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Abstract. We are concerned with the principal eigenvalue of

—Apu = Ab1gp(v), x€Q,
—Apv = Arpp(u), x€Q, (P)
u=0=uo, x € 90

and the global structure of positive solutions for the system

—Apu=Af(v), x€Q,
—App=Ag(u), xe€Q, (Q)
u=0=rv, x € 0Q),

where ¢y (s) = [s|F72s, Aps = div(|Vs|P72Vs), A > 0 is a parameter, O C RN, N > 2,
is a bounded domain with smooth boundary 9Q), f,¢g : R — (0,00) are continuous
functions with p-superlinear growth at infinity. We obtain the principal eigenvalue of
(P) by using a nonlinear Krein-Rutman theorem and the unbounded branch of positive
solutions for (Q) via bifurcation technology.

Keywords: p-Laplacian, principal eigenvalue, positive solutions, bifurcation.

2020 Mathematics Subject Classification: 35B32, 35B40, 35]92.

1 Introduction

In this paper, we are concerned with the global structure of positive solutions for the
system

—Apu = Af(v), xe€Q,
—Apv = Ag(u), xe€Q, (1.1)
u=0=uo, x € 0Q),
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where Ays = div(|Vs|[P72Vs), A > 0 is a parameter, O C RN, N > 2, is a bounded domain
with smooth boundary 0Q), f,¢ : R — (0,00) are continuous functions with p-superlinear
growth at infinity.

The bifurcation behavior for p-Laplacian scalar equation has been investigated by many
authors, see [11,12,22,23,30] for finite interval (N = 1) and [10, 18] for bounded domain
(N > 1). For example, in [18], Fleckinger and Reichel established the global solution branches
for the problem

{—Apu =A1+4uf), xeQ, 12)

u=0, x € 0Q),

where A > 0and g > p—1. Let p* := Np/(N—p) if N > p and p* := o if n < p.
They obtained, in supercritical case, that is, § > p* — 1, then there exists an unbounded
continuum ¢ C [0,+o0) x C}(Q) of solutions of (1.2). Moreover, in subcritical case, that
is,g€ (p—1,p*—1), then %" is bounded in the A-direction and becomes unbounded near
A = 0 under some additional conditions.

In [8], Chhetri and Girg studied global structure of the semilinear system

—Au=Af(v), x€Q,
—Av=Ag(u), x€Q, (1.3)
u=0=mo, x € dQ),

they make the following assumptions:
(H1) f,g € C(R,(0,00)) are continuous and non-decreasing functions;
(C2) f and g satisfy

lim @ = +o0, lim @ = J-o00.

s—+oo S st S
Under (H1) and (C2), they obtained the global behavior of positive solutions set of (1.3) by
using bifurcation technology. To be more precise, in supercritical case, they obtained a com-
ponent of positive solutions for (1.3), emanating from the origin, which is bounded in positive
A-direction. If in addition, () is convex, and f,g € c! satisfy certain subcriticality conditions,
they showed that the component must bifurcate from infinity at A = 0.

As for p-Laplacian system (1.1), the first result of which we are aware concerning is the
one by Hai and Shivaji in [20], by means of sub- and supersolutions, it was proved that (1.1)
has a large positive solution (u,v) for A > Ag with some p-sublinear conditions for f and g.
Quite recently, there are some authors concerned with the positive solutions for p-Laplacian
systems, refer to [9,15,17,26,27,29] and references therein. But all of them only obtain the
positive solution and do not provide any information about the global structure of positive
solutions set.

The global structure is very useful for computing the numerical solutions of differential
equations as it can be used to guide numerical work. For example, it can be used to esti-
mate the u-interval in advance in applying the finite difference method and when applying
the shooting method, it can be used to restrict the range of initial values that need to be
considered.

As we all know, if we want to get global structure of positive solutions for (1.1) by using bi-
furcation technology, it is necessary to investigate the eigenvalue of corresponding eigenvalue
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problem. However, to the best of our knowledge, the spectral theory of the corresponding
p-Laplacian system has not yet been established. In fact, for p = 2, the principal eigenvalue
vy of linear system corresponding to (1.3) can be directly expressed as

vy =11/ 016,

see [7, Prop. B.1], where 7; is the principal eigenvalue of scalar equation. However, this
result do not hold for p # 2 because p-Laplacian operator is neither self-adjoint linear nor
symmetric. In order to overcome this, we introduce a nonlinear version of Krein—-Rutman
theorem established by Arapostathis [2]. Let ¢,(s) = |s|?~?s. By using the nonlinear Krein—
Rutman theorem, we obtain that

—Apu = Ab1gp(v), x€Q,
—Apv = Abagpp(u), x€Q, (1.4)
u=0=mo, x € 0Q),

has a positive simple eigenvalue, expressed as 1, having the smallest absolute value, that is
to say, y1 is the principal eigenvalue of (1.4).

The additional difficulty is the bifurcation results in dealing with semilinear boundary
value problems [8] cannot be applied directly to quasilinear problems. Hence, we use the
jumps of the index of the trivial solution to obtain a branch of nontrivial solutions. In addition
to that, since A, is asymmetric, the proof used in Theorem 1.1 of [8] do not applicable to (1.1).
To this end, we adopt a new approach, with the help of sub- and supersolutions, to prove the
nonexistence of solution for (1.1).

Let X = C(Q)) x C(Q)), it is easy to know X is a Banach space endowed with the norm
|| (1, u2)|| = ||u1l|c + ||uz2]lc, where ||u||c is equipped with the supremum norm. By a solution
of (1.1), we mean a (A, (1,v)) that solves (1.1) in the weak sense, that is, (1,v) € E, where
E:= Wé’p(ﬂ) X W(}’p(ﬂ), and satisfies

/ |VulP2VuVwdx = A/ f(v)wdx,
0 0
"2VoVads =1 | gluw)ed
/Q|v\ v x Qg(u) x

for all (w,®) € E. We denote IT of the form

IT={(A (u,0) €e RxE| (A, (u,0)) solution of (1.1)}.

If (A, (u,v)) € ITand u > 0, v > 0, then we say that (A, (1,v)) is a positive solution of (1.1).
By a continuum of solutions of (1.1) we mean a subset .7~ C Il which is closed and connected.
By a component of solutions set IT we mean a continuum which is maximal with respect to
inclusion ordering. We say that A is a bifurcation point from infinity if the solution set I1
contains a sequence (Ay, (#,,v,)) such that A, = A and || (uy, v,)|| — 400 as 1 — 4o00. We
say that a continuum % bifurcates from infinity at A € R if there exists a sequence of solutions
(A, (uy,vn)) € € such that A, — A and || (uy, vy)|| — 400 as n — +oo.

Let 71 > 0 be the principal eigenvalue of the problem

—Apu = Agpy(u), x€Q,
u=20, x € 0Q),



4 L. Yang and R. Ma

by [1], 1 is simple, isolated, and the unique positive eigenvalue having a nonnegative eigen-
function ;.
Further we assume that:

(H2) f and g satisty
f(s) 8(s)

lim = +oo, lim = J-o0.
s+ @p (s) s+ @y (s)

We first state a nonexistence result in Theorem 1.1, which holds under weaker assumptions
than (H1)-(H2). Theorem 1.2 gives a existence result when f and g have supercritical growth
at infinite. Specifically, there is an unbounded branch ¢ of positive solutions for (1.1), bifurcat-
ing from infinity and going through trivial solution, which is bounded in positive A-direction.
Moreover, when ) is convex with C? boundary and p € (1,2), f and g satisfy certain subcrit-
ical growth restrictions, Theorem 1.3 shows that A = 0 is the unique bifurcation point from
infinity for the continuum % obtained in Theorem 1.2.

Theorem 1.1. Let m > 0, and suppose f(s),g(s) = me,(s) for all s > 0, then (1.1) has no solution
for A = A :=n/m.

Theorem 1.2 (Supercritical case). Let (H1)-(H2) hold. Then there exists an unbounded component
¢ C 11 satisfying the following:

(@) (A, (u,v)) € € is positive whenever A € (0,1);
(b) (0,(0,0)) is the only element belonging to € with A = 0;

(€) Projyc(gsc0) € g{)& € [0,4+00) | I(u,v) € E with (A, (u,v)) € €} C [0,A);

(d) any sequence (Ay, (Un,vn)) € € such that ||(uy,v,)|| — +o00 as n — +oo and A, > 0 must
satisfy Ay — 0% as n — +o0.

Theorem 1.3 (Subcritical case). Assume that (H1)-(H2) hold. Let p € (1,2), N > 2 and Q) be
convex with C? boundary, f, g satisfy

lim @ =C lim @ =D, (1.6)

s—+oo g1 ! s—+oo g2

for some positive constants C, D, and q1q, > (p — 1)? satisfy

pr+p—1) N-p plg+p-1) N—P}
max — , — > 0.
{qlqz—(P—1)2 p—1" qg2—(p—-1)*> p-1

Then py = 0 is the unique bifurcation point from infinity, for the continuum ¢ C I1 from Theorem 1.2.

Corollary 1.4. We may obtain the number of positive solutions of (1.1) from Theorem 1.3:

(1) (1.1) has no positive solution for A > A;
(i) there exists A < A such that (1.1) has at least two positive solutions for each A € (0, A).

Remark 1.5. It is worth remarking that Theorem 1.1 and Theorem 1.2 are direct generalizations
of the results in [8]. However, Theorem 1.3 only holds for p € (1,2) because a priori estimates
established in [4] is not available to p = 2.
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2 Preliminaries

Next we state some notations from [2].

An ordered Banach space is a real Banach space W with a cone K. When the interior of K,
denoted as intK, is nonempty, we call W a strongly ordered Banach space. As usual, we write
x 2yify—x € K. Acontinuousmap T: W — Wis

e order-preserving or increasing if x <y = T(x) < T(y);
e homogeneous of degree one, or 1-homogeneous, if T(tx) = tT(x) for all t > 0.

Lemma 2.1 ([4, Lemma 1.1]). Let Q C RN be a bounded domain of class C'P for some B € (0,1)
and g € L*(QY). Then the problem

{fQ (Vu|P2VuVwdx = A [, f(u)wdx, VYw e CX(Q), @.1)

ue W), p>1

has a unique solution u € C}(QY). Moreover, if we define the operator K : L®(Q) — C5(Q) : g u
where u is the unique solution of (2.1), then K is continuous, compact and order-preserving.

Now we give a definition of weak sub- and supersolutions of (1.1), which is defined by [20].

Definition 2.2. We say that («,, a;,) is a weak subsolution of problem (1.1) if (ay, a,) satisfies

/ IV, |P2Va, Vwdx < A/ f(ap)wdx,
o) o)

/ |Vay|P 2V, Vwdx < A/ g (o )wdx
0 o

for all w € Wé’p(ﬂ) with w > 0. Similarly, we say that (B,, Bv) is a weak supersolution of
problem (1.1) if (B, Bo) satisfies

/Q ‘V,Bu’p_ZV,BuVde = )\/Qf(,lﬁy)wdx,
/Q\stvwzvgvvcudx > A/Qf(/su)wdx

for all w € Wy (Q) with w > 0.

Proposition 2.3 ([34, Theorem 14.D]). Let Y be a Banach space with Y # {0} and let F : Y — Y be
compact. Then the solution component € C R x Y of the equation

x = AF(x)
which contains (0,0) € R x Y is unbounded as are both subsets

d
¢ Y en(Re xY),

%

where R4 Y [0,00) and R_ E (—o0,0].

Definition 2.4 ([33]). Let Z be a Banach space and {C, | n = 1,2,--- } be a certain infinite
collection of subset of Z. Then the superior limit of D of {C,} is defined by

D :=limsupC, = {x € Z | 3{n;} C N and x,, € C,,, such that x,,, — x}.

n—o0
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Lemma 2.5 ([33]). Let Z be a Banach space with the norm || - ||z, let {Cy} be a family of closed subsets
of Z. Assume that:

(i) there exist z, € Cy, n =1,2,...,and z* € Z, such that z,, — z*;

(ii) dn = sup{|[x[|z | x € Cu} = oo/
(iii) for every R > 0, ( 81 Cy) N Bg is a relatively compact set of Z, where
n=

Bx = {x € Z| |xll <R},

then there exists an unbounded component C in D and z* € C.

The following nonlinear version of the Krein—-Rutman theorem is firstly established by
Mahadevan [25] and corrected by Arapostathis [2].

Let

o4 (T):={A >0:T(x) = Ax, x € K\ {0}}.
Consider the following hypotheses:

(B1) If x € 9K \ {0}, then x — BT(x) & K for all B > 0.

(B2) If x —y € oK\ {0}, then x —y — B(T(x) — T(y)) € K for all p > 0.

Lemma 2.6 ([2, Theorem 3]). Let W be strongly ordered, and T : K — K be an order-preserving,
1-homogeneous map with o4 (T) # D.

(i) If (B1) holds, then T (intK) C intK, o (T) is a singleton, and all eigenvectors lie in int K.
(ii) If (B2) holds, then the unique eigenvalue in o (T) is simple.
3 Eigenvalue problems
Consider the eigenvalue of problem

—Apu = Ab1g,(v), x€Q,

—Apv = Abagp(u), x€Q,

(3.1)
u=0=wo, x € 0Q),

where 61,0, > 0, then (3.1) is equivalent to
LA 0 o @p(u)
P\v 02 0) \gp(v))’

that is,

It is equivalent to
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(U o 0 91
a=(e) a=(a v)
Obviously, H is 1-homogeneous by the property of ¢, and go;l. Lemma 2.1 shows H is

a continuous, positively compact operator, and by the strictly increasing property of ¢, and
(—A,) "1 we know that H is strictly increasing.

where

Taking the cone to be

— d
P= {wECé(Q) cw > 0in ), % <00naﬂ}.

Lemma 3.1 ([32, Lemma 2.2.1]). Let u,v € CY(Q) with ulan = 0, v|sn = 0, u > 0in Q, and

Intt|yn < 0. Then there exists a positive constant ¢ > 0 such that u + ev > 0 in Q.

By Lemma 3.1, the interior of P can be expressed as

dw

intP = {wECé(Q) cw > 0in Q, ™

<00n80}.

Let
K=PxP.

Obviously, (B1) can be obtained by letting y = 0 in (B2), therefore, we only show that
H satisfies (B2). In fact, since K is a closed set, if we choose V;,V, € K such that V; —
Vo € 0K\ {0}, then V; — V, € K, that is to say, V; = V,. The strong maximum principle
shows H(V;),H(V,) € K. In addition, by the property that H is strictly increasing we have
H(Vy) = H(Va), this means H(V;) — H(V2) € K with H(V;) — H(V2) # {0}. On the other
hand, V; — V, € 9K\ {0}, then any neighborhood of V; — V, contains some points that do not
belong to K, this means

Vi—Va—p(H(W) - H(V2)) £ K
for all g > 0.

Lemma 3.2. System (3.1) has a positive and simple eigenvalue yy > 0 with a eigenfunction Uy =
(¢1,41) > 0.

Proof. By Lemma 2.1, H is compact, then o (T) # @. By (i) of Lemma 2.6, 0 (T) is a singleton,
denoted by A;, and all eigenvectors lie in intK, that is, A; is unique. Moreover, (B2) shows
A1 is simple. Therefore, H has a unique positive eigenvector (eigenfunction) U; = (¢1, §1),
which satisfies

HU; = AUy,

Subsequently, 1 = 1/A; is a simple, isolated and positive eigenvalue of (1.4). O

4 Auxiliary results

Proof of Theorem 1.1. Suppose that there is a sequence of {A,} such that A, — o0 as n — oo,
and (1.1) has a positive solution (u,,v,) when A = A,. Then there is a A,, > 0 such that
Ay > % for all n > ny. We can choose a suitable €p > 0 such that A* = 11 + €9 and

Anmt > AF, n > np.
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Then
/Q Vit 2V, Veodx — A* /Q ¢ (0 )wdx
:/\H/Qf(vn)wdx—}\*/ogop(vn)wdx
2An/()m(pp(vn)wdx—)\*/Qq)p(vn)cudx
> 0.
Similarly,

/]an|p_2andex—)\*/ ¢p(un)wdx
0 0
:/\n/ 2wd —/\*/ 2wd
Qg(u Jwdx ngp(u Jwdx
> A [ mey(un)wds =2 [ gp(u)wd
ngop(u Jwdx Qq)p(u Jwdx
> 0.

That is, (u,,v,) is a weak supersolution of the problem

—Apu = (71 +€0)pp(v), x€Q,
—Apv = (m +e)pp(u), x€Q, (4.1)
u=0=mo, x € 0Q).

On the other hand #(x1,x1), t > 0, is a subsolution of (4.1). Letting t > 0 be such that
t(x1,x1) < (un,vy), then by the method of sub- and super-solutions, for every n > np, (4.1)
has a positive solution (x,,y,). (The proof of the existence of (x,,y,) have been showed,
see [16,20] for details. We omit it here.) On the other hand, since €y > 0 is arbitrary, this
contradicts with the fact that #; is isolated. ]

Now, consider an asymptotically positively homogeneous system of the form

—Apu = A01gp(vt) + Af(v), x€Q,
—Apv = Ay (u™) +Ag(u), x€Q, 4.2)
u=0=mo, x € 90},

where xT def rpvax{O, x} is the positive part of x, and 61,6, are defined above. The nonlinear
perturbations f,g : R — R satisfy the following assumptions:

(A1) fand g are continuous, non-negative, and bounded functions;

(A2) 619p(yH) + f(y) >0, gy (x) +g(x) > 0 forall x,y € R.

Let
T ={(A, (u,v)) € R X E | (A, (u,v)) solution of (4.2)},

then we prove the following bifurcation result.
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Proposition 4.1. If u is a bifurcation point from infinity for (4.2), then po = p1. Moreover, for
any sequence (A}, (uj,v;)) € R x E with Aj — pq and ||(uj,v;)|| — +o0 as j — +-oo, there exists a
subsequence (A}, (u;,,v;,)) such that

(ujk’vjk) (¢1,91)

lim =

e || (o)l [[(@r 1)l

where the convergence is in E.

Proof. The operator equation corresponding to the system (4.2) is

W\ o a (Orop(@) + Fl0)
(o) =r-am ((iqoﬁ(uﬂ " §(u)> ' @3

Let (A}, (4j,v;)) € R x E be a solution of (4.2) such that ||(uj,v;)|| = 400 and A; — e

AAN (uj,z;j) . [
Then (4;,9;) = TGl satisfies

= Ai(=4,") (91(!’p<ﬁfr) + H({l](f;])j)”> / (4.4)
0; = Aj(—A,1) <92gop(af) + H(ifué]))u> : (4.5)

It then follows from (A1) that the right hand side of (4.4) and (4.5) are bounded in X (in-
dependent of j). Hence [|7;||c1 and |[9;||c1 are bounded (independent of j), and there exists
subsequence of 71; and 0; converging to i and ¢ and satisfying

—Apll = b 9p(07), x€Q,
n=0=19, x € oQ).

Suppose po < 0. Since 11,97 > 0, it follows by applying the maximum principle to (4.6) that
il = 0 and repeating the same argument we get ¥ = 0 as well. This leads to a contradiction
since ||(4,9)|| = 1.

For pe > 0, we distinguish two cases: the first case is T =0and 4T = 0, and the second
is one of 7 # 0 or 1" # 0 holding. In the first case, we get 1 = 0, a contradiction as before.
In the other case, we get #I > 0 from maximum principle and 9 > 0 by repeating the same
argument. Thus pe and 1,9 > 0 satisfies the eigenvalue problem (3.1).

However, we already discussed that (3.1) has precisely one eigenvalue p; with componen-
twise positive eigenfunction (¢1,¢1). Therefore, it must be that e = pq and

)= (91, 91)

(@, )l
This concludes the proof of Proposition 4.1. O

(1,9

Lemma 4.2. Let (A1)—(A2) hold and A be a compact interval with yy ¢ A. Then there isa My > 0
such that all solutions (A, (u,v)) of (4.2) with A € A must satisfy || (u,v)|| < Ma.
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Proof. Assume to the contrary that there exist sequences A; € A and (uj,v;) € E satisfying
(4.2) with || (u;,v;)|| — oo as j — co. Then there is a subsequence (A}, (uj,,v},)) of (A}, (u;,;))
satisfying Aj, — A and ||(u;,, vj,)|| — co. Dividing (4.2) by ||(u;,,vj,)||, then the same argument
as in the proof of Proposition 4.1, we obtain that A = y; € A, which contradicts 3 € A. O

Lemma 4.3. Let (A1)-(A2) hold, then for T € [0, 1], the system

—Apu = A1y (vF) + Af(v) + T|[ (0, 0)[|F, x€Q,
Ay = A2y (1) + AZ() + T (w,0) |7, x €D, @)
u=0=vo, x € 0Q)

has no solution for A > v := py/ min{6y,6,}.

Proof. Suppose that there is a sequence of {A,} such that A, — co as n — oo, and (4.7) has a
positive solution (u,,v,) when A = A,,. Then there is a A,, > 0 such that A, > m for
all n > ng. We can choose a suitable €y > 0 such that u* = y; + €9 and

Ay min{6y,60,} > u*,n > ny.
Since (uy, vy,) is the positive solution of (4.7), then u,; = u,, v;; = v,, and
/Q Vi, |P~2Vu, Vwdx — p* /091g0p(vn)wdx
:An/Q(qu)p(vf{)wdx+)»n/Qf(vn)wdx+/QTH(un,vn)prdx—y*/ﬂgop(vn)wdx
:)\n/Q(h(pp(vn)wdx—‘u*/ﬂ(pp(vn)wdx%—)\n/Qf(vn)wdx+/QTH(un,vn)prdx
> An/Qf(vn)wdx—i—/QTH(un,vn)prdx
> 0.

Similarly,
/Q Vou|P~2V 0, Vwdx — p* /Q 629 (1t ) codx
= An /Qezqvp(u;f Jwdx + Ay /Q §(uy)wdx + /Q || (1, v ||Podxc — p* /Q 02, (14 )codx
:An/QQZG"p(”n)WdX—‘u*/()92§0p(un)de+7\n/Qg(”n)WdX+/QTH(un,vn)H”wdx
> An/ng(vn)wdx+/QT||(un,vn)H’”wdx

> 0.

That is, (u,,v,) is a weak supersolution of the problem

—Apu = (1 +€0)bhpp(v), x€Q,
—Apv = (p1 +€0)0app(u), x€Q, (4.8)
u=0=mo, x € Q).

On the other hand f(¢5,91), t > 0, is a subsolution of (4.8). Letting t > 0 be such that
t(p1,41) < (un,vn), then the same argument with the proof of Theorem 1.1 we obtain a
contradiction with that y; is isolated. O
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Define the operator L : X — X by
u\ (6 (;)p(v+)>
2 (2) = (g

Tr(u,v) := (—A;l) o AQ1(u,v).

and

It is well known that T) is completely continuous in X. By Lemma 3.2, y; is a isolated eigen-
value of (3.1), therefore, there is no nontrivial solution of (3.1) in A € (p1 — 6, 1) U (1, 1 +90)
for some ¢ > 0, that is, T has no fixed point in dB,(0) for arbitrary r-ball B,(0) when A €
(1 — 9, 11) U (1, u1 + 6). Subsequently, the Leray—Schauder degree deg(I — T, B,(0), (0,0))
is well defined arbitrary r-ball B,(0) with A € (u1 — &) U (p1, p1 +9).

Define the operator Q : X — X by

2(5) - (¢) e (6) - Gante) - ()
Then it is clear that Q is continuous operator and problem (4.2) can be equivalently written as
(u,0) = (=A,") 0 AQ(u,v) := Fr(u,v).
Since —A;l : X — X is compact, then F) : X — X is completely continuous. Let

Yi(u,0) = (1,0) = (=A,1) 0 Fa(t,u,0) = (1,0) = (=4, ") 0 A(Qu(u,v) + Qa(u,v)).

By (Al), f,§ are bounded, then we have Q.(u,v) — (0,0) for (1,0) large enough, that
is, Yy (u,v) close to Ty(u,v) when (u,v) — (400,+00), and subsequently, Y’ (u,v) has no
nontrivial solution when A € (u; — ) U (p1, 1 +90). Let (y,z) = (u,0)/|[(u,0)||?, then
(u,v) = (400, 400) is equivalent to (y,z) — (0,0).

4 u,o
#0,2) = A~ ) - w2l (2 Hp) 49)

= w2 -l s ea o (s ) + e ()|

Obviously, ¥ (y,z) = (0,0) has no nontrivial solution when (y,z) small enough, a similar
argument with T we have Leray-Schauder degree deg(¥%, B,(0), (0,0)) is well defined with
r small enough for A € (u3 — 6, u1) U (p1, p1 +9).

Next we will show p; is a bifurcation point, defined in Section 1, from infinity of (4.2). By
Rabinowitz [28], it is equivalent to show that

deg(¥7,, B+(0), (0,0)) # deg(¥7,, B,(0), (0,0)),
where 11 € [u1 — 0, 11),12 € (p1, 11+ 9]

Lemma 4.4. p; is a bifurcation point from infinity of problem (4.2).
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Proof. By (4.9), one has that p; is a bifurcation from infinity for (4.2) if and only if it is a
bifurcation from the trivial solution for ¥} (1, v) = 0. Next we show

deg (Y%, B:(0),(0,0)) =1, A€ [u—6,11)

and
deg (¥}, B,(0),(0,0)) =0, A€ (1, m1+96).

Suppose (p1,(0,0)) is not a bifurcation point of (4.2), then there are d,p9 > 0 such that for
A —wui| <dand 0 < p < po, that is, equation

(y,z) = F(Ny,z) #0

for ||(y,z)||x = p, where

F2) =l (255

Consider the homotopy problem
(y,z) —1F(Ny,z) #0,

where T € [0,1], then by the invariance of the degree of the compact, the same argument with
[5, Corollary 3.2], we have

deg(I — Z(A,,2), B,(0),(0,0)) = deg(I, B,(0), (0,0)) = 1 (4.10)

for A € [u1 — 6, m1).
Next we show, for A € (1, u1 + 9],

deg (¥} (y,2), B (0), (0,0)) = 0.
Let A = max{y; + 6, v}. Define
(A, (y,2)) = ¥} (y,2)
and consider the following one parameter family of operators
O((1—0)(p1 +0)+0A, (y,2), o€[01].

Obviously,

(1—0)(p1+6) +0A € [u1 +6,A].
By Lemma 4.2, the solutions of (4.2) satisfy

[(, 0)[| < M(e)-

Since (y,z) = (u,v)/||(u,v)||?, then all solutions of (4.2) satisfy

1 1

1@ = oo > My
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Hence the problem (4.2) with A = (1 — ) (y; + ) 4+ A does not have any solution on 0B, with
0 < p < 1/[M(¢)]P~. Then by the homotopy invariance of degree with respect to o € [0,1],
we have

deg(@ (1 + 5, (v,2)), By, (0,0)) = deg(®(X, (y,2)), By, (0,0)). (4.11)
Obviously, we wish to show that
deg(@(1, (4,2)), By, (0,0)) = .

This would be trivial if ®(A, (y,z)) = (0,0) has no solution on B,. Therefore, we construct an
admissible homotopy connecting ®(A, (y,z)) to an operator which does not have any solution
on B, for 0 < p < 1/[M(e)]P~1. To this end, for T € [0,1], consider the operator

(A, (y,2)) — ¢

with (0,0) # & := (—A,) '(xa, xa), where xq stands for the characteristic function of (), that
is,

(x) 1, xe€Q,
x:
xa 0, x¢Q.

First we show that, for all T € [0,1] and 0 < p < 1/[M(e)]P},
®(4, (y,2)) — & = (0,0) 4.12)

does not have any solution on dB,. Indeed, assume to the contrary that there exists a solution
(y,z) of (412) with ||(y,z)|| = p > 0. Then (u,v) = (y,z)/||(y,z)||P must satisfy (4.7), which
is absurd due to Lemma 4.3. Therefore, (4.2) does not have any nontrivial solution for all
T € [0,1]. Moreover, since (0,0) is not a solution of (4.2), then

deg(®(A, (y,2)) — &, By, (0,0)) =0 forall T € [0,1].
Then homotopy invariance of degree with respect to T € [0, 1] yields
d_eg(cp()v\, (y,Z)), Bpr (0/ O)) = deg(@(}\z (y/ Z)) - (;I, BPI (O/ 0)) =0.
Since this holds for any 0 < p < 1/[M(¢)]P~, it follows from (4.11) that
deg(®(p1+9, (y,2)), By, (0,0)) = deg(®(A, (y,2)), By, (0,0)) = 0.
This combine (4.10) we have y; is a bifurcation point of (4.2) from infinity. O

Lemma 4.5. Let (A1)-(A2) hold. Then i is the unique bifurcation point from infinity for (4.2).
Moreover, there exists a continuum 2 C 7 bifurcating from infinity at yy and satisfies the following:

@) if (A, (u,v)) € Zand A > 0 then u > 0and v > 0;
(ii) for A =0, (u,v) = (0,0) is the only solution of (4.2) and (0,(0,0))e Z;

(iii) Proj, € Y {A € R| 3 (u,v) € Ewith (A, (u,v)) € 2} is bounded from above and unbounded
from below.
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Proof. By Lemma 4.4 and Proposition 4.1, y is the unique bifurcation point from infinity for
(4.2). It is easy to see that operator F) : X — X satisfies the hypotheses of Proposition 2.3.
Then there exist unbounded continua

2. ¢ 7N, (1,0) € Rx E | (A, (u,0)) solution of (4.2)}
containing (0, (0,0)). By the nonexistence result of Theorem 1.1

9.+ C ([0,A") X E),
and thus Z; must be unbounded in the Banach space E-direction. Then & dof D, +9_is
a continuum containing (0,(0,0)). By Proposition 4.1, y; is the only bifurcation point from
infinity for (4.2) and Z; is unbounded in the E-direction, hence %, must bifurcate from
infinity at p1. To conclude the proof of Lemma 4.5, it remains to verify that & satisfies the
properties (i)—(iii).

It follows from assumption (A2) and maximum principle that u,v > 0 whenever
(A, (u,v)) € Z and A > 0, this implies part (i). For A = 0,(u,v) = (0,0) is the only solu-
tion of (4.2) and (0, (0,0)) € 2, hence part (ii) holds. Applying Proposition 2.3, we see that
2_ must be unbounded in R x E. However, by part (ii) and the fact that v; is the unique
bifurcation point from infinity for (4.3), we see that Z_ must be unbounded in the negative
A-direction, hence (—co,v1) C Proj, 2. This completes the proof of Lemma 4.5. O

5 Proof of Theorem 1.2

Step 1. Approximation problems
Fix n € N and define f,(s), gx(s) : R — (0, o) by

fn<5) =

et {f(S); s<n,

S op(s) s>
gn(s) % g(s); s<n,
n - n

%gop(s); s>,

Then f, and g, are continuous functions. Note that, f,(s) = f(s) for s < n, lim,_,,,- fu(s) =
f(n), hence f, is continuous. On the other hand, by assumption (H2),

p fals) e PS)  f(n)
5—00 (pp(s) s—00 q)p(s) §0p(71)

— 00

as n — oo, then f, approaches f. Similarly, g, approaches g as n — co.
For each 1, we consider the following problem

—Apu = Afy(v), x€Q,
—Apv = Agu(u), x€Q, (5.1)
u=0=uv, x € 0Q),
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by above argument, which approaches (1.1) as n — +-co. We will use Lemma 4.5 to treat (5.1)
and thus we rewrite (5.1) in the form of system (4.2) as

—Apu = f(n) op(0t) + A fu(v), x€Q,

@p(n)
—Apo = gp(gj) 9p(uT) + AGu(u), x€Q, (5.2)
u=0=mo, x € dQ),

where

R0 € 50) - Lkanty),
50 50(0) S0, (07)

We note that f,(y) and g,(y) are bounded in R. Indeed, since f;(y) is nondecreasing and
fn(x) = f(x) >0 for s < n, we get

fulx u x) — f(n) xt
|fu(x)] iid}z fu(x) (Pp(n)(/)p( )

@p(x7)| + £(0) = +oo,

x€[0,n]

where the constant only depends on n. And a same argument we can get g, is bounded.

Since f,, gn > 0, it is easy to see that (5.2) satisfies the hypotheses of Lemma 4.5 by taking

0, = f(n) 0, = 8(n)
1 pp(n)’ 2 ¢p(n)
bifurcation point from infinity for (5.2) and there exists a continuum %, of positive solutions
of (5.2), which bifurcates from infinity at y; , and satisfies the properties (i)—(iii) of Lemma 4.5.

In particular, (0, (0,0)) € 6, €, is bounded above by the hyperplane A = A.

Moreover, by Lemma 4.5, there is a y1 ,, such that v;, is the unique

Step 2. Passing to the limit

Now we verify {%,} satisfying the conditions of Lemma 2.5. By the definition of contin-
uum, %, is closed.

Since all of %, contain (0, (0,0)), we can choose z, € é, such that z, = (0, (0,0)) for each
n=1,2,.... Naturally, z, — z* = (0, (0,0)), the condition (i) of Lemma 2.5 is satisfied.

Obviously, because of the unboundedness of {%,}, then

du = sup{|u| + |, )] | (1, (1,0)) € €} = +oo,

(ii) of Lemma 2.5 holds.

(iii) in Lemma 2.5 can be deduced directly from the Arzela—Ascoli theorem and the defi-
nition of f,, gn.

Therefore, the superior limit of {%,} contains a component ¢ C IT joining (0, (0,0)) with
infinity, and it follows from u,v > 0 for A > 0 whenever (A, (1,v)) € €, which establishes (a).
Part (b) follows from (0, (0,0)) € ¢ and f(0),g(0) > 0. (c) in Theorem 1.2 can be deduced
directly from the Theorem 1.1.

6 Proof of Theorem 1.3

Now we only show if the conditions of Theorem 1.3 are satisfied, then the unique point
from infinity must be A = 0.
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In order to do this, we use a rescaling technology below, which is used by Ambrosetti et
al. [3] to prove the scalar case as p = 2 and by Drébek et al. [6] to deal with the semipositone
p-Laplacian system.

Let

F(s):= f(s) =Cls|",  G(s) :=g(s) = Dls|*,

where C, D was defined in (1.6). Let

K2

(o K
A=97 wy = Yu, wy = 7?0,

where 0, k1, k are parameters and provided by [6, Proof of Theorem 4.3]. Then (1.1) can be
translated to the form
—Apywy = F(y,wp), x€Q,

—APZUZ = G~(’)/, wl), x €, (61)
w, =0=wy, x € 9Q)
with

F(v,s2) := v*1F(s2/7?) + Cls2| ™,
G(v,s1) := Y2G(s1/7) + D|s1|™.

Then, by a directly result of [4, Theorem 1.1], there is a M > 0 such that for all positive
solutions (w1, wy) € CL(Q) x C{(Q)) of (6.1) we have

lwrllcr + [[wafler < M. (62)

Now let A, € R be a decreasing sequence with A; < A such that A,, — 0" as n — co. Then
for each n, we can get y,, and the sequence w, ,, s, of the solution for (6.1), such that

[winller + lwanller < My (6.3)

Now let n — oo, then A, — 0" and 7y, = A9 — 07, then (uy, v,) = (W1 ,4/ Vi, Wan/vi2) gives
the solution of (1.1) and || (uy, vy )| — o0 as n — oo.

Finally, we prove ¢ must bifurcate from infinity at A — 0%. Now let (A, (1, v,)) € €
with || (pn, (Un,vn))|| = 400 as n — 400 and A, > 0 for all n € IN. Suppose to the contrary
that A, — A’ > 0 as n — +oo, then there exists a closed and bounded interval I such that
A" € I. By above proof,

| (n, o) | < M < 400

for all A/, a contradiction to ||(u,,v,)|| — +o0 as n — 400, which completes the proof of
Theorem 1.3.
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