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Abstract. In this paper, we study the following Schrodinger-Hardy system

2
—Agu — yr(lqu =F,(&u,v) inQ,

y? .
ol = F, (& u,v) inQ,

u=v=20 on d(),

—Agv —v

where () is a smooth bounded domain on Carnot groups G, whose homogeneous di-
mension is Q > 3, Ag denotes the sub-Laplacian operator on G, u and v are real
parameters, r(¢) is the natural gauge associated with fundamental solution of —Ag on
G, ¢ is the geometrical function defined as i = |Vgr|, and Vg is the horizontal gradi-
ent associated with Ag. The difficulty is not only the nonlinearities F, and F, without
Ambrosetti-Rabinowitz condition, but also the hardy terms and the structure on Carnot
groups. We obtain the existence of nonnegative solution for this system by mountain
pass theorem in a new framework.
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1 Introduction and main results
In this paper, we consider the following Schrodinger-Hardy system
2
—Agu — yr(lpT)zu = F,(&u,0) in Q,
—Agv — v%v = F,(&,u,v) inQ, (1.1)
u =0 = O on aQ,

where () is a smooth bounded domain on Carnot groups G, whose homogeneous dimension
is Q > 3, Ag denotes the sub-Laplacian operator on G, y and v are real parameters, r(¢) is
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the natural gauge associated with fundamental solution of —Ag on G, ¢ is the geometrical
function defined as ¢ = |Vgr|, and Vg is the horizontal gradient associated with Ag. The
difficulty in this paper is not only the nonlinearities F, and F, without Ambrosetti-Rabinowitz
condition, but also the hardy terms and the structure on Carnot groups.

In the context of stratified groups, the problem has been intensively studied in last decades,
starting with the pioneering papers [21,22]. In particular, a number of literatures are related to
Heisenberg group, such as [4,15,16,23,35,36] and references therein. Only few results concern
the general Carnot setting. For related topics, see [2,3,11,31,37] and references therein.

We mention that Ferrara et al. [17] obtained the existence of a weak solution for the fol-
lowing problem

—Agu=Af(§u) inQ,
u=~0 on d(),

where () is a bounded domain of G, A > 0 is a real parameter, and f is a subcritical nonlin-
earity. For critical exponent subelliptic problem,

~Agu=|ul* 2u+f inQ,
{ u=20 on o), (1.2)
with 2* = % When f = 0, problem (1.2) does not admit any nonnegative non trivial

solution on star-shaped domain, see [21,22]. If () is a bounded domain of G, Loiudice
[27] established the existence of positive and sign changing solutions for f = Au, extend-
ing the famous Brezis-Nirenberg results [8] to the subelliptic Carnot setting. Subsequently,
by Nehari manifold and Ekeland variational principle, Loiudice [32] considered the general
non-homogeneous problem (1.2) and proved the existence of at least two positive solutions,
provided that non-homogeneous term f satisfies suitable assumptions.

Concerning the problem for sub-Laplacian operator involving critical Hardy-Sobolev non-
linearity

{ —Agu = %|u|2*(“)*2u +Au inQ,
u=20 on dQ),
where () C G is a bounded domain, 0 < a < 2, 2*(a) = 2(3:2“ ) is the critical Sobolev-Hardy
exponent, Loiudice [29] proved that if A = 0, there is no nonnegative nontrivial solutions
when Q) is a bounded star-shaped domain about the origin with respect to dilations of the
group. Also, the existence of solution was established provided that A > 0.

For more general nonlinearity with Hardy type potential, that is

2 .
—Agu — ,ur(%zu = f(&u) in Q, (13)
u=20 on 0Q),

where Q) is an open subset of G, 0 € Q, 0 < u < (22)?, the function f satisfies f(& u) <
C(Ju| + [u* 1), V(&,u) € QxR and C > 0 is a constant. By L? regularity of solutions
and Moser’s iteration, Loiudice [30] showed that any positive solution of (1.3) has a stronger
singularity as p — (%)2 When f is a purely critical nonlinearity, that is f(u) = |u|* ~2u,
the behavior of solutions at origin shows the decay of solution at infinity by Kelvin transform
on R" in Euclidean setting. However, this technique fails in Carnot group, because there does
not exist a suitable inversion with good conformal properties. We point out this technique is
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true for a special subclass of stratified groups, that is the Iwasawa-type groups H. Loiudice
[28] showed that if u € S}(Q) is a solution to

2
—Apu — yr(llé)zu =ul* ?u inQ,

there is C; > 0 such that

u(&)| < Cir(&) VI VITE - for r() large.
Moreover, if u is positive, there exists C; > 0 such that

()| > Cor(&)VIH—VIRTE  for r(&) large,

where S}(Q) is the Folland-Stein space, defined as the completion of C§°(Q)) with respect to
the norm

1
ullsiia) = (/Q |VG”|2d€>2,

and pp = (%)2 is the best constant in Hardy inequality on Iwasawa-type groups,
2

- / e |u]
H' r(8)?
and it is never attained, some more details can be seen in [5,10]. Moreover, this result was
extended to the whole Carnot groups in [33] by using different methods, and Loiudice in-

vestigated the existence and nonexistence for subelliptic Brezis—-Nirenberg type problem as
follows

4 < [ [VuuPdg, vue CF(H),
H

—Agu — y%u =u¥ 14 Ay inQ,
u=~0 on o).

Concerning the results in the whole Carnot group, Zhang [39] considered the following
equation
o
—Agh = Mf@)a @2+ BF(@)[ulP2u inG,
where A, B > 0 are parameters, 0 < a < 2, Zhang proved the existence and multiplicity
of solutions by variational methods and the theory of genus. Concerning multiple Hardy
nonlinearities, Zhang [38] proved the attainability of best Sobolev—Hardy constant of

2
Jo |Vul2dg — u o 58 uldg
ey
(Jo ol @dg) ™™

Moreover, as an application, by variational methods and local compactness of Palais-Smale se-
quences, Zhang obtained the existence of nontrivial weak solution to the following singularity
sub-elliptic equation and system

Sy,[x = il’l
ueSHG)\{0}

2 L, B,
—Agu - ulf(%)z U= 1’:8 > ()20 4 ’f((g))ﬁ u¥ )2 ing,
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and

((é))i W r((@)):‘
Here = Helel W R0+ S e [ul o o inG,

{ —AGM—“I/llf(é)ZM — ¢(§)%‘u|2*(o¢)—2u_‘_ Ay ¢(§)a|u|ﬂ—2u|v|6 in G,

—Agv —

where 0 < o, B < 2and 77, 6 > 1 with y +6 = 2*(a), A > 0 is a parameter. Further,
the problems with Hardy potential have been considered by [24] and [6,7, 34, 35] for Hardy
nonlinearity in Heisenberg group. In particular, we mention that Bordoni and Pucci [6] first
proved the existence of nontrivial nonnegative solutions of the Schrodinger system including
multiple critical nonlinearities and Hardy potentials in Heisenberg groups.

In order to deal with (1.1), we introduce the Sobolev-type inequality: there exists a positive
constant C > 0 such that

o

where 2* is the critical exponent for Ag, the embedding S}(Q)) < L9(Q) is compact for
1 < g < 2% but only continuous for g = 2*, and the Hardy-type inequality is: for every
u € Cy(Q), there holds

2gE < c(/Q vaqug)z;, Yu e CP(Q), (1.4)

(5 (o) < f st .
Q

where (%2)2 is the optimal constant but never attained (see [12,20]). (1.5) is first proved by
Garofalo and Lanconelli [20] in Heisenberg group, then, D’Ambrosio [12] extended this result
to all Carnot groups. Moreover, the best Hardy constant K > 0 of (1.5) is given by

2
ues@uzo  ullf

2
with ||u||;:/m("é)z|u|2dg. (1.6)

Now, let us define a suitable solution space W = S}(Q) x S}(Q), which is a separable,
reflexive Banach space and endowed with the norm

S

I o) = (Il + Io1%q)) (17)

we denote

==

oy = ( [ 1worag)’ = ([ 162+ o)),

for1 < p < oo, and let

2
PO (C71)] N

(wo)ew\{00)} || (1, 0)|13
Throughout the paper, we assume that F(&, u,v) : Q x R?> — R is continuous, F(¢,0,0) = 0
in (), and it satisfies the following assumptions.

(f1) The partial derivatives F,, F, € C(Q x R?), F(,u,v) > 0 in Q x R%. Moreover, for each
e,
ifu<O0andv € R,
Fu(G,u,0) = 0{ ifv <0and u € R.
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(f2) There exists s € (2,2*) and A € [0,A*), then for each € > 0, there is a constant Cc > 0
such that

|[Fu(&,w)] < (A+€)|w| + Celw]*,
for every (¢,w) € QO x R%, w = (u,v), |w| = Vu? + 02, where F,, = (F,, F,).

(f3) | l‘im % = oo, uniformly in Q.
w|—00

(fa) Forany w = (u,0v) € RT x RT and 0 < T < 1, there exists a nonnegative function ¢ €
L}(Q) and a constant Cg > 1 such that H(&, tw) < CpH(&, w) + g(&), where H(¢, w) =

Fy (&, w)w — 2F (¢, w).
The main result can be stated as follows.

Theorem 1.1. Assume that F satisfies (f1)—(fa). Then (1.1) has at least a nonnegative solution
(u,v) € W forany u, v € (—o0, ) such that
27

-~ 1.
©-5>0, (1.8)

where A € [0,A*), ® = min {1 — %, — %}, ut =max{0,u} and vt = max{0,v}.

In this paper, the main difficulty is that the energy functional does not satisfy Palais—
Smale condition since the nonlinearities F, and F, loss the Ambrosetti-Rabinowitz condition,
see also [14,25,26]. It should be mentioned that the (fs) plays an important role in proving
the boundless of Palais-Smale sequence.

The rest of the paper is organized as follows. In Section 2, we recall the main notations
and definitions related to the Carnot groups, and present some preparatory results. In Sec-
tion 3, we prove that the energy functional satisfies the mountain pass geometry structures.
In Section 4, we obtain the compactness theorem and prove the main result. Finally, we show
two lemmas in Section 5.

2 The functional setting of Carnot groups

We briefly recall the definitions and notations related to the Carnot groups functional setting.
For a complete treatment, we refer to [5,18,19].

2.1 The Carnot groups

A Carnot group is a homogeneous group, denoted as G = (R", o, §), whose Lie algebra g is
stratified, that is, g = @;_; V;, where r > 0 is a integer number and called the step of G, g is
the Lie algebra of left invariant vector fields on G, V; is a linear subspace of g,i =1,...,r, and
satisfies

dimV; =un;, fori=1,...,r,
(V1,Vi] =Viyq, for1 <i<r-—1, and [V3,V;] = {0}.

From these, we can see that [V}, V] stands for the subspace of g generated by the commutators
[X,Y]with X € V}, Y € V.
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In fact, (R",0) is a Lie group equipped with a family of group automorphisms (namely
dilatations) § := {6y },>0 such that, for every 5 > 0, the map

617 : ll[Rnl — IL[Rni/
i=1 i=1

shows that 5,](6(1),...,6(’)) = (g&EW,52¢®@, . .., y7E"), where &) € R%, i = 1,...,r, and
Y 1n; = n. The structure G = (R",0,F) is called a homogeneous group, and Q = dim;,G :=
Y r_q kny is called the homogeneous dimension of G. In this paper, we pay attention to dim;G > 3.
In particular, G is the Euclidean space provided that dim;,G < 3,ie. G = <]Rdith’ +).

Let {X]'}]r.‘;1 be a basis of V;, then the associated subelliptic operator Ag is given by

Ag:=)_ X7,

j=1

ni
which is the second order differential operator on G. Here, 17 is the dimension of the first
step, moreover, the subelliptic gradient is Vg := (X3, Xa,..., Xy,). As proved in [18], there
exists a suitable homogeneous norm r(¢), called gauge norm, such that I'(§) = r(@% is the
fundamental solution of —Ag, where C > 0 is a constant. By definition, a homogeneous norm
is any continuous function from G to [0, 4-00) such that for 7 > 0, { € G, r(5,(¢)) = n7(Z),

r(&1) =r(&), r(¢) = 0 if and only if ¢ = 0.

2.2 Functional setting and preliminary results

In this subsection, we present some useful results and comments, (1.1) has a variational struc-
ture and the Euler-Lagrange functional I, : W — R is given by

1 1 v
B (1,0) = By ) + 5 1013y ) = 5 10l = S0ely = [ (@002,

for all u,v € W. Indeed, I,,, is well defined and be of class C! (W) under the assumptions (f1)
and (f2). A function (u,v) € W is a weak solution of (1.1) if holds

(1, @) + (0,%) — {1, @)y — v{0, ¥)y = / (Ful@ u,0)® + Fu(& u,0)¥) g,

Q

for every (®,¥) € W, where

(u, @) = /Q(VGM,VGCD)CI@ (v, ¥) = / (Vgo, Vg¥)dg,

0
2 2
(U, @)y = /Q r(llé)zuq)déj, (0,¥)y = /Q r(l/:?)zv‘f’d(f.

Moreover, for all (u,v) € W, there holds
(L (w,0), (D,)) = (u, @) + (v,F) — p(u, @)y —v(v, ¥)y
—/ (Fu((j, u,v)® + F, (¢, u,v)‘P) d¢, forevery (®,¥) € W.
Q

Therefore, the weak solutions of (1.1) are exactly the critical points of I, , .
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Lemma 2.1. The embedding W — L1(Q)) x L1(Q) is continuous for 1 < g < 2* and ||(u,v)||; <
C;H(u,v)Hfor all (u,v) € W and C; > 0 is a constant.
Proof. From [19], we know that S&(Q) — L1(Q)) for 1 < q < 2%, thus, there is C; > 0 such that
Jully < Cyllull gy and 1ol < Cylollsy o
Moreover, by (f2), (1.7) and a fact a + b < /2(a? + b?) for each a,b € R, there holds

1w, 0)llg = [IVu? + 02y < [/ (+0)2 g < ully + ol

< Gyl + 10l syy) < Cay /2000y ) + Ty ) = Cll(4,0) -

This proof is finished. O

Lemma 2.2 ([1]). Let {(uy, vx)} C W be such that (uy, vy) — (u,v) weakly in W as k — oo, then
up to a subsequence, (uy, vy) — (u,v) a.e. in (Y as k — oo,

Lemma 2.3. Let Q) C G be a smooth bounded domain, then, the embedding W — L1(Q)) x L1(Q)) is
compact when 1 < g < 2*.

Proof. From [19], it holds that S} (Q) < L7(Q)) is compact for 1 < g < 2*, that is, if {u,} and
{vi} are bounded sequences in S}(Q)), then there exist u, v € W such that,

uy —u and vy —» v in L1(Q).
Hence, if {(uy, vx)} C W be a bounded sequence, we have
o 06) — (1,0 g < N =l + llox = olly — 0.
It follows that { (u, vg) } strongly in L7(Q)) x L7(Q)). O
In the following, we recall the definition of Cerami sequence and Cerami condition.

Definition 2.4. Let X = (X, || - ||) be a Banach space, X’ denotes its dual space, the functional
I: X — Rbe of C}(X).

(i) Cerami sequence: A sequence u € X is called a Cerami sequence if for every u; € X,
I(uyg) is bounded and (1 + |Jug||)||I'(ux)||lx — 0 as k — oo. In particular, ||I'(ux)||x» — 0 as
k — oo.

(ii) Cerami condition: A functional I satisfies the Cerami condition if any Cerami sequence
associated with I has a strongly convergent subsequence in X.

3 Mountain pass structure

In this section, the results concern the existence of Palais-Smale sequence for I, ,.

Lemma 3.1 ([9]). Let E be a real Banach space, T € C'(E) with Z(0) = 0. There are constants
p,T > 0and e € E with |le||g > p such that

inf Z(u) >t and Z(e) <O0.
l[ulle=p
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Then there is a Cerami sequence {uy} C E such that
T(ue) = ¢, (1+ [lulle) 11" (wi)lle = O,

where

¢ :=inf Z(vy(t)) > T,
inf max (r(t) =

and
I'={yeC([0,1,E) : 7(0) = 0,7(1) = e}.

The number c is called mountain pass level. If the functional T satisfies the Cerami condition at the
minimax level c, then c is a critical value of I in E.

We first show that the energy functional Z,,, satisfies the geometric structure required by
Lemma 3.1.

Lemma 3.2. Assume that (f,) holds, then there exist {, p > 0 such that
Ly (u,0) 24, if [[(u,0)] = p
Proof. Let us set x = min{(1 — %), (1— %)} and from (f,), we have
B (1,2) = 1l 0 + 1003y ) = 11l = S0l — [ F(&,,0)dg
AN 2 St "o S@Q) 2 L) 4 o) 7

1 5 ut 1 5 vt
> sl (1= %) + 3 1e130 (- %)

~ [ (GA+lo)P + Led o))

X 1 1

> X2y ) + 1013 0)) — 5 A+ €)1, ) I3 = SCell ,0)
X 2 1 2 1 s

> A _ i

> X (w,0) P - 5z A+ )l 0)| — SCeCyll(w,0)]

_ 1y Ate 2 s—2 2
> (0= 555 = SeCull o)) N, o) 2

where C; > 0 is a constant, K is given in (1.6) and s € (2,2*). Thus, if p is small enough such
that

A 2
- ;e - gCeCsps_z > 0,
it holds I, (u,v) > 3 (x — 45 — 2CeCsp°2)p? = ¢ > 0 for all (u,v) € W with [|(u,0)| = p.
We obtain this lemma. O

Lemma 3.3. Suppose that (f3) holds, then there exists (il,5) € W with ||(ii,7)|| > p such that
Ly (i,7) <O.

Proof. It suffices to prove that for a fixed (uo,v9) € W, I, (tug, tvg) — —oo0 as t — +oco. We
assume that (1,v) € W with compact support D.. From (f3), there are constants c1, ¢, 6 > 0,
such that for |u|, |v| > 6, one has

F(¢,u,v) > c1|(u,v)|2 > c1|(u,v)|2 — ¢y, for (u,v) € W.
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Now, choosing arbitrarily (19, v9) € W with up, vgp > 0, and || (1o, v0)|| = 1, hence, for all t > 0,
we set = = min{0, u} and v~ = min{0, v}, then

t2
Lo, to0) < = (ol 3y )+ l1oolidy ) = mloly = viiwoll3) = [ (erl (tuo, too) 2 — c2) e
t? _ _
< = (llnolZy ) + loolZy ) + e~ lmoll} + v lfoollf = 2¢1 ] (10, 20)113) + 2/Del-

If ¢ is large enough, there holds
0 < [l )+ 120l 0 + 1~ ol + I~ [l < 2ex ], w0) -

Therefore, we have I, , (tug, tug) — —oo as t — oo. Setting (1, 3) = (toug, toug) € W, such that
|(i2,9)|| > p and I, (i1, ) < 0. We obtain this lemma. O

4 Cerami sequence and existence of solutions

4.1 Cerami sequence

In this section, we give an analysis of Cerami sequence and prove that I, satisfies Cerami
condition.

Lemma 4.1. Assume that (f1)—(fs) hold, then for each y, v € (—oo, K), any Cerami sequence of I, ,
is bounded in W.

Proof. Let {(ux,vx)} C W be a Cerami sequence of I, ,, then, there exists £ > 0 independent
of k such that

’IV,V(M](, Uk)‘ < L forallk, (1 + H(uk, vk)\])I];,v(uk, Z)k> —0 ask — oco. 4.1)

Thus, there is 7, > 0 and 7, — 0 as k — oo, such that

(I, (g, vp), (@) < 1Tk||(q’/‘1’)||

T o) (@) EW. (4.2)

Let us set (®,¥) = (ug, vg), then

‘(“k, ug) + (v, vk) — p g, u)y — V{0k, Vk)p — /Q (Fu(C/ Uk, v )k + Fo (G, ug, Uk)vk) déf‘

Tl (e, 00 |

= (I, (ug, oK), (u, < <1 <C,
(L, (g, k), (g, ) | < T+ (g, 00| = T <

that is
- H”k”?g&(g) - ”Uk||?gé(0) + V””k”tzp +V||ka12p
n /Q (Fu((f, e, 00 ) iy + Fo (&, g, vk)vk>d§ <C. (43)

Now, we prove that (ug, v) is bounded in W. Suppose, by contradiction, ||(uy, vg)|| — oo
as k — oo. We define a sequence as (wy, zx) = (145,0%)

= ooy then, |(wg, z¢)|| = 1. By Lemmas 2.2
and 2.3, there exists (w,z) € W such that

(wk, zx) = (w,z) weakly in W,
(Wi, zx) = (w,z) strongly in L1(Q)) x L1(Q)) for g € [1,2%),
(wi, zx) = (w,z) a.e.in Q. (4.4)
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We divide the argument into several steps.

Step 1: We prove w > 0 and z > 0 a.e. in (). Let us set w, = min{0, w;} and z, = min{0, z},
then (w, ,z, ) is bounded because (wy, zx) in W is bounded. We choose (®,¥) = (w,,z, ) in
(4.2), it follows that

|<I;t,v(uk/ Uk)/ (w;,z;)ﬂ

for || (ug, vg)|| — oo.
el Ik o0l

o(1) =

Therefore, from (f;), the elementary inequality [a~— — b~ |> < (a —b)(a~ —b7), (a,b € R), (1.5)
and a fact that 4, v < K, one has

o(1) = H(Mkllvk)H ((uk,wk> + (Uk, 2 ) — wu, Wi )y — V(U 2 )y

- /Q (Fu(gfukka)wk_ + F (¢, uk,vk)zk_)d§>

= H(Mk,lvk)Hz <<Mk,1/lk_> + <Uk,0k_> — y(uk, uk_>¢ — 1/<z)k,vk_>¢)

<Fu(§: Ug, Uk)u,? + Fo (&, uy, vk)v;)
_/ - p
0O | (g, 0x) |
= T e (G + ) = o ) = v ))
1
= m(””k_n?ﬂ}(o) + Hvk—H%Sé(Q) — pllug 115 _VHvk_||12/J)

> (1= B0 o |2 EELAR T
= 1= )l lisyo + (1= 5 )7 sy

lwe sy =0 and [z |51y = 0.

It follows that

Hence, (w, ,z; ) — (0,0) in W as k — oo, (w,,z, ) = (0,0) a.e in O, by the definition of w,
and z,_, we get that w > 0 and z > 0 a.e. in Q.

Step 2: We prove (w,z) = (0,0) a.ein Q). Letusset Dy = { € Q: w > 0orz > 0} and
Dy ={¢ € Q:(w,z)=(0,0)}. Assume that the Haar measure of D is positive. From the
assumption that || (ug, vr)|| — oo, we have

| (e, vi)| = || (s i) [ [ (wr, 2) | — 00 ae.in Dy

Then, from (f3), we get

F F 2
lim L&)y FEmoodl@ezdl” _ 4 p,. (4.5)
ko || (ux, vg )| k=0 | (g, vk |

Moreover, by Fatou’s lemma and (4.5), there holds

liminf/ I (8, g, 0 d¢ > [ liminf ————= F(G, e 0 ) dc

k—c0 Uy, o) | |2 a ke || (g o)1

e F(G ug o) (w20 P, :
= Qh}gg}f (e, 0 )2 d¢ =00 ae.in D;. (4.6)
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On the other hand, from (4.1), a fact that HukHiﬂ(Q) < || (ug, o) |I%, Hkaiﬂ(Q) < || (ug, vg)||* and
0 0
(1.5), we get

1 2 1 2 K 2V 2
[ @008 < Sy + 5 Vel ) — 2l — Sl + £
-
12+ 2 o0+

2/C| | (ug, o) ||> + £ for k €N,

< || (ug, vx) Uy, Uk)

where we have used a fact that || (u, v¢)|| > 1 because the hypothesis (uy, vx) — co. Hence

. (¢, ukka =, v7| z
lim su / <1+ + + ,
P o o, o) 270 2K 2K T [(u, 00)|2

it contradicts with (4.6). Hence, the measure of D is zero, that is (w,z) = (0,0) a.e in Q.

Step 3: We prove that {(uy,vr)} C W is bounded. Choosing 7; is the smallest value of
T € [0,1] such that I, (Tkug, Tox) = maxo<c<i L,y (Tug, To). For A > 0, we set (Wi, Zg) =
V2A(wy, zx) = V2A (4626)  then, by (4.4) and Step 2, we obtain

NI

lim (W, Z;) = lim V2A(wy, zi) = V2A(w,z) = V2A(0,0), (4.7)

in L1(Q) x L1(Q) for g € [1,2*). By (f1), (f2), (4.7) and let € = 1, it holds

0< [ FEWuzZodz < [ (0 +D)I(Wi 20|+ Cil (We, ZI*)de
< (A+D)|[(We, Zl1 + Cil| (Wi, ZE) [ — 0, as k — oo,

for s € (2,2%), that is

k—o0 JO)

From || (ug, vx)|| — oo, we assume that there is kg > k, such that H(L (0,1), then

i, o) |

u 0
Lo (Tetti, Tox) > Ly <\/2Ak, \/2Ak)

| (g, 01 | | (e, o) |

+ +
> Al = B + 12020 = ) = [ P& W Zi)de

> Al + 1zel?) — [ F(@ We, Zi)dg
> ax— [ F@ W Zo)de,

where yx is defined in Lemma 3.2, ||wkH2 )T szHz = 1 because ||(wy, z¢)|| = 1. By (4.8),
there is k; > ko such that [ F(&, Wy, Zk)d(;" < 1AX for k > k. It follows that

lim I, , (Titi, Tevk) = oo. 4.9)
k—c0

Since 0 < 7 < 1, by (f1), one has

/QH(ngkuk/Tkvk)d‘: < CF/QH((:,M](,U]()EZC—F/Qg((:)dg (410)
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From the facts that I,,(0,0) = 0, I,y (ux, vx) — ¢ € R, (4.9), and 7 € (0,1), there holds

d
0= TkEIW(ruk, Tvk)‘T:Tk = (Lo (7euk, Tevk), (Thtdy, Tok))
= HTkukHéé(Q) + HTkkaé%(Q) — ey — vl ol
- /Q (Fu(C, Tk, TeOk) Tetdk + Fo (, T, Tkvk)TkUk> dg.
By (fs) and (4.10), it follows that

||Tkuk||?gé(0) + ||Tkvk||?§&(0) - V||Tkuk||i - V||Tkvk|@
= /Q (FM(C,Tkuk, Tkvk)Tkuk+FU(C,TkMk,TkUk)TkUk)dC
:Z/K)P(C,Tkuk,rkvk)dé%—/QH(r:,Tkuk,Tkvk)dC
<2 [ F(&man, w0+ Cr | H(EGup00d2 + [ g(@)de. (4.11)
From (4.9) and (4.11), one has
2L (Tettg, TOk) = |’Tkuk|\§3(g) + !|TkUk||?g3(Q) - V||Tkuk||fu - 1/||Tkvk||i
—Z/QF(C, Tl TkOk ) S
< Cp/ H(E, uy, vk)d§+/ 2(E)dE — oo ask — co.
Q Q

Hence, we deduce that

Clp ( —C+ /Q H(E, uy, vk)d@) — 00 ask — oo. (4.12)

On the other hand, by (4.1), (f4) and (4.3), we have
Z" > 2I;¢,v(uk/ Uk)
= 3y + ol ) — el — vl ~2 [ P 0
= H”k”?g&(g) + Hka‘zS‘é(Q) - V””k”i - VHUklep
_/Q (Fu(g,uk,vk)uk+FU(C,uk,vk)vk>d§+/()H(C,uk,vk)dé

> _C+ /Q H(E, uy, 0 )dE, (4.13)

where £ is a positive constant. Since Cr > 1 in (f;) and by (4.13), we obtain

1

CF(—C+/QH(§,uk,vk)d§) < —C+/QH(5,uk,vk)d§ <Z.

This contradicts with (4.12), it follows that {(u, vx)} C W is a bounded Cerami sequence. We
finish the proof of this lemma. ]

In the following, we verify that I, , satisfies the Cerami condition at level c.
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Lemma 4.2. Assume that (f2) with € = 1 holds. Then, for all y, v € (—oo,K), I, satisfies the
Cerami condition in W.

Proof. Assume that {(u,vr)} C W is a Cerami sequence of I,,. Then, by Lemma 4.1, we
know that {(ug, vx)} is bounded. Then, up to subsequence, from (1.5), Lemmas 2.2 and 2.3,
for 1 < g < 2%, there exists (1,v) € W such that

(ug, k) = (w,0) in W, g — ”Hsg(a) —a, |jog— U||$(}(Q) — 4,
up — u in L2(Q, ¢?r2), |jug — ully — 4,
o — v in L2(Q, ¢*r2), ||ox — vlly — a,
(ug, vx) — (u,v) in L1(Q) x LI(QY), (ug,vr) = (u,v) a.e inQ,
Vguy — Vgu in L*(Q,R*"), Vgur — Vgo in L2(Q,R*"),
Veur — 9 in L2(Q,R?"), Vgur — ¢ in L2(Q,R*"),

(4.14)

where ¢, ¢ € LZ(Q, IRZ”) are two vector field functions in (), and 4, 4, 4, a are four nonnegative
numbers.
From (4.14), we conclude that

/Qr(llg C—>/ ¢2 — s UPdg and/ vk‘I’ §_>/ lPZ ¥ owde, (4.15)

for (®,¥) € W. We choose € = 1 in (f,), and by Holder inequality, then

S (Bu@ 00 = Fu(,0)) (0= )
+ (Fu(@ 1) = FolE,,0) ) (0 — )| de
= [ |Fo( w0 @ = w) = Ful@, w) (e — w)|dz
< [ (O 4+ D) (ol + ool [ = 0] + C (ol + ool ) o = ] ) 2
< Ca(lwg — wll2 + flwk —wlls) =0 ask — oo, (4.16)

where C, > 0 is a suitable constant. From (4.1), it holds that I;IV(uk, vr) — 0in W as k — oo,
then for every (®,¥) € W, we have

0 <_<I],t v(uk/ Uk) (Q) T)>
2
_/ Veitg, Vo d dg+/ Veop, Va¥)dE — y/ e — /mg/’g)zvkwg
_ /Q (Fu(g,uk,vk)cp+Fv(g,uk,vk)‘1f)d§. 4.17)

Subsequently, we prove that the (PS) sequence satisfies compactness condition by means
of the Brézis-Lieb lemma.

From (4.17) and Lemma A.1 (it shows that (i, vy) satisfies the Brézis-Lieb lemma’s con-
dition, see in the Appendix), one has

Vgury = Vgu and Vgour — Vgov ae. in (), (4.18)
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and by (4.14), there holds Vguy — ¢ and Vgur — ¢ in L2(Q,R?*"). Hence, from Proposition
A7 in [1], we obtain Vgu = ¢ and Vgv = ¢ a.e. in . It yields that Vguy — Vgu and
Vgour — Vgo in L2(Q),R?"), therefore, for any (®,¥) € W, one has

/(VGuk,V6®)d§—>/(VGu,VGqD)dé and /(vak,vGop)dg%/(va,chp)dg.
@) Q Q [@)

2 2 2 2
It follows (uy, u) — HuHSé(Q), (u, ug) — H”Hsg(o) and (vg,v) — HUHS(}(Q)’ (v,vr) — Hv||$6(0).
Moreover, by (4.15) and (4.16), the weak limit w = (u,v) is a critical point of I;,, in W. From
(4.14) and (4.18), the Brézis—Lieb lemma holds that

H”kuéé(g) = [Jugx — ”Hi‘é(g) + HuHZS(%(Q) +0(1), Hkaég(Q) = [Jvx — vHé&(Q) + HU‘%&(Q) +o(1),

loaell§ = llux = wll§ + Nully +o0(0),  lloxll§ = lox = ollf + ll2ll5 + o (D).
Consequently, one has

o(1) = (I, (wi) — I, (w), wy — w)
= el + 10120 0y + 023 ) + 1013 ) = it 0) = {30,106 = (01,0) = Gat, 1)
— e (aell + 1l = G0}y = (1,11 )
—v(Iloell3 + o} = (ox 0p — (oo ) +0(1)
= llnellBy = 1402y ) + 023 ) = 101y ) = el = 1ul13)
—v(lloxl} = l[ol}) + o(1)

= [Juy — ”H?g&(g) + [lok — UH?;(}(Q) — pflug — ”Hé —vjog — UH%/; +o(1).
From (4.14) and above equality, it follows that

=2 YA T . 2 . - 2
o d = lim flu = ul0) + im o = ollg o)

— li - 2 li o 2

p Jim [l — ul + v Jim [Jog — o3

= ud® +va®. (4.19)

Thus, when either u* +v™ = 0 or d+a = 0, we get (u,vx) — (4,v) in W as k — oo and
finish the proof about compactness condition for (PS) sequence of I.. In order to achieve this
aim, we assume by contradiction, thatis y* +v* > 0and 4+ a > 0.

(1) If either u*™ +a = 0 or vt +4 = 0, then either 4 > 0and @ = 0, or 2 > 0 and & = 0.
However, all of cases are impossible because the nonnegative of norm in (4.14).

(2) If either u* +4 = 0 or v + & = 0, then either 2 > 0, v™ > 0 and &> < v*a? < Ka? < 42,
ord>0,u" >0and 2> < utd? < Ka*> < a2, it appears a contradiction.

B)ut>0,vt>0,4>0and a > 0, from (4.19) and (1.5), we get

7+ 12 = pa® +va® < Ka* 4+ Ko < a® + 2,

and a contradiction arises. From above discussions, we get 4 +a = 0, that is (ug, vx) — (1, 0)
in W as k — oo, from (4.19), the proof of this lemma is finished. O
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4.2 The existence of solution

In this part, we study the existence of nonnegative solution for (1.1).

Proof of Theorem 1.1. From Lemmas 3.2 and 3.3, we know that I, , satisfies the mountain pass
geometry structures. Moreover, the Cerami condition holds by Lemma 4.2. Therefore, for
every (®,¥) € W, there exists (u,v) € W, (1,v) # (0,0) such that

(1, @) + (0,%) — (1, @)y — v(v, ¥)y = /Q (Ful@ u,0)® + Fu(&, u,0)¥ ) g,

Now, we prove that (u,v) is nonnegative. Let us set ® = 4~ = min{0,u} and ¥ = v~ =
min{0, v}, then, from (f1), (1.6) and (1.8), one has

0= /Q <Fu(§,u,v)u_ +Fv(§,u,v)v_>d§

=(uu )+ (0,0 ) —pu(w,u" )y —v{v,v )y
K2 ARV
> (1= B By gy + (1= )0 Iy 2 O
Thus, u= = 0and v~ = 0 a.e. in (), thatis u > 0 and v > 0 a.e. in (), it shows that any
solution of (1.1) is nonnegative. We finish the proof. O
A  Appendix
In this section, we give a proof for the following lemma.
Lemma A.1. Let (uy,vy) and (u,v) belongs to W and satisfying
(i) (ug,v) = (u,0)in W,
(ii) (ug,vx) — (u,v) ae. in Q,
(iii) I, , (ug, vx) — O strongly in W,

(iv) 9, ¢ € Q are two vector field functions with 9, ¢ € LZ(Q, ]RZ”) such that Vgu, — 0 and
Vgor — ¢ in L2(Q,R?"), then, it holds

Vguy -+ Vgu and Vgur — Vgv ae.in Q. (A1)

Proof. Let function fr € C5°(Q)) with R > 0, such that 0 < g < 1in Q) and g =1 in Bg. For
every z € R, we define
z, if |z] <e,
0c(2) = e if |z| > e.

|z’
We set ¢p = Broe o (ux — u) and ¢ = Broe © (vx — v), thus, by Lemma 2.1, there holds ¢,
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or € WI2(Q). Let ® = ¢ and ¥ = ¢y in (4.17), then
/Q Br <(VG”k ~ Veu, Ve (@e o (g — u))>dg
+ [ Br(Veor — Veo, Ve (geo (0 - 0)) )t
= — | o n = )(Ve, Vapu)dc - [ pre Ve, Ve (oeo (e~ ) )2
- [ 0o (o= 0)(Vewn, Vapa)ic - [ pir(Ver, Vo (oeo (- 0)) )de

2

90, o)+ [ e +v || Lo

+ [ (Fulm 0+ Fol& vkm)dc (A2)
Now, we prove the each term in (A.2).
(1) We choose that Br be the support of Br and contained in a suitable ball of (), since

|0e o (uy — u)VgBr| — 0 in L2(BRr) and |gc o (vx — v)VgBr| — 0 in L?(Br), and by (4.14),
Vguy — ®in L2(Q,R?"), Vgop — ¢ in L2(Q,R?"), then

/Q 0c o (1tx — u)(Veity, Ver)AE — 0 and /Q 0c 0 (v — 0)(Vgop, Ve Br)AE — 0.

(2) Since Vg (ge o (1 — u)> in L2(Q, R?"), Vg <Q€ o (vg — v)) in L2(Q, R?"), Vguy € L2(Q, R?"),
Vo € L2(Q,R?"). From Lemma 2.1, uy — u and vy — v in W, one has

/ ,BR (VGM, vG(Qe o (uk — u)))d(j — 0 and / ﬁR (VGU, VG(QE o (Z)k — U)))dé — 0.
o) o)
(3) From [}, , (ug, vx) — 0in W’ and (¢, ¢x) — 0 in W as k — oo, we have

(L (e, vk), (@1, 1)) — 0

(4) For simplicity, we denote

¢ ¢
Mk = y@uk + Fu(é, Uy, Uk), Nk = VW

by 0 < Br < 1in ), the definition of ¢, ¢x and 0¢(z), Lemma A.2, there holds

vk + Fo (8, ug, vk), (A.3)

S Mo+ Ny < [ (1Ml -l o (= )]+ NG| - lee o (o — 0)] ) g
< e//g (|Mi| + [Ni|)dE < eC,
R
where Cg > 0 is a constant. Moreover

Br (chk — Vi, Vg (e o (ur — M))) >0,
Br (chk — Vo, V(e o (vf — v))) >0 ae. inQ. (A4)
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Furthermore
/BR Br (chk - Vgu, Vg (Qe o (uy — u)))dg
+ /BR Pr <chk — Vg, Vg (Qe o (v — 0>)>d5
< /Q Br (chk —Veu, Vg (Qe o (uy — u)))d@
+ /Q Br (chk — Vo, Vg (Qe o (v — v)));zg'

From (1)—(4) and a fact that g = 1 in Bg, then (A.2) becomes

lim sup
k—o0

/BR <chk - Vgu, Vg (Qe o (ux — u)>>dcj

+ /BR (chk — Vgu, Vg <g€ o (v — v)));zg}
< limsup [/Q (chk — Vgu, Vg (Qe o (uy — u)))d«j

k—oc0

+ /Q <chk —Vgov, Vg (Qe o (v — v)))d@] < eCg. (A.5)

Subsequently, let g = gux + §ox With g,x = (Veur — Veu, Ve(uxy — u)) and gup =
(Veor — Vo, Vg (v — v)). We will show that g is nonnegative and bounded in L' ().

Firstly, if we assume that g is negative, it appears a contradiction with (A.4), thus, g is
nonnegative. Secondly, since Vguy is bounded in LZ(Q, IRZ”), and by (4.14), we know that
Vo is bounded in L?(Q), R?"). Therefore

0< /ng(C)dC < |[Vgux — Veul) + Ve — Veoll5 < Co, (A.6)

where Cj is a suitable constant and independent of k.
We select t € (0,1) and divide the ball Bg into four parts,

Bix(R) ={C € Br: [ux(5) —u(@)l <€}, B(R) =Br\Bix(R),
Box(R) ={Z € Br: [v(Q) —v(0)| <€}, Byi(R) = Br\ Byi(R).

Since Vg (e o (ux —u)) = Vg(up —u) in Bf  (R) and Vg (e o (v —v)) = Vg(vp —0) in
Bf ((R), and from (A.6), we get

/BR grdg < /BR gh e + /BR gh e
— /Bi,k(R) g4 ks + /I;E,k(R) g4 s + /f3§,k(R) ghde + éi,k(R) gh e
< </Bf,,k(R) 8u,de)tIB§/k(R)|17t+ (/B;,k(R) gkdg)t|gzrk(R)’17t
T ( /B;kuo gv,kdé)t\Bf,,k(R)\H + ( /B ) gkdg)t|1§§/k(R)|1*f

< (eCr)" (IBE(R)I™" + B, (R)1) + CG (1B (R + [BEL(R)[').
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Moreover, the definition of B (R) and B, (R) follows that, |B .(R)| and |BS ,(R)| tends to 0
as k goes to co. Thus, 0 < limsup, ., ‘[BR gidZ < (eCr)!|Bg|'"!, which means that gl — 0 as

€ — 0in L!(Bg). Hence, g — 0 a.e. in Q) for R is arbitrary, then, (A.1) is valid from Lemma 3
in [13]. O

Finally, the following result shows that the hardy term is bounded in W.

Lemma A.2. Let {(uy,vc)} C W be a bounded sequence and Q) represent a compact set of O, My
and Ny are given in (A.3). Then there is a constant C(Qy) > 0 such that

sup [ (1Ml + INJ)d& < C(y).

Proof. Since ¢ = || < 1 and the Jacobian determinant is 74, thus, $?r~2 be of class L}, (Q),
by (1.5), one has

S CCE o (2) 1ol )tz < | ] s ey + | 2] sp ey = Catea,

where C»(()p) is a positive constant depending on y. Moreover, from ( f2), it holds

Jo

Pu((j, Uy, Uk) —+ Py((f, Uy, Uk) ’d(f

S\fZ A \/H%<€/uk/vk)2+H%(gluk’vk)‘dg
< V2 [0+ 1) 0] + el 0

< V2((A+1) sup || (1, 01 |2+ |0l + Cel Qo 7+ sup || (15, 0 [37) = Co(),
k k

wheret > 1and t = % is the Lebesgue exponent for s € (2,2*). From above argument, we
get supy [ (|M| + [Ni|)dg < C(Qo), the proof of this lemma is completed. O
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