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Abstract. In this work, we aim to investigate an integro-differential model that involves
localized viscoelastic effects at the boundary of the domain under the history frame-
work. We have established that the equation is well-posed and exhibits exponential
stability when a localized admissible kernel is applied, along with the J-condition.
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1 Introduction

1.1 The model and literature overview

We consider the following problem

uy —AMu+ f(u) =0 in Q x (0,00),
u=20 on Iy x (0,00),
Jdu (1.1)

3 + /Ooog(s)a(x)ut(x,t —s)ds=0 on Iy x (0,00),
u(x, —t) = u(x, —t), wui(x,0) =u?(x) inQ x (0,00)

where QO ¢ RY, d > 2, is an open bounded domain with a sufficiently smooth boundary
I'=09QsuchthatT =ToUT; and T[pNT; = @, u® : QO x [0,00) — R is the prescribed past
history of u. We denote by w, wp, w; the intersection of ) with a neighborhood of I, T'y, I'y
inRY, respectively. In addition, a = a(x), is real valued non-negative function, responsible for
the localized dissipative effect, f : Rt — R™ represents a source term and ¢ : RT — R" is a
nonnegative function having the form

86) = [ n(dr, (12)
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where u : Rt — R™ is an integrable function. Other assumptions on the functions f, g, u
and a will be precisely stated ahead.

It is worth mentioning that the study of stabilization of evolution equations subjected to
boundary dissipation has been gaining more attention in the academic world over the past
few years. In the absence of the viscolelastic term

/Ooo g(s)a(x)us(x, t —s)ds,

problem (1.1) has been handled by many authors when a frictional damping term (linear or
not) at the boundary is included; see for instance [7,9, 26,28, 40] among others. Related to
viscoelastic boundary conditions, Aassila and Cavalcanti [2] studied the following problem

Uy —Au=0 in Q) x (0,00),
u=~0 on Iy x (0,00),
t 1.3
% + [ k(t—s,x)u'(s)ds+a(x)g(u') =0 onTy x (0,00), 13
0
u(x,0) = up(x), u'(x)=u(x) in Q x (0,00)

where (2 C R" is an open bounded domain with a sufficiently smooth boundary I' = I’y U T},
a: 1 — RY is such that a(x) > ap > 0. Under the following assumptions on functions k
and g

k>0, kK <0, K" >akl on I'1 xRT, (1.4)
Cilx|? < |g(x)| < Caolx[VP, |x] <1; Calx| < [g(x)] < Culx], [x] > 1, (1.5)

for some positive constants «, C;(1 < i < 4), the authors obtained the energy decays expo-
nentially if p = 1 and decays polynomially if p > 1 when uy = 0 in I'y, extending the work
of [23] to the case of nonlinear frictional dampings at boundary. Park and collaborators, in
[35], considered a similar extension to a nonlinear boundary condition of memory type with
the same assumption on k but without the above assumption on u#y. They also included a
nonlinear source term |u|’u acting on the domain ), which turns the problem more subtle
than those previously cited. For other problems in connection with viscoelastic and dynamic
boundary conditions, the reader is referred to [10], [1,11,19,20,25] and references therein.

Nowadays a question that has been extensively investigated is the role of the kernel k in a
viscoelastic term of type

/Otk(t —s,x)w(s)ds (w=uorw=u') (1.6)

acting on the domain and/or the boundary to provide existence, as well stability of solutions.
A reasonably large class of them has been carried out for many authors. Indeed, since the
highly cited article of Dafermos [15], a flurry of work has been done with increasing kernels
k € L'(R™) N C}(R™) satisfying k(s) > 0 and conditions like 1 — [;~ k(s) ds > 0, together with
the classical conditions (1.4) and improvements of them to provided existence and stability
of solutions, we quote for instance [1,10,21,29,33,36,38] among others. A generalization of
condition (1.4) was considered by Alabau-Boussouira and Cannarsa in [3] (see also [30-32]),
where the main assumption is that the kernel k solves a suitable differential inequality. Other
refinements of such condition are also discussed in [24,27,34].
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Efforts are being made to achieve a less restricted assumption on the memory kernel k.
Indeed, in [12], the authors introduced a general class of kernels called admissible kernels.
These kernels are allowed not being strictly decreasing and can be locally flat while still
fulfilling the so-called J-condition: for some § > 0, there exists C > 1 such that

k(t+s) < Ce k(s)

for every t > 0 and s > 0. On these conditions, some authors have explored questions related
to existence and stability of solutions, see for example [6,13,14].

1.2 Contribution and article structure

As mentioned earlier, previous research on viscoelastic dissipation at boundaries has mainly
focused on the standard assumptions for the kernel, k. However, we have not found any
studies that explore the effects of a more general memory kernel at the system’s boundary,
nor in a localized framework. Therefore, this paper’s main contribution is its novel approach
to this topic. We consider the past history framework together with a localized admissible
kernel under the é-condition to show exponential stability without the inclusion of frictional
damping, unlike some of the articles mentioned earlier. However, this approach presents cer-
tain technical difficulties that must be addressed to obtain an observability inequality, which
is crucial to proving the exponential stability of the problem.

Indeed, to demonstrate the exponential stability, we draw inspiration from the works of
Dehman, Gérard, Lebeau [16] and Dehman, Lebeau, and Zuazua [17]. The key step in this
approach involves establishing the observability inequality:

<c</// ()|2dsdrdt>
I
for all t > Ty.

To prove this statement we employ a contradiction argument and seek a sequence (i, 175,)
of weak solutions to the equivalent problem (2.2) such that E,,(0) = 1. By utilizing a boundary
observability theorem by Duyckaerts, Zhang, and Zuazua [18], we aim to derive the desired
contradiction by showing that E,,(0) — 0 as m — oo. However, challenges arise due to the
nature of y satisfying the é-condition, making it difficult to establish that the convergence

lim/// (x)|y!, 2 dsdT dt = 0
m—»00 rl
lim/ // (x)|y!, 2 dsdT dt = 0,
m—00 rl

which is usual in this kind of problem, and is a crucial step for completing our contradiction
argument.

implies

Based on the above statements, this article is structured as follows: Section 2 discusses the
well-posedness of problem (1.1) by introducing the well-known relative displacement history
variable introduced by [15] to obtain an equivalent problem, as is typical in this kind of
approach. In Section 3, the exponential stability of the solution is established by demonstrating
an appropriate observability inequality.
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2 Existence and uniqueness of solution

Through this article, we will use basic notations and results from books by [5,8,39].

In this section, we will prove the first result of this paper regarding the existence and
uniqueness of solution for the system (2.2). To achieve this, we will introduce an equivalent
problem that will enable us to utilize the Semigroups theory, as well the main assumptions
and notations to be used throughout this paper.

As in the pioneer work of [15], and by following [22], we introduce the following new
variable corresponding to the relative displacement history

n'(x,8) = u(x, t) —u(x,t—s), xe,s>0,t>0, (2.1)

in order to translate (1.1) into the autonomous problem

uy —Au+ f(u) =0 in O x (0,00),

u=20 on T’y x (0,00),

ou o ;

3 +/O u(s)a(x)y'(x,s)ds =0 on T x (0,00),

ns -+ = in Qx (0,00) x (0,00),  (2.2)
u(x, —t) = u(x, —t) in Q) x (0,00)

u(x,0) = up(x) = u®(x,0), ui(x,0) =uy(x) =ud(x) in Q,

n'(x,s) =0 on Iy x (0,00) x (0,00),
7°(x,s) = no(x,s) = u(x,0) — u’(x, —s) on O x (0,00)

in the two variables u = u(t) and 1 = 5(s).
In the sequel, to state our main results on the well-posedness and asymptotic behavior of
problem (1.1), let us consider the following assumptions and notations:

Al.a:Ty - R € L®(Ty) N C(wy) is such that
i. a(x) >0onTy;
ii. a(x) >ap>0inwy CCT;.

A.2. g:RT — R" is a nonnegative function having the form

8) = [ n(mdr, 2.3)

where u : RT — R is a pointwise absolutely continuous function, nonincreasing, integrable
and such that

i 1= [5 u(s)ds € (0,1);

ii. there exists a strictly increasing sequence {s,}, with sy = 0, either finite or converging
to S € (0, 0], such that u has jumps ats =s,, n > 0.

A3. f € C?(R) satisfies

i. £(0)=0;
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ii. the primitive F(s) = [; f(7) dt is such that

I < Fo) < frsgs+ 7L, 2y

v € [0, A1, where A1 > 0 is the first eigenvalue corresponding to the Laplacian operator
with Dirichlet boundary condition;

iii. there exists ¢ > 0 such that
fD ()| <c(1+1s])P, VseR,j=1,2, (2.5)

where
p>1if n=2 and 1<p<—

if n> 3. 2.
n_zll’l_3 (2.6)

Remark 2.1.

1. Notice that the function y defined in Assumption A.2 can be unbounded in a neighbor-
hood of zero. Moreover, i is differentiable almost everywhere, and p'(s) < 0 for almost
every s.

2. Observe that the growth condition on f implies that

[f(s)] < c(p)ls| +c(p)ls|’- 27)
We still note that (2.4) implies f/'(0) + vy > 0 as well.

Now, consider A : D(A) C H%O(Q) — H71(Q) the operator Au = —Au, with D(A)
{u € H} (Q), dyuyr, =0}, h: M — L*(T1), h(w(s)) = [, p(s)a(x)w(s) ds and N : L*(Q) —
L?(Q) be the Neumann map

—Au=20 in Q,

Ng=0 on Iy,
(N,
(avg) =9 on Fl.
Therefore, we have that
N*A*v=—vp, Voe D(A?) (2.8)
as well as the system (2.2) is equivalent to
up + A(u—N[h(n)])+ f(u) =0 in O x (0,00),
u=20 on Ty x (0,00),
ou
3, = 0 on T'1 x (0,00),
e +1i =1 in QO x (0,00) x (0,00), (2.9
u(x, —t) = ul(x, —t) in O x (0,00)
u(x,0) = ug(x) = u®(x,0), u(x,0) =uy(x) =ud(x) in Q,
7'(x,8) =0 on Ty x (0,00) x (0,00),
7°(x,s) = no(x,s) = u(x,0) — u’(x, —s) on O x (0,00).
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Next, let a be a function satisfying Assumption A.1, and define the y-weighted space with
values in L2(T';) as

=Ly w2 [CuIVane)R <o}, 210)

which is a Hilbert space endowed with the inner-product

(.0 = [ 1) [ Van(s)vag(s) dr ds.
1
Throughout this article, H represents the energy space
H = Hf, (Q) x L*(Q) x M,

where Hy (Q) := {u € H'(Q) : u|r, = 0}, and # is endowed with the inner product

<(1/l1,01,771), (Mz,vz,ﬂz»/]_[ :/Q(Vu1Vu2+vlvz) dx+/0 y(s)/r \/&171\/;11’]2 drI’ ds.
. 1

T

Therefore, denoting U = (u,u,77)" we can write, equivalently, the system (2.9) in the form

2.11)
Uu(0) = (uo, u11o),

where S : D(S) C H — H is given by

u
S| o
1

D(S) = {(u,v,iy) € H: veH, u—N[h(y)] € D(A), 5t € M, 7(0) = o},

{iuﬁ) +SU(t) + FU(t)) =0,

= ! A(u = N[h(y)]) ] /

t
U —1Hs

which is well-defined in view of the previous explanation, and F : H — H is set by
FU) = (0,f(u),0)",

being also well-defined by virtue of the growth condition on f and standard Sobolev embed-
dings. The Hadamard well-posedness of problem (2.11) and, consequently, of the original
system (1.1), reads as follows.

Theorem 2.2. Under the Assumptions A.1-A.3 we have:

@) If Uy = (uo,u1,m0) € D(S), then there exists a unique reqular solution U = (u, us, 1) of (2.11)
such that

u € W»*(0, T; L*(Q)) N\WH(0, T; Hf, (), 1€ W'(0,T; M),
with U(t) = (u(t), us(t),n') € D(S), forall t € [0, T], for a given T > 0.

1) If Uy = (uo, u1,10) € H, then there exists a unique mild solution U = (u,uy,n) of (2.11) such
that
u e CH([0, T}; L*(Q)) N C([0, T]; Hy, (), 17 € C([0, T], M),

forall T > 0 given.
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(iii) Moreover, these solutions are continuously dependent of the initial data, in the norm of
C([0,T],H), forall T > 0.

Proof. To establish this result, firstly we shall prove that S is monotone and I — S is surjective
on the space H. Indeed, for 7 € D(S), define

Vi) = 3 (u(si) = m(si) i (su) .

n>1

which is a nonpositive quantity in view of Assumption A.2. Following [37, Lemma 3.4], one
notices that € D(S) satisfies

2 m)m = [0S0 ds + 3]

Ui L)
Bk
mn 2
[Z51 175 uq Uun
NHRHIHEH)
n "2 m 12

= (—v1 + vy, u; — u2>H%o + (Avy — Avy, v1 — U2>Lz(Q)

Let

Then

— (A(N[r(m) — h(n2)]), 01 = v2) 12y + (01 = V2,711 = M2)12(0))
= ((n)s = (12)s, 111 = 12) m
= — =0,

which shows that S is monotone.
Next, we will prove that I — S is surjective. To this end, we show the equation

ol

has a solution

u hy
v | €H, forany h=| hy | € H.
{ 1 { h3
The above equation is equivalent to write
u+v=h,
v — A(u— N[h(p)]) = hz 12)
n+1s—v=hs.

Combining the above identities we deduce in the weak space

(2.13)

—A(=v—=NIh(n)]) + v =h2+ A(h)
n+1s—v=hs.
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Denote

R(v,n1) = (To+ T1 + T2) (v, 77),
To(v,n) = (0,7 +s), Ti(v,n) = (Av+o,7), Ta(v,n) = (A(N(h(y))), —0).

It is well-known that T is maximal monotone in H%O x M. Also, T} is monotone and from the
Lax-Milgram Theorem follows that it is surjective, therefore maximal monotone in H%O x M.
Furthermore, T, is monotone and Lipschitz continuous in H%O x M. Then, using standard
perturbation results in [4], we conclude that R = (Tp + Ty + T) is maximal monotone and
coercive, therefore the left hand term in (2.13) is surjective. Then, (2.13) possesses a unique
solution (v,7) € H%O(Q) x M. Since u = v+ h; we obtain u € H%O(Q), which implies that
I — § is surjective.

Next, to finish the proof we observe that from Assumption A.3, for a given T > 0, f
generates a locally Lipschitz perturbation on the phase space H which after some standard
calculations guarantees, by using the Kato’s Theorem, the existence of a unique strong so-
lution U € WY*([0, T], H) such that U(t) € D(S) for all t € [0, T]. Moreover, this solution
continuously depends on the initial data for any T > 0. O

3 Asymptotic stability result

In this section the goal is to establish the exponential stability result concerning problem (2.2).

Denoting U = (u, u;, 1) the unique global solution to the problem (2.11) as stated in The-
orem 2.2, then the couple (u,7) is the corresponding solution to the equivalent system (2.2).
The associated energy functional is given by

E(t) = % [|ut!2 + | Vul? + [|71134 +2/Q/0uf(r) drdx] : (3.1)

A straightforward computation provides the identity
SE0) =5 [ [T 1 Gataly'(s)Pds ar
dt 2 Jr, Jo K ’

which, in view on Assumption A.2, implies that E(#) is a non-increasing function for all ¢ > 0
and satisfies the identity

BT =) =5 [ [ [7watlyt(o)as ar ai

forall T > 0.

In order to obtain the desired stability, we need to make some complementary assumptions
on the given functions, as well to make some remarks and comments which will be necessary
to prove the exponential stability.

Concerning the memory kernel it : RT™ — R defined in Assumption A.2 it is also assumed
that

A4. (i) there exist 6 > 0 and C > 1 such that
p(t+s) < Ce *'us) (3.2)

for every t > 0 and almost every s > 0;
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(ii) u is not completely flat, that is, the set
D={s>0,1/(s) <0}
has positive Lebesgue measure.

Remark 3.1.

a. A kernel y satisfying Assumption A.4(i) is said to fulfill the J-condition;
b. Particularly, the §-condition implies that, for each ¢t > 0
IN; = {s € R", Ce™®"1u(s) — u(t+s) < 0}| =0, (3.3)
where | - | stands for the Lebesgue measure of the set.
c. If S = sup{s, u(s) > 0} < oo, then y fulfills the d-condition for every § > 0;

d. When C = 1, (3.2) is equivalent to the well-known condition in the literature u’(s) +
ou(s) <0, for almost every s > 0;

e. Regarding Assumption A.4(ii), it is fairly easy to show that there exists « > 0 large
enough such that the set

N = {s € RY, ap'(s) + u(s) < 0} (3.4)
has positive Lebesgue measure.

In view of the aforementioned considerations, the stability result reads as follows.

Theorem 3.2. Assume that Assumptions A.1-A.4 are in force and let R > 0 be a given constant. If
E(0) <R, there exist Ty > 0 and constants Co, A > 0, depending on R, verifying

E(t) < GE(0)e ™, Vt>T,. (3.5)

As mentioned earlier, an important step to prove estimate (3.5) relies on obtaining an
observability inequality through a contradiction argument. To accomplish this it is needed,
among other tools, to obtain the following convergence

T )
lim / / / pu(s)a(x)|yh|?ds dT dt = 0,
n—oo Jo 1"1 0

for a sequence {(uy,,7!)} of solutions to the problem (2.2), which is not an easy task since u
satisfies the -condition A.4(7). The proof of this convergence is stated in the following result:

Lemma 3.3. Let {(un,17})} be a sequence of solutions to the problem (2.2). By assuming Assumption

A4, if
lim/ / / (x| |*ds dT dt = 0,
n—o0 Fl

lim / / / (x) |} |*ds dT dt = 0.
n—o00 Iy

then
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Proof. First one notices that, according to Remark 4.1(e), as

. 2 . 2
g&/ /rl/ x)|t [2ds dr dt = nll_r)Il}O/ /rl/ x)|i7h[2ds dT dt

—I—lim/ // (x)|nt[2ds dT dt,
n—oo T, ]R*\N

we have that

. t12 2 _
nh_r)r;o/ /rl/ x)|1t] dsdrdt<r}1_r>ro1°uc/ /rl/ x)|it[2ds dT dt = 0. (3.6)

Next, suppose that lim;_,c fOT Jr, fR+\N u(s)a(x)|nt|?ds dT dt # 0. Thus, there exists 1,
large enough such that

[ CICITA

for allt > 0. To not overload the notation, the index 717 shall be omitted in the next calculations.
As in [12] consider, for 179 € M, U(t) = R(t)(0,0,79). Therefore, as p satisfies (3.2), if
C1 > max{1,C}, one gets

0<AmﬂU(W%M s < [ ) o, ds
< [ s = a) ol r, s
szwm[[”u@xéw7<wyrl+wan%ﬁ}

< 2ol [€ [ s 4 0llmls) B, + [ mOu(olas
< G(C+ My ol

where M = ||R(¢)]|.
Particularly, for t > 0 fixed and 170(s) = xn,¢(s), where [|¢|;2(r,) = 1, we obtain

/O [1— Ci(C+ M)]e—xn, (s)ds < 0. (3.7)
On the other hand, for any fixed ¢t > 0, define
Ni={seR", u(t+s)—Ci(C+ M)e*u(s) > 0}.

Thus, from Remark 4.1(b) follows that
0= /N H(t+5) — Ci(C+ M)eu(s) ds < Ci(C + M)e |\,
t

which contradicts (3.7) and shows that

lim/ / / (x| [2ds dT dt = 0. O
n—o0 g ]R*\N
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Next, to the aim of obtaining the desired observability inequality which lead us to the
proof of Theorem 3.2, and in order to use an appropriate boundary observability inequality in
our arguments it is considered, for each k € IN, the following approximation of problem (2.2):

Atk — AuF + fF(uk) =0 in QO x (0,00),

uk =0 on Ty x (0,00),

aaLL + 0o‘u(s)a(x)iyt'k(x,s)als =0 on I'y x (0,00),

51tk +a nt* = 9k in Q x (0,00) x (0,00), (3.8)
uk(x, —t) = u®(x, —t) in Q) x (0,00)

uk(x,0) = ub(x) = u®(x,0), 9 (x,0) = uf(x) =0,u’(x) in Q,

7k (x,5) =0 on Ty x (0,00) x (0,00),

7% (x,s) = n&(x,s) = ub(x,0) — uf(x, —s) on Q) x (0,00),

where the function f* is defined by

f(s), ls| <k
ffs) =< fk), s>k
f(_k)/ s < —k

Notice that, for each k, f* is Lipschitz continuous on R and the associated energy functional
is given by

1 ut
EX(1) = 5 [\atuk|2—|— VP42 [ drdx] . (3.9)

An observability inequality to the truncated problem (3.8) shall be provided by the next result.

Proposition 3.4. Let us take Assumptions A.1-A.4 and let R > 0 be a given constant. The solution
(uk, %) of (3.8) satisfies the following inequality

ko)< cC ( /0 ! /r | /O T (s)a(x) [ (s) P dsdl‘dt) , (3.10)

for all T > Ty and some constant C depending only on Uy = (uo, u1,1o), provided that E¥(0) < R.

Proof. To prove (3.10) we argue by contradiction. Indeed, if such inequality does not hold,
there exist T > Ty > 0, R > 0 and a sequence {(u%,75*)} of solutions to

ok — Auk + FF(uk) =0 in Q) x (0,00),
uk:O on Iy x (0,00),
(x,5)ds =0 on T x (0,00),
asnn + at77n = 0l in % (0,00) x (0,0), (3.11)
uk (x, —t) = u®(x, —t) in Q x (0, 00)
uk (x,0) = uf, (x) = ul(x,0), 9,k (x,0) = uf (x) = 0,%(x) inQ,
1711, (X,S) =0 on FOX(0,00)X(0,00),
T (x,8) = 16u(x,8) = 1y (x,0) — 1y, (x, —5) on O x (0,0),
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such that Ei‘l(O) < R, which satisfies

lim E, (O) = 0. (3.12)

e / /F | / 7k (s) [2dsdTdt

Since EX(t) < EX(0) < R for all t > 0, from (3.12) one gets

T )
I /// - UK (5)|2dsdTdt = 0, 3.13
i [C [ [T @ ps (6.13)

and also guarantees the existence of a subsequence of {(u*,75*)}, still denoted by { (1%, n5%)},
such that

ub Sk in L(0, T; H(Q)),

. (3.14)

ok 5 9k in L0, T; L2(QQ)),

when n — co. By using compactness arguments we also obtain
uk — ukin L2(0, T, L2(Q)). (3.15)

In the sequel, with respect to the limit function uk, the proof is twofold: uk # 0 and uk = 0.

Case I: uF #£ 0. Taking in mind (3.13), (3.14) and Lemma 3.3, from (3.11) one obtains, when
n — 0o

(9uf 4 Auk + fFF(uF) =0 in Q x (0,00),

k=0 on Ty x (0,00),

wuk _ 0 on I'y x (0,00), (3.16)

a’l/ 7 7

uk(x, —t) = u%(x, —t) in O x (0,0)

uk(x, 0) = u’é(x) = uo'k(x,O), 9u* (x,0) = ul( ) = atuo'k(x) in Q,

Since f* is globally Lipschitz, for each k € IN we find by the boundary observability theorem
due to the Theorem 2.2 in [18] that u* = 0, which presents the desired contradiction.

Case II: u* = 0. Denote
3 1 1
2
= (B0)", dh=uh =k (3.17)

Whereupon, {(v¥, %)} is solution of the normalized problem

vk — AvF + ifk(ucnvﬁ) =0 in Q) x (0,00),
o — on Ty x (0,00),
(x,8)ds =0 on Ty x (0,00),
asén + Mn = 9,0, in ) x (0,00) x (0,00), (3.18)
ok (x, —t) = O(x, —t) in Q x (0,00)
ok (x,0) = ok, (x) = 20(x,0), 90k (x,0) = o, (x) = 9,0%(x) inQ,
tR(x,s) =0 on I’y x (0,00) x (0, 00),

vE(x8) = Cha(x,8) = 06, (x,0) = vfj, (x, =) on 0 x (0, c0),
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whose energy functional is defined by

k

1
E40) = 1 |+ 19hR 18R +2 [ [ P drdx]. 3.19)

Further, as E (t) = L Ek () for all t > 0 we deduce

w2
Xy

k

E’(0) = aizE’,;(o) =1 (3.20)

for all n > 0, and also the existence of a subsequence { (v, %)} such that such that

ok S0k in L®(0, T; HY(QY)),
0,08 2 90 in L®(0, T; L2(Q)), (3.21)
b =5 in L2(0,T; L2(Q))),

since E% (1) < Eo (0) for all t > 0. Moreover, by combining (3.13) and Lemma 3.3 we get

fim / / / (x)|¢%[2ds dT dt = 0. (3.22)
I

n—o0

If we show that E (T) goes to zero uniformly for each k fixed the desired contradiction is

proved, since
E%(T) +/ // )CX dsdTdt.
I

Indeed, for this purpose observe that, for an eventual subsequence, «, — «, where « > 0.
Therefore we separate the proof in two subcases: & > 0 and & = 0.

If & > 0, since we have a,v" = u¥ — 0 strongly in L2(0, T, L2(Q))), passing to the limit in
(3.18) when n — oo, and taking (3.21) and (3.22) into account, we arrive at

ook — AvF + 1fk(0) =0 in Q x (0,c0),

vk =0 on Ty x (0,00),

LA onTyx (0,00),  (323)
ok (x, —t) = 0°(x, —t) in Q) x (0,00)
\vk(x,O) = v (x) = v°(x,0), 9,0(x,0) = o (x) = 9;0°(x) in Q)

which implies, as in the Case I, that vk = 0.
Now, consider & = 0. Firstly notice that, by Taylor’s formula, we have

if(oé Z)k) _ f,(o)“nvﬁ + R(a,0%)
w,” X a, (3.24)
[R(anop)| _ a0k n whlonl?

Xn Xn Xn

Next, by defining the set (), = {x € Q s.t. [uf(x,t)| > k}, we have, thanks to assumption A.3
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and Sobolev’s embbeding,

Loty - L)

L2(0,T;L2(2))

1 2

) = )

Xn

L2(0,T;L2(€2))

— o [ i) = o)
SCD}%/OT/QL fk(”lr(l) ? dxdt—f—D}%/OT/m f(uﬁ)

1 T 1 T
c—z/ / (kI + [K[?) dxdt+—2/ / (k2 + [uk ) dxdt
o2 Jo Jo, 2 Jo Jay

2p
— 0.
L27(0,T;L2 (Q))

2
dxdt

(3.25)
2
dxdt

IN

2(p—-1
< Ctxn(lﬂ ) Hvl;n

Also, it is not difficult to see that, up to a subsequence,

k
R(”;’“’”) — 0 in L2(0, T; L3(QQ)). (3.26)
n

Therefore, from (3.24) — (3.26), and since
) = F10)0h = £ (k) — (O = ) — (k) + ) = 7/ 0o

Xn Xn

one obtain

lf’f((xnv’;) — (f(0)op — 0 in L2(0, T; L2(2)), (3.27)

n

By passing to the limit in (3.18) when n — oo, and taking (2.9), (3.22), (3.25) and (3.27) into
account, we arrive at

9ok — Avk + L (%) (0)0F =0 in Q) x (0,00),

v* =0 on Iy x (0,00),

% o onTy % (0,00),  (329)
ok (x, —t) = o°(x, —t) in O x (0, 00)

ok (x,0) = ok (x) = %(x,0), 9;0"(x,0) = vf(x) =90 (x) inQ

allowing us to conclude, as before, that v* = 0. Thus, convergences (3.14) and (3.15) read as

ok 20 in L®(0, T : Hi(QY)),
90k 50 in L*(0, T; L*(Q)), (3.29)
ok — 0 in L*(0,T;L%(Q))

Besides that,

“i fH(anvly) =0 in L*(0, T, L*(Q0)). (3.30)
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In light of these calculations, consider now ¢%(x, t) = [ u(s) K(x,s) dsand 6 € C*(0,T);
0<6<1;6() =1in (¢ T —¢). Multiplying the first equation of (3.18) by ¢, = 8¢k and
integrating by parts, we infer

T T - ;
P‘O/O /Q\atv’;l|26dxdt: _/0 /Qatvﬁ </o y(s)&wﬁds) 9dxdt+/0 /QVUﬁVd‘Zdedt

T T 0 2
- / / 9,0k K Odxdt + / / a(x) ( / u(s) gkds> 6 dTdt (3.31)
0o Ja 0o Jn, 0

T 1
+ / / — Mgk dxdt = I + 4+ L+ I, + Is.
0 JO &y
From convergences (3.22), (3.29) and (3.30) it is not hard to conclude that

lim 11:"': lim 15:0.
n—o0 n—o00

Thus, lim;;—eo ng_g |0;,0% |2dxdt = 0, that is,

T
lim / 10,0k Pdaxdt = 0. (3.32)
0

n—00

The next step is to show that the potential energy converges to zero. To this aim, we
multiply the first equation of (3.18) by 8v% and integrate by parts to get

T T T
/ / |Vok |20dxdt = / / latvmz@dxdt%—/ / 0r0k vk O dxdt
0o Jo 0o Jo 0o Jo

T %)
— Lkokods dTdt
/ /rl‘“x) | ns)ciotoas 63
T 1
—/O /Qa—nfk(anvlr‘,)vﬁQ dxdt
=h+L+]J3+]s

which, through an analysis similar to the performed previously, produces

T
lim / / Vo [2dxdt = 0. (3.34)
0 (@)

n—oo
Therefore, since E¥ (t) is non-increasing, from (3.30)-(3.34) we conclude that

lim E%(T) = 0,

n—o00

which concludes this proof. O

Proof of Theorem 3.2. Notice that since C > 0 in (3.10) does not depend on k, by arguing sim-
ilarly to [7, Lemma 2.1 and Proposition 2.1] one can pass (3.10) to limit to obtain the observ-
ability inequality

E(0) < C </OT /r /Ow — i (s)a(x)| (s)]2 dsdrdt) (3.35)

and, consequently, the desired exponential stability. O
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