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Abstract. We study the existence of solutions for a class of boundary value problems
on the half line, associated to a third order ordinary differential equation of the type

(D(k(t, ' ()u" (1)) (£) = f (£ u(t),u' (1), u"(t)), aa teRS.

The prototype for the operator @ is the ®-Laplacian; the function k is assumed to be
continuous and it may vanish in a subset of zero Lebesgue measure, so that the problem
can be singular; finally, f is a Carathéodory function satisfying a weak growth condition
of Winter-Nagumo type. The approach we follow is based on fixed point techniques
combined with the upper and lower solutions method.
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1 Introduction

In this paper we are concerned with the existence of solutions to boundary value problems
(BVPs) on the half line, associated to strongly nonlinear third order ordinary differential equa-
tions, of the type

{(cp (k(, ' (DU () () = f (b u(t),u' (1), u"(£)), aa. teRy,

) , (P)
u(0) =up, u'(0) =11, w'(400) =1,

Here, the operator ® : R — R is the so-called ®-Laplacian and f : Rj x R® — R is a
Carathéodory function satisfying a weak growth condition of Winter—-Nagumo type. Moreover,
the function k : Rj x R — Ry is continuous and it may vanish in a subset of zero Lebesgue
measure, so that problem (P) is possibly singular. Finally, ug, v1, v € R are fixed real numbers.
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According to the existing literature, ®-Laplacian type equations involve a strictly increa-
sing homeomorphism

®:(—aa)— (=bb), with0<a,b< +oo,

such that ®(0) = 0. When a = b = +oo the main prototype for the ®-Laplacian is the classical
r-Laplacian ®(s) = |s|"~2s, with r > 1. When a = +o0 and b < +oc0, the map & is usually called
non-surjective or bounded ®-Laplacian and its main prototype is the mean curvature operator

®(s)=———, sER,
1452
cf. [4,21]. When a < +oo, the ®-Laplacian is said to be singular and in this case the main
prototype is the relativistic operator

s
d(s) — se(—1,1),
see [5-7,15,28]. Further details on ®-Laplacians BVPs can be found also in [18,22].

One of the main reasons to study problem (P) is the great amount of applications of
the ®-Laplace operator in different fields of physics and applied mathematics, such as non-
Newtonian fluid theory, diffusion of flows in porous media, nonlinear elasticity, theory of
capillary surfaces, see e.g. [20,25], and, more recently, the modeling of glaciology, see for
instance [12,23,29]. Moreover, problems like (P) find many applications in fluid dynamics
as generalizations of the Blasius problem modeling the flat plate problem in boundary layer
theory for viscous fluids, cf. [16].

Due to the wide class of their applications, as well as for a more theoretical interest, several
papers have been devoted to ®-Laplacian type equations. Many contributions concern BVPs
associated to a second order counterpart of (P) involving equations of the type

(@k(,u(-)u' () (8) = f (tu(t), v (1), (1.1)

both in bounded and unbounded domains, under various assumptions for ® and f, alongside
with different types of boundary conditions, see [8,14,27]. We also mention [30] for third-order
BVPs and [26] for higher-order BVPs in the half-line.

Recently, the multiplicity of solutions to differential equations with ®-Laplacian has
been largely investigated under periodic, Dirichlet or Neumann boundary conditions. In
[17,19] second order differential equations posed in bounded domains are considered by
means of the fixed point index theory, while in [3] the authors find positive unbounded solu-
tions for singular second-order BVPs set on the half-line.

We prove the solvability of (P) assuming that f may have critical rate of decay —1 at infin-
ity, thatis f(t,-,-,-) ~ 1/t as t = oo, cf. assumption (H3) and Remark 3.7. Together with
this assumption, we require a suitable form of the so-called Nagumo-Wintner condition on f,
cf. (3.2) in assumption (H;). The Nagumo—Wintner condition allows us to obtain a priori esti-
mates on the derivatives of any solution u to (P) on compact intervals of IR, see Lemma 3.11.
We stress the fact that the version of the Nagumo—-Wintner condition most frequently used in
the literature for second order BVPs (see e.g. [10,15]) is not useful in our case since it would
not provide the desired estimates on the higher order derivative of the solution. Hence, a
suitable adaptation of this condition turns out to be necessary in this context.

Our main result is Theorem 3.9 in which we prove the existence of a weak solution for
problem (P), in a sense that will be specified later. The proof is based on a fixed point
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technique, combined with the method of lower and upper solutions, named, respectively a
and f; see assumption (Hj). More precisely, we start by proving the existence of a solution u,
to the auxiliary boundary value problem

{(q)(k(-,u’(-))u”(-)))/ (8) = f(t,u(t),u'(t),u"(t), aa. tely,
u(0) = uo, u'(0) = a’(0), u'(n) = p'(n),

where I, = [0,n], with n € N sulfficiently large. Then, by means of the a priori estimates
provided by the Nagumo-Wintner condition, we show that a suitable sequence (x,),, con-
structed by extending the functions u, to the entire half-line, somehow converges to a solution
of (P).

Despite assumptions (H;)-(H3) seem rather technical, they are fulfilled by a wide class of
functions, as we shall prove in Section 4. In particular, they hold for BVPs of the following

type

(Pn)

u(0) =ug, u'(0) =v1, u'(400) =1y,

{((D (k(, ' (N () (8) = £ (Lu(t), u' (1) foa(u" (1), aa. teR],

where fi and f; satisfies suitable growth conditions and either

k(t/y) = k1(f)k2(y), with k;1 >0, ko > 0in [1/1,1/2], or
k(t,y) =ki(t) + ka(y),  with ky, ky > 0.

The critical rate for f, as well as the possibility of dealing with singular equations, have been
yet considered in [11], where the authors prove the existence of heteroclinic solutions for BVPs
associated to (1.1). A similar framework, with k = k(t), can be found in the recent work [2],
where BVPs associated to third order differential equations are studied in a compact domain,
and in [1], where the author proves existence results for integro-differential BVPs in a non-
critical regime and in the half-line. In this context, Theorem 3.9 throws a further light on the
subject treating third order equations and it extends Theorem 3.3 of [2] since the function k
is more general and solutions are obtained in the half-line. In particular, in [2] only solu-
tions on compact domains are considered and the function k only depends on ¢. Concerning
unbounded domains, a first contribution for the existence is contained in [1], where the sub-
critical regime for the asymptotic behavior of the right-hand side f is investigated together
with some non-existence results. The present work aims at providing a careful study of the
critical regime for the asymptotic behavior of f at the same time generalizing the choice of the
function k, which can also depend on the function v and not only on ¢.

By performing the change of variable v(t) = u/(t), our results apply to integro-differential
BVPs of the type

{(cb(k(.,v(.))v’(.)))/(t) =f (t,/otv(s)ds,v(t),v/(t)>, aa. teR],
v(0) =11, v(400) = 1y.

Hence, when v; # 15, our analysis leads to the existence of heteroclinic solutions for such
BVPs. These solutions are relevant in the study of biological, physical and chemical models
since they represent a phase transition process in which the system evolves from an unstable
equilibrium to a stable one; see [24,27,31] and the references therein.

Finally, we highlight that a straightforward adaptation of Theorem 3.9 to problem (P) with
k = k(t,u(t),u'(t)) directly follows in R§ considering an additional monotonicity assumption
on the second variable for k = k(t, x, ) and it will be object of a forthcoming paper.
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The paper is organized as follows. In Section 2 we present some preliminary facts; in
particular, Theorem 2.2 is a very general result on the solvability of ®-Laplacian BVPs in
compact intervals. Section 3 is devoted to our main result Theorem 3.9. Finally, in Section 4 we
present a class of examples of functions ®, k and f satisfying the assumptions used throughout
the paper.

2 Preliminary results

In this section, we present an existence result for very general BVPs in compact real intervals,
that is Theorem 2.2. The proof of Theorem 2.2 is based on the forthcoming lemma. Even if the
proof of Lemma 2.1 somehow follows the proof of analogous results, cf. [2, Lemma 2.1] and
[10, Lemma 2.6], for the sake of clarity we prefer to show it completely.

Lemma 2.1. Let T > 0 be a fixed real number and denote by I = [0, T] C R and let p > 1 be fixed.
Let F: W2P(I) — LY(I), v — F, € L'(I), be a continuous operator for which there exists © € L'(I)
such that

|F,(t)] <O(t) forallv e W?P(I) and a.a. t € 1. (2.1)

Let K: W?P(I) C C(L;R) — C(L;R), v — K, € C(I;R), be continuous with respect to the uniform
topology of C(I;R) and suppose that there exist kq, ko € C(I;R) satisfying

ki,kp >0 ae. inl and l, 1 € LP(I), (2.2)
ki ko
such that
ki(t) < Ky(t) < kot) forallv e W*(I) and a.a. t € 1. (2.3)

Finally, let ¥ : R — R be a strictly increasing homeomorphism. Then for all v € WP (1) and for all
01,02 € R there exists a unique ¢, € R such that

b
/a Kul(t)‘{f—l (o + Fo(t)) dE = 65— 61, (2.4)

where t
FWP(I) = C(LR), ves Folt) = / Fo(s)ds, tel.
a
Furthermore, there exists co > 0, independent on v, such that:

|&| < co forallv e W?P(I). (2.5)

Proof. First, we observe that the operator .# is well defined being .%#, continuous in I for
all v € W2P(I) by (2.1). Moreover, .Z is continuous from W2?(I) in C(I,R). Indeed, F is
continuous from W2#(I) in L!(I) by assumption and

sup [ #u(t) — Fo(t)| < |Fu — Follpa(py forallu,v € W2P(I). (2.6)
tel
Furthermore
sup |- Z,(t)] < [|®]| 1y forall v € WP(I). (2.7)
tel

Now, we fix v € W?P(I) and define

1
Ky(t)

3,:R =R, gr—>&;(€)=/ﬂb Y1 (E+ F(t)) dt.
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Note that also §, is continuous in I. Indeed, .%, is continuous on I as noted above, the function
¥~! is continuous by assumption and so, by Lebesgue’s Dominated Convergence Theorem,
we can infer that §, € C(R;R).

Moreover §, is strictly increasing in R since K, > 0 and ¥~! is strictly increasing by
assumption. Finally

which implies that limg_, 4o (&) = £00. Then, by Bolzano’s Theorem, there exists a unique
&y € R such that §,({,) = d2 — 61 for any choice of 41, 5 € R.
In order to prove (2.5), note that, by the Mean Value Theorem, there exists ¢, € I such that

b b
5060 = [ ot G Fo) dE= 62— 0 =¥ @k Fult) [t
and so )
) _
Eot Fults) =¥ ((52 — &) ( / Kvl(t)dt> ) - (2.8)
Now observe that, by (2.3)
b -1 b -1
(6, — 61) (/ﬂ Kvl(t)dt> <16, — & (/u kzl(t)dt> —.C. (2.9)

Hence, denoted by ¥ = max|_c,c) |¥| and recalling that ¥ is strictly increasing, relations
(2.8)-(2.9) give

b 1 -1
|€v| < |§v+§v(tv)|+|ﬁv(tv)’ = ‘T ((52_‘51) (/ K(t)dt> ) +|<¥v(tv)|
a v
<O +[Z(to)] < ¥+ 11Ol
Choosing co = ¥ + ||©|| 11(1) the proof is complete. O

Theorem 2.2. Let T > 0, p > 1 and the operators F, K and Y be as in in Lemma 2.1.
Then, for all vy, w1, w2 € R there exists a solution v of the problem

{Ho&ﬁﬂﬂ&@,mw%L
(PA)

v(0) = vy, V'(0) = wy, V(T) = wy,
that is a function v € WP (1) such that
ot (YoK,v")(t) € WHP(I);
o (YoK") () =F(t), aatel
e v(0) = vp, V'(0) = wy, V(T) = wa.

Proof. The proof is an adaptation of [2, Theorem 2.2] and [11, Theorem 3.1]. First, we observe
that, since the operators F, K and Y satisfy all the assumptions of Lemma 2.1, for all v €
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W?2P(I) and all 81, 6, € R, there exists a unique &, € R such that (2.4) and (2.5) still hold when
01 = wy and 6> = w,. Set
Wo = {v e W*P(I) : v(0) = vy}

and define the operator G : Wy — W), with v — G, as follows

t ps
Gy(t) = vy + wit + / / <v(T)dTds,
0 Jo

where
1

Su(t) = Ko (D)

It is easy to see that G is well defined and that the solutions to (P.A) correspond to the fixed
points of G. Finally, following [2] and [11], it is possible to show that G is bounded, continuous
and compact, so that, by Schauder’s Fixed Point Theorem, we get the existence of a function
v which is a fixed point of G in I, that is a solution to the problem (P.A). O

YU (& + F(t), teL

3 Functional setting and main result

Throughout the paper we assume the following structural assumptions on ®, k and f.

(A1) @ : R — R is a strictly increasing homeomorphism such that ®(0) = 0 with

lim inf CDS(;) >0 for some p > 0.

s—07*

(A2) k: Ry x R — R is a continuous function such that
* k(t,y) >0 foraa. (t,y) € Ry X R;
o t— 1/k(t,y) € L} (RY) forall y € R, for some p > 1.

loc

(A3) f:R§ x R® — R is a Carathéodory function, that is

o t— f(t,x,y,z) is measurable for all (x,y,z) € R5;

* (x,y,z) — f(t,x,y,2) is continuous for a.a. t € R7,

which is also decreasing with respect to the second variable, that is

f(t,x1,y,z) > f(t,x2,y,z) foraa. teRy,

for every x1,x2,Y,z € R such that x; < xp.

Moreover, we shall refer to the equation in (P) as (ODE), that is
(@okC,) (t) = f(t,u(t),u'(t),u"(t), foraa.tecRy, (ODE)
where, for simplicity, we denote

Ku(t) = k(t,u'()u () with u € W2P(R;) and t € R].
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Definition 3.1. A function u € C!(RRj;R) is said to be a (weak) solution of (P) if

P(RS) and t > (P o K,)(t) € WH(RS);

loc

. uEW

loc

o (Do) (t) = f(tu(t),u'(t),u”"(t)) fora.a. t € RJ;
e u(0) = up, u'(0) =11, u'(+00) = 1.

Remark 3.2. Since we allow the function k to vanish in a set having null measure, equation

(ODE) can become singular. In this context, we search for solutions no more belonging to
C2(R{), but to WIZO P(RJ) NCH(IR]). The choice of this solution space is fairly natural if we

consider that the map t — 1/k(t,y) is assumed to be in L} (R]) forall y € R.

Remark 3.3. Since u € WZP(]I{+) is a solution of (P), and, in particular, the map

loc

t— (Poky)(t) is in Wlicl (Ry), and ® is a homeomorphism, then K, can be considered

continuous in ]RJr (see [9, Remark 2.1]).

Definition 3.4. A function a € C! (]RaL ;R) is said to be a (weak) lower solution of (ODE) if

Wl 1 (]R+)

loc

e e WH(RY)and t — (®oKy)(t) €
o (Doky)(t) > f(talt),a(t),a”(t)) foraa. t € R].
Definition 3.5. A function g€ C! (IRO+ ;R) is said to be a (weak) upper solution of (ODE) if

« pe W(RY) and t— (Do ky)(H) € WH(RY);

loc loc

o (Poky)(t) < f(LB(E),B(t),B"(t)) foraa. t € Rj.
Finally, we say that a pair («, B) of lower and upper solutions of (ODE) is ordered if

o (t) < p'(t) forallteR].

Besides the structural assumptions (A;)—(As3) introduced before, we also consider some
further natural requirements, including a suitable form of the so-called Nagumo-Wintner
growth condition on f, see (3.2) below, which allows us to obtain a priori estimates on the
derivatives of the solutions of (P) on any compact interval of R

From now on, let Ty > 0 be a fixed positive number and denote by | = [0, Tp]. Finally,
assume the following conditions.

There exists an ordered pair («,B) of lower and upper solutions to (ODE) such that «(0) =
B(0) = ug, a’(0) = vy, B is increasing in (Ty, +00) and lim;_, o B/ (t) = va, satisfying the following
assumptions.

(H1) Denoting by

ki(t) = min{k(t,y):y € [ (1), B'(1)]},  K*(t) = max{k(t,y):y € [«'(t), ' ()]},
assume that 1/k, € L (RJ).

2 ere exist a constant > 0, a non-negative function £ &€ , a non-negative function
(H,) Th j H >0 qgati on £ € LY(] gati '
i € L(]), for some 1 < q < 400, and a measurable function P : R — R satisfying

1 © 1
§ € (R and / =t 3.1)
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such that

uvmﬂzns¢0¢w@wwn(aw+mom%) (32)

foraa. t € Jandall x,y,z € R such that x € [a(t), B(t)], y € [&'(t), B'(t)] and |z| > H.

(Hs) For any L > 0 there exist a non-negative function n;, € L'(IR}) and a continuous function
Kp € W(RY), with Ky null in [0, Ty) and strictly increasing in [Ty, +00), satisfying

loc

© 1 Kp (1)

. k*(t)e e dt < +oo, (3.3)

such that
(1) |f(t x,y,z)| > K (£)|®(k(t,y)z)| for aa. t € [Ty, +o0), all x € [a(t),B(t)], all
€ [a(t),B'(t )] nd all z € R with |z| < Np(t)/k(t,y);

(i7) |f(t,x,y, ) < n(t) foraa. t € RS, all x € [a(t),B(t)], all y € [&/(t),B'(t)] and all
z € Rwith |z| < 4(t);

(iii) f(t,x,y,z) < 0foraa. t € [Ty, +oc0), all x € [a(t),B(t)], all y € [&'(t), B'(t)] and all
z € Rwith |z| < 4(t);

where

) = Y and 00 = () + 10" ()] + ") aa. tE RS,
Ni(t) = &7 {cb(L)e—KL(”} teRS.

Remark 3.6. Note that, since 1/k, € Lloc
Moreover, by definition of k., we have

NL() _ Ni(h)
Kty = k(D

so that, on account of (H3)—(iii), we can rewrite (Hz)—(7) as follows
ft,x,y,2) < =K (D) P(k(t,y)2)]

for a.a. t € [Ty, +o0), all x € [a(t),B(t)], all y € [a/(t),p'(t)] and all z € R such that
|z[ < NL(H)/k(t,y).

(RJ) by (Hy), also 1/k* € Ly

loc

(Ry ).

=y.(t) <9L(t) foraa. t€ Ry andally € [o'(t), B (1)],

Remark 3.7. Despite their technicality, assumptions (H;)—(Hj3) are fulfilled in several remark-
able cases, as it we be clear from the examples presented in Section 4.

In particular, the request (3.3) in (H3) is compatible with the critical nature of the problem
connected with the growth of f at infinity; see Section 4 and [11] for further details.

Remark 3.8. It is worth noting that N} is continuous so that v, = N1 /k. € LIOC(JR(J)r ), since
1/k, in L}, (RJ) by (Az). Moreover, Ny is strictly positive by definition, being ®(L) > 0.
Furthermore, recalling the monotonicity of K; and the fact that ® is a strictly increasing
homeomorphism, we infer that \V} is strictly decreasing in [Tp, +o0). In particular, gathering
the definition of N, and the monotonicity of ®, we deduce that N; < L in (Tp, +o0) and
Ni(t)=Lforallt € J.
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Moreover, using the liminf condition in (A;) we deduce that

*1(5)

w7y < e

lim sup
¢—0t

Consequently, combining the above considerations with (3.3) and the fact that 1/k. € L} (Ry),

loc

we obtain that 7, = Np/k. € LY (RJ). Finally, since a,f € WP (Ry ), we also have that

loc

L=+ |a"| +]B"| € LL_(RJ); see [9, Remark 3.7] and [11, Remark 1].

loc

We are now ready to state our main result.

Theorem 3.9. Assume (A1)—(Asz) and (Hy)—(H3). Then, problem (P) admits at least a weak solution
u € WP (R satisfying

loc

a<u<p and o <u' <pB ae inR].

The proof of Theorem 3.9 is divided into two steps.

Step 1. Solvability on compact sets. Let n € IN be such that n > Ty and consider problem
(P,). By solution to (P,) we mean a function u, € W>?(I,) such that

t— (Poky,)(t) € WH(L,);

(D0 Ku,) (F) = f(t, un(t), uly(£),ul(t)) foraa. t € I
* un(0) = uo, u,(0) =a’(0), up(n) = p(n).

Step 2. A limit argument. Once the existence on compact sets I, is established, we construct
a new sequence of functions (x,), by extending the functions u, to lRar and we prove that the
limit function of (x,), is a solution of (P).

3.1 Solvability on compact sets

In order to prove the existence of solutions for (P,;) we first consider and intermediate truncated
problem. Following [8], see also [2], for any pair of functions ¢,{ € LY(I,), satisfying the
relation ¢ < { a.e. in I,,, we define the truncation operator

T LN(1L,) — LN(L), 15— TF,
T4 () = max{&(t), min{y(1),¢(t)}}, t€ L.

Observe that, by definition,

T4 (t) € [E(1),¢(t)] forall y € L'(I,) and for all ¢ € I,. (3.4)
Moreover, by [8, Lemma A.1] we know that
(T0) 1T (8) = T (] < [ (t) = na(t)] for all yr, 2 € LN(1y) and all t € L;

(T2) if & ¢ € WYL(L,), then T4 (WV(L,)) € WY(L,);

(T3) if & ¢ € WYL(T,), then T is continuous from WY (1,,) into itself.
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Now, for all u € W*?(I,,) and for all t € I,, we denote

Da(t) = T, L0

where 4 derives from assumption (H3z), and observe that this definition is well posed when-
ever u € W7 (Rg) by (72). Moreover, by property (3.4) it results that

loc

|Dw(H)| < Ar(t) forallt € I,. (3.5)

Finally, we set
Wo = {u € W*P(I,) : u(0) =up}

and consider the operator
F: Wy — LY(I,), u— F,

defined as

Fu(t) = f(t,ﬂ,“’ﬁ(t),nof/’ﬁ/(t),Du/(t))+arctan (u’(t)—fr”f"ﬁ’(t)), tel,.  (3.6)

u

Then, we are in a position to introduce the truncated problem

(®o ICuTu”)/ (t) = Fu(t), aa.tel,
PTﬂ
{wm—umu«nzwm»umozﬂm» T
where
KT W (L) = C(LyR), uw— KT (t) =k (t, 7;;’f“ﬁ’(t)) . (3.7)

We are going to prove that (P7,) admits at least a weak solution, that is a function u, € Wy
such that

ot (Do k] ul)(t) € WH(L,);
o (®oKTul) (t)=Fu,(t) foraa.tel,;
o 1n(0) = o, ,(0) = o/ (0), 1 (n) = ().

To this aim, in the next result we show that (P7,) can be framed into the functional
setting of Theorem 2.2 and therefore it admits at least one solution. This is an intermediate
step between the solvability of (7,) and the solvability of (P).

Theorem 3.10. Existence for (PT,). Assume (A1)—(As) and (Hy)—(Hs). Then, problem (PT,)
admits at least a weak solution.

Proof. We want to show that the operators F and 7 defined in (3.6) and (3.7), respectively,
satisfy the assumptions of Theorem 2.2.

First note that, since a/(t) < p'(t) for all t € R] and «(0) = B(0) = up, we also have
a(t) < B(t) for all t € Ry. Now, by (3.4), for all t € I, and all u € W, we have

P € [a(r), B(H)] and TSP () € [ (1), B(1)],
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so that, by assumption (H3)—-(ii) and (3.5), we get
Fu(O] = |f (T2 (), T (8), D (1)) + axctan (' () = T3 (1)) |
<|f (670, 78 (0, Du®) [+ 5
s
S nL(t) + E/
for all u € Wy and all t € I,. Hence F satisfies assumption (2.1) of Lemma 2.1 with ® =
nL + /2.
Now we shall prove that F, is continuous from Wy C W?¥(I,,) into L'(I,). To this aim,

let (u;); € Wy be a sequence in Wy such that u; — u in Wp. Fix a subsequence of (Fu;);, still
denoted by (Fu;); for simplicity. Since u; — u in Wy we also have

w — uin W2P(L,),  u— ' in WYP(L,),  u;, — u" in LP(I,),
so that, by property (73), it follows that
Tof — TiF and 5P — T3P inwWh(1),

and in turn o o
(Ta7) — (Ta) in L),

Hence, by Theorem 4.9 of [13], for a.a. t € I, we have

B (f) = T2P(t) and (7;2%"'5/)'(15)—>(T”,‘“ﬁ')'(t), (3.8)

u

possibly up to a further subsequence. Moreover, using (77), for a.a. t € I, we find

Dy (£) = D (1)) = [T, 0 (1) = T 1L, (1) <

i (7;02/’5/) <7:,;/,/S/>

Dy(t) — Dy(t) foraa.te I (3.9)

!
u; u

TYF (1) — T"‘"ﬁ’(t)) — 0,
that is

Combining (3.8)—-(3.9), with the fact that f is a Carathéodory function, we get

Fu(t) = f (TP, T3 (6), Dy (1)) +arctan (uj(t) = T (1))
— £ (LT @), TP (8), Du(t)) +arctan (w'(1) = T ¥ (1))
= Fu(t) foraa.tel,.

Therefore we get the continuity of F by the Lebesgue Dominated Convergence Theorem.
Now, putting

s /A ! . /A !
ap =mina(t), «, =mina(t), py =minp(t), p, =minp(t),

it follows that for all t € I,

wy <a(t) < TP(H) < B(t) < Bu and a, <a'(t) < Ty '(1) < B/(1) < B
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Since T is a continuous operator in C(I;;R), the uniform continuity of k in I, X [a;, B}]
implies that X7 is continuous with respect to the uniform topology of C(I,,;R). Moreover, if
u € W2P(1,), then for all t € I,

TP () € [a(), B(D)] € [ Bu] and Ty () € /(1) B'(1)] < [, 8]

so that
0<ko(t) <KT(t) =k (t, b (t)) <K (1),

where the functions k, and k* have been introduced in (H;). Thus we have that K7 satisfies
the assumptions of Lemma 2.1 with k; = k, and k» = k*.

Finally, taking w1 = a/(0), wy = B/(n), problem (PT,) becomes (P.A). Therefore (PT,)
admits a solution by Theorem 2.2. ]

Now, in order to prove the existence of a solution for (P,), we consider some useful pro-
perties characterizing every solution of (P7,) that will be proved in the next lemma. To this
aim, we define

M = "(t) — mina/(t). 3.10
max f (t) min () (3.10)

Note that the constant M is well defined, being «, B € C! (]R(J)r ;IR). Moreover, since ® is a
continuous and strictly increasing function with ®(0) = 0, there exists N € R" such that

®(N) >0, ®(—N)<0 and N > max {H M} T (3.11)

where H is the positive constant introduced in assumption (Hj).
Finally, take L > N such that

! {/ i ot df}>|wu ey - M (3.12)
min —_dt, L v |
o) Y(t) " Joa(-N) P(t) vy Ikl

which is possible by virtue of (3.1).

Lemma 3.11. Assume (A1)—(A3) and (Hy)—(Hs). Let u, € WP (1,,) be a solution of (PT ). Then
the following properties hold:

(i) a(t) < uu(t) < B(t) and o’ (t) < u)(t) < B'(t) forall t € I,;
() min [y, ()] < N;

(iii) |KCu,(t)] < L forall t € J;

(iv) Ky, is decreasing in [Ty, n);
(vi) if there exists t1 € [To, n] such that ICy,, (t1) = 0, then K, (t) = 0 forall t € [t1,n];

|Cu, ()] < NL(¢) forall t € T,;

(vii

)
) K
(0) Ku, > 0in [To,n);
)
)
) D

(viii) Dy (t) = up (t) < yr(t) < Gi(t) forall t € I,
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Proof. The proof is similar to other results already known for second order BVPs, so that we
present it here for the sake of clarity and completeness.
Let u, € W2?(1,) be a solution of (PT ).

Claim (i). First we show that
o (t) <ul(t) < B(t) forallte I, (3.13)

Let us start with the first inequality in (3.13). Assume by contradiction that there exists t € I,
such that u),(f) < &/() and let us define

Since u,, solves (P7T,) we find that
z(0) = u},(0) —a’(0) =0, z(n) =u,(n) —a'(n) = p'(n) —a’(n) >0 and z(f) <O0.
Thus, by the continuity of z and the compactness of I,,, there exists f € I, such that

z(f) = minz(t) < 0.
tel,

Therefore we can find t; € [0,f) and t, € (£, 1] such that
z(t1) =z(t2) =0 and z(t) <0 forallte (ty,t). (3.14)

Thus, by the definition of the truncating operator 7 and the fact that u),(t) < a/(t) for all
t € (t1, ), it follows

To P () =a/(t) forallt € (t,b), (3.15)
and consequently
Dy (1) = T(ﬁ;j;,(t) =T, () = a(t) forallt € (h,h), (3.16)
T

the last equality in (3.16) being true since |a” (t)| < §.(t) for all t € (t1,t2) by the definition of
41. Now, recalling that u, is a weak solution of (P7,) and « is a lower solution of (ODE), by
(3.6) and (3.14)—(3.16), we infer

(©0 KLY (1) = Fu,(t) = £ (6T (6), T (1), Dy () + arctan (u;, (1) = T P (1))
= f <t, nﬁ'ﬁ(t),a’(t),a”(t)> +arctan (1, () — & (1))
< F(E Tl (D), (1), (1) < f(La(t), ' (1), & (1) < (P o Ky) (1),
for all t € (t1, 1), that is
(@oK])(H) < (@oky)(t) forallte (t,t). (3.17)
Now, we set
Zi={te (t,f):Z(t) <0} and Z,={t € (t,f):Z'(t) > 0}.

Note that both Z; and Z, have positive Lebesgue measure so that, recalling that k is positive
a.e.in Rj x R, we can find #§ € Z; and t} € Z; such that

k(5,707 () >0 and () <0 (3.18)

/
un
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and o
k(t;ﬂ;ff'ﬁ (t;)) >0 and Z'(£) > 0. (3.19)

Integrating (3.17) in [t], f] we get

/f (q’ ° ’CuTn>/ ()dt < /tf (®oKy) (t)dt

* *
tl 1

which is equivalent to
(@0 K7 )(H) = (Poka)(F) < (@0 K] )(H) — (P o Ka)(H). (3.20)
Now observe that
(Do K] )(H) — (PoKy)() <O. (3.21)
Indeed,

(®oKL)() — (®oKu)(t) = (k (1, T " (1)) wi () ) = (k (8, 2/ (1)) " ()
= @ (k (1,0 (1)) (1) = @ (k (8, &/ (1)) " (1)) <0,

since Eiﬁ(t{) = a(ty), uy (t7) < &”(#) by (3.18) and P is strictly increasing.
Thus, combining (3.20) and (3.21), we find

(@o K] )(F) — (@oka)(f) <. (3.22)
Similarly, integrating (3.17) in [f, 5], we get
(@ oK) () = (@oKu)(F) = (@0 K] )(t5) — (P o Ka)(85).
Additionally,
(®ok)(t5) — (®oKa)(ts) >0,
since Tfff (t5) = a(th), uj (£5) > o’ (3) by (3.19) and @ is strictly increasing. Therefore
(@0 K] )(F) — (Do Ky)(F) > 0. (3.23)

Now, (3.22) and (3.23) provide a contradiction. Therefore a/(t) < u,(t) for a.a. t € .

By adapting the previous argument, one is also able to prove u;,(t) < p/(t) for a.a. t € I,
finally obtaining a/(t) < u),(t) < p'(t) for a.a. t € I,.

Eventually, we get the thesis just by integrating (3.13) and recalling that u,(0) = «(0) =
B(0) by assumption.
Claim (ii). Suppose, by contradiction, that K, (t) > N for a.a. t € ]. Note that

ey - K (8) N
n( ) - k(t,u%(t)) > k(t,uil(t))

u >0

for a.a. t € J. Thus, applying (i) we find
To To To
NTy = / Ndt < / Ky, (t)dt = / k (t,uy,(t)) uy, (t)dt
0 0 0

To
<K lmgyy [ ()t = 1K g [, (To) = 0, (0)]
< |6 =gy [B'(To) — 2'(0)] < Mlk"||(j) < NTo,
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by the choice of N in (3.11), which is a contradiction.
Similarly, we would get a contradiction assuming that K, () < —N for a.a. t € J.

Claim (iii). Suppose, by contradiction, that there exists t € | such that |K,, ()| > L. It follows
that either /Iy, () > L or Ky, () < —L.
Let us assume that KC,,, (f) > L. By (ii) we know that

min Cy, () < min |ICy, (1) < N < L
te] te]

and so there exists f € | such that K, (f) = minsej Ky, (t) < N. By the continuity of K,, we
can find f1,t; € ], with f; < tp, such that I, (t1) = N, K,,,(t2) = L and

N < K, (t) <L forallte (t,t). (3.24)

Consequently, recalling the definition of K, and the fact that k > 0 a.e. in ], we find

k(t, uy(t)) k(t, uy, (1))

for all t € (t1,1t7).

Hence, taking into account Remark 3.8, for a.a. t € (#1,tp)

N N y L L Nu(t) .
OIS ey = K < S Kagm S Rm k@ O 1O

which implies, in particular, that
Dy 1y = up(t) foraa.te (t,t).

Therefore, recalling that u, solves (P7 ), using (H;) and the fact that ® o IC,,, () > 0 by (3.24),
the monotonicity of ® and the choice of N, for a.a. t € (t;, ) it results

(2okL) )= |(@ (- (.75 0) wi0)) )

= | (6 TP (), T # (8), Dug () +arctan (u (1) = T (1)) |
1 (6 (£), (), (1))

< (@0 K, (1)]) (£<t> +y(t>,u;;<t)w;1>

— (@0 Ko (1) <e<t> n y<t>|u:;<t>|qql) |

Hence, by Holder’s inequality, we get
e (K (£2)) 1 (o Ku,) ()
J Ao il NN co Lol vy o
< [ e +74(t)(u§l(t))q"l] @

q-1

g
< gy + Nl ( )

< Nl + Ml [ ( )—a(tl)]"%

< [ellwagy + Mellagyy T
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This relation contradicts the choice of L in (3.12). Similarly, if we suppose Ky, (f) < —L we
reach a contradiction again.

Claim (iv). Since u, is a solution to (P7T ), using (i), we find that
(Do Ku,) (t) = f (t,un(t), u,(t), Dy (t)) foraa.te I
On the other hand, by (i) and (Hs)-(iii), we get
f (8 un(t),uy(t), Dy (t)) <0 foraa. t e [Ty,nl,
being |D, (t)| < 41(t) by (3.5). Hence
(®oK,,) (t) <0 foraa.tec [Ty, n]

and the claim follows since @ is a strictly increasing homeomorphism.

Claim (v). By contradiction, suppose that there exists t; € [Ty, n] such that IC,, (t1) < 0. Then,
from (iv) we have that

Ku, (t) < Ky, (t1) <0 forallt e [t,n].

Hence, considering the definition of ,,, we deduce

o Ku(®)
O = 5w ()

u <0 foraa.te€ [t,n].

Now, we recall that u, solves (P7,), and so, using (i) and assumption (H;), we get

Bl (n) = u,(n) =, (t) + [ wll(v)dr < uy(t) < B (k) < B (),

t

since B is increasing in (Tp, +o0), which is a contradiction.
Claim (vi). The statement directly follows from (iv) and (v).

Claim (vii). Recalling that N, = L in |, by virtue of (iii) and (v), it is sufficient to prove that
0 < Ky, (t) < NL(H) Vi eI, \]J.

Put
t'=sup{t>Tp: Ky,(s) <Np(s) Vse|[Tyt)}.
Note that t* is well defined, since K, (Ty) < L = N (Tp), and t* > Tp.
We want to prove that t* > n. Proceed by contradiction and suppose that t* < n. This

implies that
Ky, (t) >0 forallt e [Ty, t].

Indeed, if there exists f € [T, t*] such that K, (f) = 0, we would get K, (f) = 0 < N (t) for
all t € [f,n] by (vi). On the other hand, by definition of #*, it results K, (t) < NL(t) for all
t € [Ty, t*). Consequently, since f < *, we would find K, (f) < N.(t) for all t € [Ty, n] and
this relation contradicts the maximality of t*. Hence

0 < Ky, (t) =k(t,u,())ul(t) < N.(t) fora.a.te [Ty t"),

and so
NL(t) < NL(t)
k(t,u(t)) = k()

0<u,(t) < =q.(t) < 4L(t) fora.a.te [Ty, t*).
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Now, recalling that uj, is a solution to (P7 ), assumptions (H3)-(i) and (Hz)-(iii) give
(PoKu,) (t) = f (t,un(t), uy(t), uj(t)) < —Kp(t)P o Ky, () foraa. t € [Tp, t*).
Recalling that C,, > 0 a.e. in [Ty, t*) and that @ is strictly increasing with ®(0) = 0, we infer

(Po K“n)/ (t) <

! *
ok (D) = Ki(t) foraa.te [Ty, t¥).

Integrating both sides of the previous estimate in [Tp, t*), we get
log(® o Ky, )(£") —log(® o Ky, )(To) < —Ki(t),
since K1.(Tp) = 0. Now, by (iii) we know that K, (Tp) < L; therefore,

Doy, (1)

o(L) < —Kp(t9),

log

being & strictly increasing, and in turn
K () < &1 (@(L)e-KL<t*>) = N ().

This contradicts the maximality of t*. Hence we conclude that t* > n. This fact assures that
0 < Ky, (t) < NL(t) for all t € [Tp, n].
Claim (viii). Using (i) and (vii) we find

ot K O)O] KB N(D)
WOl = ) = kD) < B

=.(t) <9gL(t) foraa.tel,
so that, by the definition of D, we get the claim. O

Theorem 3.12. Assume (A1)—(Asz) and (Hy)—(Hs). Then, if u, € W*P(I,,) is a solution of the
truncated problem (PT ), then it is also a solution to (Py).

Proof. Letu, € Wli’f(]RSr) be a solution of (P7 ). Then, by Lemma 3.11-(i) and (viii), we find
that fora.a. t € I,
(@0Ka,) (1) = (@ (ke (0)u(0)) (1) = (@ (k (6T ) i) )
= (@0 ICMT”)/ (1) = Fun (t)
= £ (6 TP (0, T (1), Dy (1)) + axctan (u;, (1) = T (1))
= f(t,un(t), un(t), uy (£)),

that is u, solves the equation in (P,). Moreover u,(0) = ug, u,,(0) = &’(0) and u),(n) = p'(n).
Hence u,, is a weak solution to (P,,). O
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3.2 A limit argument

In order to complete the proof of Theorem 3.9 we consider a sequence (uy)n of solutions to
(PT,). By Theorem 3.12, every u, is also a solution to (7,). We shall find a solution to (P)
via a limit argument.

To this aim, for any n > Ty define

xRy — R, () = un(t), tel,
up(n) +p'(n)(t—n), t>n,

so that

By Lemma 3.11-(viii) we have
"(t)], a.a.tel,
|zn ()| =[x (H)] = {’u”( I, aa Y < qu(t) foraa. teRy. (3.25)

Now, since u,, is a solution to (P,), by Lemma 3.11-(i) and (viii), together with (Hz)-(ii), we
also find

!/ 1
|Dy(t)| = {l)f (ks (£), 14 () 3 (1)) ] j'a' t€ b <nu(t) foraa. teRy. (3.26)
’ >n,

Moreover, since 17, € L'(R]) by assumption and also 7, € L'(RRj), see Remark 3.8, both
(zu)n and (P, ), are equi-integrable in RJ so that, by the Dunford—Pettis Theorem, there exist
z,® € LY(R}) such that

zp—z and ®, =& inLY(R]) asn— +oo, (3.27)
up to subsequences. Consequently, for all s € Rj
S S s S N
/ 2y (T)dT — / z(t)dt and / P, (1)dT —> / d(t)dt as n — +oo. (3.28)
0 0 0 0

On the other hand, by Lemma 3.11-(i) and (iii), the sequences (u},(0)), and (Cy,(0)), are
bounded in R and so there exists Ky € R such that

ul,(0) = x,(0) — a/(0) =v; and K, (0) — Ko as n — +oo, (3.29)

up to subsequences. Now, let us define

t ps
x(t) = ug+ 1t +/ / z(T)dtds, t € Ry.
0 Jo
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We want to show that x is a solution to (P). Clearly, x(0) = uo. Moreover, for all t € R
x'(t) =1 + /Otz(s)ds, with x'(0) =a'(0) =11, and x"(t) = z(¢).
By (3.28)—(3.29) we have
x;,(t) = x;,(0) + /Ot zu(s)ds — x'(t) forallt € R{. (3.30)

Furthermore, for all s € Ry

‘/Os zy(T)dT

S
< [ (0T < 7l ey,

so that, by (3.28)

t rs t s
/ / zy(T)dTds — / / z(T)dtds forallt € R],
0 Jo 0 Jo

and in turn, using also (3.29), it results
t ps
xn(t) = ug + u, (0)t +/ / zu(T)dtds — x(t) forallt € R]. (3.31)
0 Jo
Moreover, recalling that u),(t) = x;,(t) and u),(t) = x,(t) for a.a. t € I,,, we find

D(k(t, x),(t))x) (1)) = Do Ky, (t) = Po Ky, (0) + /OtQDH(s)ds,

that is t
" _ 1 -1 /
x,(t) = kL2 (D) x;Z(t))(D DPo Ky, (0)+ ; ®,(s)ds | foraa.te I,
Hence, recalling that k and ®@~! are continuous, and using (3.28)(3.30), we get
1 1 +
n(t) = —_— for a.a. R, .32
zn(t) x”(t)ﬁk(t,x’(t))u(t) oraa.te€ R (3.32)

where

U(t) {@1 (CD(/CO)-{—/OtCi)(s)ds), tel,

0, t > n.

Observe that U € C(Rj;R), Pold € AC(RJ;R) and (®old) = & € L(R}). Now, by (3.25)
and (3.32) we obtain

Zy = X —» Ut) LY(R),

so that, by (3.27), we get

z(t) = KL, (D) foraa.t € R], (3.33)

which implies
Xy (t) = zu(t) — z(t) = x"'(t) foraa.teR]. (3.34)
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Combining (3.30), (3.31) and (3.34) with the fact that f is Carathéodory, we infer
F(t xn(t), x5, (t), x5 (t)) — f(t,x(t),x'(t),x"(t)) foraa.teR]. (3.35)

Now, fix t € IRSr ; clearly there exists 7 > Ty such that t € I, for all n > 7. Hence, recalling
that for all n > Tj the function u, solves (P,), for any fixed t € ]Rar we have

O, (t) = (Do y,) (t) = f(t,un(t), uly(t),ull(t)) = f(t,x,(t),x,(t),xI(t)) foralln > 7.
Consequently, from (3.35) we obtain
D, (t) — f(t,x(t),x'(t),x"(t)) foraa.teR],

and, by (3.26)
@, — f(-,x,x,x") in LY(R]).

Hence, by (3.33) we deduce that
(Do) (1) = (@old) (t) = &(t) = f(t,x(t),x'(t),x"(t)) foraa.tec R,

that is x is a solution to (ODE).
Now, by Lemma 3.11-(i), we have

a(t) < x,(t) <PB(t) and o'(t) < x,(t) <p'(t) foraa. tel, andalln > Ty,
so that, by (3.30)-(3.31)
a(t) <x(t) <B(t) and o'(t) <x'(t) <p'(t) foraa.teRy. (3.36)
Finally, by (3.25) and (3.34) we infer that x/) — x” in L!(IR]) and, recalling (3.29), we find

sup [, (£) = X' (5)] < 2, (0) = wa| + [l = x|y = O,
teER,

so that xj, — x’ uniformly in R;. In particular,

lim x'(t) = lim <lim x@(t)) = lim p'(n) =w.

t—+o00 n—4o0o \ t——+oo n— 400

Concerning the regularity of x, we first observe that x € C! (]R(J)r ;R), being x,, € C! (]Rar ;R),

and so x € Lfo C(]R(J{ ). Moreover, U is locally bounded in R, since it is continuous, and

1/k(-,x") € L} (RJ) by virtue of (3.36), being 1/k. € L (RJ) by assumption. Therefore

loc loc

X" =U/k(-,x") € L (RJ). Furthermore also x’ € L (R{), being

loc loc
b
/a X/ (£)[Pdt < 2P~ 1|b — af (|1/1|p + Hx”HLl([ﬂfb])) < +oo foralla,b e Ry.

Hence x € W7 (Ry).

loc

Finally, ®oC, = ®old € AC(RJ;R) so thatPo Ky € Ll (Rf)and (PoK,) =P € LI(R]).
Therefore ® o K, € W' (R).

loc
In conclusion, x € Wli’cp (Ry) is a solution to (P) and the proof is complete.
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4 Examples

21

In this section we present a class of examples of functions ®, k and f satisfying conditions

(Al)—(A3) and (Hl)—(Hg') .

Let ug, v1, v2 € R be such that v; < 1, and let’s consider the following BVP

{(cp (k(t,u' ()" () (5) = £ (bu()),u' (V) o (1), aa teR],

M(O) = Uy, U (0) =11 M’(—FOO) = 1»,
where the functions ®, k, f1 and f, fulfill the assumptions listed below.

(I) ® : R — R is an odd strictly increasing homeomorphism, with ®(0) = 0, and there

exists p > 0 such that

lim inf &ps) > 0. (4.2)

s—0t S

() k : Rf x R — R is continuous, strictly positive a.e. in RJ x R and bounded in
IRS_ X [1/1,1/2].

Moreover, if we denote by

k.= min k(t,y) and k*= max k(ty),

yeviva] y€(viv]
we suppose that there exist p > 1 and ¢ > 0 such that

() t — 1/k(t,y) € L}

loc

©
il / —dt < +oo.
ey 7kl (1) ®

(R{) forally € Rand 1/k, € L} (R{);

loc

(In f;: ]RaL xR*> > Risa Carathéodory function, decreasing with respect to the x variable,
and there exists To > 0 for which the following properties hold:

(I); there exists f; € L (IR}) such that

At xy)l < A

fora.a. t € [0, Ty, all x € [ug + tvy, up + tvo] and all y € [vy, 12];
(IIT), there exist ¢1, ¢ > 0 and é > —1 such that

it < |filt,x,y)| < cot

fora.a. t > Ty, all x € [ug + tvy, up + t1p] and all y € [vq,1v2];
(IM)s f1(t,x,y) <O0forallt > Ty, all x € [ug + tvy,ug + tvz] and all y € [vy, 12).

(IV) f> € C(R;R) and it verifies:

(IV); fa(z) > 0forz > 0 and f,(0) = 0;
(IV), there exist z* > 0, two real constants di, d» > 0 and a number 7y < 1 such that

di|®(z)| < fo(z) < da|®(z)|” forall z € R with |z| < z7;
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(IV)3 there exist H > 0 and d3 > 0 such that if z € R and |z| > H then

-1
fo(z) <dalz|'T  for some 1 < q < +oo;

(IV)s f> is homogeneous of degree d > 0 in R, with d < p, that is
foltz) = tfr(z) forallt>0andz € R.

Finally, put

Km = {relﬂ?fk*(t) =sup{k(t,y): (t,y) € R§ % [11,v2]}
0

and suppose that

Cldl C1d1
—— >0 d y— >0+9. 4.3
Ki p and 7 KT~ (4.3)

Remark 4.1. When § = —1 in (Ill); we address the critical case.

Our aim is to prove that, in the present setting, all the hypotheses of Theorem 3.9 are
satisfied. As a consequence, there exists a solution u € C}(RJ;R) N WP (Ry) of (4.1).

loc

Remark 4.2. Before proceeding, we highlight, for future reference, a few consequences of the
above assumptions (I)=(IV), that will also be employed in the sequel.

(A) For every v € (—oo, p] it results

/OO 1 dt < +oo
0 '

Indeed, since k(t,y) > k. (t) forallforall (t,y) € Ry X [v1,12] and kis bounded in R§ X [y, 2],
it follows that k, is bounded in RJ. Therefore, recalling that the map t — t~7/ki(t) is
integrable in {t > 1} by (II), for any v € (—oo, p] we have

© 1 L1
dt < supkl ™"’ / dt < +o0.
/1 O R S W0

(B) For all { > 0 it is max;|<; [®(z)| = @({). Indeed, if z € R is such that |z| < {, since P is
odd and strictly increasing, we get —® () = ®(—7) < P(z) < P(0).

(C) Combining (III), with (III)3 we have that
fi(t,x,y) < —ct ' <0
fora.a. t > Ty, all x € [ug + tvy, ug + t1p), all y € [vy, v2].
Obviously assumptions (A;)—(As3) are verified by virtue of (I)-(IV), with
fiRG xR =R, f(txyz) = filt,x,y)f2(2).

Now, we are going to prove that also assumptions (H;)—(Hs) are verified. To this aim, let
Tp be the positive number introduced in (III), and define

a(t) =ug+tvy and B(t) =ug+tvy, teR].
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Clearly a, B € C*(R{;R) C W,i’f (Ry ), with p > 1 introduced in (II), and they are, respec-
tively, a lower and a upper solution to (ODE), since f,(0) = 0 by (IV); and ®(0) = 0 by (I).
Finally, «(0) = B(0) = ug and &'(t) = 11 < vo = B/(t) for all t € R, so that the pair («, B) is
ordered in R .

Hypothesis (H;). Obviously B’ is increasing in (Tp, +0), being B”(t) = 0 for all t € R, and
lim; 1o ‘B’(t) = 1.

Hypothesis (H). Let H > 0, d3 > 0 and g € (1,+o0] be as in (IV);. Combining (IV); with
(IIT); and (IV)3, we obtain

~ q-1
f(tx,y,2)| = |t x,y)l fa(z) <dsfi(t)]z] 7
for a.a. t € [0,Ty], all x € [a(t),B(t)], all y € [v1,12] and all z € R with |z|] > H. Hence
assumption (Hy) is verified with
=1, £=0, u(t)=dsfi(t).
Observe that u = dsf; € L1([0, Ty]), being fi € L (RJ) by (III);.

loc

Hypothesis (H3). Define the map Ko : Rj — R as follows

0, 0<t< Ty,
K0<t> = t
f()(S)dS, t> T(),
To

where
fo(s) =min{[fi(s,x,y)| : (x,y) € [a(t), B()] x [v1,12]}.

Observe that
* fois well defined in Rj since f; is Carathéodory by assumption (III);

e foe Ll (Ry), being f1 € L2 (R) by (Il); and

loc loc

fo(t) < |filt,x,y)| < fi(t) forallt € RS, all x € [a(t), B(t)] and all y € [vy, v2].

Hence Ky € AC(RJ;R) N Wllo’c1 (Ry ). Furthermore, Kj is strictly increasing in [Tp, +o0), and
tds t

Ko(t) >c1 | —=c1log— forallt> T, (4.4)
Ty S TO

by (III); and (III)3; see also Remark 4.2—(C).
Now, let L > 0 be fixed arbitrarily and put

m(L)

m(L) = min f,(z), M(L)= max |D(z)], c(L):min{dl,M(L)Kd}>O.
M

2 <|z|<L <|z<L K4,
Define the function K, : IRar — R as follows
Hy(t) = ! (CD(L)e’C(L)KO(t)) .

By (4.4) it follows that Ko(f) — +oc0 as t — o0, so that Hy(t) — 0 as t — +o0. Therefore it is
possible to find t; > Ty such that

Hi(t) <z* forallt>t]. 4.5)
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We then claim that the function K;(t) : R; — R defined by

C(L)Ko(t>, 0 S t S tL,

Kd fo( ) s, t>1t,

satisfies all the properties in assumption (H3). Observe that
e K; is continuous in R, being Ky continuous in R;

e K; =Ko =0in [0, Ty] and K is strictly increasing in [Ty, +o0) since the same holds for
Ky and t; > Tp; see Remark 4.2—(C).

Moreover, K, € Wlicl (Ry ), since the same is true for Ko, and for a.a. t € R{, all x € [a(t), B(t)]

and all y € [v,1), it is

0, 0<t<Tp 0, 0<t<T,
KL (t) = céL)fo(t), To<t<t < céL)|f1(t,x,y)], To<t<tp, (4.6)
K%f()(t)/ t>tg K%’fl(t/x/]/)‘/ t>fr.
M M

Now, we observe that K () > ¢(L)Ko(t) for all t € R so that
NL(t) = @ (cp(L)e*KL(f)) < Hi(t) forallteRy,
and in turn, by (4.5), it follows that
Ni(t) <z* forallt>t]. (4.7)

Consequently, using (IV)4 and (IV),, by (4.6), we obtain

£6,%,2) = LI k(e )2) > s %) [k )2)

> Ty (@G y)2)] 2 K0kt )2). (48)
M
(t

foraa.t >ty x € [a(t), B(t)], y € [v1,12] and z € R such that [k(t,y)z| < NL(t).

On the other hand, by definition of Ay, it is N7(t) < L for all t € R]. Therefore, using again
(IV)4 and (IV); and (4.6), it results

LAt x,y)]

[t 2y, 2)] = Ky 2(k(E9)2) = o Ll %) fa(k(Ey)2)

d
M

D ft oy 0kb )], k() <2,

Kfs

= (4.9)
M’"IQ% A, y) - [0k, y)z)], 2 < [k(ty)z] < Ni(D),

> c(L)Ifi(t,x,)] - |@(k(E y)2)

> K (1) @(k(t,y)2)],

a.a. t € [Ty, tr], x € [a(t), B(t)], v € [v1,12] and z € R such that |k(t,y)z| < Np(t).
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Combining (4.8) with (4.9), it follows that

f(tx,y,2)] = KL (5)|®(k(t, y)2))|

fora.a. t > Ty, all x € [a(t),B(t)], all y € [v1,12] and all z € R such that |z| < NL(t)/k(t,y),
that is condition (H3)—(i) is satisfied.

Now we are going to prove the validity of (3.3). To this aim, observe that, since K is
continuous in R} and 1/k, € L} (Rg) by (1), it results

L1 KL()

To k*( )

On the other hand, using the definition of K; and (II);, we get

dt < +oo. (4.10)

o0 Kp () c(LKglt) o0
1 e 0 dt=e o / L e ”Kd Ji e dt
b ke(t) o ke(t)
cL)Kp(t) [ 1 tr, %
<e ¢ <> M dt (4.11)
tr *(t) t
U ke o 1 (1)
=t Me™ ¥ =) g,

Now, recalling that the map t —  7/k,(t) is integrable in {f > 1}, see Remark 4.2—(A), it

adq

follows that also the map t — t Ky k. (t) is integrable in {t > 1}, since

© 1 (1Y, © 1 /1\7
d — | =] dt < ,
’ k<><) ’ k*<t><t> e

being o < ¢1d;/ pK}j\,I by (4.3), which implies

l 1
© 1 [1\
i k()< ) dt < +oo. (4.12)
Combining (4.11) with (4.12) we get (3.3).

Now, we want to prove the existence of a non-negative function 7, € L}(RR;) satisfying
(Hs)—-(ii) (note that v, = 91 in R], being a” = p” = 0in R{). By (4.7), using also (IV),, (III),
and (IV),, see also Remark 4.2—(C), for a.a. t € R, all x € [a(t), B(t)], all y € [vq,v2] and all
z € R such that |k, (t)z] < N(t) we find

by 2] = DI 1)

i)
5 o
eot s 19k (02)|7 < eatapgs (RN ()Y, £ 11,
axfa- fl(t) 0<t<ty,

ki (t)’
=: 77L( )-
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Finally, we claim that 1, € L!'(R]). First observe that, since d < p, fi € L2 (R}) and
1/k. € LI (R7), we get

loc

t - tr 1
/0 77L( ) _r[f(}ﬁ(fz HleL ([O,tL])/O k‘j{(t)

L
< A kP / d (4.13)
< r[roli?fz 1Al ([o,tL])SH‘%P 0 K0
< +-o00.
On the other hand, by (IlI);, from the definition of 7, it is
) 0o t(5
Hdt = cod D(NL(t))]" dt
[ mdt =t | s (@NLD)]
o 40
= cdeCD(L)’Y/ - e~ YKL(E) 74
tr k*(t)
(4.14)

0 Sk [ fols)ds
e M
tr ki(t)

g,5

o | 1 T
< — | = Mgt
=9 Jy, k(D) <t>

with ¢z > 0 appropriate constant.
Now, observe that, if ; > 1, recalling that ’ycldl 6 > o by (4.3), we get

© 1 (1\TH © 1 (1\TH © 1

Km Km
= (= dt</77 dt</ LT )
3 ki(t)(f) =, ki(t)(f) =L ket ST

since d < p by assumption, see Remark 4.2—(A); on the other hand, if {; < 1, then

el (1) e [ () e <> e
<Ly () o e

< +o00,

— Czdzq)(L)"Ve*'Yc(L)KO(tL) dt

_ A0

since the map t +— k4 (t)t " is bounded in [tr,1] and, as before, [;” 0L ) -dt < 400, being
d < p. Therefore, from (4.14), we infer that

/ YLDt < +oo. (4.15)

tr
Combining (4.13) with (4.15) we get the claim.
Gathering together all these facts, we are entitled to apply Theorem 3.9 to the BVP (4.1),
getting at least a solution u € C'(R;) N WP (Ry) such that

loc

uo+tn <u(t) <ug+tv, and v <u'(t) <v, foraa.teR].

Remark 4.3. It is worth noting that, in the particular case when the homeomorphism @ in (I)
is also homogeneous of degree r € (0, p], the growth assumption (IV)3; can be replaced with
the following one:
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(IV)} there exists H > 0 and d3 > 0 such that, if z € R and |z| > H, then

f2(z) < d3|@(z)|* for some & < 1. (4.16)

Indeed, if (4.16) holds, it follows

Lf1(t %, y)]

Ci e k()

At x,y)|fa(z) < dslfi(tx,y)] - |@(2)]* = ds

<t 20 okt

for a.a. t € [0, Tp|, all x € [ug + tvy,ug + t1p], all y € [v1,1,] and all z € R such that |z| > H.
As a consequence, hypothesis (H;) in Theorem 3.9 is fulfilled with

b0 = o =afll un=o

Note that, since & < 1, the function ¢ satisfies (Hp)—(i); furthermore, since fl € L;’;’C(]Rar ), the
function 1/k, € L} (RJ) and ar < r < p, we infer that £ € L'([0, Ty]).

We conclude this section by presenting some concrete examples of BVPs of the form (4.1),
satisfying assumptions (I)~(IV) introduced above.

Example 4.4. Let us consider the following boundary value problem
!/
<q> (e—u%f)z min {\/E, :2} u’(t))) = f(t,u,u'(t),u"(t)), aa teRy, 4.17)
u(0) =0, u'(0) =0, u'(+o0) =1,
with m > 1 to be fixed later, 6 € (0,1) and

®(z) =z+sinz, f(t,x,y,z) = —m[arctan(x® + ) + 7] - |z|°

1+t
Obviously, problem (4.17) takes the form (4.1) with

e ®:R—- R, P(z)=z+sinz;

¢ k:Rf xR =R, k(ty)=e ¥ min{vt1/£};

mt
* fi :]Rg xR* = R, fl(t,x,y) = —[arctan(x3+y2) + 7-[]1 —i—tz;

b f2 'R — R, fz(Z) = |Z‘9.

We claim that the functions ®, k, f1 and f, satisfy all the assumptions (I)~(IV) introduced in
this section, with suitable constants fulfilling (4.3).

Assumption (I) It is straightforward to recognize that ® is an odd strictly increasing homeo-
morphism. Moreover, since

D(z z+sinz
tim )y ZESIRE
z—0t  Z z—0F Z

2,

condition (4.2) is satisfied with p = 1.
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Assumption (II) Clearly k is continuous, strictly positive a.e. in RJ x R and bounded in
R x [0,1]. Moreover, it is very easy to see that the map t — 1/k(t,y) € L] (R) for all
y € R, for every fixed p € (1,2), and the same is true for 1/k.(t) = e/ min{+/t,t*}. Moreover,

o 1 © 1
dt = e"/ dt < +o00, foreveryo >2p-+ 1.
/1 kL (t) 1t y P

Assumption (I) f is a Carathéodory function in R x R?, being continuous in the same set,
and it is also decreasing with respect to x in Rj x R2.
Moreover, for all t € R, all x € [0,¢] and all y € [0,1] it is

|fi(t,x,y)| = [arctan(x® + y*) + 7] : n—;ttz
< [arctan(1 + ) + 7] 17_7_22 =: fi(t) € C(R{;R) C L (RY)
and also
T mt? T\ mt? ~ 3 2
7 IR = ( E) T SHAkx Y| <) = [arctan(1+ ) +71] 7. (418)
Now, since
tEToog : 1”_1:; = mg and tli)rfoo [arctan(1 + £°) + 7] 111_1:; = %mn,
from (4.18) we deduce that for any € € (0, m7/2) there exists Tp = Ty(e) > 0 such that
(mg —s) % <At xy)| < <zmn—|—s> %
forall t > Tp, all x € [0,¢] and all y € [0,1] , so that (III); holds with
= mg —g, (= gmn+s, 6=—1. (4.19)

Note that ¢y = m7 — e > 0. Finally, condition (III); is trivially satisfied.

Assumption (IV) Clearly f, is continuous in IR, being 6 > 0, and (IV); trivially holds. Moreover,
9

hE) .l

1 — lim— 2 —
250 |®(z)]f  z-0|z+sinzlf 20

7

so that for any e € (0,1/2°) there exists z* = z*(e) > 0 such that

<219 —g> |D(z)| < fa(z) < (219 —|—e) |P(z)|° forallze R: |z| < z*.

Hence condition (IV); is satisfied with

1
di=_5—¢ da

1
20 +¢ y=06. (4.20)

— 20

Furthermore, condition (IV)3; holds with any constant H > 0, any number d3 > 1 and
q=1/(1-0) > 1. Finally f, is homogeneous of degreed =6 <1 < p.
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Now, we claim that, for any fixed p € (1,2), it is possible to choose

1
m>1 and O<e<?<m§

in such a way that (4.3) holds. To prove the claim, first note that

Ky = sup eV min{\ﬁ,l/tz} =1.
R} x[0,1]

Now, since
lim (m —¢) 1 e) ="
e—0+ 20 I

we can choose m > 1 and ¢ € (0,1/29) satisfying

1 2p
(m—ce)- <20—£> >max{1+2p,9}. (4.21)
Consequently, by (4.19)—(4.20) and recalling that p = 1, one gets

%z(m—s)- <19—£> >142p=(1+2p)p.
K4, 2

On the other hand, using again (4.19)—(4.20) and recalling that 6 = —1, we see that

d 1
7(}211:9(771—8)-(29—8) >2p=(1+4+2p)+0.
M

From this, since ¢ can be chosen arbitrarily close to 1 + 2p, we conclude that (4.3) is satisfied.
We are then entitled to apply Theorem 3.9 which ensures the existence of a solution
u € CHIRF;R) NWP(IRY) of (4.17).

loc

Remark 4.5. A further example which covers the critical case can be constructed following
Example 4.4, but choosing 11 = 1 < 1, and substituting the function f; with the following one

1
- —(ty) _ in | ——
fl(t,x,y)—m{e 1}tsm<t2+l>.

Indeed, f1 € C(R§ x R?), it is non positive whenever x + y > 0 and decreasing with respect
to x in the whole of Rj x R2.
Furthermore, for all + > 1, all x € [t, t1p] and all y € [1, 1,] we have

m 1 1 1 =
R 1 - < — (X y) ] - — < 1 - =
fsin (tz 1> m [1 e ] fsin (tz 1) |f1(t,x,y)| < mtsin <t2 1) =: f1(#),

with fi € C(R{), which implies

m, . 1 5 . 1

=z )< < ).

o 7sin <t2 +1> < tlfi(t,x,y)| < mt”sin <t2+1>
Therefore, for any ¢ € (0,m/2) there exists Top = To(e) that can be chosen greater or equal
than 1, such that, for all t > Tp, all x € [t tvp] and all y € [1,15], it is

(% —e) % <AL xy)] < (m_‘g)%'
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so that condition (IIT) holds with
To=1, clzg—e, co=m-—¢ o6=-—1.

Finally, we conclude by choosing m > 1 and ¢ € (0,1/27) satisfying
m 1 2p
(2—8)(29—€>>maX{1+2p,9}
in place of (4.21).

Example 4.6. Let p € (1, 4+0) be fixed and let 7, 6 € R be such that
1<r<p+1 and 0<O<r—1

Let us consider the following boundary value problem

sint|Y? + | sin® u’ I
<<I><| : p+2| (t”u”(t))) = fltu®),u'(0),u" (), aateRG, o

u(0) =0, u'(0) =1, v/ (+00) =13,

with 1, > 1, m > 1 to be fixed later and
_ m+t|cost|

d(z) =Dy (z) = ]z\r’zz and f(t,x,y,z) = R (x+ ]cosy\)3 \2]9.

Problem (4.22) takes the form (4.1) with

¢ ®:R — Ris the r-Laplacian;

* k:Rf xR—= R, k(t,y)sz\l/z—ﬂsinzﬂ;

« iR XRE =R, filtxy) = —"Hst (x4 cosy|)3;
L4 fz:]R—)lR, fz(Z) = |Z|9.

We shall see that the functions @, k, fi and f, satisfy all the assumptions (I)-(IV) introduced

in this section, with suitable constants fulfilling (4.3).
Assumption (I) Clearly the r-Laplacian is an odd strictly increasing homeomorphism, for which
(z

condition (4.2) is satisfied with p = r — 1, being lim,_,+ j—,l) =1

Assumption (II) The function k is continuous and bounded in Rj x RR, and it is strictly positive
ae. in Ry x R.
Moreover, it is very easy to check that the map t — 1/k(t,y) € L}, (RJ) forally € R, for
every fixed p € (1,7), and the same is true for 1/k.(t) = 2/|sint|!/?, so that (II); holds.
Now, choose p > 1 in such a way that

p € (max{1,r—1},p).

For any ¢ > 1 it results

© 1 © 1 0 2(n+1)m 1
2 17Kk (t) 27 17| sint|P/P = Jonn to| sint|P/P
» 1t 2m 1 J ) +to 27 1 p
_2 / _dt <2 / _dt
n; 0o (t+2nm)7|sint|p/P — n; 0 (2nm)7|sint|P/P

. =1 2n 1 J
—2 / _dt < +oo,
1; (2nm)7 Jo  |sint|P/P e
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and, consequently, assumption (II), is fulfilled.

Assumption (I) f; is a Carathéodory function in R x IR?, being continuous in the same set,
and it is also decreasing with respect to x in RJ x R2
Now, take Ty = 1. For all t > T, all x € [t, f1,] and all y € R it results f1(,x,y) < 0 and
m + t| cos t|

Al xy ="

3,3
< 4(m+§)ittv2+1) A,

with f; € C(Rj;R) C L (Ry). Furthermore, for all t > 1, all x € [t,t1] and all y € R

it )| < filt) < 4(m+1)(3 +1F. (4.23)
On the other hand, for all t > 1, all x € [t,t1p] and all y € R, it is also true that

(m+t|cost|)

(x4 |cosy|)® < 4 T+i

(x3 + cosy|3)

m+t|cost| ,

> x> > — =, .
Altxy)l 2 == 27525 (4.24)
Hence, combining (4.23) with (4.24) we see that (III); holds with
To=1 ¢ = % 0 =2(m+1)(1+13), §=3 (4.25)

Assumption (IV) Clearly f, > 0in R* and f,(0) = 0. Moreover, if z € R and |z| < 1, then
[@(2)| = |2 < |2’ = faz) = |20V = |@(2)[",
provided that v = 6/(r — 1) < 1. Therefore, condition (IV); is satisfied with z* = 1 and
dy=dy =1 (4.26)
Now, observe that, since ® is homogeneous of degree r — 1 < p and
fo(z) = |z|° < |z|"! = |®(z)| forall z € R with |z] > 1,
we find that assumption (IV)j; in Remark 4.3 holds with
H=1 d3=1 a=1.

Finally, f, is homogeneous of degree d = 0.
Now, in order to prove the validity of (4.3), take m > 1 satisfying

m >2(r—1)max{1,3}.

By definition

sint|1/?P 4 sin?
Ky = sup | | 2+ yg

R} % [1,v5]

so that, by (4.25)—(4.26), and recalling that p = r — 1, it is

L,

Cldl m
KTECldl:E>r_1:P.

M
On the other hand, using again (4.25)—(4.26), we find

C]dl 0 m
— > di=—— - —>4=1+6.
’)/K?\/I_’Ycll r—1 2> +

Choosing ¢ arbitrarily close to 1 we obtain (4.3).
In conclusion, by Theorem 3.9 there exists a solution u € C}(RJ;R) N WP (Ry) of (4.22).

loc
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