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Abstract. In this paper, we show the existence of solution for a relatively general system
of semilinear parabolic equations with nonlinear reaction rate terms and inflow-outflow
boundary conditions. Generally, to show the existence of global solution, it has been
seen in the literature that either mass conservation or some growth condition on the
source term is needed. Also, in several recent works only the nonlinearity up to certain
order or of certain structure is allowed. However, our work considerably weakens the
ones previously made by several authors on the coefficients of the elliptic operator, on
the source (reaction rate) terms as well as on the boundary conditions. Our proof is
also rather small and uses an argument based on implicit function theorem.
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non-identical diffusion coefficients, global solution, mass action kinetics.
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1 Introduction

Even a very simple semilinear parabolic equation (e.g., diffusion-reaction equation) can have
merely local solutions, i.e. solutions in some perhaps small neighbourhood of the initial time
to. The same applies to coupled systems of more than one variable. Therefore, it takes some
special structure of the nonlinearities to guarantee the existence of the global solutions, i.e.
solutions on any given time interval [0,T), T < oo. In this regard, nonlinearities which are
obtained by modelling equilibrium (reversible) reactions amongst chemical species via mass-
action kinetics bear some potential for producing global solutions since positive productions
are accompanied by negative ones. Krdutle [11] and Mahato et al. [12] showed that the pro-
duction rates of a large class of | number of equilibrium (reversible) reactions of I number of
chemical species can be reduced to the following setting: let O C RN be a bounded domain
with C2-boundary 9Q), S := [0, T) be the time interval for some T < oo and we denote by
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S the stoichiometric matrix such that S = (s;;) € Mjyj, the set of all I x | matrices, with
rank(S) = ] and |[s;j| € {0} U[1,00). The entries s;j = v;j —T;; for 1 <i<Tand1<j <],
where —7;; € Z; and v;; € Z(J{ are the stoichiometric coefficients for reversible reactions given
by

leXl + szXz 4+ -4 TIjXI = 1/1]'X1 + 1/2]'X2 4+ .-+ VIjXI/ (11)
where X;, 1 <i < I, denotes the chemical species involved in | reactions. Let u = (u1,...,uy)
be the unknown concentration vector of I chemical species. For k{ , kf >0andj=12,...,],
we set

RI(u) =k T Tun™, RO(u) = ke T Ty’ (1.2a)
m=1 m=1
Smj<0 Smj>0

Ri(u) = (R{(u) - R?(u)) , R=(Ry,...,R)T, f(u)=SR(u), (1.2b)

where s . and s;j denote the negative and positive parts of s, respectively, such that s,,; =

j
+ —_ . .
Sypj — Sy~ For the i — th species,

J
(SR(M))i = ZSZ']'R]'(M). (13)
j=1

Furthermore, let D = (Dy,, ..., Dy,), where Dy, denotes the symmetric N x N diffusive matrix
of the i-th chemical species such that Dy, € L*(Q;Sym(N)). Let g : S x Q — RY denote the
velocity vector such that V-q = 0. Fori =1,2,...,1, we now define the following operators:

A :=diag(Ay,...,Ar), B:=diag(By,...,B;), Ai(D,u):=A;:=div(j) (1.4a)
ji :== —a;Do,Vu; + qu; (= diffusive + advective flux) (1.4b)
Bi(D,u) := B; := —(a;Do;Vu; — qu;) - 7, (1.4¢)

where 7 = 7(x) is the unit outward normal on 9Q). The coefficients a; = a;(x) € {0,1} and
6 € (0,1] are explained below. The semilinear problem is: let ¢ and & be given, then find a
u:S x Q — R such that

oo +A(D,u) = f(u) inSxQ, u(0,-)=g inQand (1.5)

ot
B(D,u) =h on S x dQ. (1.6)

For identical diffusion coefficients and p > N + 1, in [11] Krédutle’s showed that the solution
u(t,-) belongs in H>P(Q)! for a.a. t. Since he deals with diffusion and reaction in porous
media, in his setting the porosity & might be different from one whereas, Mahato et. al. in [12]
considers a free flow and thus in his setting § = 1. Krdutle in [11] splits Q2 in two disjoint
parts I'in and I'oyt, the inflow and outflow boundary parts, respectively, and specifies (1.5) as

—qii=0 onS xTi, —q1<0 onS XTIy and (1.7)

a .
—DOi% —0 onSxTow, h<0 onSxTy and h>0 onS x o, (1.8)
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i.e. the outflow is entirely advective (cf. [11]). Let us denote the problem (1.5)—(1.6) by (P).
In order to model the conditions in (1.6) and (1.7), we choose 4;(x) := 1 on (1.5)~(1.7) and
a;(x) := 0 on I'gy whereas in ), 4;(x) = 1. The existence of solution of (1.5)—(1.7) in [11]
is based on L*-estimates obtained via a Lyapunov functional, a fixed-point argument and
classical H?P-theory for linear parabolic systems. An essential drawback of their approaches
is that the diffusion coefficients need to be the same for all species. For a diffusion setting
in a porous medium this can be justified by the observation that, usually, the advective flux
dominates the diffusive one by order of magnitudes. In this note we address the issue of
non-identical diffusion coefficients and show that the unique existence of weak solutions can
still be guaranteed under certain assumptions which are given in next section.

1.1 Literature survey

In regards to the global in time solution, the authors in [18] showed that only mass control and
positivity of the solutions are not sufficient to prevent the blowup in the solution and therefore
we need a growth control condition. In the survey paper [16], the author has summarized the
conditions (and limitations) under which the global solution can be guaranteed. The existence
of weak solutions for (P) is shown in [17] under the assumption that the nonlinearities belong
to L1(S x Q). For quadratic nonlinearities, the existence of weak solutions is shown in [4] via a
duality method. The authors in [8,20] showed the existence of a global renormalized solution
if nonlinearities satisfy the entropy condition: Y_'_; fi(u)(logu; +a;) < 0forall u € (0,00)!
for some ay,az,...,a;7 € R. In [9], the global classical solutions for (P) with homogeneous
Neumann boundary condition is shown under the assumption of mass conservation and en-
tropy condition. In [9], the authors have assumed that f;(1) has the cubic growth for n = 1
and f;(u) has the quadratic growth for n = 2. The result later improved in [24] by utiliz-
ing a modified Gagliardo—-Nirenbarg inequality. For higher-order nonlinearities in any space
dimension if the diffusion coefficients are close to each other, i.e. if they are quasi-uniform,
then the global existence of classical solutions is proved in [3,5]. In [1], the authors have
shown that under the polynomial growth condition, the L*-norm of the classical solution can
be obtained, however, later on this growth condition is removed in [3]. The authors in [19]
proved the global existence and uniform boundedness for quadratic growth and dimension
n = 2 by relaxing the mass conservation to mass dissipation. This result is improved in [15]
by replacing the mass dissipation assumption with a weaker intermediate sum condition. In
higher dimensions, the existence of global classical solutions for nonlinearities with quadratic
growth has been proved in [2,6,23] and for the case of (2 = IR" is deduced in [10]. The work in
[2] is based on mass conservation assumption together with the entropy condition, whereas in
[23] the mass conservation condition is replaced by the mass dissipation assumption. A more
general work is done in [6] under the mass control assumption. The uniform in time bound
for the solutions is shown in [7]. Thus, in the previous works the global classical solutions
in any space dimensions and for the higher order nonlinearities is shown under the restric-
tion that the diffusion coefficients are close to each other and on some particular structure of
the nonlinearities. Our work shows the existence of weak solution in a H" setting and far
less assumptions on the nonlinearities. Our argument to prove the existence of global solu-
tion is rather small and involves less calculations. We have also incorporated inflow-outflow
boundary conditions which in turn do not disturb the global existence of the solution.
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2 Mathematical preliminaries

2.1 Function spaces

Let p,q € [1,00], %—i—% =1,1 € [0,1], @ C RN be a bounded Lipschitz domain. Sym(N)
is the set of all real symmetric matrices A = (Al-j) normed by |A]Sym(N) = max;j=1,.,N ‘Ai]-‘.
(+,*)pa and [+, -]y stand for the real- and complex-interpolation functor, respectively (cf. [25]).
Likewise LP(Q), H*?(Q),a € N and C*(Q) denote the Lebesgue, Sobolev and Holder spaces,
respectively, with their usual norms (cf. [25]). ” denotes a continuous imbedding. For
a normed space Y, LP(S;Y) and H'P(S;Y) are the (standard) Bochner and Sobolev—Bochner
spaces (cf. [25]). Y* stands for the dual of Y. (:,-); denotes the inner product on R! and
| - |1 be the corresponding norm. If X and Y are normed spaces, then £(X,Y) represents
the set of all bounded linear operators from X to Y and Iso(X;Y) stands for the set of all
linear isomorphisms of £(X;Y). From here on we assume p > N + 2 is fixed. The imbedding
LP(Q)! — (HY(Q)*)! is given by LP(Q)! 3 hg — Ly, : (Ly, w) == iy [ hoi(x)w;(x)dx, w €
(HY(Q))!. We set F, := F,(S,Q) := LF(S; HY*(Q)) N H'(S; HY1(Q)*) normed by

191, = I ssmoon + 191 e
where 1’ is the distributional derivative of u. The solution space of the system under consid-
1
eration is F; = F, X F, X --- x F, and its norm is defined by lullp = [, ||u1-H§p] ». Note
I-times

that for p > N +2, F, C C(S; (H(Q)*, H#(Q)),_1 ,) and F, C C(S;C(Q)) (cf. [12]). For
L

abbreviation, we set

V= HY(Q)!, w:= HY(Q)!, w*:= [HY(Q)*]}, Vp:= (H"(Q)*, HP(O))! (2.2a)

1— 1 /
Vag := LP(00))!, Py = LP(S;Vp), Py = F,, P := LP(S; HY1(Q)*)!, P:= P, x W, (2.2b)
Q1 :=C(5;,C(Q))!, Q2 :=L"(5;C(Q))!, E:= Qo x Prand Qp := L*(Q;Sym(N))".  (2.2¢)

Then, for p > N + 2, a simple embedding result from [12] yields
LF(S; V)N HY(S;W*) — C(S; V) — C(5;C(Q)) — C(5; L= ()~ (2.3)

Remark 2.1. If D = (Dy,, Dq,, ..., Dy,) € L®(Q;Sym(N))!, i.e. Vi Dy, € L”(Q Sym(N)), then
D[z (symn))1 7= mMaxijk [| Doy, [l =) = max;jx ess sup,cq | Doy, (x)[1(qr)- However, in our
case, we only have Dy, (x) = Dy = constant Vi, j,k and x € (), then |||1D||| L (OSym(N))!
max; ; x HDOW HLoo(Q) = max;; esssup, . \Doik],(x)\ = Dy.

To state the main theorem of the paper, we would require the following assumptions:

Al. let Dy be a positive constant. For each i = 1,2,...,I, Dy, := diag(Dy,...,Dy) €
Sym(N) C RN*N be a diagonal matrix such that D := (Dy,,...,Dp,) € Sym(N)?,
where I € IN.

A2. let h e LP(9Q)! and let g € Vp such that g; > 0 for each i.

A3. let (1.6) and (1.7) hold true and § € L™(S x Q) be such that Q := |||« (sxq) < o and
q' e LOO(S X Tout).
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Definition 2.2 (Weak formulation). Let the assumptions A1-A3 hold true. Then, a vector
u € F, is said to be a weak solution of the problem (P) if u(0) = ¢ and

/<atui,¢i>w*xw dt+// (DoiVui—ﬁui)Vq)idxdt—/ he, ds dt
S SJQ

SXT,‘H

+ E]’-ﬁ’cj)idsdt:/(ﬁ,gbgw*xwdt, Ve € LI(S;W). (2.4)
JSxT ut S
Next, we state the existence theorem from [13] which addresses the question of same
diffusion coefficients in the system.

Theorem 2.3. Let the assumptions A1-A3 hold true. Then, there exists a unique global positive weak
solution (in the sense of Definition 2.2) u &€ Frf of the problem (P).

For Theorem 2.3, the global existence of solution follows from the construction of a par-
ticular type of Lyapunov function and exploiting the dissipative property of the reaction rate
term and an application of Schaefer’s fixed point theorem. The uniqueness and positivity
follow from Gronwall’s inequality.

Now, we shall state the main theorem of this paper which is existence of solution for
different diffusion coefficients.

Theorem 2.4. Let the assumptions A1-A3 hold true. Then, there is a neighborhood U = U(Dy) in
L*=(Q;Sym(N))! such that (1.5)~(1.7) is solvable for all D € U. Moreover, the components of the
solutions are non-negative.

Remark 2.5. The proof of the implicit function theorem provides estimates for the size of
U(Dy). Here we do not yet go into detail, however, in [5, 6] it has been shown that the if the
diffusion co-efficients are very close to one and another, then there exists a classical solution.

Remark 2.6. In this note we do not directly employ the particular structure (1.5) of the reac-
tion rates incorpoated into f(u), rather we use f is locally Lipschitz, then by Rademacher’s
theorem, we have f € C'(R!)! in Theorem 2.4.

2.2 Operators

Let U,V be two Banach spaces and x € U, then a continuous linear operator ¥ : U — V is
called the Fréchet derivative of the operator T : U — V at x if T(x +6) — T(x) = ¥(0) +
¢(x,0) and limg), o ”(pﬁz’nel)luv = 0 or, equivalently limg), o ||T(x+9)*|‘£ﬁz)f‘lj(0)“v = 0. For a
function v = v(t,x), t € S,x € O, weset v(t) :=o(t,-). Let H: U — Vand G: [, U; = V,
where U, U; and V are Banach spaces. For functions ¢ E U,¢; € U; Vi, De+H(Q) is the Fréchet
derivative of H = H({) at ¢* and 9;G := 0¢,G := Y is the partial Fréchet derivative of
G =G E).

We will now define the following operators:

By Remark 2.6, fe C'(R/, IRI ) (production—rate vector). Clearly, f LF(S;V) — LP(S;W¥)
and we define < f(u > =Jof of (x)dx (the V-realisation of f ). We then introduce the

operator F : Fr{ — LV(S, W*) via

~

(F(u)(t),0) == /Q (Flu(t,x)),0(x))idx  ae.t €S0eW. (2.5)
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We further define A(ID,u) := A;(ID,u) + A»(DD, u), where A;(D, u) := —(div(Do, Vuy),
.., div(Do,Vup))T, Ay(D,u) := (divuyq,...,divuq)’, where

A(D,u) := A1(D,u) + Ay(D,u),
(A1(D,u),v) := Z{zl/ Do Vu;-Vordx, ucV,oeW,
Q

(A2(D,u),v) := Zle/ u;q-Voijdx, ueV,veW and
Q
(B(h),v) := Zle/ hivido,v e V.
Q)

We note that A : E — P,. The corresponding extensions for time dependent u = u(t) is, with
the same notation, given by A(ID, u)(t) := A(ID, u(t)). Similarly, we proceed with A;, Ay and
B and obtain

A,A1,A2 :E— Pz, B: LP<S; Vag) — Pz.

Also, note that i # 0 corresponds to non-homogeneous flux boundary conditions. Finally, we
set

G1(D,u) :=u'"+ A(D,u) + B(h) — F(u), (2.6)
G2(D,u) :=u(0) — g, (2.7)
G(D,u) := (G1(ID,u), Go(D, u))T. (2.8)

Therefore, the problem (1.5)—(1.7) has now been formulated into an abstract evolution
equation (2.6)—(2.8) and its weak formulation can be given by

Definition 2.7. Let the assumptions A1-A3 be true. A function u € Fé is called a weak
solution of problem (2.6)—(2.8), if u(0) = g and u/(t) + A(D, u(t)) + B(h(t)) = F(u(t)) in Px.
Alternatively, a function u € Fl{ is a weak solution of (2.6)—(2.8) if G(ID),u) = 0 in P.

In order to prove Theorem 2.4, we will first look in to following lemmas:

Lemma 2.8. Let p > N 4 2. For k = 1,2, let P, and Q. be the normed spaces, defined as in (2.2a)—
(2.2c), such that P; — Q1, Q2 — P». Assume further that M : Q1 — Q2 be a Fréchet differentiable
operator and set M := M|p, = restriction of M on Py. Then,

S(Ql; QQ) — £(P1;P2), DuM = DuM|p1 c ;S(Pl,'PQ). (2.9)

Proof. Let v € Qy, then ||v]g, < C||v||g,. Since Py — Q1 and Qy — P, ||v|lp, < Cl|7|g, <
Cllv]lg, < C||v||p,. This concludes (2.9). Now, we shall prove (2.9). We note that M : Q; — Q>
is a Fréchet differentiable operator, i.e. Q1 > I — D;M(l) € Q; is a bounded linear operator
from Q; to Q>. Then, by the definition of Fréchet derivative, we have for ¢ > 0

IM(u+1) — M(u) = DIM(1) ||, < ellllq,-
Then, by P; — Q1, Q2 < P», we obtain
[M(u+1) — M(u) — DIM(1) ||, < el|l]]p,- (2.10)

(2.10) implies that D;M : P — P, is a bounded linear operator, i.e. M : P — P, is a Fréchet
differentiable operator. Now, for u,! € P;, M(u+1) = M(u+1), M(u) = M(u), therefore from
(2.10), we have ||M(u+1) — M(u) — DiM(1)|lp, = [[M(u+1) — M(u) — D;M(1)||p, < el|l|lp,

which implies D;M|p, € £(Py; P2). O
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Lemma 2.9 (Implicit Function Theorem, cf. [22]). Suppose that X,Y,Z are Banach spaces, C is
an open subset of X x Y and T : C — Z is continuous operator. Suppose further that for some

(x0,40) € C,
(i) T(xo0,y0) =0,

(ii) The Fréchet derivative of T (-, -), when x is fixed is denoted by T, (x,y), is called the partial Fréchet
derivative w.r.t. y which exists at each point (x,y) in a neighourhood of the point (xo,yo) and is
continuous at (x,y).

(iii) [T, (x0,y0)] 7! € £(Z,Y).

Then there is an open subset U of X containing xo and a unique continuous mapping y : U — Y such
that T(x,y(x)) = 0and y(xo) = yo.

3 Proof of Theorem 2.4

Before we prove Theorem 2.4, we recall Theorem 2.4 since it deals with the system of semilin-

ear parabolic PDEs with identical diffusion coefficients. It states that under the assumptions

A1-A3, there exists a unique positive global weak solution u € P; of the problem (1.5)—(1.7).
In other words, for a fixed D € Q there exists a unique u* € P; such that we have

G(D,u*) =0. (3.1)
Now, in the spirit of Lemma 2.9, we denote T = G, X = Qo, Y = P; and Z = P. Next, we will
show that the following equations holds true:

(D F(u),0) = /Q (D f(u(t, %)), 0(x))dx foraa. t €S, uc P, veW,  (3.2)

(Dy+G1(D,u),v) = (0su* + A(D,u*) — Dy=F(u),v) foru € P;, andv € W, (3.3)
(D Ga(D,),0) = (u*(0) — g,7), (64
G1 € P, is Fréchet differentiable on Qg x P, (3.5)
For fixed (D, u*),

L:=D,G(D,u) € £(P,P,), ie. L = (DyG1(D,u), Di-Go(D, 1)) € Iso(P;,P).  (3.6)

We shall prove (3.2)—(3.6) in several steps.

Step 1: At first, we show that G : Qg x P; — P, x Py is a continuous operator. We note
that G1(D,u) := u' + Ao(ID,u) + B(h) — F(u), Go(D,u) = u(0) — g, Then, fora ¢ € D :=
C3(S x Q)!, we have

(Gi1(ID,u),¢) = (u' + A(D,u) + B(h) — F(u), ¢)
- —<u,atq>>+/SXQ<]DVu,Vv>1+/SXQ<uq,qu)1+/Sxaﬂ<h,v>1—/S (1.

xQ)

By Holder’s inequality and © «— P; < Py < P, it follows that ||G;(ID, u)|p, < co. We also
note that |G2(ID, u)||p, < co. Altogether these two estimates imply that ||G(ID, u)||p,xp, < 0,
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ie. G:Qyx P, — P, x Py is a continuous operator. Since f € C!(R")!, then by definition of
F(u) and Fréchet derivative, we obtain

(Do F(u),v) :/Q<[f(u*(t,x)+9(t,x))—f(u*(t,x))—T(u*(t,x),e(t,x))],v(x)> dx

I
_ /Q (D f(u(t, %)), 0(x)); dx, (3.7)

forae.t € S,u,0 € Vand v € W. By (3.7), it follows that D,F € £(V; W) exists as C(S) —
LP(S). Now, since H?(Q) < C(Q) < H“1(Q)*, the restriction F|p, is Fréchet differentiable
with D,F|p, € £(P; P») for all u € P;. Therefore, (D,F,v) exists in (3.2).

Step 2: We note from definition 2.1.1 that the Fréchet derivative of a linear operator T is T
itself. Since, 0, A : F}g — D, are linear and B can be treated as a constant w.r.t. u € F!, therefore
the Fréchet derivative of Gy will yield

DG (D, u) = o™ + A(D,u*) — Dy« F(u) € P,.

This concludes (3.3). Likewise, (3.4) follows with similar arguments. Furthermore, by step 1,
we know D,F|p, € £(P;; P). This implies D,,G1 € £(Qo x Pi; P»), i.e. DG : Qo x Pp = P,
exists, i.e. G1(ID,u*) € P, is Fréchet differentiable on Qg x P.

Step 3.: We have obtained the continuity of one of the partial derivative (D,G;(ID,.)) of a
total of two and the existence of D,G,(ID, u*), we obtain the existence of DG(:,-). Now the
estimate

1DuG2 (D, u”) | p, = llugllp, < CllugllLrsvy) < Cllugllp, < oo,
by the definition of function spaces and a straightforward imbedding of P; < Py < P,. This
implies the continuity of D,G,. Hence, the continuity of both D,G; and D,G; imply the
continuity of DG.

Step 4: Let (f,g) € P, x Vp. In order to verify (3.6) it remains to show that the problem:
Find (D, u*) € Qo x P; with (3.8)
o+ A(D,u*) = DyF(u), u*(0)=g, (3.9)

has a unique solution. The operator A(ID,u*) possesses the maximal parabolic regularity
property on P; in the LP-sense (cf. [21]). From [21], it follows that (3.8)—=(3.9) is uniquely
solvable. Upon combining the steps 1 to 4, all the three conditions of implicit function theorem
(Lemma 2.9) satisfied. Therefore, there exists an open neighbourhood of D, U(ID) C Qo such
that G(D,u) = 0 for all D € U(ID). Moreover, the size of the neighbourhood U (D) can
be estimated, however this will be addressed somewhere else. Now, for the positivity, we
multiply the PDE (1.5) with —u;” (—1x negative part of u;) and integrate over ();" (support
ofu;)foralli=1,2,...,I and for a.e. t € S. We use the fact that u(0) > 0 which eventually
yields the positivity of the solutions via Gronwall’s inequality.

Remark 3.1. Although we did not show the size of this neighbourhood in which the diffusion
coefficient must lie, in [6] an idea regarding that is mentioned and recently in [14] has been
shown that this can be further refined and a rather general neighbourhood can be chosen.
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