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1 Introduction

In this paper, we investigate the existence of at least one or two solutions for the boundary

value problem

ul® 4+ A, qu®=2) o Aju” + Agu+ f(x,u) =0 inQ = (0,L) (L.1)
u=u"= - =u@2 =0 onaQ), '

where Ay, Ay,...,A,—1 are some given real constants, f is a continuous function on OxR
and n > 2.

The existence of solutions for fourth-order problems (1 = 2), which describe the deflection
of an elastic beam with supported ends, has been extensively studied in the literature (see for
example [2-4,7,8,11,15,16] and the literature cited therein).

We mention the paper [12], where (1.1) (case n = 2) was treated under the assumption
A% > 4A) by variational tools. The authors obtained existence and multiplicity results if the
potential F(x,s) = [; f(x,t)dt satisfies an asymptotic behaviour at zero and for some C > 0
and p > 2

F(x,s) > C|s|?, VxeQ,seRR. (1.2)
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The case A% = 4A( was treated in [15].

The existence of solutions to sixth-order equations (n = 3) was investigated in [8] by using
Clark’s theorem provided the coefficients Ao, Aj, A satisfy some relations in the particular
case when f(x,s) = a(x)s®. Here a(x) is a continuous positive and even function.

In [13], using two Brézis-Nirenberg’s linking theorems, the existence of at least two or
three solutions was obtained, where F > 0 has an asymptotic behaviour at zero and satisfies

F(x,s)
)

— +0co, uniformly with respect to x as |s| — oo. (1.3)

Note that condition (1.2) implies the weaker super-quadratic condition (1.3). Also in the
new paper [1] infinitely many solutions to equation (1.1) (case n = 3,Q) = (0,1)) are ob-
tained in the case when the nonlinear term f has an oscillating behaviour and the following
restriction holds

max{ Ak, Aok — A1k?, Ayk — Ak* 4 Agk®} < 1, (1.4)

where k = 1/72.

For further results on sixth-order equations we refer the reader to [5,9,14,16-18].

The existence results of this paper are obtained for a general 2n— order equation by vari-
ational methods and hold under different assumptions on the coefficients.

We impose here suitable conditions on the coefficients Ay,..., A,—1, allowing to define
several norms equivalent to the usual norm of the working space. One of the condition
we impose (relation (2.5)) represents a generalization to the higher-order case of condition
A% > 4Ap which plays a role in the works [16] and [12].

We see that even we restrict ourselves to the case n = 3 our conditions imposed to the
coefficients are different from the condition (1.4) or from the results obtained in the above
mentioned papers.

Moreover, we note that our first two main results are stated without any asymptotic be-
haviour at infinity. More precisely, we prove by using the Brézis—Nirenberg’s linking theorem
that an existence result holds without any behaviour at infinity if F > 0 (Theorem 3.1). By us-
ing Ekeland’s variational principle we show (Theorem 3.4) that a result holds if F may change
sign and if no asymptotic behaviour at infinity is required. The last existence result uses the
Mountain Pass theorem and is stated when F may change sign and f satisfies an asymptotic
behaviour at both zero and infinity (f behavies at +o0 as |s|P, p > 1).

2 Auxiliary results and variational settings

We consider the Hilbert space
H(Q) = {u € H'(Q) |u=u" = - = u®9 = 0 ondQ)

endowed with the standard inner product

(1, 0) () = /Q (”U +u'o' " u(”)v(”)>dx
and standard norm )
||u||H”(Q) = (u/u)IZ_In(Q)~

For the sake of simplicity we consider n = 4k, k = 1,2,3, ..., unless otherwise stated.
We recall the meaning of a weak solution to (1.1).
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Definition 2.1. A weak solution of (1.1) is a function u € H(Q) such that
/Q (u(")v(”) — Ap_qu Vo= o ALY+ Aguo +f(x,u)v> dx =0, Vv e H(Q).

A classical solution of (1.1) is a function u € C?"(Q) that satisfies (1.1).

We note that since f is a continuous function on Q x R, it follows that a weak solution of
(1.1) belongs to C**(Q)) (to get the result imitate the proof in [17]).
We also recall that the set of functions

{sinm;jx, me N, m> 1}

is a complete orthogonal basis in H(Q)).
The symbol P(¢) = &% — A, 1822 4 -+ + AZ* — A8 + Ay of the differential operator
L(u) = u® + A, qu@=2) + ... + Ayu™ + Aju” + Agu plays an important role in the sequel.
Problem (1.1) has a variational structure and weak solutions in the space H(Q)) can be
found as critical points of the functional

J:H(Q) >R

J(u) = % /Q ((H(H))z - Anfl(u(n_l))z + = A1(u/)2 + Aouz) dx + /Q F(x,u)dx,

which is Fréchet differentiable and its Fréchet derivative is given by
(' (u),v) = / (a0 — Ay Do g~ At + Aquo+ f(x,u)o) dx,
Q

for all v € H(Q)).

Throughout the paper C denotes a universal positive constant depending on the indicated
quantities, unless otherwise specified.

The next lemmas are fundamental tools in proving our existence result.

First we point out some Poincaré-type inequalities.

Lemma 2.2 ([10]). The following relations hold true for any u € H(QY).

2
/Q (u®)2dx < (i) /Q (u*)2dx,  k=0,1,2,...,n—1. @.1)
L\* 2
wtdx < (= N dx,  k=12,...,n (2.2)
Q T Q

In particular,

2 L™ [ (2
/Qu dx < (n) /Q(u ) dx. (2.3)

An immediate consequence of Lemma 2.2 is the inequality

)\ 2
C(L, ) |ullr ey < /Q(u( )2dx < [lull gy, (2.4)
which shows that the scalar product
— (M) g
(4,9) (o) /Qu v\"dx

induces a norm equivalent (denoted || - || () to the norm || - || gn(qy) in the space H(Q}).

The next lemma is an extension of Lemma 8, [16] and is proved by different means.
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Lemma 2.3. Let u € H(Q)).
a). Suppose that Ag, Az, ..., An_4 >0, A1,A3,...,Ayn3<0, Ay_2,Ay_1 > 0and
A2 | <4A, ;.

Then there exists a constant k such that

/Q [(u<”>>2—An1<u<"—1>>2+---—A1<u/>2+Aou2 dx > k||| -

A similar estimate holds for Ay < 0 but under the restriction
A2 | < 4A, LAY,

where A* =1+ Ao(%)zn > 0.

b). The same estimate (2.6) holds if for some index j = 2,4,...,n —2

2
n

—j-1
o <A4Au i

n—j
where
Al/ A3/ cey An*]'*?)/ An*]'+1/ sy An—l < 0/
Ao, Az ey A2, Anjia o, An220, Ay j 1, A >0.
c). Similarly, (2.6) holds if for some index j = 1,3,...,n — 1 (2.8) is fulfilled, where
Al/ A3/ ceey An—j—3/ An—j+1/ cey Al’lfl < 0/
Ao, Az, A2, A2, An220, Ay j1<0,A,.;>0.

Remark 2.4.

(2.5)

(2.6)

(2.7)

(2.8)

1. Of courseif A,—1 <0,A,—2>0,..., A1 <0,Ap > 0, then Lemma 2.3 is always true, i.e.,

there is nothing to prove.

2. We easily see that if n = 2 (Case a).) then we obtain exactly Lemma 8, [16] for bounded

domains, i.e., our result is a direct extension to the higher-order case.

3. Note that Lemma 2.5 and Lemma 2.6 can also be seen as extensions of Lemma 8, [16]

and hold for bounded domains ) as well when () = R.

Proof. a). We see that for any real

2
/ (u(”) + au(”_l)) dx = / ((u("))z —2a(u"V)2 4 txz(u("_z))2>dx.
) 0

It follows that for any « the quantity

Qu = /Q ((u(”))2 — 20 (u1)? 4 zxz(u(”’z))2> dx

is positive.
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For arbitrary € > 0 and by the assumptions
[ 69 g+

> W2 = A, 1 (D) 1 Ao ()2 | dx
0
_ {E/Q |:(u(n))2_|_(u(n—l))2_|_(u(n—Z))2:| dx

2
(- 8)/ [(u(n))Z _ M(u(n 24 o 1 (‘w> (u(n—l))Zl dx
Q 1—¢ 1—e¢

2
1 (A1 +e) -2y
# A2 mem | x
1 1+£)2
2s/Q(u(n))zder(1—s)QAn1:1€+g + A, —e— Zf /Q(u(n—Z))de‘

Choosing ¢ sufficiently small, using that Qa, ;+« > 0, (2.5) and the equivalence of norms
T1-e

| - HH”(Q) and || - HH(Q) we get the result.
b). and c). Follows from case a). O

Lemma 2.5. Let u € H(Q) and Ag > 1.
Suppose that for an index i and j,
A?
<Ap—1 2.
T SA-L (2.9)

A7 < —44;,
24

wherei =2,3,...,5, A #A;,1<j<n—1,A;<0,A; <0ifiisevenand A; > 0ifiis odd.
Then there exist the constants k;; > 0 such that

/Q [(u<"))2 — A ()2 = Ay (W) 4 Agu® | dx > K F - (2.10)

Proof. a). For the sake of simplicity we consider j =1andi =2, ie,
A11A2<0/ A4/'~~1A1’l—220/ A3,...,An,1§0

and
AZ
—4Aq
We are going to prove the required inequality for u € H"(R) by using the Fourier trans-

form.
Taking in particular u € H(Q)) N H"(IR) we get the inequalities for bounded domains Q).

Let 11(¢) be the Fourier transform of u(x) € H"(R).
First observe that by Parseval’s identity we get

/ ((u(”))2 — Ay (D A () Aouz) dx
R

= /IR (éZn _Aﬂ*1§2n72+"'_A1§2+A0>Hﬁ(§)|‘2d(;". 2.11)

< Ap—1, A% < —4A,.
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By using elementary inequalities we get for all { € R

4 A 2 A o 2, A
Al < 2 —A)G" < —=-C"+ (A
< A3 My (—A)E+ A -1
- —4A
AZ
< R A A (—A)E Ay
- 1

Hence

M — A8 Al = A1E 4+ A

% 2 A7 2
> _ = 41> S o . .
<1 —4 A, ) g 1 (1 —4A > (C 1) 2.12)
It can be easily checked that V¢ € R

From (2.12) and (2.13) we get

AZ
E— Ay 18T Aplt - A F A > i(1 — 4124 ) (1 +E 4 +§2”>. (2.14)
—4A
Now from (2.11) and (2.14) we obtain

/ ((u(”))2 — Ay (O A () 4 Aouz) dx
R

> (1= ) [ (1@ ) e e
(

u2+(ul)2_|_“_+ (M(Zn))2>dx

which is the desired result. O

Lemma 2.6. Let u € H(Q) and Ag > 1.
Suppose that for an index i = 1,3,...,(n/2) —1, A; > 0 and for an index j =2,4,...,n — 2,
Aj > 0 the following inequality be fulfilled
2 A
A7 <A4A;, 4—14] +A; < Ap—1, (2.15)
where the rest of coefficients
Al/ A3I sy Ai*Z/ Ai+2/ R An—l < 0

and
AZ/ A4/ RN Aj*Z/ Aj+2/ RN Aan Z 0

Then there exist the constants k;; > 0 such that

/Q |:(u(11))2 _ Anil(u(nfl))Z + .= A (u’)z + A0u2 dx > kl,JHuH%{H(Q) (2.16)



On the solvability of a higher-order semilinear ODE 7

The proof is similar to the proof of Lemma 2.5 and hence is omitted.

Lemma 2.7. Let u € H(QY).
Suppose that Ay, Az, ..., An—2 >0, A1,As,...,Ay—1 > 0, and

2 6 2n—2
L L L
1—-—A,1 <) —A,_3 <> - = A <> > 0. (2.17)
7T 7T 7T

Then there exists a constant k1 > 0 such that
A |:(u(7’l))2 _ An_l(u(ﬂ—l))z 4+ — Al (u/)z —+ A0M2:| dx 2 kl““”%—["(Q)' (2.18)

A similar result holds if Ay, Az, ..., An—2 < 0and A1, As, ..., Ay_1 > 0 under the assumption

2 4 2n—-2 2n
L L L L
1—An_1<> +An2<> —---—A1<) +Ao() > 0. (2.19)
7T 7T 7T 7T

The next four lemmas gives conditions on parameters A;,i = 0,1,...,n —1 when the
functional | is bounded below and satisfies the Palais—Smale condition. We recall here what
means that | satisfies the Palais—Smale condition.

Definition 2.8. Let X be a Banach space and | € C!}(X,R). We say that | satisfies a Palais—
Smale condition if any sequence {u,,} in X for which J(u,,) is bounded and J'(u,,) — 0 as
m — oo, has a convergent subsequence.

Lemma 2.9. Let u € H(Q)) and let « > 0 be a constant. Suppose that F > 0, Ao, Az, ..., Ap—a >
O/ A11A3/ s /Al’l73 < 0/ Anle Aﬂ—] > 0 and

a+1
o

A2 | < 4A, . (2.20)

Then ] is bounded below and satisfies the Palais—Smale condition.
A similar statement holds for Ay < 0 but under the restriction

a+1

" A2 | < 4A, LAY, (2.21)

where A* =1+ "‘%AO(%)M > 0.
The same conclusion holds if we are under the hypotheses of the case b). or case c). of Lemma 2.3.

Proof. We observe that for any & > 0 we can write J(u) as a sum of

1 1 2 ®
S (n)
Ju) 20c+1/0(u ) e+ —hw),
where
J1(u) :;/Q {(u(”))z—lleAn_l(u(”_l))z—k‘--—F(X+1A0u2+2(x1—1F dx.

Since (2.20) holds we can use Lemma 2.3 and the positivity of F to get that J;(u) is bounded
below which implies that J(u) is bounded below.
We now show that J(u) satisfies the Palais—Smale condition.
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Suppose that {u,,} is a Palais-Smale sequence, i.e., there exists a constant C > 0 such that
J(um)| <C and J'(um) -0 asm — .

Since J;(u) is bounded below we get that there exists a constant C; > 0 such that

1 1 (n)y\2
C>§“+LL@M)dx—q,

which implies that {u,,} is a bounded sequence in H(Q).

Since
J(u) = %(u, u)n(Q) — % a [(”("))z — Apa (Y 4 — A () + Aouz} dxt /Q Fdx,
we see that
J'(u) = u+K(u),
where
K:H(Q) — H(Q)
is defined by

(K(u),v) = —/ [An_lu(”_l)v("_l) + o+ Ay’ — Aguo — f(x,u)v|dx.
0

Using the fact that the Sobolev imbedding H(Q)) < C"~1(Q) is compact we get that K is a
complete continuous operator. Since J'(u,,) — 0 as m — oo it follows that

= ] (tm) — K(ttm)
is a convergent sequence and hence J(u) satisfies the Palais-Smale condition. O

Using the same techniques we can prove

Lemma 2.10. Let u € H(Q), Ag > 1 and let « > 0 be a constant.
Suppose that for an index i and j,

a+1 , A? o
- —4A:; < — .
. A7 < 44, Y A 1 (2.22)
wherei =2,3,...,5, Ai # Aj, 1 <j<n—1,A; <0, A; <O0ifiisevenand A; > 0if i is odd.
Then | is bounded below and satisfies the Palais—Smale condition.

Lemma 2.11. Let u € H(Q), Ao > 1 and let & > 0 be a constant.
Suppose that for an index i = 1,3,...,(n/2) —1, A; > 0 and for an index j = 2,4,...,
n—2, Aj > 0 the following inequality be fulfilled
x+1 A? «

2 . kel < —

, (2.23)

where the rest of coefficients
Ay, Az, A, Ai+2/ o Ay <0,

and
AZ/ A4/ ey Aj—2/ Aj+2/ ceey An—z > 0.

Then | is bounded below and satisfies the Palais—Smale condition.
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Lemma 2.12. Let u € H(Q) and let « > 0 be a constant.
Suppose that Ay, Az, ..., Ayn—2 >0, A1,As,...,Ay—1 >0, and

2 6 2n—2
L L L

Then | is bounded below and satisfies the Palais—Smale condition. A similar result holds if Ao, A,
co, A2 <0and Ay, Az, ..., Ay—1 > 0 under the assumption

2 4 2n—2 2n
L L L L
7T 7T 7T 7T

The main tool in our approach is the Brézis—-Nirenberg’s linking theorem [6].

1
1_1x+

_lX—|—1

1 > 0. (2.25)

Theorem 2.13. Suppose that | € C'(H, R) satisfies the Palais—Smale condition and has a local linking
at 0. Assume that | is bounded below and infy | < 0. Then | has at least two nontrivial critical points.

For the sake of completeness we recall the definition of local linking.
Let the Banach space H has a direct sum decomposition H = X @ Y, where X is finite
dimensional.

Definition 2.14. The functional ] is said to have a local linking at 0 if for some p > 0,
J(x) <0, VxeX, ||x]| <p,

and

Jly) >0, Vye, |yl <p.

3 Main results

Our existence results read.

Theorem 3.1. Let the function F > 0, Vx € ), s € R satisfy
F(x,s) <K|s|?, p>2,VYVxeQ,seR,s small, (3.1)

where K > 0 is a constant. Suppose that we are under hypotheses of either Lemma 2.9, Lemma 2.10,
Lemma 2.11 or Lemma 2.12. If in addition there exists a natural number m % 0 such that

mrit
P<L)<Q (3.2)

then the boundary value problem (1.1) has at least two nontrivial solutions.

Proof. The proof uses the Brézis—Nirenberg’s linking theorem (Theorem 2.13). Hence we have
to show that | satisfies the condition imposed in Theorem 2.13.

Since we are under the hypotheses of either Lemma 2.9, Lemma 2.10, Lemma 2.11 or
Lemma 2.12 it follows that | is bounded below and satisfies the Palais—Smale condition.

We now follow the proof of Lemma 8, [13] and show that infyq) ] < 0.

We see that P (%) — o0 and since (3.2) holds we get that there exists a finite set of natural
numbers {m1,m, ..., my} such that P(™%) <0,i=1,2,...,k
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Introducing the finite dimensional space

X = spanq sin oy sin Mt
=sp T I
we see that any ¢ € X can be written
. mnx k7TX
@(x) = c1sin + - 4 ¢ sin

and its norm in L?(Q)) is given by
2 2 2 2
lpllx =ci+--+ck=p"

where ¢y, ..., ¢, are real constants.

By (3.1) and Hoélder’s inequality we get for sufficiently small p > 0

| EGo)dx <K [ o) dx

1 1
21P
(5 sa) (s s

C(K,k,p,L)(c% 4 +c£) = C(K,k,p,L)p".

NI

Hence
L& m; 7t
I(e) < 5 ZP( 3 >C? +C(Kk,p, L)p"
i=1
< %apZ + C(K,k,p,L)p? = p? <i¢x + C(K,k, p,L)pP2> <0,

where & = max {P(™*),i =1,2,...,k} < 0 by hypothesis.
We now show that | has a local linking at 0.
By the above estimation, we see that for sufficiently small p

J(u) <0, VueX, lul| <p.

Also since for any u € Y = X* (bear in mind that P(™5%) > 0)

102 5P ("l + [ Flxmix =0,

we get that | has a local linking at 0 and the proof follows.

Immediate consequences of Theorem 3.1 are the following.

Corollary 3.2. Suppose that P(0) > 0 and that P takes negative values. The problem (1.1) has at least

two nontrivial solutions in Q) = (0,L) provided the following relation holds true

mr
<L < ——  for some natural number m # 0.

& 51

Here 0 < &1 < Cp are the first (the smallest) two positive roots of P. Note that P may have other

roots.
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Corollary 3.3. Suppose that P(0) < 0 and let & > 0 be the smallest root of P (P may have other
roots). The problem (1.1) has at least two nontrivial solutions in O3 = (0, L) provided the following
relation holds true

L> ? for some natural number m # 0. (3.4)
1

We note that the uniqueness results presented in [12,13] as well as our Theorem 3.1 are
stated under the restriction F > 0 and

lim —= = 0. (3.5)
The next result is stated when F may change sign and (3.5) is weakened.
Theorem 3.4. Let the function F satisfy
F(x,s) > —Kj|s|F — Ky, Vxe,seR, (3.6)

where 0 < p < 2, and Ky,Ky > 0.
Suppose that A,_1 <0,A,—2>0,...,A1 <0,Ap > 0 holds or we are under hypotheses of either
Lemma 2.3, Lemma 2.5, Lemma 2.6 or Lemma 2.7. If in addition one of the following relation holds

lim fi(x' 5)

n o= q(x) uniformly in Q, (3.7)
S—
where q(x) <0, ||q]l=) > 0,0 <a <1

lim F (:2’5) = B(x) € LNQ), uniformly in Q, (3.8)

5—
where

2 Xy LT
/Qﬁ(x)sm de+4P(L> <0, (3.9)

then the boundary value problem (1.1) has at least one nontrivial solution.
Proof. We choose p > 0 arbitrary but fixed and denote by

By = {u e H(Q) | |ulln) <p}-
We first note that one of the relations (3.7) or (3.8) assures that

u=infJ(u) <O0.
BP

Indeed, suppose that (3.7) holds.
We can choose the positive function ¢(x) = sin * € H(Q) such that

/Qq(x)qo”‘ﬂ(x)dx <0.

Hence

. Jlse) 1 1, (n)\2 (n-1)32 2
g A Tl i

+ lim/ Fxsg)

s—0t Jo o st

= [ i EES0) g [ i LS00
Qs—0+  satl Qs—0+ (a4 1)s%
1

— a+1
=31 /Qq(x)q) (x)dx < 0.
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Similarly if (3.8) holds we see that

lim 1652) _ LP<7T> +/Qﬁ(x) sin %dx <0.

5—0 S‘2 4 L

By relation (3.6), Cauchy’s inequality with ¢ and (2.3)
2
> — 2dx — o .
/QF(x,u)dx > s/Qu dx /Q (C(p,s)Kl +K2>dx (3.10)
L 2n
> () o~ Cloe ko Ka L)

Hence if we are under hypotheses of either Lemma 2.3, Lemma 2.5, Lemma 2.6 or Lemma
2.7 we can combine (3.10) with one of relations (2.6), (2.10), (2.16) or (2.18) to get (by choosing
¢ sufficiently small) that J(u) is bounded below on B, by a negative constant.

According to the Remark, inequalities of type (2.6) are always true if A, 1 < 0, A, >
0,...,A1 <0,Ap > 0 and hence again we obtain that J(u) is bounded below.

From Ekeland’s variational principle it follows that there exists a minimizing sequence
{um} C B, such that

J(um) = and  J'(uy) — 0, asm — .

Since {u,;,} is bounded we can extract (by using the Sobolev imbedding) a subsequence still
denoted {u,,} such that

Uy — g weakly in H(Q)),
Uy — g strongly in C"1(Q).

Arguing as in the proof Lemma 2.9 we get that {u,,} converges strongly to ug in H(Q)).
As a consequence there exists uy € H(Q)) such that J'(ug) =0, J(u) < 01i.e., problem (1.1)
has at least a nontrivial solution. O

The last existence result shows that if we impose some asymptotic assumptions to f we
can allow p > 2 in (3.6). The proof uses the Mountain Pass theorem and the following two
lemmas.

The first lemma shows when J(u) has a mountain pass structure

Lemma 3.5. Suppose that we are under one of the assumptions of Lemma 2.3, Lemma 2.5 or Lemma
2.6. Let F satisfy

F(x,s) <C|s|',  V(x,5) € QxR, (3.11)

where C > 0,t > 2 and relation (3.7) holds.
Then

1. there exist two positive constants p and 1 such that

J(w),,_ =1, (3.12)

lul=p

2. there exists e € H(Q) satisfying ||u|| > p and J(e) < 0.
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Here
= [ = A ) Ao+ ]

is a norm since we work under the assumptions of Lemma 2.3, Lemma 2.5 or Lemma 2.6.
We also note that J(u) becomes

1
() = Sl + [ FGxujdx.
2 0
Proof. For a proof see [10]. O

We can now apply the Mountain Pass theorem in H(Q)) to find a Cerami type sequence,
ie.,
there exists {u,} C H(Q) such that (1) — A and ||J' (tm) || g+ () — O (3.13)

The next lemma gives the boundedness of the sequence {1, }.

Lemma 3.6. Suppose that we are under the hypotheses of Lemma 3.5. If in addition there exist the
constants 0 € (0,2), Ky € R, Ky > 0 such that

f(x,8)s > Kyi|s|® =Ko, VxeQ,|s| >M, (3.14)
for some M > 0, then the sequence {u,, } defined by (3.13) is bounded in H(Q}).

Um
[
{wn} is a bounded sequence and we can extract a subsequence, still denoted {w,, }, such that

Proof. We argue by contradiction and suppose that ||u,|| — co. Let w,, = . Obviously
Wy, — w  strongly in C*1(Q).
For each fixed m we define
QL ={xcQ|uy(x) <M} and Q3 ={x € Q] un(x) > M}.

By the continuity of f there exists a constant C; > 0 such that

/Q1 f(x, upm)umdx > —Cj. (3.15)

Since

(i), ) = NP+ [ e )i,
we get by combining (3.14) and (3.15) that

(J (), ttm) > [Jumg|* = C1 = /QZ (Kl,umyo — Kp)dx

m

> Jlum]|? = C1 — K| /QZ || dx — Ky meas(Q). (3.16)

Using (3.16) and the fact that (J'(u,), um) — 0, as m — oo it follows that

2 /
0o = Tim 1l < (WHKﬂ/ |wm,edx+cl+1<zme6as(ﬂ)>
247l 0 [td]]

which is a contradiction.
Hence we conclude that the sequence {u,,} is bounded. O]



14 C.-P. Danet

The last existence result reads

Theorem 3.7. Suppose that we are under one of the assumptions of Lemma 2.3, Lemma 2.5 or Lemma
2.6 and that relation (3.7) holds. Let p,q,v > 1 be such that p > o = max{q,r} and L1,L,, L3 €
L*(Q). If in addition

flxs) _
|s|§0 P Lq(x) (3.17)
and
lim f(;S) = Lo(x) >0, lim f (|§|’f’) = Ls(x) <0, (3.18)

uniformly in Q), then the boundary value problem (1.1) has at least a nontrivial solution.

Proof. Combining relations (3.17) and (3.18) we get that there exists a constant C > 0 such that
for sufficiently large M

—sf(x,s) < Cls|”™, VxeQ,|s| > M. (3.19)

Integrating (3.19) one has

1
—F(x,s) = —/O f(x,us)sdu < (T_C'_ﬂs\”“, VxeQ,|s| > M.

We can now apply Lemma 3.5 to get a sequence {u,, } that satisfies (3.13).
On the other hand, in view of (3.18) we see that (3.14) is satisfied and hence {u,,} is
bounded. As a consequence u,, — ug in C"~1(Q) and the proof follows. ]

Finally, we give some examples as an application of our results.

Example 1. Let F satisfy (3.1) and suppose that (3.3) holds with m = 1. Then the boundary
value problem

(3.20)

u®) + Au™® + Bu" + Cu+ f(x,u) =0inQ = (0,L)
u=u"=---=u?"2 =0 onaQ,

has at least two nontrivial solutions in H(Q2). Here A < 0,B =0,C > 0, (2.25) holds and

—2A
5)
In particular, the result holdsif n =4,A = -2,0< C<1,L=2.
The proof follows from Corollary 3.2. Since P(&) = ¢2" + A&* + C we study the function
¢(t) = t? + At + C. We can check that ¢ attains its minimum at t) = (—2A/n)"z". Imposing
¢(tp) <0, i.e., (3.21) we see that P has (at least) two positive roots.

Consider n = 3. Then P becomes P(¢) = &% — AZ* + B&? — C. If

n(n—2)

n—2
2

T —2A
+A <n> 1+ C<0. (3.21)

1

3
2
A>0, B<0, 0>C>7y=_ 9AB—2A3—2(A2—SB> ]

then P has precisely two positive roots 0 < {1 < ¢2. As a consequence (3.20) has at least two
nontrivial solutions in H(Q) if (3.3) holds with m = 1.
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The reader is referred to Appendix A, [13] where the authors give detailed conditions
on parameters A, B,C and L which guarantee the existence of at least one or two positive
solutions of P(&) = ¢® — AZ* + B&2 - C.

Example 2. Let F satisfy (3.1) and suppose that (3.4) holds (here ¢; is the unique solution of
P(¢) = 0). Consider the boundary value problem (3.20), where C < 0. Suppose that one of
the following relations holds true

AB>0 and (225) (3.22)

A>0, B<O0 and (2.25) (3.23)

1

—2A N\ —2A \ 72
Then the boundary value problem (3.20) has at least two nontrivial solutions in ().
The proof follows from Corollary 3.3 by using the same techniques as in Example 1.

Example 3. In as similar way we can conclude that if F satisfies (3.1) and that (3.4) holds (here
¢1 is the unique solution of P(¢) = 0), then the problem

{uan) + Au®=2) 4 Bu®4) 4 Cu+ f(x,u) =0 inQ = (0,L) (3.25)

u=u"=---=u2 =0 onaoQ,

has at least two nontrivial solutions in ). Here A,B > 0,C < 0 and we are under the
assumptions of Lemma 2.9.

Example 4. Arguing as before, if A,B > 0, A? > 4B, F satisfies (3.1) and if (3.3) holds, it follows
that the problem

(3.26)

u® + Au® + Bu” 4 f(x,u) =0 inQ = (0,L)
u=u"=u® =0 onoQ,

has at least two nontrivial solutions in Q).

Example 5. The functions Fi(s) = In(1+In(1+---+1In(1+ |s|”))), p > 2 and F(s) =
|s|(arctan |s|” + In(1 4+ |s|”)), p > 1 satisfy (3.1). Hence, under the requirements of Theo-
rem 3.1 problem (1.1) (with f replaced by fi = F| or f, = F;) has at least two nontrivial
solutions in Q).

It is easy to check that F;, F, don’t satisfy (1.3) and hence this existence result cannot be
deduced from the corresponding results presented in [12] or [13] even if we restrict ourselves
to the particular cases n =2 or n = 3.

We can see that F3(s) = s? — Cs?, where p > 2 is even and C > 0 changes sign and does
not fulfill the restriction (3.5) imposed in [12,13], but fulfills the requirements of Theorem 3.4
with B = —C < 0. Again we conclude that problem (1.1) (with f replaced by f3 = Fj) has at
least a nontrivial solution if (3.9) is satisfied.

Example 6. Let C > 0,q > 2, € (0,1). Then the function f4

fuls) = {—sq—Cln(1+s“), s>0
1(s) =

|s|7, s<0

satisfies the requirements of Theorem 3.7. Hence the boundary value problem (1.1) with f
replaced by f, has at least one solution.
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