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1 Introduction

Systems of three second-order ordinary differential equations emerge naturally from the ap-
plication of Newton’s laws in modeling three body interaction: each equation represents the
acceleration of a body in response to the forces exerted by the other two bodies. Such systems
have a vital role in modeling problems of mechanics and oscillations.

In this paper, we investigate the interval of the existence of (strictly) positive solutions, i.e.
we determine real positive T for which at least one positive solution exists, for the following
system of nonlinear second-order differential equations

x!'(t) + fi(t, x1(f), x2(t), x3(t)) =0, te(0,7),i=1,23, (1.1)
coupled with nonlocal boundary conditions

xi(O) = qoi[xi] +a;, Xl'(T) = l/)l'[xl'] + bi, (1.2)
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where a;,b; > 0, f; : [0,7] X [0,400)% — [0,+0c0) are continuous, ¢;[x] = [ x(t)dP;(t) and
PYilx] = fOTx(t)d‘I’i(t) are linear functionals defined via Riemann-Stieltjes integrals, where
®;, ¥, : [0, 7] — R are functions of bounded variation.

We write ¢;[Id] and ¢;[7] to denote ¢; applied to the identity function and constant func-
tion with value T, respectively. The notation |A| denotes the determinant of a square matrix
A. Throughout the paper, we assume that

(A1) 0< @;[Id], 0 < @i[t—Id] < Tand 0 < ¢;[t —1d], 0 < y;[Id] < 7,

T— @ [T — Id] — @i [Id]

(A2) 0 < D; = —p;[t—1d] T —;[1d]|

are valid for every i =1,2,3.

By a positive solution of problem (1.1), (1.2) we understand (x1, x2, x3) € (C?[0, T])S, which
satisfies system of differential equations (1.1), boundary conditions (1.2) and positive coexis-
tence condition, i.e. x;(t) > 0 for all t € (0,7) and every i = 1,2, 3.

We do not assume ¢;[x;] > 0 and ¥;[x;] > 0 for all x; > 0, but we allow d®; and d¥; to
be signed measures. For details on signed measure and Riemann-Stieltjes integrals we refer
reader, for instance, to [17-19]. But we require ¢;[x;] > 0 and ¢;[x;] > 0 for corresponding
component of the positive solution (x1, x2, x3).

The term “coexistence” was introduced by Lan [11] in context of fixed points in product
Banach spaces. Coexistence fixed point denotes a fixed point with all the components different
from zero. The common approach to obtain solutions of operator equation is to seek the
fixed points. The best-known fixed point theorems for positive solutions are Krasnosel’skii’s
fixed point theorem in cones [10] and its generalizations, for instance, Krasnosel skii-Benjamin
fixed point theorem [1], where conditions are weakened, and Guo-Krasnosel’skil fixed point
theorem [3], where considered region is more general. But, as it was mentioned in [12,13,15],
these theorems cannot guarantee the coexistence fixed point. Motivated by this, Precup [12,
13] established (2-dimensional) vector version of Krasnosel’skii’s fixed point theorem, which
allows to localize fixed point in the component-wise manner. Recently, Rodriguez-Lépez [15]
showed an alternative proof via fixed point index theory. As it was pointed out in [15], the
result by Precup remains valid for n-dimensions. For multiplicity result of positive solutions
by vector version of Krasnosel’skii’s fixed point theorem we refer reader to [8,14].

Generalized version of problem (1.1), (1.2) with T = 1 and i = 1,2, was studied by Hen-
derson and Luca [5,6]. In [5] was considered problem (in our notations)

(ai(t)xi(t)")" = bi(t)xi(t) + Aipi () fi(t, xa(t), x2(t)) =0, t€(0,1),i=12, (1.3)

a;x;(0) — Bia(0)x;(0) = @i[xi], 7ixi(1) + 6a(1)x;(1) = ¢i[xi], (1.4)
and sufficient conditions on A; and f; were given such that non-negative solutions of problem
(1.3), (1.4) exist. The result was based on Guo—Krasnosel’ski fixed point theorem. In [6] by
applying fixed point index theory results on existence and multiplicity of positive solutions
were obtained for the slightly modified problem (1.3), (1.4): the functions f; depended on only
one unknown x;;, i.e. fi(t, xj.i(t)).

In this paper, we apply two methods that allow us to obtain an interval of the existence of
positive solutions for the problem (1.1), (1.2). First we find T by solving system of inequalities,
which is based on Green’s functions of problem (1.1), (1.2) and behavior of functions f;. To
prove that for these T there exist positive solutions we apply vector version of Krasnosel’skii’s
fixed point theorem, or Krasnosel'skii-Precup fixed point theorem. Let us recall this result
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here. A nonempty closed convex subset K C X of normed space (X, || -||) is called a cone if
Ax € K for every x € K and for all A > 0, and KN (—K) = 0.

Theorem 1.1 (Krasnosel’skii-Precup, [12,15]). Let (X, || - ||) be a normed space, K, . .., K, cones
inX, K=Ky x---xKy,r=(r1,...,tn), R=(Ry,...,Ry), with0 < r; < R; fori € {1,...,n},
and

Kr={x=(x1,...,xy) €K:Vie{l,...,n} r <|xl| <R}

Assume that T = (Ty,.., T,) = Ky g — K is a completely continuous map and for each i € {1,.,n}
there exists h; € K; \ {0} such that one of the following conditions is satisfied in K, g:

(i) Tix + ph; # x; if ||x;]| = riand p > 0, and Tjx # Ax; if ||x;|| = Rjand A > 1;
(ii) Tix # Ax; if ||xi|| = riand A > 1, and Tix + puh; # x; if || x| = R; and y > 0.
Then T has at least one fixed point x € K with r; < ||x;|| < R;, i € {1,...,n}.

Conditions (i) and (ii) are called compression type and expansion type condition, respectively.

To satisfy compression and expansion type conditions various authors considered asymp-
totic behavior of f/x at zero and infinity. This approach is widely used in case of one differ-
ential equation or systems in which all f; depend on only one unknown x;; (see, for instance,
[2,6,7,9,18,19]). The idea is to use limits

x—0 t X x—oo f X
lim inf f(t,x)’ lim inf f(t,x)'
x—0 t X x—c0 t X

In [9] the case where the above limits were zero or infinity was studied. In [2,7] the limits
were allowed to be small or large enough, in a sense that necessary inequalities hold. In the
case of systems of differential equations in which f; depend on all unknowns many authors
require additional assumptions on f; to construct similar limits. For instance, f; is monotone
with respect to Xj, see [12,13], or bounded with respect to Xj, see [4].

If we let ¢; = 0 and p; = 0, then boundary conditions (1.2) become Dirichlet boundary con-
ditions. For such problem we compare the theoretical result with the result based on built-in
functions of program Mathematica [20]. The numerical result is obtained by shooting method:
we consider the initial value problem for system of differential equations and determine 7.

The outline of the rest of the paper is as follows. In Section 2, we rewrite boundary value
problem (1.1), (1.2) as an equivalent system of integral equations by constructing the Greens
functions and show the estimations of Greens functions. We prove the existence of positive
solutions by applying Krasnosel’skii-Precup fixed point theorem in Section 3 and formulate
main result of this article in Theorem 3.7. Finally, in Section 4, we compare theoretical and
numerical results for problem (1.1) with the boundary conditions x;(0) = a;, x;(7) = b;.

2 Construction and estimation of Green’s functions

Standard approach is to rewrite problem (1.1), (1.2) as an equivalent system of integral equa-
tions via corresponding Green’s functions. Results of this section are well-known and for
details we refer reader to [16,18,19].
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The Green'’s function Gy corresponding to problem x”(t) + h(t) = 0, x(1) = 0 = x(7), is
given by

Go(t,s) = —

i{s(r—t), 0<s<t<T, 21)

We denote Gy, (s) = [ Go(t,s)d®;(t), Gy,(s) = [ Go(t,s)d¥;(t) and in addition to (A1) and
(A2) we assume

(A3) Gy, (s) > 0and Gy,(s) > 0foralls € [0,7] and every i = 1,2,3.
Recall that D; is given by (A2) and |A| denotes the determinant of a square matrix A.

Proposition 2.1. A triple (x1,x2, x3) is a solution of boundary value problem (1.1), (1.2) if and only
if (x1,x2,x3) is a solution of the system of integral equations

xi(t) = /OT Gi(t,s)fi(s, x1(s), x2(s), x3(s))ds + gi(t), te€[0,7],i=1,2,3, (2.2)

where
1] Tt T—@it—1d] —y;[t—1d]
Gi(t,S) == H t — Qi [Id] T— ¢i [Id] (23)
l GO(t/S) _g(/’i(s) _glﬂi (S)
and
1Tt T—g@it—1d] —y;[t—1d]
i) =5 | t —@i[ld] T —[Id] |. (2.4)
! 0 —4a; —bi

Proof. Let (x1, x2,x3) be a solution of boundary value problem (1.1), (1.2). For every i = 1,2,3,
integrating (1.1) twice from 0 to t and applying boundary conditions (1.2), we get

6(0) = [ Golt,s)fls, (s),32() xa())ds + —(bi+ il + (i + pilxl). @5)

Let us denote (Fx;)(t) = [y Go(t,s)fi(s, x1(s), x2(s), x3(s))ds. Applying ¢; and ; to (2.5), we
get

i[xi)(t — @i[t —1d]) — @i[Id]yi[x;] = T @i[Fxi] + bigpi[Id] + a;gi[T —1d],

Pl (z — 1)) — pifr — 1dgilx] = TlFx) + bilid) + aplr— 1) O
We rewrite (2.6) in matrix form
T—@ilt=1d]  —gld] \ (@ilx]\ _ [T gi[Fxi] pil[t —1d] @;[Id]\ (a;
( —pilr—1d] T [Id]) (zpi [xd) - (rwi [m) " (wi[r —1d] ¢, [Id]) <bi> |
By assumption (A2), D; > 0 and it follows
pilx]y _ 1 (t—y[ld] ¢i[ld] T @[ Fx;]
<1/Jz‘ [xi]> - D (lPi[T —1d] - ¢ift- Id]) (T ’#i[in]) 27

i (Gt o (el ebd (),
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Substituting ¢;[x;] and ¢;[x;] from (2.7) in (2.5), we get

_ . _tlt—gir—1d] —¢i[r—1Id]|  T—t|—g@ild] T—¢;ld]
il = (Fa) () D;| —oi[Fxi] —i[Fxi] ’ D; ‘-%[in] —1;i[Fxi]
t [t—e@it—1d] —¢ivr—1d]|  T—t]|—¢@ild] T—y;[Id]
D —a; —b; * 'D; ’ —a; —b;
1] Tt T—@i[t—1Id] —y;[v—1d] ;[T T—@i[t—1Id] —y;[v—1d]
=D t —¢;[1d] T—y;[Id] |+ D t —;[1d] T — ;[1d]
CI(Fx)(8) —@ilFxi] —i[Fxi] ‘1o —a; —b;

= [ Gilt,)fis,x1(5), a(5), wa(s) s+ i),

where G; is given by (2.3) and g; is given by (2.4).

Now, let (x1,x2,x3) satisfy system of integral equations (2.2). It follows that each x; also
satisfies (2.5). By differentiating (2.5) twice, it is easy to see that (x1, xp, x3) satisfies (1.1), (1.2)
and (x1,x2,x3) € (C?[0, T])g. O

Remark 2.2. Note that G; > 0 and g; > 0 for every i = 1,2,3. Indeed, expansion of (2.3) and
(2.4) along the first column is

‘ _ T t|=gild] T—yild]| t |[t—g@it—1d] —¢;[r—1d]
) =5 | 50 T | B e o) | 28)
_ Tt @ild] T—yild]] |t |T—@it—1d] ¢;[Tr—1d] '
e AP B AR R TS
and
() = T—t|=@ild] T—y[ld]| t |T—¢ir—1d] —¢;[r—1d]

silt) = D ’ —a; —b; ‘ D; —a; —b; ‘ 29
_ T—t|ei[Id] T—y;[1d] t |t—ei[t—1Id] y;[v—1d] 29)
- TI —a; b; ' + E —a bi ‘ '

By assumptions (A1)—-(A3), and a;,b; > 0, and fact that Gy, given by (2.1), is non-negative,
determinants in last parts of (2.8) and (2.9) are non-negative for all (t,s) € [0, 7] x [0, 7] and
t € [0, 7], respectively.

Let m(t) = min{t/7, 1 —t/7}. It is known that Green’s function Gy satisfies
m(t)Go(s,s) < Go(t,s) < Go(s,s), (t,s)€[0,7]x[0, 7]
Proposition 2.3. Green'’s function G;, given by (2.3), satisfies
m(t)H;(s) < Gi(t,s) < H(s), (ts)€[0,7]x][0,1],
where
T T—g@it—1d] —yi[t—1d]

T — Qi [Id] T— wi [Id]
GO(S,S) —gqoi(s) _glﬁi(s)
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Proof. Expansion of G;(t,s) along the first column is given by (2.8). We replace T — t with 7 in
first determinant, + with 7 in second determinant, Gy(t,s) with Gy(s,s) in third determinant
and get H;(s). Therefore, H; > 0 by the same argument as G; > 0.

We get inequality G;(t,s) < H;(s) by estimating T —t < 7, t < T and Gy(¢t,s) < Go(s,s).

It is clear that 1 —t/7 > m(t) and t/7 > m(t) for all t € [0, T]. We get inequality G;(t,s) >
m(t)H;(s) by estimating T —t > m(t)t, t > m(t)t and Go(t,s) > m(t)Go(s,s). O

Observe that if a; = b; = 0, then g; = 0. By (2.9), it is easy to see that g;(t) is a polynomial
with degree at most one. Hence g; is concave. Concavity of g; implies

Qi(t) > m(t) gi(to), (tto) € [0, 7] x [0, 7]. (2.10)

For every ¢ € (0,7/2) inequality ¢ < m(t) holds for t € [¢c,T — ¢]. As it was mentioned
in [18,19], for Green’s function Gy optimal constant is ¢ = 7/4. Optimal in a sense that
inf{ " Go(t,s)ds : t € [c,T — ]} is maximal.

3 Theoretical result on the existence of a positive solution

Consider Banach space C[0,t] endowed with the norm ||x| = max{|x(t)| : t € [0, 7]}. We
define cone k; by

ki = {u € Cl0,t] - u(t) > 0fort €0, 1], t [r/r}ligl /4}u(t) > 1Hu||, @ilu] >0, P;i[u] > O}.
c|T/4,95T

Let K = k1 X ky X k3, x = (x1,x2,x3) and T = (Ty,To, T3) : K — (C[O,T])3 be an operator
defined by

(Tix)(t) = /OT Gi(t,s)fi(s,x1(s), x2(s), x3(s))ds + gi(f), (3.1)

where G,; is given by (2.3) and g; is given by (2.4).

Observe that T is a completely continuous operator. Indeed, g; is obviously completely
continuous and T;x — g; is completely continuous by application of Arzela—Ascoli theorem.
Boundary value problem (1.1), (1.2) has a non-negative solution if and only if operator T has a
fixed point in K. To prove that maximal value of each x; is positive, and hence the solution is
positive, we apply Krasnosel’skii-Precup fixed point theorem (Theorem 1.1). Now, we show
that T maps K into itself.

Proposition 3.1. Operator T, given by (3.1), satisfies T(K) C K.

Proof. 1t is obvious that T;x > 0 for each i =1,2,3.
Let T;x achieve maximum value at point to, i.e. (T;x)(to) = || T;x||. By Proposition 2.3 and
(2.10), for every t € [T/4,371/4] we have

Tx)(0) = [ Gilt,)fi(s,x1(5), 22(6), 33(6))ds + i1
> () [ H)fi(s11(5),32(0), x3(5))ds + m(Dgit)

: </0T Gi(to,s)fi(s, x1(s), x2(s), x3(s))ds + gi(to))

> =
— 4
1
4

I Tix]]-
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Next, consider

s = [T ([ Gt 9a@i)) s m(s) 2(s), 19 + il

By (A1)-(A3), we get fOT Gi(t,s)d®;(t) > 0 and ¢;[g;]] > 0. Hence ¢;[Tx;] > 0. Similarly
Yi[Tx;] > 0. Therefore, T(K) C K. O

Now, we briefly describe the main result. First, we show that if certain conditions on
fi hold, then T; satisfies compression type condition (i) or expansion type condition (ii) of
Krasnosel’skii-Precup fixed point theorem (Theorem 1.1). Then we choose r and R such that
each T; satisfies either condition (i) or (ii) for all x € K, g. Finally, we conclude that at least
one positive solution of problem (1.1), (1.2) exists.

Let us introduce notations

¢ 3t/4 d T d
A, = i / G;(t,s)ds, B; = G;(t,s)ds.
! tE[T/123T/4} /4 i(ts) : tzt;)g] 0 i(ts)

To prove the following Lemma 3.2 (and Proposition 3.6) we use standard techniques. See, for
instance, [2,7,9,18,19].

Lemma 3.2. Operator T; satisfies compression type condition (i) if there exist constants 0 < g < Q
such that

< i i(t,x)- A d i(t,x) - Bj il < Q, 3.2
q te[TI/IAEI;TM] filt,x) - A an tren[(?,)r(} filt,x) - Bi+ |lgill < Q (3-2)
xi€lq/4,q] x€[0,Q°
xjzi€lq/4,Q?

and T; satisfies expansion type condition (ii) if there exist constants 0 < q < Q such that

< i (t,x) - A; d i(t,x) - B; < g. 3.3

Q te[fﬁf?ﬂqﬁ( x)-A; an max filt,x) - Bi+[|gill < g (3.3)
x€[Q/4,Q) x;€[0,4]
xjzi€lq/4,Q? xj2i€[0,Q]

Proof. Let Koo = {x € K:q < ||xi]] < Q, i = 1,2,3}. We show a proof for compression type
condition. Proof for expansion type condition is similar.

Let ||x;]| = Q and Q = [0,7] x [0, Q]>. We show that ||T;x|| < ||x;||. It is known that this
implies Tix # Ax; for A > 1. Consider

[ Tix|| < max/ Gi(t,s) fi(s, x1(s), x2(s), x3(s) )ds + [|g]l
te[0,7] JO

< max fi(t,x)-B; + gl < Q = ||xi|
(t,x)eQ

Now, suppose to contrary that there exists x; with ||x;|| = ¢ such that T;x + ph = x; for
p>0andh:t~ 1. Since x € K, o, we have

1 1 .
xi(t) > — [|x| > L te[t/4,3t/4],j=1,2,3.



8 A. Antonuks and S. Smirnov

Let w = [t/4,31/4] x [q/4, q] x [9/4, Q]>. We get
x(t) = /O " Gilt ) fi(s, x1(s), x2(s), x3(s))ds + gi(£) + #

3t/4
/T o Gilb)fils x1(s), x2(s), 15(5))ds + gi(8) + g

>  min  fi(t,x) A+ gi(t) +u
(t,x,-,xj#)ew

>q+gi(t)+u,

which gives contradiction. O

v

Let us show examples of f;, i = 1,2,3, that satisfy (3.2) and (3.3) for sufficiently small g
and sufficiently large Q, i.e. there exist q; < Q; such that f; satisfies (3.2) or (3.3) for 0 < q < g;
and Q; < Q < +oo. The ability to choose such g and Q is used to define proper K, g in the
proof of the main result.

Let us define

o= =
K w, i#].

We use notation u?]? to denote that i-th element of a triple (u}], u%, uf) is u and j-th element
(G # i) is w, eg. (uly uly, 1) = (1,0, w) and (uy, 1, uls) = (0,1,0).

Example 3.3. Let f; be non-decreasing with respect to all x;, i = 1,2,3. Function f; satisfies
(3.2) for sufficiently small g and sufficiently large Q if

fi(t,u,u,u) B <1,

1< lim inf M . ﬁ lim sup
u

7
U0+ te[r/4,31/4] u 4 U=+ 10,1

and satisfies (3.3) for sufficiently small g4 and sufficiently large Q if 2; = b; = 0 and

(tu?, u®, u%
Vw € [0, +0°> lim sup fl( Ui Uiy uz3>
u=0+ 4 (0,7] u

(t+ ,0 ,,0 .0
1< tm  inf JMattn) A
u—+oo ter/4,37/4] U 4

=0,
(3.4)

For proof see Proposition 3.6.

Example 3.4. Let f; be bounded with respect to x; and non-decreasing with respect to every
Xjxi, j = 1,2,3. Function f; satisfies (3.2) for sufficiently small g and sufficiently large Q if

filt, ul, ul, ul) A filt, uff, ufy, ufy)

1 < lim inf - —, lim  sup -B; <1,
w—0+ tc[t/4,37/4] w 4 WO te0,7] w
lle[0,+oo) ME[O,—FOO)

and satisfies (3.3) for sufficiently small g4 and sufficiently large Q if 2; = b; = 0 and (3.4).

Example 3.5. Let f; be bounded with respect to every x;;, j = 1,2,3. Function f; satisfies (3.2)
for sufficiently small g and sufficiently large Q if
1< tim g JiEFURRE) Ao SilbdxeXs) g g
x;—0+ te[t/4,31/4] X 4 Xj—r+00 te[0,7] Xi
X]'#iG[O,"FOO)Z xj#i€[0/+°°)2
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and satisfies (3.3) for sufficiently small g and sufficiently large Q if 2; = b; = 0 and

. (t,x1,%, % . . (t,x1, X2, % A;
x;—0+ tef0,7] Xi Xi—r+oo te[t/4,37/4] X 4
Xj#iE[Oﬂ*OO)Z xj¢i6[0,+°°)2

Proposition 3.6. Function f; from Example 3.3 satisfies inequalities (3.2) and (3.3) for sufficiently
small q and sufficiently large Q.

Proof. First, we show that f; satisfies (3.2). Let us denote

i t, S U, —_ . i t/ s Uy,
fO — lim inf M, f - = lim sup M
—  u—0+telr/4,3t/4] u u—+o0 te[0,7] u

Choose ¢ > 0 and é > 0 such that
1< (fo—€Ai/4 and (fo+6)B; <1.
Then there exist positive constants r and p such that

fi(t, u,u,u) > (@—s)u, (t,u) € [t/4,37/4] x (0,7],
filtt, u,u,u) < (fo +6)u, (t,u) €1[0,7] x [p, +00).

We denote M = max {f;(t,u,u,u):t € [0,7], u € [0,p]}. Then
filt,u,u,u) < M+ (foo +0)u, (t,u) €[0,7] x [0, +00).

We choose g € (0,7], define
BiM + g
1—Bi(fo +96)

and let K, o = {x € K: g < [|x;|| < Q, i =1,2,3}. Observe that

Q= +4

max filt,x) - Bi + ||gill < max fi(t,Q,Q,Q) - Bi + |8ill < BiM + Bi(foo +6)Q + | gill

x€[0,QP?

(BiM + |lg:[1)Bi(f° +6)
1— Bi(fo +90)

B;M + ||g:||

zm—kq&(ﬁ%-é) <Q

= (BiM + [|gill) + +q Bi(feo + )

and

i i(tx) A > i i(t,q/4,q9/4,9/4) - A; > Ai(fo— 4>q.
te[T%}gT/4]f( x) te[Trﬂ}gT/4]f( q/4,9/4,q/4) (fo—e)g/4>q
xi€[q/4,q]
xj2i€lq/4,QJ

Now, we show that f; satisfies (3.3). Recall that a4; = b; = 0 implies ||g;|| = 0. Let us denote

. 0 0 0
foo = lim inf filt i, iy )
oo .
—  u—rtoote[r/4,37/4] u
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Choose & > 0 such that (fo —€)A;/4 > 1. Then there exist positive constants r and p such
that
filt,ulf, us,u%) < B7'u,  (t,u,w) €[0,7] x (0,7] x [0, +00)?,

f(t uzl’ 12/ 13) (fOO _8)u (t,u) € [T/4/ 3T/4] X [p/ —|—oo),

We choose g € (0,7], Q € [4p+¢q,+0) and let K, o = {x € K: g < [|x;]| < Q, i = 1,2,3}.
Observe that
max  fi(t,x) - Bi < max fi(tq3, a3, 93) - Bi <
x;€[0,4]
xj#iE[O,Q]Z

and

min fi(tx)- A= min fi(4(Q/4)% (Q/4)% (Q/4)%) - Ai = (fu —)AiQ/4> Q.

te[t/4,3t/4] te[t/4,37/4]
x€[Q/4,Q]
xj4i€[q/4,Q)

Finally, note that constants 4 and Q could be chosen as small and as large as desired,
respectively. O

The main result of this paper is following.

Theorem 3.7. If for every f;, i = 1,2,3, exist q; < Q; such that f; satisfies (3.2) or (3.3) for 0 < q < g,
and Q; < Q < +oo, then boundary value problem (1.1), (1.2) has at least one positive solution.

Proof. We denote r = min{g; : i =1,2,3}, R =max{Q; :i=1,2,3} and let
Kir={xeK:r<|x| <R, i=1,23}.

By Lemma 3.2, each T; satisfies compression type condition (i) or expansion type condition
(ii) in K, g. Therefore, by Krasnosel’skii-Precup fixed point theorem, operator T has a fixed
point in K, g, which implies that boundary value problem (1.1), (1.2) has at least one positive
solution. O

Let us show applicability of Theorem 3.7 in following example. Here and in Section 4, we
round numbers to three decimal places unless we can calculate the numbers exactly.

Example 3.8. Consider system of differential equations

) +x3(t+x0x3)° =0, t€(0,1),

—x2)+1
xy + (x t+x1/3) exp(zz) =0, te(0,1), (3.5)

80X3

3

X+ = 1+7sin(x1—xz)+7=0, te (0,7),

with boundary conditions

x1(0) = 3x1(1/5) — x1(1/2), (7)) = % /0 "R (bdt,

x2(0) = ay, x(T) = /OT(T — H)xp(t)dt + by, (3.6)
x3(0) = x3(1/2) + a3, x3(T) = bs,
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where ay, by, a3, b3 > 0. Observe that 1/5 and 1/2 appear in the multi-point boundary
conditions in first and third line of (3.6). Hence 7 is greater than 1/2.

In this example, the Green’s functions (and intervals where assumptions (A1)—(A3) are
valid) are as follows (recall that Gy is given by (2.1)):

1 T—t 1/10 —74/24
t = —1/1 _ 74 1/2 61/3
Gi(t,s) /10— /60 t /10 T3T4/8 ,TE(1/2,677°),
Go(t,s) Go(1/2,5) —3Go(1/5,s) —(sT° —s*)/24
, T—t T -13/3
- — 73 1/2
Ga(t,s) 2078 t 0 L TT /6 ol T € (1/2,V6),
Go(t,s) 0 —(s>—3s°T+2s1°)/6
5 T—t 1/2 0
Gs(t,s) = = t —-1/2 T|, T€E(1/2,+0).
Go(t,s) —Go(1/2,s) 0

Observe that fi(t,x) = x%(t + x2x3)? is non-decreasing with respect to all x;, i = 1,2,3, and
a1 =b; =0, and
2 2\3
t
Vw € [0,+00) lim sup it wt)” =0, lim inf
u—0+ t€[0,7] u u——+oote[t/4,37/4] u

2 3
wtr0” _

We do not need to calculate B; and A;. But we need A; > 0, which is true for T € (1/2,6!/3).
Therefore (see Example 3.3), f1 satisfies (3.3) for T € (1/2,6'/3).

Next, fo(t,x) = (x1t + xi)(exp (—x2) + 1)/2 is bounded with respect to x, non-
decreasing with respect to x1, x3 and

lim inf (wt + w1/3) M = +o0,

w—0+ te[r/4,37/4] 2w
uel0,+o0)
lim  sup (wt + wl/s) exp (—u) +1 =T.
WO te0,7] 2w
u€[0,+o00)

We expand G;(t, s) along the second column and consider

T
B, = sup Go(t,s)ds
tefo,r] 70

B 1 T (Tt(s? — 32T + 2572) 7
= Sup ’['2(1—7_'2/6)/0 < 6 +T<T_6) GO(t,S)) ds

tel0,7]

Tt(1? —12) — 2t*(7> — 6) {(14472 — 2474+ 7%)/(32(1* - 6)?), 1/2<T1<2,

= Su =
te[OPr] 4(1> —6) ™/(4(6—12)), 2<T<e.

Calculations show that 7B, < 1 for 7 € (1/2,1.612). Therefore (see Example 3.4), f>
satisfies (3.2) for T € (1/2,1.612).

Next, f3(t,x) = 80x3t/ (x5 + 1) 4+ 7sin (x1 — x2) + 7 is bounded with respect to x1, x, and

lim inf 80x3t 7sin (x1 —x2) +7 _

n 3
x3—0+ te[r/4,31/4] (x3 +1)x3 X3
x1,%2€[0,+00)

207,
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80x3t 7 sin (X1 - xz) +7

lim su —0.
X3—400 te[Og] (xg 4 1)X3 X3
x1,%2€[0,+00)

We expand G3(t,s) along the third column and consider

] 37/4 c 4 . 5 [31/4 1/ T, .
A= k) / Lsjds =] T / T—f ,8) + 5 Go(t,

; te[T}£31/4] /4 a(,5)ds te[r/l?&/zﬂ T J/a (T( )Go( s) + > of S)) s

. —16t% — 1(8 — 157 4 272) + 2t(4 + 72)

= inf
te[t/4,31/4] 32

(12t 42812 —-37%) /64, 1/2<T<2(2-V3)or2(2+V3) <1,
(4t + 1202 =) /64, 2(2—V3) < T <22+ V3).

Calculations show that 1 < 57 A3z for T € (1.197,8.877). Therefore (see Example 3.5), f3
satisfies (3.2) for T € (1.197,8.877).
Finally, we consider interval

(1/2,6'3) N (1/2,1.612) N (1.197,8.877) = (1.197,1.612).

Each f; satisfies either (3.2) or (3.3) for sufficiently small g, sufficiently large Q and T €
(1.197,1.612). Therefore, by Theorem 3.7, boundary value problem (4.3), (4.4) has at least one
positive solution for T € (1.197,1.612).

4 Numerical result for Dirichlet boundary conditions
In this section, we consider problem (1.1) with boundary conditions
Xl‘(O) = 4a;, Xl‘(T) = bl‘, (41)

and show examples where is compared theoretical estimation of T with result obtained nu-
merically. Note that here G; = Gy, A; = 72/16 and B; = 1%/8 for every i =1,2,3.
For numerical result let us consider the initial conditions

x(0)=a;, x}(0)=c¢€eR, i=1,23. (4.2)

Let ¢ = (c1,¢2,¢3) and x° = (x§, x5, x5) be a solution of initial value problem (1.1), (4.2). We
denote by t(c) > 0 the positive argument for which x°(t1(c)) = (b, b, b3) holds for the first
time. Such #;(c) exists if and only if boundary value problem (1.1), (4.1) has a solution for
t1(c) = 7. Thus set of values of the map c — t;(c) determines values of the 7. We assume that
if there is no ¢ such that t1(c) = 7 > 0, then t;(c) = 0.

In case of one equation this method is known as the shooting method. We do the following
in our case. We fix c; and consider t;(cy, -, -). If problem (1.1), (4.1) has a solution for t1(¢) = T,
then t; (cl, . ) is everywhere zero except one point.

To obtain the result we are using “brute force”, i.e. go through all possible choices. To
make count of choices less, we consider meshes with step sizes 0; for ¢;, i = 1,2,3. To make
sure to “shoot somewhere”, we consider weakened conditions

(xz(tl(c)) - b2>2 + (xg(tl(c)) - b3)2 <.
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Thus for every c; there exists a set (), C R? such that t;(c) > 0 for (c2,c3) € Q.. We denote
tm(c1) = max{t;(c) : (c2,c3) € R?}. Numerical result is a discrete plot ¢; — tp(c1)-

In the following examples we compare the results. Examples emphasize that Theorem 3.7
gives sufficient conditions.

Example 4.1. Consider system of differential equations

X (at +x)2x3 =0, te(0,1),

1" 3, a2@xp(—x)+1

xy + (X7 4+ x377) 10 =0, te(0,7), (4.3)
162x% + x3
" 3 ; —
x3 + 143 (2 + sin (x1f + xz)) 0, te€(0,1),
with boundary conditions

x1(0) =02, x1(7) =0,
x2(0) =0, x2(T) =0.2, (4.4)

x3(0) =0, x3(t) =0.

Here f1(t, x) = (x1£2 + x3)1/ 2 x;/ 3is non-decreasing with respect to all x;, i = 1,2,3, and

. . ufd 4+ u)1/21/3 ‘
lim inf ( ) = 409, lim sup
u—0+ te[t/4,31/4) u U=F e 10,1]

(ut® +u)/2y1/3
u

=0.

Therefore, f; satisfies (3.2) for T € (0, +00).
Next, fo(t,x) = (x1t° + xﬁ/z)(exp (=x2) +1)/10 is bounded with respect to xp, non-
decreasing with respect to x1, x3 and

lim inf(wfpor?) SREOEL

w—0+te(r/4,31/4] 10w
u€(0,+00)
tim_ sup (wf +w'7) exp(-u)+1_ 7T
wreo o] 10w 5°

uel0,+o0)

Calculations show that B;73/5 < 1 for T € (0,40'/5). Therefore, f, satisfies (3.2) for T €
(0,401/3).

Next, f3(t,x) = (162x‘3L +x3)(2+sin (vt +x2)) /(14 xg’) is bounded with respect to x1, x2,
and

i 162x5 + x3
lim sup

=0+ el (1+x3)x3
x1,%2€[0,+00)

(2 + sin (x1t + x2)) =3,

1 62 4
lim inf L

x3=+oo tefr/4,3t/4] (14 x3)x3
x1,%2€[0,+00)

(2 + sin (x1t + x2)> = 16°.

Calculations show that 3B; < 1 < 16>A3/4 for T € (1/2, 24/2/3). Therefore, f3 satisfies (3.3)
for T € (1/2,2v/2/3).

Each f; satisfies either (3.2) or (3.3) for sufficiently small g, sufficiently large Q and T €
(1/2,24/2/3). Therefore, by Theorem 3.7, the theoretical result is 1/2 < T < 2/2/3, or
approximately 1/2 < 7 < 1.633.
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Since a; < by and a3 < b3, we consider non-negative c; and c3. For numerical result we
make meshes in interval [—1,1] for ¢, [0,2] for ¢; and [0.001,2.001] for ¢z with step sizes
01 = 6 = 03 = 0.1 and € = 0.1. The result is illustrated in Figure 4.1. Numerical result shows
that 0.200 < T < 2.579.

tm(ct)

2.5’ . ° i ®
K ]

2.0

15

L 1.00

[ ]
o ® 0.5¢
oo ® *
-1.0 Z05 ‘05 ° “1%0%

Figure 4.1: Graph of the ¢; — tp(c1) for problem (4.3), (4.4).

Example 4.2. Consider system of differential equations

X+ (x1xx3)V4 =0, te€(0,1),

1 1
5 =0, te(0,71),
2t T, T 1t ax €(07) (4.5)
15 + 4t
xé’ + —l—w +cosxysinx,+1=0, te€(0,1),
14 x5
with boundary conditions
x1(0)=1, x(t)=0,
x2(0) =0, (1) =1, (4.6)
X3(0) = 1, X3(T) =1.
Here f1(t,x) = (x1x0x3)14 is non-decreasing with respect to all x;, i = 1,2,3, and
4374 4374
lim inf — = 400, lim sup — =0.
u—0+te[r/4,3t/4 U U—r+00 te[0,7] u

Therefore, f; satisfies (3.2) for T € (0, +00).
Next, fa(t, x) = (1 +txy) "1 + (1 + x1x3) ! is bounded with respect to x1, x3 and

1 1
lim inf + = 400,
x2—0+ te[t/4,37/4] (1 + txz)xz (1 + x1X3)xZ
x1,%3€[0,+00)

1 1
lim su + —0
Yprteo te[o]i] (I+txo)xa (14 x1x3)x2

x1,X3€[0,+00)

Therefore, f, satisfies (3.2) for T € (0, +0).
Next, f3(t,x) = (15+4t)x3/ (1 + x%) + cos x1 sin x2 + 1 is bounded with respect to x1, x,

and 15 + 4t i 1
lim  inf 0D cosxsinn £l _ g, o
x3—0+ te[t/4,3t/4] (1 +x3)x3 X3
x1,%2€[0,+00)
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(154 4t)x3 cosxysinxp +1

lim su + =0.
x1,%2€[0,+00)

Calculations show that 1 < (15 + 7)A3/4 for T € (1.944, +c0). Therefore, f3 satisfies (3.2) for
T € (1.944, 40).

Each f; satisfies (3.2) for sufficiently small g, sufficiently large Q and 7 € (1.944, +c0).
Therefore, by Theorem 3.7, the theoretical result is T > 1.944.

For numerical result we make meshes in interval [—7, 0] for ¢y, [0,7] for c; and c3 with step
sizes 01 =1, 6, = 03 = 0.1 and &€ = 0.1. The result is illustrated in Figure 4.2. Numerical result
shows that T could be less than 1.944.

tm(ci)

1.4?

1.2}

1.0t

e 0.8f

0.6¢

0.4;

° ° 0.2}

Cq

Figure 4.2: Graph of the ¢; — tp1(c1) for problem (4.5), (4.6).

Remark 4.3. There is no ground to say that this method is not suitable for nonlocal conditions,
for instance, x(0) = ¢;[x;] +a;, x(T) = b;. But, since we are using “brute force” (which is long
itself), in case of nonlocal conditions program needs much smaller step size to get nonzero
tm(c1), and hence much more time to run, which makes the program inefficient.
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