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1 Introduction

Oscillation theory for first order linear neutral differential equations with delay;,
[x(t) + P(t) x(t = T)" + Q(t) x(t =) =0, > to,

has attracted researchers’ interest for decades (see, e.g., [1-3] and references therein).
Recently, a sufficient condition was proved in [5] for oscillation of all solutions of the
neutral delay differential equation

[x(t) = x(T(t)] + Q(t) x(c(t)) =0, t>to (1.1)
for some ty € R, where Q € C([tp,0),R+), Ry = [0,00), and 7,0 € Ty, with

T = {f € C([& ), R) 12)

f is strictly increasing;
flt) <tVt>E limp oo f(F) =00 |
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However, as we shall show in this paper, the proof is not correct and the statement does not
hold. It is worth to mention that the limit property of functions from 7z was not explicitly
assumed in [5], but it was applied in the proof.

In this paper, we prove a similar statement by a cautious use of a mathematical induction.
We give a short remark explaining the problem of the original proof from [5]. Next, we
generalize the result for the case of a convex combination of multiple discrete delays. We
also consider neutral differential equations with distributed and mixed delays, and we prove
analogous statements. More precisely, in addition to equation (1.1), the following equations
are investigated in this paper:

[x(t) ~ Y AxE®)| + L Q0 x(e(1) =0, ¢, (1.9
i=1 j=1
() S)x(s)ds / o(t
{x(t) - fT(ft}((:t)\)()\)(s)(d)sd ] + Q(t) /{T(t()) R(s)x(s)ds =0, t=>ty, (1.4)
and
m n () '
[x(t) - (Dxt)x(ri(t)) +y a-(s)x(s)ds)]
= i—1JTi(t)
+ y' Qj(t)x(oj(t)) + %S]-(t) /Uj(t) Rj(s)x(s)ds =0, t>ty (L5)
=1 j=1 a;(t)

with appropriate parameters (see Theorems 3.7, 3.9, and 3.11 below).

The paper is organized as follows. In the next section, we conclude preliminary results
and introduce an auxiliary function. Section 3 is devoted to the main results of this paper
— sufficient conditions for oscillation of all solutions of various classes of neutral differential
equations with delays. In the final section, applications to equations with particular types of
delays, and concrete examples are given for illustration.

Throughout the paper, we denote by IN (INp) the set of all positive (nonnegative) integers.

2 Preliminaries

In this section, we introduce some notation and prove auxiliary results.

Let us fix { € R and consider T € 7. Analogously to the iterations of function 7: T
Tot 1 ke N, t° = id, we denote T ¥ = 771 o171 k € IN the iterations of the inverse
function T71: [T(¢),0) — [, ). Then the following result holds.

k:

Lemma 2.1. Let ¢ € Rand T € Tz. For any { € [1(€), o), the sequence {T*({)}%>, is strictly
increasing to co.

Proof. Let { € [t(¢), ) be arbitrary and fixed. Then, 7() < { implies { < t!({), which
yields T71({) < 77%({), etc. So, by induction, one can see that {T7%()}, is a strictly
increasing sequence. Now, suppose by contrary that lim_,., T ¥({) = C < 0. Then,

C = lim %) = lim v (v~ &1 (7)) = ! (lim T(kl)(§)> =1t 1(C)

k—o0 k—o0 k— 00

is a contradiction, and the proof is complete. O
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For any ¢ € [1({), o), we define a function N : [f,00) — N such that for any t € [{, %),
N7 (t) satisfies
WOy <t < TN (). (2.1)

Due to Lemma 2.1, function N g is well defined. Note that
NZ ([T 5(2), T ® () =k +1 (2.2)

for each k € INp. Then, it is easy to see that N} in nondecreasing on [, c0) and unbounded
from above. Another important property of N7 is proved in the next lemma.

Lemma 2.2. Let { € R, T € Tz, a1 € [§,0), ay = T ¥(ay) for some k € No. Then
Ny, () = Ng, (t) +k,  t>as.
Proof. For any t > «»,
e NGO+ () = = NGO+ (k)
=1 NaO D (g,) <t < 77NW(gy)

_ T*N“T’z(f)(T*k(M)) _ T*(Nafz(tHk)(M)_

But we know that for any t > a, (even for any t > a1), there is a unique ¥ € IN satisfying
7= D(ay) <t < T%(a1), and it is given by x = Ny, (t). Therefore, N (t) = NL (t) +k. O

We will investigate solutions of equation (1.1) in the sense of the following definitions.

Definition 2.3. Let tp € R and Q € C([tp,),Ry), 7,0 € Ty, ¢ € C([min{t(ty), o (t0)},t0], R)
be given functions. We say that

x € C([min{t(ty),o(tp)}, ), R)
is a solution of equation (1.1) along with the initial condition

x(t) = @(t), te min{t(tp),o(to)},to] (2.3)
if x(t) — x(t(t)) is continuously differentiable for all t € [ty, c0) and x satisfies (1.1), (2.3).

In the rest of the paper, we often omit initial condition (2.3). So, x is a solution of (1.1) if
there exists a suitable function ¢ such that x solves initial value problem (1.1), (2.3).

Definition 2.4. Let tp € R and Q € C([tp,),Ry), T,0 € Ty, be given functions. Solution x
of (1.1) is called eventually positive (eventually negative) if there is T > t; such that x(¢) > 0
(x(t) < 0) for all + > T. In this case, x is called nonoscillatory. Otherwise, we say that x
oscillates or that it is oscillatory.

In other neutral differential equations studied in the paper, their solutions are understood
in an analogous sense.
Finally, in this section, we present an auxiliary lemma.

Lemma 2.5. Let A> B > 0and « > 1. Then

2=
2=

(A—B)r > Av — Ba.
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Proof. If A = 0, the statement is obvious. Now, let A # 0 and consider the function f(x) =
(1—x)s — (1 —xa) for x € [0,1]. Then £(0) = 0 = £(1). The derivative,

)= (¥ - 1-0%)

14

vanishes if and only if x = 3. Since

1 221
—=="=">0,
f <2> 24 ~

we get that f(x) > 0 for all x € [0,1]. In particular, f(£) > 0 which proves the statement. [J

3 Main results

Here, we recall the result from [5] and provide a counterexample to show that it does not
hold. Next, by correcting the wrong proof from [5], we prove a new sufficient condition for
oscillation of all solutions of equation (1.1). Then, we give a generalization to multiple discrete
delays. In Subsection 3.2, an analogous problem is studied for neutral differential equations
with distributed and mixed delays.

3.1 Discrete delays

In [5], the next result was stated (we use the quotation marks to warn readers that the result
is not correct):

“Theorem” 3.1. Let ty > 0 and Q € C([tp, ), Ry), T,0 € Ty, be given functions. If

/OO Q(s) ds = co @3.1)

or

/Oos Q(s)ds = oo, (3.2)

fo

then every solution of equation (1.1) oscillates.

It will be shown in the proof of Theorem 3.3 below (and it was correctly proved in [5]) that
inequality (3.1) is indeed a sufficient condition for oscillation of all solutions of (1.1). In the
next example, we illustrate that if (3.1) does not hold, inequality (3.2) does not guarantee the
oscillation of all solutions of (1.1).

Example 3.2. Let us consider the following equation

AN ! t
[x(t)—x(2>} +t2x<2—tln(2—e1)>:0, t>ty (3.3)

1
Since 0 < 2 — efo §2—e]7 <1,wehaveln(2—e]?) < 0Vt >ty So,

1
for some ty > 5.

t
o(t) = <t >t
2 —tIn(2 —er¥)

—~l=
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Furthermore, from
1
4 —et

(2 —e%> (2 —tIn(2 — e%))Z,

one can see that ¢/(t) > 0 for all t > ty. It is easy to verify that o(t) 2% . Thus, o € Ty-
Clearly, T € Ty, for T(t) = 5. Moreover,

® ds 1 ® ds
/ —2 = — < 00, / — = 09,
to S to to S

i.e., condition (3.1) is not satisfied, but (3.2) holds. Hence, by “Theorem” 3.1, every solution

o(t) =

of equation (3.3) oscillates. However, a positive function et solves this equation. Indeed, for
x(t) = e~ 1, the left-hand side of (3.3) reads as

e
7T e e

~l

_2 1
— 2e ¢ 1 e*Hln(th) = l {e*% —Ze*% —I—e*%(Z—e%)] =0.

Next, we present our result for equation (1.1).

Theorem 3.3. Let tp € R and Q € C([ty,0),Ry), T,0 € Ty, be given functions. If condition (3.1)
is satisfied or
*© 1
[ (NGe(s)F Q) ds = o0 64,
o (to)
for some p > 1, where N (t) is given by (2.1), then every solution of equation (1.1) oscillates.

Note that in the label of condition (3.4),, we use the parameter p > 1 as the lower index.

Proof. One can easily see that condition (3.1) as well as condition (3.4), implies that Q does
not vanish for all ¢ sufficiently large, i.e.,

Vi > to 3T > t: Q(T) > 0.

Without any loss of generality, we suppose in contrary that x is an eventually positive solution
of (1.1). Since lim; o T(t) = limy_,o 0(t) = o0, there is #; > ty such that x(¢), x(7(t)) and
x(o(t)) are positive for all + > t;. For z(t) = x(t) — x(7(t)), equation (1.1) gives z'(t) < 0
Vt > t;. Moreover, from the nonvanishing property of Q, we know that for any ¢t > t; there is
T > t such that z/(T) < 0. Hence, z(t) can not vanish for all sufficiently large ¢, but it is either
eventually negative or eventually positive.

If z is eventually negative, then, since it is nonincreasing, there exist £, > t; and u > 0
such that z(t) < —pu for all t > t,. Equivalently, we have

x(t) <x(t(t))—p, t>t.

In particular,
(K (k) < x(r* D (k) —p < - < x(ta) —kp

for each k € IN. A contradiction with the eventual positivity of x follows, since the right side
tends to —co as k — oo.
Hence, z is eventually positive, i.e., there is t, > t; such that z(t) > 0 Vt > t,. This means
that
x(t) > x(T(t)) >0, t>t. (3.5)
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Therefore,
x(1) > min x(s) =w >0, >t (3.6)

se [T(tQ),tﬂ

From equation (1.1), we obtain
0=2'(t)+ Q(t)x(c(t)) > Z'(t) + wQ(t)

for all t > t; for some t3 > 0~ !(t). This gives

ot
z(t) < z(tz) —w | Q(s)ds, t>ts.
t3
So, if condition (3.1) is satisfied, we get lim;_,o z(t) = —o0 which is a contradiction, and x is
oscillatory.
Now, assume that

/too Q(s) ds < oo 3.7)

and that condition (3.4), is satisfied for some p > 1. Let us take t4 > 7 !(t;) such that
ty = T (o) for some x € IN.
From
x(t) =z(t) +x(7T(t)), t>ta, (3.8)

we get
x(t) = 2(8) +2(1() + - + 2TV () + x(TV(D))

for any t € [t~ (N=V(ty),7=N(t4)), N € N. Since z is nonincreasing and T € T;,, this identity
implies
x(t) > Nz(t) + x(tN (1), te [tV V(ty), v N(4)), Ne N

or, equivalently,

NeO(), >ty

x(t) > Nf,(t)z(t) + x(t
(see (2.2)). Note that TV (£) € [T(ty),t4) C [t, 00) for any t > t,. Hence, by (3.6),
x(t) > Ni,(t)z(t) +w, t >ty

Next, using the Young inequality,

p q
LB
p q

for A,B > 0and g = p—fl, we derive

==

T(1)z b w% ! L
<(pNt4(tr)) (t)) ) n ((q q) ) > (pNia)Z(t))? (qw)

E

x(t) =

for all t > t4. Let us denote w; := p% (qw)% > 0 and take t5 = 0~ !(t4). Then, (1.1) implies

(1) = —Q()x(e(t) < —wiQ(t) (N (c(1))z(c (1))
<~ Q(1) (NS (e(1)z(1)?, £ ts
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1
since z is nonincreasing. Dividing by z? () and integrating over [ts, t| yields

[ el et ) < —n || (NE(0(6)) Qo)

1
© 2 (s)
for all t > t5. Now, it only remains to prove that
00 1
/t (NF (0(5))) 7 Q(s) ds = oo. (3.9)
5

Consequently, we get a contradiction with the eventual positivity of z, implying that x is
oscillatory.
Using Lemmas 2.2, 2.5, we derive

-

==
==

(NE(0)? = (N3 ()~ )7 2 (NG(0)7 — )

for all t > t4. Therefore, assumptions (3.4),, (3.7) imply for t > ts,
t 1 ot 1 1 t
[ (N5(@e)7 Q@) ds > [ (Ni(@(s))7 Qs)ds = [ Q(s) ds
5 5 5
t t
:/ : )(th(o(s)))ig(s)ds—xi Q(s) ds + C =% oo
o (to to

with an appropriate constant C € R. O

Remark 3.4. Condition (3.1) was proved in [5], but in the proof of Theorem 3.3, we emphasize
were the missing assumption was needed. Namely, to get the existence of t;.

Remark 3.5. The original proof of “Theorem” 3.1 from [5] contains the following issues:

1. Constant T = inf;>,(t — 7(t)) was introduced and used as positive. However, the case
T(t) /' tast — co was not considered.

2. For fixed t, the value x(tN(")(t)) was used, where N(t) = L%Jz, T is defined in the
previous point of this remark, and || is the greatest integer function (or the floor func-
tion). This can be a problem if N(t) is so large that TN()(t) < 7(t,), because then one
can not use the estimation

x(TNO(1) > 2 (TN (1)),

Similarly, we use estimation (3.5), but, in our case, Ntz (t) is bounded for any fixed t > t4
(as it does not depend on the infimum).

3. The proof from [5] does not work even if T is far from zero (e.g., constant delay). The
problem is in the power 2 in the definition of N(t) (see the previous point). Because
then one can not iterate expansion (3.8) N(t)-times, due to V" (t) < 7(t;).

Remark 3.6. Since NtTO(t) € N and Q(t) > 0 for all t > ¢y, inequality kﬁ < k% for each k € N
and all 1 < p, < p; gives that, (3.4),, implies (3.4),, for any 1 < po < p;. Similarly, (3.1)
implies (3.4), for all p > 1.

Now, we generalize Theorem 3.3 to the case of multiple delays.
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Theorem 3.7. Let t[) < R/ n,m < N’ /\i > OfOV i = 1/2/- .o n be such that Z?:l )\i - 1/ and
Qj € C([to, ), Ry), Ty, 0 € Tyy fori = 1,2,...,n,j=1,2,...,m be given functions. If there exists
jo € {1,2,...,m} such that

/too Qjo(s) ds = o0 (3.10)
or - 1
[y (Va0 (51)F Qi (5) s = o0 G.11),

Jo
for some p > 1, where T = min;—15 _, T; and Nfo (t) is given by (2.1), then every solution of equation
(1.3) oscillates.

Proof. In this proof, we skip some details that are the same as in the proof of Theorem 3.3.
As in the proof of Theorem 3.3, each one of conditions (3.10), (3.11), implies that

Vit > to 3T > t: Q) (T) > 0.

Suppose that x is an eventually positive solution of (1.3). Then, there is t; > ty such that x(¢),
x(7i(t)), x(oj(t)), i =1,2,...,n,j=1,2,...,m are positive for all t > t;. From equation (1.3),
we get Z/(f) < 0Vt > t for z(t) = x(t) — Yjq Aix(7i(t)). Again, z can be only eventually
negative or eventually positive.

If z is eventually negative, then there exist t, > t; and y > 0 such that z(t) < —u for all
t> to, i.e.,

x(t) < —p+ Z/\ix(ri(t)) < —u+ max x(t(t))
b i=1,2,...n (312)
< —
< —p+ Srgla(f) x(s)

for all t > tp, where I(t) = [t(t),T(t)], T = max;_1 2, , T;. Note that T, T € T,. Denote

m:hﬂqmnf%m,EeNm

(3.13)
gzgmﬁﬂﬂgﬂﬂw»f*@“ﬂmm,éer:Lzux@,

where K(¢) is the largest k € N for which I¥ # @. Notice that by (2.2), t € I, for £ € Ny if and
only if N (t) = £. Now, if t € I} for £ € N, then (t) € (I;) = I,y and

) et ([r )T N (n))
= [?(f(g*l)(fz)),f(hl)(t2)) C I
Similarly, if t € I} for £ € N, k € {2,3,...,K(¢)}, then 7(t) € T(I;) = I;_; and
() e ([T D), THE T (0))
= [T (1), T ED (D (1)) € 1

Using the above inclusions, we are able to work more precisely with I(t) for particular values

of t.
Now, we use the mathematical induction with respect to the intervals 111, 112, e, If (1),

I3,... to prove an estimation of x(t) for all + > t,. Let us denote Q) := sup,e;, X(s) =
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max 7, X(s) and CK := conv{I,_1,If}, the convex hull of the corresponding sets for £ € NN,
ke {1,2,...,K(0)}. For I(I}) = Utelk[ 7(t),T(t)], we get I(I}) C I,_; for each £ € N. So, if
t € I, then by (3.12),

x(t) < —p+ max x(s) = —p +maxx(s) = —p+Q = —N_ (t)u+ Q.
sel(1}) s€lp

Furthermore, I(I¥) C conv{l, 1, I§"'} = Cf"' for ] € N, k € {2,3,...,K(¢)}. Let us suppose
that £ € N, k € {1,2,...,K(¢)} are fixed and

x(t) < =N (Hu+0Q

for all t € conv{Iy, If} (due to the continuity of x, this estimation is valid for all t € conv{Ip, If}).
Now, if k < K(¢), for t € I¥™1 we have I(t) C I(I5™1) C Ck. Hence, by (3.12),

x(t) < —p+maxx(s) < —p+max(=Ng (s)u + Q)

seCf seC

= —p—(L-Dp+Q=—lu+Q=—-Ng(t)u+Q.
On the other side, if k = K(¢), for t € Iz} 1 We obtain

x(t) < —p+maxx(s) < —p +max(—Ng (s)u + Q)

sely s€ly

:—y—ﬁyﬂ):—(£+1)y+Qz—N}2(t)y+Q.

So, we have proved that
x(t) < =N (Hu+Q, t>t.
Using Ntlz(t) 2%, o, for t — oo we obtain a contradiction with x being eventually positive.
Therefore, z is eventually positive, i.e., there is t, > t; such that
n

x(t) > ;AiX(Ti(t)) > min x(7(t) = min x(s) > nin x(s)

for all t > t. In this part of the proof, we adapt the notation from the previous part with this
new value of f,. So, we have

x(t) > minx(s) =:w >0, t>t. (3.14)
SEIO

Consequently, from equation (1.3), we get

0=2(6)+ ). QB)x(ei(t) > 2(t) +w ). Qi(t)

j=1 j=1

for all t > t; for some t3 > ¢! (t2), ¢ = min;_1, . 0; € Ty, Integrating over [t3,t] gives
z(t) < z(t3) — Z Q] s)ds < z(ts) w/QJO ds, t>ts.

Assuming condition (3.10), this estimation results in a contradiction with eventual positivity
of z for t — oo, which implies that x is oscillatory.
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Now, assume that

/oo Qj(s)ds < oo

fo
for each j =1,2,...,m, and that condition (3.11), is satisfied for some p > 1. Then
n

x(t) = 2(1) + ;Aix(n(t)) 2 2(t)+ min x(r(f)) 2 2(f) + min x(s)

for all t > t4, where t; > T71(t,) is such that t; = T~*(t;) for some x € IN. Let us fix arbitrary
T > ty. Then, due to z'(t) < 0 for all £ > ty4,

x(t) > z(T) + min x(s), t€ [ta, T].
sel(t)

Using induction as for (3.12), one can now show that
x(t) > N ()z(T) + w, te€ [ty, T
In particular, this estimation is valid for t = T. Since T > t, was arbitrary, we have
x(t) > N (H)z(t) +w, t >ty

Applying Young inequality with p > 1 such that (3.11), holds yields

1 1

x() = (PNE(Mz(H) " (qu)
for all t > t4. Denoting w := p% (qw)% > 0, we have

2(1) = = Y Qi(B)x(e(1) < —aw _mleja) (NE(;(1)z(0;(1)))
£

j=1

==

< —w ig(t) (NE@(1)=(0))", £ =15,
L

where t5 = ¢~ 1(t4). Dividing by zv (t) and integrating over [t5, t] yields

t

427 () — 21 (t5) < —wl/ (N;(ajo(s))); Qi (s)ds, t>ts.

t5

Now, the proof is finished as the proof of Theorem 3.3. O

Remark 3.8. Note that conditions (3.10) and (3.11), are equivalent to

m 00 ' e — o
];/t Qi(s) ds

and

3 [ (NEE () Qe)ds =

respectively.
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3.2 Distributed delays
Here, we consider neutral differential equations with distributed and mixed delays.

Theorem 3.9. Let ty € R, 7,T,0,0 € Ty, satisfy T(t) < T(t) and o(t) < O(t) for all t > to,
A € C([z(t),0),(0,00)), Q € C([to,0),R+), R € C([z(to), o0), R+). If

/ ~os) / " R () drds = o (3.15)

to Jo(s)
or

/oo Q(s) /U(S)(Nf(r)); R(r)drds = (3.16),

a1(to) a(s)

for some p > 1, where N (t) is given by (2.1), then every solution of equation (1.4) oscillates.

Proof. Again, the proof is similar to the proofs of Theorems 3.3, 3.7, so we only provide some
key points. For brevity, we also denote

A(t) = </T:)t)/\(s)ds> _1, E> to.

As before, each one of conditions (3.15), (3.16), implies that

Wity 3T>t: Q(T) /U(T) R(s)ds > 0.
a(T)
We suppose that x is an eventually positive solution of (1.4). Then there exists t; > ty such that
x(t), x(z(t)), x(c(t)) are positive for all ¢+ > t;. Hence, by equation (1.4), z'(t) < 0 Vt > t; for
z(t) = x(t) — A(t) f:((tt)) A(s)x(s) ds. We know that z is either eventually negative or eventually
positive.
If z is eventually negative, there are t, > t; and y > 0 such that

x(t) < —p+ A(t) /T::) A(s)x(s)ds < —u + Sréll% x(s) (3.17)

for all t > t,, where I(t) = [t(t),T(t)]. Analogously to inequality (3.12), one can show by
induction that estimation (3.17) implies

x(t) S =Np(Hu+Q, t>t,
where Q) = max,7; x(s) using the notation from the proof of Theorem 3.7. Using N (t) 1o,

oo, a contradiction is obtained for t — co with x being eventually positive.
Therefore, z is eventually positive. So, there is t, > t; such that

10
x(t) > A(H) /T(t) Ms)x(s)ds > min x(s)

for all t > t,. Adapting the notation (3.13) for I, Iéf, estimation (3.14) follows. Next, from
equation (1.4), we get

F(t) o(t)

R(s)x(s)ds > 2'(t) —|—wQ(t)/ R(s) ds

0=2'(t) + Q(t) / »

a(t)
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for all t > t; for some t3 > ¢~ !(t,). Integration over [f3, t] results in

a(s)

z(t) < z(t3) —w tQ(s)/ R(r)drds, t>ts.
t3 o(s)

Assuming condition (3.15), we get a contradiction with eventual positivity of z, since the right

side of the latter inequality tends to —occ as t — co.

Now, assume that
(oS o(s)
/ Q(s)/ R(r)drds < oo
to o(s)

and that condition (3.16),, is satisfied for some p > 1. Then

0
x(t) = 2()) + A(f) /T(t) Ms)x(s)ds > 2() + min x(s)

(3.18)

for all t > t4, where t; > T71(t,) is such that t; = T7*(#;) for some x € N. As in the proof of

Theorem 3.7, it can be shown that
x(t) > NE(H)z(t) +w, t>ty,
and Young inequality implies
1
] 1
)= (pNL(D2(D) (qw)
>

for all t > t4. Denoting w; := p% (qw)% 0, from equation (1.4) we derive
a(t)

R(s)x(s)ds < —w1Q(t) /U(t) R(s) (Ni(s)z(s))

af(t)

==

ds

o0) 1

< QM) [ TR6) (NEG)) dsz0r, 1285,

o(t)

where t5 = ¢~1(t4). Dividing by zv (t) and integrating over [t5, | gives

a(s) 1

421 (f) — gz (t5) < —aw ttQ(s)/ (Ng(r)fzz(r)drds, t> ts.

a(s)

Now, it only remains to show that

"o [ (Vi) ROy drds =

to obtain a contradiction with eventual positivity of z, implying that x is oscillatory.

Lemmas 2.2, 2.5 (see the proof of Theorem 3.3), we obtain

t:Q(S) /:f) (N2()" R(r)dr s

o) [1) (M) Raras =t [t )/(T(S()S)R@)drds

U’S

—/ o) /0 . (N;(r));R(r) drds — kv . Q(s) /;:)R(r) drds+C

o(s)

Using

for an appropriate constant C € R. Note that, by conditions (3.16), and (3.18), the right side

tends to co as t — co. This completes the proof.

O]
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Remark 3.10. Condition A € C([z(f), ), (0,00)) in Theorem 3.9 can be weakened to A €
C([z(tp), ), Ry) satisfying fTT((tt)) A(s)ds > 0 for all t > t.

Finally, we present a result for neutral differential equations with mixed delays and time-
dependent coefficients.

Theorem 3.11. Let tg € R, n1,m12 € Ng be such that ny +ny > 1, my + my > 1. Moreover, let
the following assumptions be fulfilled:

1. Aj € C([to, ), Ry) and T; € Ty, foreachi =1,2,...,ny,

2. 9; € C([z;(to),0),Ry) and t;,T; € Ty, are such that T;(t) < T;(t) for all t > ty and for each
i= 1,2,...,1’12,

3. Qj € C([to,),Ry) and g; € Ty, for each j = 1,2,...,my,

4. Sj € C([to,),R+), Rj € C([gj(tr), ), R+), and g;,7; € Ty, are such that g;(t) < 0;(t) for
allt > toand each j =1,2,...,mjy,

5. forall t > ty,

I
f mq (] my 0 EJ(S)
j=1"to j=1"7to 7;(s)
or
mq 00 1
o (NEE() Q0
~ Jo 1t
o - (3.20),
ny [e] 0—](5) . 1
+ - S]'(S)/ (N;;(r))? Rj(r)drds = o
j=17; (to) ai(s)

for some p > 1, where T = min{min;—1 5, T, MiNi=12 ., T;} and Nf (t) is given by (2.1), then
every solution of equation (1.5) oscillates.

Proof. Each one of conditions (3.19), (3.20), implies that

Vt>tg AT >t: Qj(T)>0 for some j € {1,2,...,m}

7 (T) . (3.21)
or S;(T) /v-(T) Rj(s)ds >0 forsomejc {1,2,...,ma}.
=]
Let us denote
T:= max{ max T;, max Ti}, g = min{ min 0;, min UJ}'
=12, =12, j=V20my  j=12,0,m

Note that 7,T,0 € T;,. Let us assume without any loss of generality that x is an eventually
positive solution of (1.5). Take t; > to such that x(f), x(z(t)) and x(c(t)) are positive for all
t > t1. Then, by (1.5), z'(t) < 0Vt > t; for

z(t) = x(t) — (i/\i(t)x(fi(t)) + i/::;) 0;(s)x(s) ds> . (3.22)
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Due to (3.21), z is either eventually negative or eventually positive.
If z is eventually negative, there are t, > t; and y > 0 such that

1 2 oTi(t)
K0 < ot LAD(E(0) + 'Z/T‘(t) 8i(s)x(s) ds

) ny Tt
< —u-+ Ai(t) + / %i(s)ds | max x(s) = —p + max x(s
< (2 Wy [ e ) max x(s) = —pu + max x(s
for all t > t, where I(t) = [z(t),T(t)]. As for (3.12), one can use mathematical induction to
show that
x(t) < =Np(Hu+Q, t>t,
where () = max, 1, x(s) using the notation from the proof of Theorem 3.7. Consequently,

N (t) 2% 00 yields a contradiction for  — oo with x being eventually positive.

Hence, z is eventually positive. Take t; > t; such that

x(t) > Y A(O)x(n(8) + nzz/:i(t) 9;(5)x(s) ds

i=1 i=1 7i(t)
m m () ]
> Ai(t) + / 9 i
> g (t) 1; » (s)ds min x(s)
= min x(s) > min x(s) > minx(s) =: w
sel(t) sez(t),t) s€ly

for all + > t,, where we used the notation from the proof of Theorem 3.7, again. As a conse-
quence, equation (1.5) implies

0>2/() +w <m2 Q1) +3°5,(1) /‘”m Ri(s) ds>
j=1

i=1 a;(t)

for all t > t; for some t3 > ¢~ !(t,). Integrating the latter inequality over [t3,t] gives

my o et my ot 7i(s)
z(t) < z(t3) —w (E /t3 Qj(s)ds —1—]2 /t3 Si(s) /Uj(s) R;(r) drds)

for all t > t3. This results in a contradiction with the eventual positivity of z for t — oo if
(3.19) holds. So, x is oscillatory.
Now suppose that

m roo My roo 7;(s)
Yy / Qi(s)ds+ Y / 5(s) / R;(r) drds < oo (3.23)
j=1 fo j=1 to a;(s)

and that condition (3.20), is fulfilled for some p > 1. Then, by (3.22) and assumption (5), we

get
x(t) > z(t) + min x(s), > t4,
sel(t)
where t; > T7!(t,) is such that t, = T7*(ty) for some ¥ € IN. By induction as in the proof of

Theorem 3.7, we derive
x(t) > NE(H)z(t) +w, t>ty.
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Denoting w := p% (qw)% > 0, Young's inequality yields

x(t) > w (N;(t)z(t))’l’, t> b

Then, equation (1.5) gives

=

my ny E](t) 1
Z(t) < —wn (g Qi(t) (NE(ey(1)2(ey(1)" + 180 [ Ri(s) (NE()2(9))” ds)
e :
, [ m - 1 My ?j(f) . %
< —wiz(t)r (; QHINE@ ()T + Y50 [ Ri(s) (NE(s)) ds)
=

for all t > t5 = ¢~ 1(t4). Dividing by 20 (t) and integrating over [ts, t] results in

() - g27 (ts)
my et 1 my ot 7i(s) . 1
< —w (}_Zl/ts (NE(03(s)))7 Qj(s)ds+]§/t5 5,(s) /Uj(s) (NE(r))7 Ry(r) drds>, £> ts.

E.

qz

If the right side tends to —occ as t — oo, we get a contradiction with the eventual positivity of
z, which implies that x is oscillatory. To see this, we use Lemmas 2.2, 2.5 to estimate

Y [} Qs+ 1 [ i6) [ 080 R dra

/ Sj(s)/ (N;, ()7 Rj(r)drds —KP/ Sj(s)/ Rj(r)drds | +C

g

for an appropriate constant C € R. Condition (3.20), and inequality (3.23) imply that the
right-hand side tends to co as t — co. This completes the proof. O
4 Applications

In this section, we apply the results of Section 3 to concrete neutral differential equations.

4.1 Discrete delays

First, let us consider the neutral differential equation with one constant and one variable delay,

[x(t) = x(t = )]+ Q(t)x(c(t)) =0, t=to (4.1)
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for some t) € R, a > 0,0 € Tz, and Q € C([tp,0),R). Then () = t — ka for k € Z. Now,
inequality (2.1) has the form

4+ (NE(f) — 1) < t < {+ NE ()

Therefrom, we derive

t—¢ t—¢

NE(t) < 1
< 7)< T

that gives

NE(H) = V:ﬂ +1.

Since we are interested in the convergence of the integral on the left side of (3.4), in a neigh-
borhood of o, it is enough to assume that s > fy, where £y > ¢~ !(t) is such that o(f) > 0.
Then, dividing the inequality

O'(S) — 1y

o(s) —to

< Ni(e(s) = 72

+1

by o(s)/a and taking the limit s — oo, we obtain

Therefore, condition (3.4), holds if and only if

[ esnie) s = . @2,

Using Theorem 3.3, one can easily prove the following result.

Proposition 4.1. Let tg € R, « > 0, 0 € Ty, Q € C([to, ), Ry), and Fy > o (t) be such that
o(fo) > 0. Every solution of equation (4.1) oscillates if condition (3.1) or (4.2), for some p > 1 is
satisfied.

In a particular case of equation (4.1) when o(t) = t — B, B > 0, this statement can be
simplified. From the inequality

s—B—to
14

s—pB—to

< Nj(o(s)) < .

+1
for s > fy, where fy > to + B is positive, we get

lim SNf (0(s)) = 1.

s—00 §
Hence, condition (3.4), is equivalent to
/ 57 Q(s) ds = co. 43),
to
Proposition 4.2. Let t) € R, a,f > 0, Q € C([tp,0),R), and ty > to + B be positive. Every
solution of the equation

[x(t) = x(t—a)]' + Q()x(t = B) =0, t>1to (44)

oscillates if condition (3.1) or (4.3), for some p > 1 is satisfied.
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Remark 4.3. Note that condition (3.1) or (4.3), for some p > 1 implies

/st(s) ds = o0

to

which, by [6], means that equation (4.4) does not have a bounded positive solution.
Remark 4.4. For Q(t) = t%, 1 < «, equation (4.4) reads as
[x(t) —x(t —a)] +t “x(t—B) =0, t>to.

This is known [6] to have a bounded positive solution if « > 2, since
[e0)
/ s'™%ds < oo.
to

To see that for 1 < & < 2 every solution is oscillatory, one can verify that

/: Q(s) exp {i /t: rQ(r) dr} ds = oo

with Q(t) = t~* from [4], or take p = 15 > 1in (4.3), to get

ﬁs%Q(s)ds:ﬁ s%“ds:ﬁ s 1ds = co.

to to to

The case a« = 2 still remains to be unanswered, despite of the fact that in [5, Corollary] the
equation is stated to be oscillatory. At least for the variable delays, we proved that the equation
has a positive solution (see Example 3.2).

4.2 Distributed delays

Example 4.5. Let us consider the following equation

[x(t) _2 /tg x(s) ds] + 2 /tax(s) ds=0, t>t (4.5)
t t

T Ji—n nt(sin20 —sino) Ji—20
for some ty € R, where 0 = % (7‘( — 2 arctan n%rz) = 0.79988 > 0.

This equation is of the form (1.4) with A(t) =1, R(t) =1, Q(t) = m = 2.25506 >
0,7(t) =t—m, T(t) =t — 5, 0(t) =t —20, and 0(t) = t — 0. It is easy to see that condition
(3.15) is satisfied. Thus, by Theorem 3.9, every solution of equation (4.5) oscillates. One of

such solutions is x(t) = sint. Indeed, for this function, the left-hand side of (4.5) is equal to

2(cos(t —20) — cos(t — o))
m(sin20 —sino)

2 !/
sin(t) + E(cost + sin t)} +

2 2 2 t 20 — 2
= (1 + ) cos(t) — =sint + cos Cés v C,OSU + —sint. (4.6)
7T 7T T sin20 —sinoc 7T

Noting that

COS20 — COsU tan 30_ tan T arctan 2
sin20 —sinoc 2 2 T+2

= —cot | arctan
mT+2

makes the right side of (4.6) vanish.
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