resx(Lg ),Lélg) = 729 +52)2y(1)(c, I,m,s)

where

AW = 8112(s* — 3)% + 36lms (s> — 3)(9 + 52) + 45%(9 + s2)?(2cs? — 6¢ — 3m?),

(3.68)
u) = 811%(s* — 3) + 36lms(9 + 52) + 2cs(9 + s%)2.

We observe that
sign (Discrim [Lglg,x]) = —sign (A1),

i.e. the invariant lines Lélg = 0 are real (respectively complex; coinciding) if A(1) < 0 (respec-

tively AL > 0; AL = 0). Moreover, the invariant line Lgl) = 0 coincides with one of the lines
Lglg = 0 if and only if (1) = 0.
On the other hand for systems (3.67) calculations yield:

20A(1) (52 — 3)% 2 ey
= . X5= "5 a o)
s2 (s249)? 9s (s2+9)

&1

and hence due to D; # 0 we have sign (A()) = sign ({;). Moreover we observe that the
condition 1) = 0 is equivalent to x5 = 0.

Proposition 3.30. Assume that for a system (3.67) the condition D;Dg # 0 holds. Then this system
possesses one of the configurations of invariant lines presented below if and only if the corresponding
conditions are satisfied, respectively:

Cl <0, C57£0, C3<0, D; <0 & COTZﬁg. 7.1b ;
€1 <0, €5 75 0, €3 <0,D;>0 < Conﬁg. 7.2b;
(1<0,05#0,03>0,D;,<0 < Config. 7.3b ;
§1 <0, €5 7& 0, €3 >0,D;,>0 < Conﬁg. 7.4b;
(1<0,05=0 & Config. 7.5b;
(1>0,04#0,D; <0 & Config. 7.6b;
(1>0,04#0,D; >0 & Config. 7.7b;
§1 >0, C4 =0,D;<0 <~ COTlﬁg. 7.8b;
(1>0,04=0D7;>0 & Config. 7.9b;
(1=0,04#0,D; <0 & Config. 7.10b;
(1=0,04#0,D; >0 & Config. 7.11b;
(1=0,04=0 & Config. 7.12b.
Proof. We examine three cases: {; <0, 3 > 0and {; = 0.
a) The case {; < 0. This implies A() < 0 and we may set A() = —3v? < 0. We observe

that the polynomial A(1) is linear with respect to the parameter ¢ with the coefficient 852 (s> —
3)(9 +52)2 # 0 (due to D;Dg # 0).
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Thus solving the equation A()) = —3v? we obtain
—_ 3 2 _ay_ 2 2 _ 2 2
c= 52(57 39 7 77 [[91(5 3) —2ms(9 +s°)] [31(s* — 3) +2ms(9 +s )}4—0}.
(3.69)
This leads to the following family of systems
; _2(s*-3) [x o } [ 3(18ms — 91 + 31s> + 2ms® — v)} y
3 25(9 + s2) 4s(s2 —3)(9 + s2)
[x 3(18ms — 91 + 31s? + 2ms> + v)}
4s(s2 —3)(9 + s?) ’
91
] = 12 2 _ 2 42 32
y 162( —3)(0 1 &2 [121ms(s* —3)(9 + 5°) + 4m*(9s + s°) (3.70)
3l
2062 _ 4y _ 2 _ 2 3
+ 31%(6s* — 81 + 75%) v]+4s(9+s2)2(36ms 811 + 3ls* + 4ms’) x
3
2712(2 — 3)2 4 12 2 _ 2
+ 55232 _3)(9+52)2[ I2(s* — 3)* + 12Ims(s* — 3)(9 + s7)
+4m*(9s + 8°)? — 0*] y + Ix* 4 2mxy — sx° + (28* — 9)x*y /3 — sxy* — y°.
On the other hand for the value of c given in (3.69) we calculate
3412 _ 2
utt) = M Y = 91(s2 — 3) 4 2ms(9 + %) (3.71)

4(s2-3) 7

and since the condition y(l) =0 (i.e. x5 = 0) leads to the coalescence of two invariant lines of
the triplet, we examine two possibilities: x5 # 0 and x5 = 0.

a.1) The possibility x5 # 0. Then uV) # 0, ie. (v —0v)(y() +v) # 0 and setting a new

1
parameter a = zilzfz we observe that 2 — 1 # 0. Indeed calculation yields: 2 — 1 = 7(12)”70 #0

— 7W+o

due to v # 0. So from the relation a L, We can determine the value of the parameter m:

 9(a—1)(s*=3)+ (a+1)v
N 2s(a—1)(9+s?2)

Then we can apply the following transformation

x—zxx+3l —ay— 2 t_t
1= o NTWTL T
Lo 21 —a)s(s 3)(9+5), v=1(a—1)(s*-3),

3v

which brings systems (3.70) to the family of systems (we keep the old notations for the vari-
ables)

¥ ==(s"=3)x(x—1)(x —a),

2

. 3.72)
Y :§<Sz —3)[a—x(a+1)]y—sx®+ 3(252 —9)x%y — sxy® — .

It remains to observe that this family of systems is a subfamily of systems (3.56) defined by
the condition u = (2s?> —9)/3. This family was investigated earlier and since u = (2s> —9)/3
is not a point of bifurcation, we deduce that there are no new configurations. However we
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have to determine the conditions for the realization of the corresponding configurations of
invariant lines in this case.
For systems (3.72) we calculate:

1= —83—0(a —1)% (s? —3)4x2, X5 = —%ﬂs (s*—=3) (s*+9),
_ 16 o2 a3 20 g2
03 = 2187(11 1)%a (s> —3)" s (s°+9)".

Since the condition D;Dg # 0 is satisfied we conclude that the condition {; < 0 gives us
a — 1 # 0 and the condition x5 # 0 implies a # 0.

As it was shown earlier systems (3.56) in the case a(a — 1) # 0 and s # 0 could possess only
4 configurations Config. 7.1b — Config. 7.4b. More precisely for systems (3.56) we have obtained
the following configurations when the corresponding conditions are satisfied, respectively:

Config. 7.1b < a(a—1) >0,a <0;
Config. 7.2b < a(a—1)>0,a > 0;
Config. 7.3b < a(a—1)<0,a>0;
Config. 7.4b < a(a—1)<0,a<0.

On the other hand for systems (3.72) we have s # 0 due to Dg # 0 and furthermore we
have

sign (a(u + 1)) = sign (a(s* — 3)) = sign (g3), sign (u + 1) = sign (s*> — 3) = sign (D).
Therefore we conclude that in the case {; < 0 and x5 # 0 the statement of Proposition 3.30 is
valid.

a.2) The possibility x5 = 0. Then u(!) = 0 and considering (3.71) we get (v —v)(y(") +

v) = 0. So we may assume 7(!) —v = 0 due to change v — —v and setting v = 9(!) # 0 in
systems (3.70) we arrive at the family of systems

; _2(s*-3) [x— 91 ]2[ 3(9ms—9l+3lsz+ms3)}
3 25(9 +52) s(s2—3)(9+s2) ’
, 2717(18ms — 271 + 5ls* + 2ms® 31
y=— ( 1209 1 1) ) + 159 1 527 (36ms — 811 + 315 + 4ms®) x
91
—— —27 2+ 4ms’ 242
579+ 77 [36ms 14 91s* + 4ms’| y + Ix* 4 2mxy

— x> + (28> — 9)x%y/3 —sxy? —y°
So since y(1) = 91(s? — 3) 4 2ms(9 + s2) # 0 then applying the transformation

2 _ 2 _ 2 2
= ax 4 31(;(1) 3), = ay— Is(s* —3) _t 2s(s* —3)(9+s%)

we obtain the following 1-parameter family of systems:

¥ = 2(2—3)2(x—1),
3
2 1
y=- 5(52 —3)xy —sx° + 3(252 —9)x%y —sxy® — .
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We again observe that the above family of systems is a subfamily of systems (3.59) defined by
the condition u = (25> —9)/3. This family was investigated earlier and it was shown that it
possesses the unique configuration Config. 7.5b including the case u = (25> —9)/3.

b) The case {; > 0. Then A() > 0 and we set A()) = 302 > 0 and since s(s*> — 3) # 0 (due to
D7Dg # 0) we obtain

3

€= 8s2(s2 —3)(9 + s2)

5 [[91(52 —3) —2ms(9 +5%)] [31(s* — 3) +2ms(9 +5%)] — 02}.

This leads to the following family of systems

o 91 902 4 [91(s2 — 3) + 25(9 + 2) (3m + 2(s? —3)x)]2}
* —[x— 25(9—1—52)} [ 2452(s2 — 3)(9 + s2)2 ’
~ 9l 2 2 2 3\2
= - 4
y 1652<52_3)(9+52)3[121ms(s 3)(9 +s°) +4m“(9s +s°)
3l (3.73)
2 2 4 2 o N 2 3
+317(6s* — 81 + 75*) + v*| + 4s(9+s2)2(36ms 811 + 3Is” + 4ms’) x

3
* 852(s2 —3)(9 +s2)2 [
+4m*(9s + 8°)? + 0*] y + Ix* 4+ 2mxy — sx° + (28* — 9)x*y /3 — sxy* — y°.

2712(s? — 3)2 + 12Ims (s> — 3)(9 + s?)

In order to simplify these systems we need to use a transformation which depends on the
condition: either 71 # 0 or 7(1) = 0. Since for the above systems we have

(v)?

= 2O [(4s% — 13)x? — 2sxy — 3y

G4

we conclude that the condition y1) = 0 is equivalent to {4 = 0. So we discuss two possibilities:
§47£Oand§420.

b.1) The possibility {y # 0. This implies 71 #0 and setting a new parameter a = ﬁ #0 we
have v = ay(1). Then we can apply to systems (3.73) the following transformation

B 6l(s> —3) _ 2Is(s? — 3) ot _ 4s(s? —3)(9+ %)
xl—ocx+T, yl—&y—W, tl—f, N = — 37(1)

7

which brings these systems to the following family of systems (we keep the old notations for
the variables):

x=2(s*=3)x[(x —1)* + 4%,
(3.74)
y=

WINWIN

(s =3)(1+a?)y — %(52 —3)xy —sx° + %(252 —9)x?y —sxy? —°.

It remains to observe that this family of systems is a subfamily of systems (3.61) defined by
the condition u = (2s*> —9)/3. The family (3.61) was investigated earlier and it was proved
the existence of only two configurations of the invariant lines: Config. 7.6b if D; < 0 and
Config. 7.7b if Dy > 0.

Since for systems (3.74) we have D; = 8 (s? — 3) /3 we deduce that both configurations
are also realizable in the case under consideration.
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b.2) The possibility {4 = 0. This implies ¥) = 0 and considering (3.71) the condition
71 =0 gives

L 91(s> —3)
 25(9 +s2)
Then we can apply to systems (3.73) the transformation
6l(s*> —3 2ls(s> —3 t 45(s* —3)(9 +s*
x1:0¢x—¥, y1:“y+¥’ tlzizl 8 = ( )( ),
v v b 3v

which brings these systems to the following family of systems (we keep the old notations for
the variables):
200

t=3(" =3 +1), y= %(sz —3)y — s’ + %(252 —9)x%y —sxy? — . (3.75)

It is easy to observe that this family is a subfamily of systems (3.63) defined by the condition
u = (252 —9)/3. The family (3.63) was investigated earlier and we have proved the existence
of two configurations: Config. 7.8b if D7 < 0 and Config. 7.9b if D7 > 0. So by the same reasons
as in the possibility b.1) above we conclude that in the case {; > 0 and {4 = 0 the statement
of Proposition 3.30 is valid.

¢) The case {; = 0. This implies A()) = 0 and considering (3.68) and solving the equation
A = 0 with respect to the parameter c, it is clear that we get (3.69) for v = 0. This leads to
the systems (3.70) with v = 0, which we denote by (3.70)(,—gy and for these systems we have

2
_ (7(1))
452(9 4 52)?
and we again consider two possibilities: {4 # 0 and {4 = 0.
c.1) The possibility {4 # 0. Then 4! # 0 and via the transformation

6l(s2—3 2Is(s>2 —3 t 45(s2 —3)(9 + 52
(,Y(]))’ yl:“y_(,y@))’ tlzi X = — ( ) ),

a2’ 3')/ (1)
systems (3.70)(,—oy can be brought to the following family of systems (we keep the old nota-
tions for the variables):
2,2

X = §(S —3)x(x—1)%,

U4 [(45% — 13)x* — 2sxy — 3]

X1 = ax +

2,2 400 L, 2 2 (3:76)
y:§(s —3)y—§(s —3)xy—sx3—|—§(25 —9)x%y — sxy® — .

We observe that this family of systems is a subfamily of systems (3.64) defined by the condition
u = (2% —9)/3. This family was investigated earlier and we have detected Config. 7.10b if
D; < 0 and Config. 7.11b if D; > 0. Clearly we get the same configurations in the case
u = (25> —9)/3, i.e. when D¢ = 0.

c.2) The possibility {4 = 0. Then 'y(l) = 0 and considering (3.71) we determine m =
_zigi:;% In this case systems (3.70) with v = 0 for this value of the parameter m after
the transformation

9] 3ls

S - Yyt =t
3012 NV oray B

X1 =X
we will be brought to the homogeneous systems (3.65) with u = (2s*> —9) /3. However these
systems are already examined and we found only the configuration Config. 7.12b.

Since all the cases are examined we conclude that Proposition 3.30 is proved. O
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3.2.3 The statement (A3)

According to the proof of the statement (A) of the Main Theorem the affine invariant condi-
tions provided by this statement for the family of systems (3.12) lead to the conditions (3.29).

Next we determine the canonical form of the systems (3.12) subject to the conditions (3.29).
Assuming these conditions to be fulfilled for systems (3.12) we arrive at the following family
of systems

3¢ — 6m + gs? +2gqu — 6mu [8%5* + [gu — 3m(1 + u)]’
(9452)(14u) ] [ s2(94s2)(1+u)?
_ 2(gu —3g —3m —3mu) )
(9+s2)(1+u)
7 =Q(x,y),

x=(14+u) [x +
(3.77)

x4+ = (1)L (0L (x),

where the polynomial Q(x,y) depends on the parameters g, m,s and u and it is determined
by the conditions (3.29). According to the statement (Az) of the Main Theorem for the above
systems the conditions D7;DgD, # 0 and x; # 0 must hold. So calculations yield:

D;=4(1+u) #0, Ds= —8(s> —u)[4s* + (34 u)?]/27 #0, Dy =2304s(9+s*) #0,
1
~ 95(9 4 s2)(1+ u)

xi (7 — ) [9m(1 +u) — g(s* +3u)] [45* + (u +3)*] #0.

Considering the first equation of systems (3.77) we observe that

(s> + 1) (v*)?
R Cro

4(v?)?
82(9 +s2)2

Discrim [Lézg ,X] =

Resy (LY, LY)) =
where
Y? = 9m(1+u) — g(s* +3u) #0
due to the condition x; # 0.
Thus we deduce that the invariant lines Lézg = 0 are complex and they could not coalesce.
Moreover all three invariant lines are distinct.
Since 7(?) # 0 applying the transformation

— 2 _ 2
x1:(xx_3g 6m + gs* + 2gu 6mu’ a:_(u+1)(9+s),
) )
m(14u)(9 + s + 6u) — gu(3 + s> + 2u) t
1 =ay+ S’)/(Z) , h= ;/

to systems (3.77) we arrive at the family of systems

x=1+u)x[(x—1)*+ slz]' s(14+u) #0,
y=1+u)x/s— (1 +u)2+s>+u)y/s*+ (s* —2u —u*)x*/s

+ (3482 +2u)y?/s — sx® + ux’y — sxy* — y°.

(3.78)

We determine that systems (3.78) possess six distinct invariant affine straight lines

Li:x=0, Lyg:x=1+i/s, L4:y:—sx+(sz+u+2)/s, Lsg:y=tix+ (14 u)/s
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and the following nine finite singularities:

M;(0,0), Mp(0,(1+u)/s), M3(0,(2+sz—|—u)/s), Mys(1+i/s, 1/sF i),

3.79
Mey(1+i/s, u/s+i), Mgo(1£i/s, (2+u)/s Fi), (3.79)

which due to s(1 + u) # 0 are all distinct except for the case 2 + s> + u = 0 which implies the
coalescence of the real singular point M3 with M;.

We observe that all the singularities (3.79) are located at the intersections of the invariant
lines, except for the real singularity M;(0,0) and the complex singularities My 5 (1 +i/s, 1/sF
i). Moreover we have exactly three real singularities, which are all located on the invariant
line x = 0. We note that the real singularity M, (respectively M3) is the point of intersection
of the invariant line L; with the two complex lines L5 (respectively with the real line Ly).

On the other hand the complex singularity Mg (respectively My) is a point of intersection
of two invariant lines L, and Ls (respectively L3 and L), whereas the complex singularity Mg
(respectively Mo) is a point of intersection of three invariant lines L, Ly and L¢ (respectively
L3, L4 and L5).

So, considering the fact that we have exatly three real finite singularities M;, M, and M3
and all of them are located on the invariant line x = 0 we conclude that we could obtain three
distinct configurations of invariant lines defined by the distinct positions of the free point M;
with respect to the other two real singularities (M, and M3).

In order to describe the positions of the finite real singularities located on the same invari-
ant line we use the following notations.

Notation 3.31. Assume that two finite real singular points M (x1,y1) and M (x2,2) of a cubic
system are located on the real invariant line ax + by + ¢ = 0 of this system. Then:

(a) in the case a # 0 we say that the singular point M; is located below (respectively above)
or coincides with, the singularity M, if y; < y» (respectively y, < y1) and we denote this
position by M; < M, (respectively M, < Mj);

(B) in the case a = 0 (then y; = y») we say that the singular point M; is located on the left
(respectively on the right) or coincides with, the singularity M, if x; < x, (respectively x; < x1)
and we again denote this position by M; < M, (respectively My < M).

Since y3 —y» = (1 + 52) /s it is easy to determine that the positions of the real singularities
on the line x = 0 are determined by the following conditions:

My<M; & (1+u)s<0; Mz=M; & 2+u+s)s<0;, M3=<M, < s<0.

Therefore considering these conditions we obtain the following conditions for the realiza-
tion of the corresponding configurations of invariant lines:

14+u<024u+s2<0 = M <M;<M = Config. 7.25b; (s =1, u = —7/2)
14u<0,24+u+s>>0 = My <M; < M3 Config. 7.26b; (s =1, u = —3/2)
1+u<0,2+u+s>=0 = M <M;=M, Config. 7.27b; (s =1, u = —3)
1+u>0 = M; <M; <Mz Config. 7.28b. (s =1, u = 0)

il

In order to determine the corresponding invariant conditions we evaluate for systems
(3.78) the following invariant polynomials:

Dy =23045(9+5%), D;=4(1+u), {6=8(2+u+s)[4s>+ (u—1)%.
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So due to the condition s # 0 (as Dy # 0) we have sign ({) = sign (2 + u + s?) and sign (D7) =
sign (1 + u).

Considering the conditions for the configurations of invariant lines presented above we
arrive at the following proposition.

Proposition 3.32. Assume that for a system (3.77) the condition D;Dgx1 # 0 and Dy # 0 holds.
Then this system possesses one of following four configurations of invariant lines if and only if the
corresponding conditions are satisfied, respectively:

D;<0,06 <0 <« Config. 7.25b;
D; <0,06 >0 <« Config. 7.260b;
D;<0,06=0 <« Config. 7.27b;
D; >0 < Config. 7.28b.

3.24 The statement (A4)

As it was shown in the proof of the statement (A) of the Main Theorem the affine invari-
ant conditions provided by the statement (A4) for the family of systems (3.12) lead to the
conditions (3.32).

Assuming these conditions to be fulfilled for systems (3.12) we arrive at the family of

systems ,
2
= (1+u)(x+ ) [u2(391+u)2+ (x+2)],

(I uy) [12(3 +2u)

Y= (34 u)?
According to the statement (A4) of the Main Theorem for the above systems the conditions
Dy;Dg # 0 and x1 # 0 must hold. So calculations yield:

(3.80)

+ (ux +m)* + 1y — uyz].

D;=4(1+u) #0, Dg=8u(3+u)?/27#0, x1=—-1B+u)x*/3#0

and hence for systems (3.80) the condition /u(3 4 1) # 0 holds. Then via the transformation

m(3+ u) 3+u t a:u(3—|—u)

n=axd e nEayt o2’ 3]

systems (3.80) can be brought to the systems
x=1+u)x(x®*+1), y=y[-2—u+B+u)y+ux*—y?, (3.81)

for which we have D7 = 4(1 + u) # 0 and Dg = 8u(3 + u)?/27 # 0. Therefore for the above
systems the condition u(1 + u)(3 + u) # 0 is satisfied.
We determine that systems (3.81) possess six distinct invariant affine straight lines

L1:x:O,L2,3:x:ii,L4:y:0, L5/6:y:1iix
and the following nine finite singularities:
M;(0,0), M»(0,1), M3(0,2+u), My5(=£i,0), Mey(%i,2), Mgo(£i, 1+ u).

We observe that we could have multiple singularities for some values of the parameter u.
More exactly, in the case u = —2 the singular point M3 coalesces with M; and we obtain a
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double singular point (0,0). On the other hand we determine that for u = 1 the complex
singular point Mg(i,1 + u) (respectively My(—i,1 + u) coalesces with the complex singular
point Mg (i,2) (respectively My(—i,2). As a result we get two double complex singular points,
however according to Definition 1.2 this fact is irrelevant for a configuration because we take
into consideration only real singularities located on the invariant lines.

We remark that we have only three real singularities and all of them are located on the
invariant line x = 0. Two among these real singularities are fixed: M;(0,0) (which is a point
of the intersection of the invariant lines L; and Ls) and M3(0,1) (which is a point of the
intersection of the invariant lines L1, L5 and Lg). The singular point M3(0,u + 2) depends on
the parameter u and hence could change its position with respect to the singularities M; and
M,.

Thus, since we have M; < M,, taking into consideration our Convention (see page 8 ) we
conclude that the position of M3(0,u + 2) leads to the following four distinct configurations
of invariant lines:

u< -2 = M3 <M; <M, = Config.7.290;
u= -2 = M3=M; <M, = Config. 7.30b;
—2<u<-1 = M <M3<M; = Config.7.31b;
u>-—1 = M <M; <Mz = Config. 7.32b.

On the other hand for systems (3.81) we have
D; =4(1+u), {7=42+u)
and evidently we arrive at the following proposition.

Proposition 3.33. Assume that for a system (3.80) the conditions D;Dg # 0 and x1 # 0 hold. Then
this system possesses one of the following four configurations of the invariant lines if and only if the
corresponding conditions are satisfied, respectively:

{7 <0 & Config. 7.29b;
¢7=0 & Config. 7.30b;
(7>0,D; <0 <« Config. 7.31b;
(7>0,D; >0 <& Config. 7.32b.

3.2.5 The statement (As)

According to the proof of the statement (A) of the Main Theorem the affine invariant condi-
tions provided by the statement (As) for the family of systems (3.12) lead to the conditions
(3.33).

Remark 3.34. We observe that the conditions (3.33) can be obtained as a particular case from
the conditions (3.26) by setting u = s? (i.e. we allow the condition Dg = 0 to be satisfied). This
means that we could follow all the steps we have done in the case of the conditions (3.26) if
these steps do not depend on the condition u = s2.

Thus applying the conditions (3.33) to systems (3.12) we arrive at the family of systems
(3.51){4—s2y which is a subfamily of (3.51) defined by the condition u = s2.
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We remark that all the configurations of the family (3.51) were investigated and Proposition
3.26 provides the necessary and sufficient affine invariant conditions for the realization of each
one of the possible 12 possible configurations in the case D4 # 0.

Thus we have to determine which sets of the conditions provided by Proposition 3.26 (for
Dy # 0) are compatible in the case u = s> # 0. We prove the following proposition.

Proposition 3.35. Assume that for a system (3.51), g, the conditions D7De # 0 and Dy 7 0 hold.
Then this system possesses one of the configurations of the invariant lines presented below if and only
if the corresponding conditions are satisfied, respectively:

(1<0,02#0,03<0 < Config. 7.2b;
(1<0,02#0,03>0 <« Config. 7.4b;
01<0,0p=0 < Config. 7.5b;
01>0,04#0 & Config. 7.7b;
01>0,04=0 & Config. 7.9b;
01=00#0 & Config. 7.11b;
01=00=0 & Config. 7.120.

Proof. Evaluating for systems (3.54) {u=s2} the invariant polynomials (1, {2, {3, (4, D4 and D7
which are involved in Proposition 3.26 (for D4 # 0) we obtain:

1280s* 2 8s?
SR — 8k, = 2 _xiky, Dy =2304s(9 + &>
T g ot TR BT gy gt Pim 2R
1
G = g8 198 —2my =3y, Dr=d(149), Do= —4(+)/9,
where

k1 = c(1+5%)(9+8*)? + (9¢ — 9m + 5¢s> — Ims?)(gs*> — 3¢ — 3m — 3ms?),
K2 = (9 + %)% +3(g — 2m)(7gs*> — 9¢ — 18m — 18ms?),
K3 = 9m — 4gs* + 9Ims>.

As we can see the condition D; > 0 holds. Therefore we conclude that the configurations
Configs. 7.1b, 7.3b, 7.6b, 7.8b, 7.10b which correspond to the case D7 < 0 and are realizable for
systems (3.54) (see Proposition 3.26), could not be realizable for systems (3.54) (u=s2}-

To prove the compatibility of other conditions provided by Proposition 3.26 it is sufficient
to present the examples of the realizations of the corresponding configurations for systems
(3.54) -} in terms of the parameters (c,g,m,s) = (co, g0, Mo, So) with sgp # 0. So we have

Config. 7.2b:  (co, g0, Mo, S0) = (—1,1,1,-1);
Config. 7.4b:  (co, g0, mo,50) = (—2,1,1,-1);
Config. 7.5b:  (co, g0, Mo, S0) = (—57/50,1,1, —1);
COTlﬁg. 7.7b: (Co,go,mo, 0) = (0 1,1, — ),
Config. 7.9b: (co, o, Mo, 50) = (1,0,0, ~1);
Config. 7.11b:  (co, g0, mo,50) = (0,—3,1,1);
Conﬁg. 7.12b: (Co,go, my, SQ) (0 0,0, 1)

This completes the proof of Proposition 3.35. O
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3.2.6 The statement (Ag)

As it was shown in the proof of the statement (A) of the Main Theorem the affine invariant
conditions provided by the statement (Ag) for the family of systems (3.12) according to Lemma
3.15 lead either to the conditions

Wes—k—d—h—l—e—b=0, f—c4SEM=8)

o 3 (3.82)
a=-2% (2¢* —9c — 2gm — 4m?).
27
(for a triplet in the direction x = 0), or to the conditions
2
w—s—k—l—e—m=0, d=28" f_. &
. , 3 3 (3.83)
_ 8 (0092 _ e 2 2
a—27(9c 2¢°), b 27( 9c + 39° + 4h”)

(for a triplet in the direction y = 0).
It is not too difficult to detect that when conditions (3.82) are satisfied then (3.12) become
the systems

X = %(g —2m + 3x)(9c — 2% + 2gm + 4m?* + 6gx + 6mx + 9x?),
(3.84)

y = %y (3c — g +2gm + 6mx — 3y?) .
On the other hand, if conditions (3.83) are satisfied then we arrive at the family of systems

¥= - i(g +3x) (—9c + 2¢* — 6gx — 18hy — 9x?),
27
2 (3.85)
§=— 552 +3y) (-9 + 3% +4h* — 6hy +9y?) .

We claim that systems (3.84) and (3.85) are affinely equivalent. Indeed since some parameters
of the two systems coincide we set for systems (3.85) free parameters ¢ = ¢, § = ¢ and i = h.
Then the transformation

leads to the systems

1
X1 = ﬁ(gl —2my + 3x) (9c1 — 2g7 + 2g1my + 4mi + 6g1x1 + 6m1x1 +9x7)
. 1
=30 (3c1 — &7 +2g1m1 + 6myx — 3y7)

with g1 = §, m = —hand ¢ = (=3¢ + 2g~2)/ 3. In other words we have obtained exactly
systems (3.84) with new parameters c1, g1, m;1. This completes the proof of our claim.

Thus in this case either the conditions (3.82) or (3.83) are satisfied in both cases using an
affine transformation and time rescaling we arrive at the same family of systems (3.84).

We observe that the family of systems (3.84) is a subfamily of (3.51) defined by the con-
dition u = s = 0. We have shown that systems (3.51) possess three parallel invariant lines
in the direction x = 0 and the kind of these lines (real, complex, distinct or coinciding) are
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determined by the polynomials A and u given in (3.52). For the particular case u = s = 0 (i.e.
for systems (3.84)) these polynomials become

= 27(3¢ — g% + m?), = 27(3c — ¢* + 4m?).

A‘{uzs:o} ‘u‘{u:s:O}

On the other hand we observe that the sign of the polynomial A as well as the the value of the
polynomial u are governed by the invariant polynomials {; and > which for systems (3.51)
have the form (see page 54)

80
0 = ﬁ(sz +3u)2x?A, 0 = 8.

As we can see for u = s = 0 the invariant {; vanishes, i.e. it could not be used to define the
sign of A‘{u:s:O}’ i.e. the sign of the polynomial 3¢ — g% + m?.

Thus we have to define another invariant polynomial which captures the sign of 3c — g* +
m?. Such a polynomial could be {g which for systems (3.84) has the value

T = 8m*(3c — g* +m?).

On the other hand according to the conditions provided by the statement (Ag) of the Main
Theorem the condition y;5 # 0 must hold. For systems (3.84) we calculate x5 = mx®y* # 0,
i.e. m # 0 and we have

sign ({g) = sign (3¢ — ¢* + m?) = sign (M{u:s:o})'

Thus substituting the invariant polynomial {; (which vanishes) by (s we could determine
which sets of the conditions provided by Proposition 3.26 are compatible in the case Dg =
Dy =0 (i.e. u=s5=0).

Proposition 3.36. Assume that for a system (3.84) the condition x15 # 0 (i.e. m # 0) holds. Then
this system possesses one of the configurations of the invariant lines presented below if and only if the
corresponding conditions are satisfied, respectively:

(8<0,00#0,{5<0 & Conﬁg. 7.14b;
(8<0,0#0,05>0 <« Config. 7.16b;
(§<0,0,=0 & Config. 7.17b;
g >0 & Config. 7.19b;
(s =0 & Config. 7.23b.

Proof. Considering Proposition 3.26 we evaluate for systems (3.84) the invariant polynomials
(s (instead of (1), {2, {4, {5 and D7 which are involved in Proposition 3.26 in the case Dy = 0.
The calculations yield:

(g = 8m2(3c — gz + mz), {o =216(3c — g2 + 4m2), (4= —mz(l?)x2 + 3y2),
U5 = —64(3c — g +4m*)(3c — g +m?), Dy=0, D;=4, Dg= —4.

As we can see the conditions Dy > 0 and {4 # 0 (due to x15 # 0, i.e. m # 0) hold.
Therefore we conclude that the configurations Configs. 7.13b, 7.15b, 7.18b, 7.20b, 7.21b, 7.22b
which correspond to the case D; < 0 (or {4 = 0) and are realizable for systems (3.54) (see
Proposition 3.26) could not be realizable for systems (3.84). Moreover the configuration Con-
figs. 7.24b is defined by the conditions (g = {» = 0, however these conditions are incompatible
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with x15 # 0. Indeed, assuming {s = 0 we get ¢ = (¢> — m?)/3 and then {, = 648m? # 0 (due
to x15 # 0). Hence Configs. 7.24b could also not be realizable for systems (3.84).

To prove the compatibility of other conditions provided by Proposition 3.36 it is sufficient
to present the examples of the realization of the corresponding configurations for systems
(3.84) in terms of the parameters (c, g, m) = (co, g0, Mo). So we have

Config. 7.14b:  (co, o, mo) = (—3/2,1,—1);
Config. 7.16b:  (co, g0, mo) = (— 1/2 1 )
Config. 7.17b:  (co, g0, mo) = (—1
COI’lﬁg. 7.19b: (Co,go, mo) = ( )
Config. 7.23b:  (co, g0, mo) = (0, 1 1).
This completes the proof of Proposition 3.36. O

3.2.7 The statement (A7)

According to the proof of the statement (A) of the Main Theorem the affine invariant condi-
tions provided by the statement (A7) for the family of systems (3.12) lead to the conditions
(3.39). We observe that these conditions contain the equality H' = 0 where the polynomial

H' =272 + 2am(9c + 4m?) — (c — f)(c* +4cf + 4f* +4fm?)

is quadratic with respect to parameter 4. So in order to construct the canonical form of systems
(3.12) subject to conditions (3.39) we have to examine this polynomial. We observe that

Discrim[H’,a] = 4(3c — 3f + m?*) (3¢ + 6f + 4m?)?

and since according to the conditions (3.39) we must have 3c + 6f + 4m? # 0 and 3¢ — 3f +
m% > 0 we set a new parameter v as follows: 3¢ — 3f + m? = v*> > 0. Then we obtain
f = (3¢ + m? — v?) /3 and this implies

H' = [27a+ 9cm + 4m> + 3(3c + 2m*)v — 20°] [27a + 9cm + 4m® — 3(3c + 2m*)v + 20°] /27 = 0.
Due to the change v — —v we may assume that the first factor vanishes and we obtain
a = —(m+v)(9c+ 4m? + 2mv — 20°) /27.
This leads to the family of systems
= (3x — m — v)(9c + 4m® + 2mv — 20> + 12mx — 6vx — 18x%) /27
= L), (3.86)
v =y(3c + m* — v* + 6mx — 9x* — 3y*) /3.

We need to determine if the two lines defined by the equation L3 = 0 are real or complex
and in the case when they are real, if one of them coincides with the invariant line i =0or
not. So we calculate

Discrim [Ly3, x] = 108(6¢ 4 4m* — v*) = 1084, Resy (L1, Lp3) = 27(3c + 2m? — 20%) = 27ji
(3.87)
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and clearly the invariant lines [,3 = 0 are real (respectively complex; coinciding) if A > 0
(respectively A < 0; A = 0). Moreover the invariant line ; = 0 coincides with one of the lines
L,3 = 0 if and only if fi = 0.

On the other hand for systems (3.86) we calculate

01 = —720Ax%, (5 = 64Afi

and evidently we have sign ({;) = —sign (1) and in the case {; # 0 the condition ji = 0 is
equivalent to {5 = 0.

Proposition 3.37. Assume that for a system (3.86) the condition x11 # 0 holds. Then this system
possesses one of the configurations of the invariant lines presented below if and only if the corresponding
conditions are satisfied, respectively:

1<0,05<0 <« Config. 7.13b;
(1<0,05>0 <« Config. 7.15b;
01<0,i5=0 < Config. 7.17b;
01 >0,04#0 < Config. 7.18b;
(1>0,04=0 <« Config. 7.20b;
(1=0,05#0 < Config. 7.22b;
(1=0,05=0 <« Config. 7.24b.

Proof. Considering the above proposition we consider three cases: {1 < 0, {1 > 0 and {; = 0.

a) The case {; < 0. This implies A > 0 and we may set A = 3w? > 0. Then we obtain
¢ = (v +3w? — 4m?)/6 and this leads to the factorization

Lys=—(2m—v—3w—6x)(2m — v + 3w — 6x) /2

and since the condition fi = 0 implies the coalescence of two invariant lines from the triplet
we examine two subcases: (5 # 0 and {5 = 0.

a.1) The subcase {5 # 0. Then fi # 0 and for the value of the parameter ¢ given above we
calculate: ji = 3(w —v)(w 4 v) /2 # 0 and we can apply to systems (3.86) the transformation
2 2(m+0) 2

N w0 B3w_0) T w_o)Y h=tw—o)'/4

Then setting an additional parameter 2 = (v + w) /(v —w) # 0,1 (because ji #0and a — 1 =
2w/ (v — w) # 0), we arrive at the following family of systems (we keep the old notations for
the variables):

x= —2x(x—1)(x —a),

3.88
y = y(—2a +2x + 2ax — 3x* — ?). (3.88)

with a(a — 1) # 0. It remains to observe that this family of systems is a subfamily of systems
(3.56) defined by the conditions u = —3 and s = 0. The canonical form (3.56) was obtained
from (3.51) via an affine transformation and time rescaling in the case {; < 0 and {» # 0
(which imply A > 0 and p # 0, respectively) and therefore all the invariant lines from the
triplet are real and distinct.

In the proof of Proposition 3.26 it was shown that systems (3.56) with s = 0 and a(a —
1)(u+ 1) # 0 possess the following configurations of invariant lines if and only if the corre-
sponding conditions are satisfied, respectively:
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a(l4+u)>0,1+u<0 < Config.7.13b;
a(l+u)>0,14u>0 < Config. 7.14b;
a(l1+u)<0,1+4u<0 < Config. 7.15b;

a(l1+u)<0,1+u>0 < Config. 7.16b.

Since for the systems (3.88) is a subfamily of systems (3.56) defined by the conditions u = —3
and s = 0 we have 1 +u = —2 < 0. Therefore we conclude that systems (3.88) could not
possess configurations Config. 7.14b and Config. 7.16b.

On the other hand for these systems we have

{5 = —1152a(a —1)*> = sign({s5) = —sign (a)

and hence we arrive at Config. 7.13b if {5 < 0 and at Config. 7.15b if {5 > 0. So we deduce that
in the case {; < 0 and {5 # 0 systems Proposition 3.37 is true.

a.2) The subcase {5 = 0. Then ji = 0 and we get (w —v)(w + v) = 0. We may assume
w — v = 0 due to change w — —w. So setting v = w # 0 we obtain ¢ = —2(m —w)(m +w)/3
and therefore systems (3.86) become as systems
% =2(m—2w —3x)(m +w—3x)/27,
§ = [ — (m—w)(m + w)y/3 + 2mxy — 3%y — ).

We observe that the above systems via the transformation

1 m—+w
X1 =——X
w 3w

2

1
’ yl:_ay/ = tw

can be brought to the system
x= —2x*(x—1), y=y2x—3x*—y?).

This system is contained in the family (3.59) for u = —3 and s = 0. Since systems (3.59) in
the case s = 0 possess the unique configuration of invariant line given by Config. 7.17b we
conclude that Proposition 3.37 is true also in the case {; < 0 and {5 = 0.

b) The case {1 > 0. This implies A < 0 and we may set A = —3w? < 0. So we obtain
¢ = (v* — 3w? — 4m?) /6 and this leads to the family of systems

%= (m+v—3x)[9w* + (—2m + v+ 6x)%| /54,

3.89
v = — y(2m* 4 v* 4 3w? — 12mx + 18x* + 6y%) /6, %)

for which we examine two subcases: v # 0 and v = 0. These conditions are governed by the
invariant polynomial {4 = —0%(13x% + 3y?).
b.1) The subcase {4 # 0. Then v # 0 and via the transformation

2 2
v 3v

=2y, =t/
v
after the additional setting of the parameter 2 = w/v # 0 systems (3.89) can be brought to the
systems
x= —2x[(x —1)*+a%], y=y(—2-2a"+4x—3x* — 7). (3.90)

So we get a subfamily of systems (3.61) defined by the conditions # = —3 and s = 0. We
observe that systems (3.61) in the case s = 0 possess 2 configurations: Config. 7.18bif u+1 < 0
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and Config. 7.19b if 1 +u > 0. However for systems (3.90) we have 1 +u = —2 < 0 and
therefore we obtain the unique configuration Config. 7.18b.

b.2) The subcase {4 = 0. Then v = 0 and since w # 0 in this case we apply to systems (3.89)

the transformation
2 2m
X =——XxX——,
w 3w

obtaining the following system

y)
yi=-—y h= tw? /4

¥= —2x(1+x%), y=-y(2+3x*+v?).

which is contained in the family (3.63) for © = —3 and s = 0. Since for this system we have
Dy =0,01 > 0,04 =0and D; = —8 < 0, according to Proposition 3.26 we deduce that the
above system possesses the unique configuration given by Config. 7.20b.

c) The case {1 = 0. This implies A = 0 and considering (3.87) we obtain ¢ = (0> — 4m?)/6
and this leads to the systems

X = (2m —v—6x)*(m+v—3x)/54,
v = —y(2m? 4+ v* — 12mx + 18x* + 6y°) /6,

for which we calculate {y = —v%(13x2 + 3y?).
c.1) The subcase {4 # 0. Then v # 0 and via the transformation
2 2(m+0) 2 5
= Sx+ 5, ="y, h=t0/4
X1 x+ 30 n . Yy 1 v/
we arrive at the following system
x= —2(x—1)2%x, y=y(-2+4x—3x*—y?)

which belongs to the family (3.63) for u = —3 and s = 0 already examined. We observe that
systems (3.63) in the case s = 0 possess 2 configurations: Config. 7.22b if u +1 < 0 and Config.
7.23b if u 41 > 0. However for the above system we have 1 +u = —2 < 0 and therefore we
obtain the unique configuration Config. 7.22b.

c.1) The subcase {4 = 0. Then v = 0 and we get the systems
x=2(m—3x)%/27, y=—y(m*—6mx+9x*+3y*)/3

which via the transformation x; = x —m/3, y; =y, t; = t will be brought to the homoge-
neous systems
x= —2x%, y=—y(Bx*+v%).

This system belongs to the family (3.65) for # = —3 and s = 0 already examined and in the
case s = 0 it was determined that we have the unique configuration Config. 7.24b.
As all the cases are examined we deduce that Proposition 3.37 is proved. O

3.2.8 The statement (Ag)

We prove the following proposition.

Proposition 3.38. Assume that for a system (3.12) the conditions provided by the statement (Ag) of
the Main Theorem are satisfied. Then this system possesses one of the configurations of the invariant
lines presented below if and only if the corresponding conditions are satisfied, respectively:
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Dy #0,x5#0,03 <0 <& Config. 7.33b;
Dy #0,x5#0,03 >0 <& Config. 7.34b;
Dy#0,x5=0 & Config. 7.35b;
Dy =0, gz 7A 0, C5 <0 < CO?’lﬁg. 7.36b;
Dy=0,0,#0,05>0 <« Config. 7.37b;
Dy=0,0,=0 & Config. 7.38b.

Proof. As it was proved in the proof of the statement (A) of the Main Theorem the affine
invariant conditions provided by the statement (Ag) for the family of systems (3.12) lead to
the conditions (3.43) in the case D, # 0 and to the conditions (3.44) in the case Dy = 0. So we
consider two cases: Dy # 0 and Dy = 0.

1: The case Dy # 0. Then for the family of systems (3.12) the conditions (3.43) are satisfied
and we arrive at the systems

= 1 (gsx _ Lo
X = 6452(85x 31)(8gsx + 3lg + 8¢s) = 6452L1 L,’,

j = 2 2 22y b oo ) 5
Y= 2562 (OF +12Igs + 32¢s” + Is”) 6is (211 — 8gs + Is”)x + Ix
—+ é(:’}lzsz — 9l2 + 24.lgS + 64c52)y — %(lsz —3] — 4gs)xy _ SJCS . xzy . Sxyz . y3'
(3.91)
Next we investigate if the invariant lines Lgl) —0and Lgl) — 0 could coincide. So we calculate

Res, (LY, L{V) = 165(31g + 4cs) = 165

and since s # 0 we conclude that these two parallel invariant lines could coincide if and only
if 4 = 0. We determine that this condition is governed by the invariant polynomial xs
because for systems (3.91) we have

x5 = —(31g +4cs)(9 +s2)/18.

a) The case x5 # 0. Then u()) # 0 and due to gs # 0 via the transformation

2
_ 4gs 8y d4gs o dgs o [u!)]
X1 W X+ 2],[(1) ’ yl - W y 2]/[(1) ’ tl — 168’252 tl
after the additional setting of a new parameter a = —ig(—jf we arrive at the systems
x=ax(x—1), y=—ay+axy—sx’>—x*y —sxy> —y° (3.92)

for which we have x5 = 2as(9 +s2)/9 # 0, i.e. as # 0.
We determine that systems (3.92) possess five distinct invariant affine straight lines

Li:x=0, Ly:x=1, L3:y=—sx, Lss:y=Fix

and by Lemma 3.2 the line at infinity is of multiplicity 2. On the other hand these systems
possess the following six finite singularities:

M1 (0, 0), M2,3 (O,ﬂ:\/ —a ), M4,5(1/ :|:i), M(,(l, —S).
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We observe that the singular points M3 could be real (if a < 0) or complex (if a > 0), but they
could not coincide due to a # 0. We draw attention to the fact that all these finite singularities
are simple, because three finite singular points coalesced with infinite singularities.

Indeed considering Lemma 2.7 for systems (3.92) we calculate

o= =p2=0, pz=a(sx+y)(x*+y?) #0.

So by Lemma 2.7 (see statement (i)) considering the factorization of the invariant polynomial
us we deduce that one real finite singular point coalesced with the real infinite singularity
N[1 : —s : 0] which becomes of the multiplicity (1,1) (see Remark 1.4). And simultaneously
two complex finite singularities coalesced with the complex infinite singularities located at the
intersection of the complex lines y = +ix with the line at infinity Z = 0 (however according
to Definition 1.2 of a configuration, we do not consider the complex singularities).

On the other hand all the invariant lines of systems (3.92) are fixed, except for the invariant
line L3 : y = —sx. Moreover we will determine according to our Convention (see page 8) the
position of this line with respect to the complex lines Ly 5 : y = =ix . Since s # 0, according to
Remark 3.27 the invariant line y = —sx does not coincide with the projection of the complex
invariant lines y = +ix on the plane (x,y).

We remark that the singular point M; (0, 0) is a point of intersection of four invariant lines:
L1, L3, Ly and Ls and that in the case 2 < 0 the real singular points M3 (0, +v/—a ), located
on the invariant line x = 0, are symmetric with respect to the origin of coordinates. As a result
we arrive at the following two distinct configurations of invariant lines for systems (3.92) with
as # 0: Config. 7.33b if a < 0 and Config. 7.34b if a > 0.

On the other hand for systems (3.92) we calculate {3 = 2a%s%(9 + s%)2/81 and hence
sign (a) = sign ({3). So we deduce that systems (3.92) possess the configuration Config. 7.33b
if (3 < 0 and Config. 7.34b if {3 > 0.

(1)

b) The case x5 = 0. This implies u) = 0 and this means that the invariant line L;
coalesces with Lgl) and we have a double invariant line in the direction x = 0. The condition
u) = 0 yields 31g +4cs = 0, i.e. ¢ = —31g/(4s). In this case systems (3.91) can be brought

via the transformation

X ! X 31 y L y+ t gzt
1=_X—oo =Y+, h=g1
§  8gs g &
to the family of systems
X =x% y=xy—sx—x’y—sxy>—y° (3.93)

with s # 0 (due to Dy # 0). We determine that the above systems possess four distinct
invariant affine straight lines

Lip:x=0, L3:y=—sx, Lss5:y = *ix.

We observe that the line x = 0 as well as the line at infinity are of multiplicity 2 (see Lemma
3.2). On the other hand these systems possess the unique singularity M;(0,0) which is of the
multiplicity six. Indeed considering Lemma 2.7 for systems (3.93) we calculate

po=pm1=p2=0, pz=(sx+y)(x¥*+y>) #0, ps=ps=pe=py=ps=po =0,

Therefore by Lemma 2.7 (see statement (ii)) the above finite singularity has multiplicity six.
On the other hand by the same arguments which we provided for systems (3.92) we deduce
that the infinite singularity N[1: —s : 0] is of the multiplicity (1,1).
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So taking into account the condition s # 0 and Remark 3.27 as well as the fact that all
the invariant affine lines of systems (3.93) intersect at the same singular point M;(0,0) (of
multiplicity 6) we arrive at the unique configuration Config. 7.35b.

2: The case D4y = 0. Then for the family of systems (3.12) the conditions (3.44) are satisfied
and we arrive at the systems

X = %(g —2m 4 2x)(2c — §* 4+ 2gm +2gx) = ngz)ng),

b 4 (3.94)
Y= 1(4C —3¢% 4+ 8gm — 4m?)y + 2mxy — x°y — y°.
We calculate
Resx(ng), Léz)) = 4(c — ¢* +2gm) = 4u?
and clearly the parallel invariant lines Lgl) = 0 and Lél) = 0 could coincide if and only if

2 =
U .
On the other hand for systems (3.94) we have (, = 288;4(2) and therefore the condition
1® = 0 is equivalent to {» = 0.

a) The case {» # 0. Then since ¢ # 0 (due to X1 = 2¢x?y/3 # 0) via the transformation

2
_ 8 gg-awm g [W?]
M= T e T el hE e b
after the additional setting of a new parameter a = —Vg(—; we arrive at the systems

x=ax(x—1), y=—ay+axy—x*y—y°.

So we get a subfamily of systems (3.92) defined by the condition s = 0 and considering the
investigation of systems (3.92) and Remark 3.27 we deduce that the above systems possess the
configuration Config. 7.36b if a < 0 and Config. 7.37b if a > 0.

We observe that in the case s = 0 the invariant polynomial {3 vanishes because it contains
as a factor s2. In this case for determining the sign of the parameter a we apply the invariant
{5 that for the above systems has the value {5 = —1444°. Hence we have sign (a) = —sign ({5)
and consequently we get the configuration Config. 7.36b if {5 > 0 and Config. 7.37b if {5 < 0.

b) The case {» = 0. Then ‘u(z) = 0 and this means that the invariant line ng) coalesces with

ng) and we have a double invariant line in the direction x = 0. The condition u(?) = 0 yields
¢ = g(g —2m) and then systems(3.94) via the transformation

X —2m
_x, g-—2m

_Y _ 2
xl_g 2g ’ yl_gy/ tl—g £

can be brought to the system

t=2 y=xy—xy—y’,
which belongs to the family (3.93) defined by the condition s = 0. Considering Remark 3.27
we deduce that the above system possesses the configuration Config. 7.38b.
Since all the cases are examined we conclude that Proposition 3.38 is proved. O
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3.2.9 The statement (Ag)
We prove the following proposition.

Proposition 3.39. Assume that for a system (3.12) the conditions provided by the statement (Aq) of
the Main Theorem are satisfied. Then this system possesses one of the configurations of the invariant
lines presented below if and only if the corresponding conditions are satisfied, respectively:

Dy #0,09 <0 <« Config. 7.39b;
Dy #0,09 >0 <& Config. 7.40b;
Dy=0,09<0 <« Config. 7.41b;
Dy=0,09>0 <& Config. 7.42b;

Proof. According to the proof of the statement (A) of the Main Theorem the affine invariant
conditions provided by the statement (Ag) for the family of systems (3.12) lead either to the
conditions (3.47) in the case D4 # 0 or to the conditions (3.49). So we examine these two cases.

1: The case Dy # 0. Then we have the conditions (3.47) and in this case we arrive at the
systems

X =cx— 3l
8’
y= : (91% 4- 32cs? + 1%5%) — £(21 + %) x + L(31252 — 912 + 64cs?) y
25652 64s 6452

4+ 1x% — 415(52 —3) xy —sx® — x%y — sxy? — .

For these systems we have
X2 = 4cx®(sx +y) (x* +y*)[(3s — 1)x® + 8sxy + (3 —s%)y?| /3, Dy = 2304s(9 + %)

and therefore the condition x»Ds # 0 implies cs # 0. Then the above systems could be
brought via the transformation

to the following family of systems

X=cx, y=cy—sx’—x’y—sxy’—y° (3.95)
with ¢s # 0. We determine that systems (3.95) possess four distinct invariant affine straight
lines

Li:x=0, Ly:y=—sx, L3s:y=Fix.

Moreover the line at infinity has multiplicity 3 (see Lemma 3.2, statement (iii)). On the other
hand these systems possess the following three singularities:

M1(0,0), M3 (0, £/ )

and the singular points M, and M3 could be real (if ¢ > 0) or complex (if ¢ < 0). We draw
attention to the fact that all these finite singularities are simple, because six finite singularities
coalesced with infinite singularities.
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Indeed considering Lemma 2.7 for systems (3.95) we calculate

mo=m=po=pz=ps=ps =0, pe=—C(sx+y)*(x*+y>)*#0.

So by Lemma 2.7 (see statement (i)) considering the factorization of the invariant polynomial
ue we deduce that two real finite singular point coalesced with the real infinite singularity
Nj[1 : —s : 0] and this infinite singularity becomes of the multiplicity (2,1) (see Remark
1.4), whereas four complex finite singularities coalesced with complex singularities at infinity.
More exactly, two of them with N[1 : +i : 0] and other two with N[1 : —i : 0]. However
according to Definition 1.2 this fact is irrelevant for a configuration.

So taking into account our Convention (see page 8) and the fact that all the invariant affine
lines of systems (3.95) intersect at the same singular point M; (0, 0) (of multiplicity 6) we arrive
at the following two configurations:

Config. 7.39b < ¢ > 0; Config. 7.40b < (c <0).

On the other hand for systems (3.95) we calculate
Go = —2¢x[(3s> = 1)x% + 8sxy + (3 — s2)y*]*/27

and hence sign ({9) = —sign (c). Therefore we get Config. 7.39b if {9 < 0 and Config. 7.40b if
{9 > 0.

2: The case Dy = 0. Then s = 0 and in this case the conditions (3.49) hold for systems
(3.12). In this case we arrive at the systems

X= —cm+cx, Y= (c—mz)y+2mxy—x2y—y3

applying the transformation (x,y,t) — (x +m,y,t) we arrive at the systems (3.95) with s = 0.

Thus considering our Convention (see page 8) and the sign of the invariant polynomial {9
we arrive at the configuration of invariant lines given by Config. 7.41b if {9 < 0 and by Config.
7.42b if {9 > 0. This completes the proof of Proposition 3.39. O

Since all the cases provided by the statement (A) are examined we conclude that the
statement (B) of the Main Theorem is proved completely.

3.3 Geometric invariants and the proof of the statement (C)

In this subsection we complete the proof of the Main Theorem by showing that all 42 con-
figurations of invariant lines we constructed are non-equivalent according to Definition 1.3.
For this we define the invariants that split the configurations of this family into the 42 dis-
tinct ones. We would like these invariants to be among those best suited for describing the
geometric phenomena that are specific to this class.

The basic algebraic-geometric definitions of use here are the notion of an integer valued
r-cycle and its type i.e. we take G = Z in the Definitions 1.5 and 1.6 and we have:

Definition 3.40. Let V be an irreducible algebraic variety of dimension n over a field K. A
cycle of dimension r or r-cycle on V is a formal sum Yy m (W)W where W is a subvariety of V
of dimension r which is not contained in the singular locus of V, m(W) € Z, and only a finite
number of m(W)’s are non-zero. We call degree of an r-cycle the sum Y ;. An (n — 1)-cycle is
called a divisor.
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Definition 3.41. We call type of an r-cycle the set of all ordered couples (11,1,) where n; is
a coefficient, n; = m(W) appearing in the r — cyle and n; is the number of W’s in the cycle
whose coefficient is m(W).

We denote the type of an r-cycle C by 7 (C). We use the following notations:

(S) is a system (2.1) such that ged(P(x,y),Q(x,y)) =1 } _
and max (deg(P(x,y)),deg(Q(x,y))) = ’

(S) possesses at least one invariant affine line or }
the line at infinity with multiplicity at least two

cS = {(5)

CSL = {(5) € cs‘

Notation 3.42. Let

P(X,Y,Z) = po(a)Z* + p1(a,X,Y)Z + pa(a,X,Y);
QX,Y,Z) = q0(a)Z% + q1(a,X,Y)Z + q2(a, X, Y);
C(X,Y,Z)=YP(X,Y,Z) — XQ(X,Y, Z);

o(p.q) = {w € R*)| p(w) = q(w) = 0};
( ) Z N Iw(ﬁr Q)wl
weo(P,Q)
Ds(C,Z)= Y L(CZw if Z{C(XY,Z);
we{Z=0}
Ds(P,Q;Z) = Y, IL(P,Quw
we{Z=0}
Ds(P,0.2)= ¥ (L(C2Z), L(P,Q)w
we{Z=0}

where I,(F, G) is the intersection number (see [19]) of the curves defined by homogeneous
polynomials F, G € C[X,Y, Z] and deg(F),deg(G) > 1.

The set o(p, q) is thus formed by the finite (or affine) singularities of a polynomial system
defined by p(x,y),q(x,y). The multiplicity of a finite singular point w is the number I, (p, q)
which is the intersection number of the affine curves defined by p and g. The total multiplicity
of a point at infinity, i.e. located on Z = 0 is I,(P, Q) and it is the sum I,,(C, Z) + I,(P, Q)
of the two multiplicities appearing in the last divisor above. A complex projective line uX +
vY + wZ = 0 in P»(C) is invariant for a system (S) if it either coincides with Z = 0 or it is the
projective completion of an invariant affine line ux 4+ vy +w = 0.

Notation 3.43. Let (S) € CSL. Let us denote
_ l is a line in P»(C) such )
IL(S) = { ! ‘ that / is invariant for (S) |~

M(1) = the multiplicity of the invariant line ! of (S).
In defining M(I) we assume, of course, that (S) has a finite number of invariant lines.
Remark 3.44. We note that the line Ly, : Z = 0 is included in IL(S) for any (S) € CSL.

Assuming we have a finite number of invariant lines, let [; : fi(x,y) = ax +by+c =0,
i =1,...,k, be all the distinct invariant affine lines (real or complex) of a system (S) € CSL.
Let L; : Fi(X,Y,Z) = aX +bY + cZ = 0 be the complex projective completion of I;. Let M;
be the multiplicity of the line L; and let M be the multiplicity of the line at infinity Z = 0.
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Notation 3.45.
G:[[7R XY, 2)MzM=0; SingG = {w € G | wis a singular point of G} ;
i

m(w) = the multiplicity of the point w, as a point of G.

We call G the total curve.

Suppose that a system (2.1) possesses a finite number of invariant lines Ly, . .. Ly, including
the line at infinity. Sometimes it is convenient to consider in our discussion a number of
these invariant lines say L;,...L; of a system (S). We call marked system (S) by the lines
Li,,...L; the object denoted by (S,L;,...L;) of the system (S) in which we singled out the
lines L;,,...L;. We shall consider invariants attached to such marked systems.

Because in this paper we are concerned with triplets of parallel lines, the affine plane clearly
plays an important role. This needs to be reflected in our choice of invariants. We now define
an invariant that captures the most basic geometric distinctions of the configurations in this
family:

Definition 3.46. Let M be the ordered couple (Mg, M(ls)), where Myg is the maximum
multiplicity of the invariant affine lines of the system and M(ls) is the multiplicity of the line
at infinity. Clearly M is an invariant.

Using M we split the 42 configurations in 6 classes: three with M(ls) = 1 and three with
M(le) > 1.

We describe now the way the invariant M captures the geometry of the configurations
related to the parallel lines by letting M run through all its six possible values: the generic
case and five limiting cases:

M = (1,1) This is the generic case with 3 (distinct) parallel lines;

M = (2,1) is a first limit case of the preceding one, where two of the three parallel lines
coalesced yielding just two parallel lines, one of them double;

M = (3,1) is a second limit case where the three parallel lines coalesced yielding a triple
line;

M = (1,2) is a third limit case where a line of the triplet coalesced with the line at infinity
yielding a double line at infinity;

M = (1,3) is a fourth limit case where two lines of the triplet disappeared at infinity
yielding a triple line at infinity;

M = (2,2) is a fifth limit case when one one line of the triplet went to infinity and the
other two lines of the triplet coalesced.

It is clear that we also need to define invariants that relate to the real singularities of the
systems located on the configurations. We first observe that all the real singularities of the
systems are located on the invariant lines of the configurations, occasionally even on a single
line.

We encapsulate in two zero-cycles CX. ¢ = Lo vV(w)w and CR =y, m(w)w the multiplicity
properties of the real singularities of the systems located on the configurations. In the first
cycle we denoted by v(w) the multiplicity of the real singular point w and in the second cycle
we denoted by m(w) the multiplicity of the real singular point w this time regarded as a
simple or multiple point of the total curve G. We denote their respective types by T& o and
7'g]R. In view of the geometry of the systems we actually only need to consider the restriction
of these two invariants on the affine plane and we denote them by Tsﬁzﬁ and 7;1{’”/7 . If anyone
of these two invariants, say ’TQ]R’”ﬁ yields the same value for two or more configurations, to be
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7—[{”in -0
7—QRL, = {(0,0) f—> Config. 7.6b
> Lm U 7— n _
Tsing = {11} > Config. .15
'Tgle = {(471) ﬁ) Config. 7.8b
L 5 Config. 7.20b
75 1, = {(0,0)} i
Toa = (0,1, 2,1 [ > Config. 727
R, ={(2,1),(3,1
To.n =21, 6, )}= Config. 7.30b
T<=(3,2,1
M Config. 7.25b
75, ={0,0} |72 =(3,1,2
6.1, ~ (0,08 <=G1 )> Config. 7.26b
’ T3 ={(1,1),(2,1), 3, 1)} == @300 config. 7,280
T =(3,2,1) Config. 7.29
———22% Config. 7.2
T3, ={1L1), 21,60} 7, = 3,1,2) §
M=(11) » Config. 7.31b
== G300 Config. 7.92
a L= 20 7.
Fing = (1,3) o —
a L —
7—gR ff :{(1> 2), (4, D} —bﬁm : Config. 7.19b
75 r,=1(1,2) (471)}‘TﬁT’ Config. 7.9b
L 5 Config. 7.21b
7—Lfin =0 ,
7§ =21} Config. 7.3
T =1{(2,2),(4,1)} : Config. 7.15b
2r2co0 Efm =0
CSL(3,1,1,1) TgRL ={(4,1)} : Config. 7.4b
> m B 7—[{”1n -1
Config. 7.16b
7—5m -0
Tor,={(12),4 1)}f—> Config. 7.1b
a T =
Tsﬂingff ={(1,5)} Tfm—LO—> Config. 7.13b
7=
TR ={(2.1)} —— Config. 7.2b
M) Frm ()
> Config. 7.14b
M=(3,1)
—
M=(1,2)
——"""3 next page
M= (1,3)
—
M =(2,2)
R e

Figure 3.1: Diagram of non-equivalent configurations

able to distinguish we shall need to restrict its value to a single affine line L and in this case

the resulting invariant will be denoted by 773 .

Assume that for a marked system (S, L;, L., L;) with a real invariant line L, and a complex
invariant line L, together with its conjugate line L. these three invariant lines intersect at the

same real point which could be finite or infinite.

Considering our Convention (see page 8) we define an invariant 7'Lﬁn for such marked
systems (S, Ly, L, L¢) in the case when the intersection point is finite:

’TLﬁ" = 1if and only if the real invariant line L, coin

cides with the line R(L., L;) : y = ax+c¢
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7—[{‘in -0
%ﬂfhc;ff: {(1 1)7 (2 1)} fzn—) COnﬁg 7.10b
M=(2,1) 75,—_> Config. 7.22b
m — 0
L
Tsing” = {(1 1), (6 1)} ————> Config. 7.5
T =1
L+> Config. 7.17b
7-szn -0
Tanl = {(1 3), (2 1)} — > Config. 7.1}
T =1
L > Config. 7.23b
7-g'in -0
M =(3,1) f—> Config. 7.12b
T/ =1
S Config. 7.24b
R, aff T/ =0
CSI,272c0 7?5'1'@ ={(1,2)} —— Config. 7.34b
(37171:1) sz’n, — 1
M= (1,2) —PTfm 0 Config. 7.37b
a L =
7:?]R;Lgff: {14} i » Config. 7.33b
721271 — 1
- » Config. 7.36b
N 7~gzn -0
%iﬁsz ={(1,1)} —Pf, Config. 7.40b
T/ =1
M=({,3) L—P Config. 7.42b
Roaff 7—[{”171 -0
Toing” = {(1,3)} — Config. 7.39b
7— m —
L5 Config. 7.41b
M =(2,2) f—> Config. 7.35b
T/ =1
S Config. 7.38b

Figure 3.1 (cont.): Diagram of non-equivalent configurations

defined in our Convention on page 6;

T{m = 0 if and only if the the real invariant line L, does not coincide with R (L., L.).

Let us now consider the generic case M = (1,1) which is the more complex one. This class
contains 30 configurations i.e. all Config. 7.jb with j < 32 with two exceptions: Config. 7.12b and
Config. 7.22b. To distinguish the corresponding configurations the first one of the invariants we

use is TS]I;’gﬁ and its values for this class are: 7;%2]? H(L,D}L{(A,1),2,1)},{(1,3)}, {(1,5)}.
For the second case we then only need to apply Tg]l,sz while for the first and last case to

distinguish further the configurations we need to apply first 7-Q]I,{Lm' where L;, is the middle

line in the triplet of parallel lines and secondly the invariant 7'Lﬁ". In the third case, i.e.

7'5151’? = {(1,3)} we first use 7'QR’”ff which has three values and for two of them 7'9111'” together
with T{m distinguish the configurations. For the value 7’g]R'aﬁ ={(1,1),(2,1),(3,1)} we need
a new invariant which we denote by 7~ and define as follows:

We first observe that for all six configurations occurring for TglR’aﬁ ={(1,1),(2,1),3,1)}
all real affine singularities are located on a single real affine line and they are three in number
determining a closed interval on this line. Based on this observation we introduce this new
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invariant. We consider these three real singular points and their associated multiplicities as
simple or multiple points of the curve G. We first note that the maximum multiplicity of the
three points in all six cases is either 3 or 4 and this maximum multiplicity corresponds to a
uniquely determined point. We then list the multiplicities m(w) in an ordered sequence in
the following way. If we have an end point of the segment determined by the three points
which is of maximum multiplicity, we initiate the sequence with its multiplicity and we folow
with the multiplicity of the middle point and end with the multiplicity of the other end point
of the segment. If none of the end points has maximum multiplicity then we start with
the multiplicity of the end point of maximum multiplicity among the two and follow with
the multiplicity of the middle point and finally with the multiplicity of the other end point.
In case the two end points have equal multiplicity we start with the common multiplicity
followed by the multiplicity of the middle point and end with the common multiplicity of the
end points. This order is clearly preserved as the multiplicities are preserved. So this is an
invariant which we denote by 7~. The case %R’”ﬁ ={(1,1),(2,1),(3,1)} is the only one where
this invariant occurs. For the remaining values of M to distinguish the configurations the two
invariants 7;{;’?7 and Tiﬁn do the job as we see in the bifurcation diagram for the configurations
which gives all the explicit calculations of the invariants (see Figure 5).
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