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Abstract. In this paper, ground-state solutions to a Hartree-Fock type system with a
critical growth are studied. Firstly, instead of establishing the local Palais-Smale (P.—
S.) condition and estimating the mountain-pass critical level, a perturbation method
is used to recover compactness and obtain the existence of ground-state solutions. To
achieve this, an important step is to get the right continuity of the mountain-pass level
on the coefficient in front of perturbing terms. Subsequently, depending on the internal
parameters of coupled nonlinearities, whether the ground state is semi-trivial or vecto-
rial is proved.
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1 Introduction

In this paper, we will study the following class of Hartree—Fock (HF) system

—Au+u+ you = |u?2u + Blo|9ulT2u + u(u® + a|oPlulu), x € R3, 1.1)
—AU+ 0+ v = |02 20 + BlulT|o|T 20 + u(0® + a|ul?lv|v), x € RSP, '
where the Coulomb term ¢, , has the following form
1L [ wy) +2(y) 3
= — ———d R 1.2
Pup(x) = /]Ra r—y] W YER, (1.2)

a, B, 1 € Ry :=[0,00) are parameters and g € (2,3).

It is well known that the (HF) equation is one of the most important equations in quan-
tum physics, condensed matter physics and quantum chemistry. For example, in the study
of a molecular system composed of M atomic nucleus interacting with N electrons through
Coulomb potential, the (HF) equation is used as an approximation to describe the stationary
state, and one can refer to [5] for the specific process of derivation. According to [5], in the sys-
tem (1.1), —Au, —Av represent the kinetic part of the electronic system, Vu, Vv denote poten-
tials of the action on electronic system by nucleus, ¢, »u, ¢, represent the electron-electron
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Coulomb interactions, and the power-type nonlinearity describes the effects of exchange and
correlation among electrons. For more details on the physical aspects of the Hartree—Fock
system, we refer readers to [1,2,8-11] and the references therein.

In mathematics, a particular case of system (1.1), when u = 0, leads to the following class
of Hartree-Fock type system with a cooperative pure power and subcritical nonlinearity

(1.3
—ANv+ 0+ pu0 = |[0/2 20+ Bluli|v]T20, x € RS, )

{—Au +u+ Puou = [uP72u+ Blol7u|i"%u, x € R3,
which has been studied by d’Avenia, Maia and Siciliano in [5]. In the case that g € (3/2,3),
they showed the existence of semitrivial and vectorial ground state depending on parame-
ters involved. Furthermore, they also derived the asymptotic behavior of ground states with
respect to the parameter .

In view of conclusions obtained in [5], we considered the Sobolev critical case g = 3.
However, combining the Pohozaev identity and Nehari manifold, it could be proved that the
system (1.3) has no nontrivial solution when g = 3. Motivated by the above facts, we would
like to consider the system (1.1), which is obtained through a Sobolev perturbation basing
on the above system (1.3). It is well known that since Brezis and Nirenberg published their
famous paper [3] in 1983, elliptic equations or systems with Sobolev critical growth have
been researched extensively. The usual strategy to achieve the ground-state solution to these
critical problems is establishing the local (P.-S.) condition and verifying that the ground-state
energy belongs to the interval where the (P-S.) condition holds. Differently, in this paper, we
will achieve the existence of ground-state solutions to the system (1.1) with a perturbation
method.

Before stating our main results, we introduce the variational setting used in this paper.
Firstly, let H'(R?) = {w € HY(R?) : w(x) = w(|x|)} and [|w|} = [ [[Vw|* +w?] for w €
H}(R3). Then our working space is H := H}(IR®) x H}(R®) endowed with the norm

1/2
1w, )| = (Ilull + llolIF) ",

(u,v) € H.

It is well known that the embedding H}(R?) < L$(IR%) is continuous for s € [2,6] and com-
pact for s € (2,6). Hence the same conclusions hold for the embedding H — L*(R3) x
L*(R3) for s € [2,6]. Throughout this paper, denote the norm endowed in L*(R%) by |- |s :
wls = [[gs |w|5]1/s for w € L5(R3®). While the norm of L5(R3) x L¥(R?) is |(u,v)]s =
(Ju]s + [0[$)* for (u,v) € LS(R?) x L5(IR%). Subsequently, we will give the energy functional
corresponding to the system (1.1). According to the Hardy-Littlewood-Sobolev inequality, the
nonlocal term fJR3 ¢ulv(u2 + vz) is well defined in H. Therefore, we could define the energy
functional related to the system (1.1) as

1 1 1 2 2
Jul9) = 30,0 + 5 [ Puolo+57) = 3 |1+ o 26 [ a7l

K
— &g+ olg 25 [P of

1 1 1
=: EA(u, Z)) + Z}B(u, Z)) — ECOL, U) - %D(u/ U)/ (u,v) € H. (14)
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Via a standard proof, there also holds that J, € C'(H,R) with

(o), (9.9)) = [ (Tu-Vo+Vo-Vy+up+op)+ [ uolug+oy)
= [ [T 2ug 4 [oP12op + B(Jol7ult g + ultlolr 2oy)]
[ [P+ oyt a(oPlulug+ [uPleloy)],  (w,0),(g9) € H.

Hence, finding solutions of the system (1.1) is equivalent to seeking critical points of the func-
tional J, in H. Furthermore, to achieve the ground-state solution to the system (1.1), we may
consider the ground state of the energy functional J,, and the Nehari manifold is used in this
paper. Now, let I, be the related Nehari functional, that is, I;,(u,v) := <]I/4 (u,0), (u, v)}, (u,v) €
H. Then adopting notations given in (1.4) it could be rewritten as

I,(u,v) = A(u,v) 4+ B(u,v) — C(u,v) — uD(u,v), (u,v) € H. (1.5)
Let us denote by V), the Nehari manifold associated to the functional J,, namely
Ny =A{(w,0) € H\{(0,0)} : I(u,0) = 0},
and define the ground-state energy as

d(u) = infJ.

M

In this context, the ground-state solution to be found in this paper is a radial ground state
whose energy is minimal among all other radial ones.
Now, we formulate our first result for the system (1.1).

Theorem 1.1. Assume that q € (2,3). Then for any given a, B € Ry, there exists pg > 0 such that
the system (1.1) has a ground-state solution (u,,v,) # (0,0) for all u € [0, uo).

An important step to prove Theorem 1.1 via perturbation methods is estimating the dis-
tance between the (P.-S.),,(,,) sequence of the functional ], and the ground-state critical points
set of the functional Jy for p small enough. Here m(y) is the mountain-pass level of the
functional J,,. To achieve this, we first verify the fact that m(y) = d(p) and get the right conti-
nuity of m(-) at 4 = 0 by showing that lim,,_,o+ d(u) = d(0) subsequently, where the implicit
function theorem is used.

Basing on the existence of ground-state radial solutions, motivated by [4] and [5], we
also consider whether the ground state obtained above is semitrivial or vectorial and get the
following conclusion. Here we say that (u,v) # (0,0) is semitrivial if u = 0 or v = 0, and
(u,v) is vectorial if u # 0 and v # 0.

Theorem 1.2. Assume that q € (2,3) and y € [0, po), where pg is given by Theorem 1.1. Let (1, vy)
be the ground state achieved in Theorem 1.1.

(i) fO<a<3,0<p <2711, then (uy,vy) is semitrivial.

(ii) Ifa > 3,8 > 2171 —1, then (1, vy) is vectorial.
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In view of Theorem 1.2, there is an open question that whether the ground state obtained
in Theorem 1.1 is semitrivial or vectorial in the cases that (a,8) € (0,3] x [2771 —1,00) or
(a,B) € [3,00) x (0,2971 —1]. This is caused by the non-homogeneity of the nonlinearity in
the system (1.1).

This paper is organized as follows. In Section 2, we give some preliminaries to get the
existence of ground state via the perturbation method, subsequently, Theorems 1.1 and 1.2 are
proved in Sections 3 and 4 respectively. Throughout this paper, C;(i = 0,1,2,...) represent
some positive constants which may be different from line to line.

2 Preliminaries
In this section, we first give some inequalities about the four functionals A, B, C, and D by the
following lemma.

Lemma 2.1. There exist some constants Cy, C1, Cy independent of y such that for any (u,v) € H, the
following inequalities hold

B(u,v) < Co[A(u,0)]?, 1)
C(u,v) < Ci| (u,0) 3] < Ca[A(w,0))1, (2.2)
D(u,v) < C1|(u,)[¢ < Ca[A(w,0)]%. (2.3)

Proof. For (2.1), it follows from (1.2) that ¢, € D*(IR®) is a weak solution to the equation
—Apup = u* +v? for all (u,v) € H. Consequently,

Bw,v) = [ gusu?+%) = [ IVusl?

By the Holder inequality and the Sobolev embedding, there exists a constant Cyp > 0 indepen-
dent of (#,v) such that

[ ust® < Iusleluflays < Col Veuolallulf:
Similarly, we get
[ $us? < Col Vauolallol:
Thus
Vpuols = /]R3 Puo(u” +0%) < Col Vo2l (u,0) > = Col Voup|2A(u, 0),

which implies that (2.1) holds.
By the Holder inequality and the embedding that H — L5(IR®) x L5(IR®) for s € [2,6],

2 2
C(u,v) < ’“‘22"’ ‘U’ +2:B|u’2q|v|2q max{p, 1} (’“‘2,1 + ‘U‘Zq) S Cl‘(”z”)’zg < C[A(u,0)]".
Hence (2.2) holds. Similarly, (2.3) holds. O

Next, we prove that the functional ], has a mountain pass geometry structure for all
ueRy. Let
Ty = {r € C([0,1], H) : 7(0) = 0, Ju(7(1)) < 0},
and

— inf ).
m(p) ;gryggﬁly(v( )

Then we could prove that both T, and m () are well defined.
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Lemma 2.2. Assume y € Ry. Then T}, # @ and m(u) > 0.

Proof. First, for any (u,v) € H\{(0,0)}, we define a fiber mapping corresponding to the
functional ], as follows:

Sup(t) = ]y(t(u,v))
t2 t4 £24 1o
= —A(u,v) + —B(u,v) — —C(u,v) — =t°D(u,v), t €R. (2.4)

2 4 2q 6
Since g € (2,3), there exists a sufficiently small positive number ¢ depending on y such that
Quo(t) > 0,t € (0,9). Moreover, note that g,,(t) — —oo as t — oo. Then there exists tp > 0
such that J,(to(u,v)) = gu0(to) < 0. Let yo(t) = tto(u,v),t € [0,1]. Then g € T),.

For u € R, it follows from inequalities (2.2) and (2.3) that

Tu(,0) > SA(,0) — 2CalA(w,0)]7 - %yCQ[A(u,v)]g’, (u,0) € H.

L
2 2q

Therefore, there exists p > 0 depending on u such that if 0 < ||(u,v)||*> = A(u,v) < p?, then
Ju(u,v) > 0. Moreover,

ay = inf  J,(u,0) > 0.
[(u0)|=p
Furthermore, by the standard process one can deduce that m(u) > a;, > 0. O

Lemma 2.3. Suppose that (u,v) € H\{(0,0)}. Then the following conclusions hold:

(i) for any u € R, there exists a unique t(p) > 0 such that t(p)(u,v) € Ny, L,(t(u,v)) > 0,t €
(0,t(n)) and 1,,(t(u,v)) < 0,t € (t(u), o). Furthermore,

Ju(t(p) (1, 0)) = max ], (¢(u, v));

teR
(ii) the function t(-): Ry — (0, 00) is differentiable and

"(4) = — (1) D (1, 0)
t'(n) = 2A(u,v) + 42(1) B(u, v) + 2q129-2(41)C (1, v) + 6t () D (u,v) (2.5)

Moreover, t(-) is decreasing in .

Proof. (i) Assume p € Ry. For each (u,v) € H\{(0,0)}, recall the definition of g, given in
(2.4). Then

uo(t) = tA(u,0) + £B(u,0) — 2771C(u,0) — ut®D(u,v), € Ry, (2.6)
which yields that
o)/t — A(u,0) >0,t - 0%, g () = —oco, t — oo. (2.7)

Therefore, there exists t(y) > 0 satisfying g, ,(t(1)) = 0, and so t(u)u € N,. Furthermore, it
follows from (2.6) that

£2(u)Au,0) — P14 (1)C(u,0) — uf2() D(u,0) = —B(u,v).
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Because the function t +— ¢t 2A(u,v) — t2974C(u,v) — ut?D(u, v) is decreasing in t, then 8 a0 (F)
= 0 has a unique positive root. Hence, t(y) is the unique positive critical point of gy 0.
Combining this with (2.7) and (1.5), we know that (i) holds.

(ii) Let H(t, u) = L,(t(u,0)), (t, ) € (—6,00) x (—=J,00) for some & > 0. Then it follows

from (1.5) that
H(t,pu) = 2A(u,v) + t*B(u,v) — 21C(u,v) — yt6D(u,v), (t, 1) € (=08,00) x (—6,00).

For any (t, i) € (—6,00) x (—8,00) for some § > 0, we have

aaI;I(t,y) = 2tA(u,v) + 4t°B(u,v) — 2qt*7'C(u,v) — 6ut>D(u, ) (2.8)
and g
o _ 46
o (t, 1) t°D(u,v).

Note that H(t(u), 1) = 01ie. I,(t(u)(u,v)) = 0 for u € [0,1]. Then it could be derived from
(2.8) and (1.5) that

aalj(f(ll)/ﬂ) = —2t(u)A(u,0) — (29 — 4)*17} (1) C(u, v) — 2ut* () D(u,v) < 0.

Therefore, by the implicit function theorem, we can obtain that #(-) : Ry — (0,00) is con-
tinuous and differentiable, and (2.5) holds. It then follows from (2.5) directly that for given
(u,v) € H\{(0,0)}, t(-) is decreasing in y. O

Lemma 2.4. inf, [ q) dist(0, V) > 0.

Proof. Assume y € [0,1]. Given (u,v) € N, it follows from (1.5), (2.2) and (2.3) that

Therefore there exists a ¢ > 0 independent of u such that ||(u,v)||> = A(u,v) > o for all
(u,v) € Ny. The proof is complete. O

In view of Lemma 2.4, since 2g > 4, then for any (u,v) € N, it holds that

Ju(w,0) = Ju(w,0) — $hu(w,0) > Zl@ o), (w0) € Ny 2.9)

from which one can also derive that d(p) is well defined for all 4 € R;.. Moreover, recall the
definition of m(p). Then by Lemma 2.2 and (i) of Lemma 2.3, we can prove that following
lemma via a standard process similarly to the proof of [12, Theorem 4.2, p. 73].

Lemma 2.5. For any pu € Ry, it holds that m(u) = d(u).

Note that due to definitions of J,, I, and m(u) for u € Ry, it could be concluded that m(-)
is decreasing on R;. Then by Lemma 2.5, d(-) is also decreasing on R... Now, we will prove
the continuity of m(-) at 4 = 0. Actually, by the above lemma, it is sufficient to illustrate the
right continuity of d(-) at 4 = 0. Hence, we have the following lemma.
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Lemma 2.6. d(-) is right continuous at y = 0.

Proof. Assume {u,} C [0,1] satisfies that i, — 0" as n — oo. Then, according to the definition
of d(p,), for each € € (0,d(0)), there exists (u,, v,) € N, such that

Ju (Ui, 0n) < d(pn) +€/2, n € N. (2.10)
Combining this with (2.9), one gets that
A, vn) = ||(n, 00) ||* < 4d () + 2¢ < 6d(0). (2.11)

Thus, there exist (u,v) € H and a subsequence of {(u,,v,)} (still denoted by {(u,,v,)}) such
that (u,,v,) — (u,v). Moreover, (u,v) # (0,0). Otherwise, it follows from (u,,v,) € N,
(2.2), the compact embedding H — L?1(IR?) x L*(R%), (2.3) and (2.11) that

A(unzvn) + B(Mn/ Un) = C(un/ Un) + ]flnD(”n/ Un) < C1|(un/ Un)|§g + ,unCZ[A(Mn,ZJn)]S — 0,

which contradicts to Lemma 2.4. Hence (u,v) # (0,0). Consequently, noting (u,,,v,) — (u,0)
in L27(IR®) x L?1(IR3), there exists some Ny > 0 such that for n > Nj,

Citn, 0n) = |(tn,0) 5 = [(w,0)31/2 > 0,
which implies that for some positive number C; independent of n such that
C(up,vy) = C3 >0, nelN (2.12)

Now, for given n > N, according to (i) of Lemma 2.3, let t,,(u) satisfy that t,(p)(un, vs) €
N, for all u € [0, ], and define

ha(p) = ]y(tn<ﬂ)(“nrvn)>r € [0, ).

Since t,,(u)(ttn, vy) € N, one could derive that
1
) = (o000, 901, o, ) £ 0) = 1500 |6+ ol 4 20 Pl

(‘U)D(l/ln, vn>/ U S [0, “l/ln]
Hence, from t,(pt,) = 1, (ii) of Lemma 2.3, (2.3) and (2.11), we arrive at

Jo(tn(0) (t4n, vn)) — ];tn(”nrvn)
1 (0) — hi (pn)

Hn ,
= —/0 h,(s)ds

Hn
= 1/ t%(s)D(uy,, v,)ds
6 Jo
1
< gtfl (0)ptnCa[ A, v0)]? < 36t5(0) 1, Cod(0). (2.13)

Next, we shall illustrate that {t,(0)} is bounded. Indeed, due to Iy(u, v;) > I (tty,vy) =0
and (i) of Lemma 2.3, it holds that ¢,(0) > 1. Moreover, by (2.12), (2.1) and (2.11) one can
deduce that

C3t1(0) < £37(0)C (1tn, 0n) = £2(0) A(ttn, ) + £4(0) B (1, 0) < 6d(0)3(0) + 36C2d>(0)t4(0).
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Since q > 2, this implies that there exists some C4 independent of #n such that 1 < ¢,(0) < C4
for n € IN.
Subsequently, combining this with (2.13), it holds that

Jo(£4(0) (un, vn)) — Jun (tn, vn) < 36C2.”1’1C2d3 (0).

Furthermore, as a consequence of Lemma 2.5, the fact that m(0) > m(p) for u > 0 and (2.10),
we also get that

0<d(0) —d(pn) < Jo(tn(0)(tn,v)) — Ju (tin, vn) + €/2 < 36C5 1 Cad®(0) + €/2.

Thus,
0 < limsup[d(0) —d(u,)] < €/2,

n—oo

which yields that d(y,) — d(0) as a consequence of the arbitrariness of ¢. The proof is
complete. O

3 Proof of Theorem 1.1
Lemma 3.1. Assume p € (0,1] and {(uy,v}y)} is a (P=S.),,(,) sequence for the functional J,. Then

lim lim d1st((un,v%) ) =0,

]A—)O n—o0

where
K= {(u,0) € H: Jo(u,v) =0, Jo(u,0) = m(0)}.

Proof. This proof is motivated by [13] and [6]. Firstly, by the mountain pass theorem and the
fact that |y satisfies the (P-S.) condition on H, it holds that K # @.

Secondly, for any u € (0,1], since {(u};,v})} is a (P-S. )m(u) sequence for the functional J,
we have

1
() + 1+ (o)) > Tl o) — 3T o).

Thus, similarly to (2.9) we can derive that
1
m(0) + 1+ [| (s, on) || = Il (ue, 0n) [ (3.1)

Therefore, there is a constant Cs > 0 independent of u and # such that || (u}, v})|| < Cs for all
ne€Nand € (0,1].

Now, assume that { y } satisfies y; — 0 as i — co. Denote the (P--S.),,(,,) sequence of the
functional J,, by {(u}’,v}')}. Furthermore, for any given i, we could find n; > i such that

1
}]ﬂz un ’Uﬂ ) - m(;’ll)‘ g ?/

Denote {(u),v)\)} by {(u;,v;)}. Then by (2.3), the uniform boundedness of the sequence
{(u},v})}, Lemma 2.6 and y; — 0, we can derive that

Bt =m0 < o)~ + B bl ol + 20 [ 1Pl | +m0) = ()

<! ‘uZCQCE,—i—m(O) m(u;) =0, i oo.
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Similarly,
170 (i, o)1 < (1o (i, 0) Il + piCll (i, 0:) [P — 0, i — oo,
where Cs is some positive constant independent of i. These yield that {(u;,v;)} is a (P-S.),,(o)
sequence of Jop. Due to the fact that ] satisfies the (P-S.) condition on H, then there exists
(uo,v9) € K and up to a subsequence still denoted by {(u;,v;)} such that (u;,v;) — (uo, vo) as
i — oo. Thus, one can derive that
lim lim dist((u}, 0}'), K) < lim dist((u;, v;),K) = 0.

i—00 N—>00 i—o0

In the end, by the arbitrariness for {y;}, the proof is complete. O

Proof of Theorem 1.1. Assume y € [0,1] and {(u};,v})} is a (P-S.),, (u) sequence of the func-
tional . Similarly to (3.1), we can derive that {(u}, v})} is uniformly bounded for y € [0,1],
then there exists (u,,v,) € H and a subsequence for {(u},,v};)} still denoted by {(u},, v},)}
such that (ul,, 0),) — (uy,vy) as i — oo and Ji(up,0p) = 0.
In what follows, we will prove that there exists o > 0, such that (u,,v,) # (0,0) for

u € [0, o). Indeed, since m(0) > 0 and K is nonempty and compact, dp := dist((0,0),K) =
min, ;)ck || (4,0)]| > 0. According to Lemma 3.1,

lim lim dist((ul,, 0),), K) = 0.

u—0i—oco
Hence, for any given 6 < ¢&p/2, there exists some py = po(d) satisfying: for any u € (0, po)
there is ip = ip(y) such that

dist((uy,, o)), K) <6, i> .

Thus, for fixed p € (0, po), by the compactness of K, one can obtain a sequence {(u!,0!')} C K
such that || (ul,, vp,) — (uf,0!')|| < 6 for i > ip. Moreover, noting that there is (ug,vg) €K
such that (ul,0!') — (u},v}) as i — oo, it also holds that (u},, v),) € Bys(up,vy) for i large.

Therefore, the facts that Bys(u}y, v}) is closed weakly and (ul,, vh,) — (uy,v;) lead to

(U, vy) € Bos(uly, 0h).

Thereby, owing to the choosing of J,

(e, 00) || = [l (g, 05) 1| =26 > 0, p € (0, po).

In the end, we will prove that (u,,v,) is a ground-state solution to the system (1.1). Ac-
tually, it is sufficient to prove that J,, (uy, v,) = d(p) since (uy,vy) # (0,0) and Jj, (uy, vy) = 0.
To achieve this, we calculate the following inequalities:

d(p) < Ju(uy, op)
= ]y( 2 Op) = Lu(uy, ) /4
<“wvy) /44 (9 —2)C(uy,vy)/ (4q) + D (uy, v,) /12

< 11m1nf [A(ub, 0h,) /4 + (g —2)C(uh,, 0h,)/ (4q) + uD(up,, vh,) /12]

= hmlnf[]H(un ,vn )—1 (un ,Un ) /4] =m(p).

1—00

Hence, it follows from Lemma 2.5 that ], (u,,v,) = d(u). Therefore, (u,,v,) is a ground-state
solution to the system (1.1). O
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4 Proof of Theorem 1.2

Lemma 4.1. Let p € [2,00), and o > 0. Define
ho(s) = sP + (1 —s)P +20sP/2(1 — 5)P/?, s € [0,1].
Then
(i) if o < 2P~1 — 1, then hy(s) < 1forall s € (0,1);
(ii) if o >2P~1 —1, then hy(1/2) > 1.

Proof. For (i) one can refer to [4, Lemma 2.7] or [5, Lemma 2.4], while (ii) could be derived
through a direct calculation. O

Lemma 4.2. Assume that g € (2,3), 4 > 0,0 < a <3,0< B <27 —1. If(u,v) € Hisa
ground-state radial solution to the system (1.1) with J,(u,v) = d(u), then u = 0 or v = 0.

Proof. Suppose by contradiction, u # 0 and v # 0. Then replacing (u,v) with (|u|,|v|), by a
regularity process and the maximum principle, one could also assume that u > 0 and v > 0.
Now, let (p, 0) be the polar form of (u,v), that is, that is,

(u,v) = (pcosb,psinb), p=p(x) >0, 6 =06(x) € (0,m/2).

Then on one aspect, by the convexity inequality for gradients in [7], there also holds that
p = Vu? + 02 € H}(IR®). On the other aspect, through calculations, we could get that

Vu = (cos8)Vp — p(sin@) Vo, Vv = (sin@)Vp + p(cos ) V6.
Hence, it follows from definitions of functionals A, B,C and D given in (1.4),
A(w,o) = [ [IVpP + V6P + 7] = A(p,0) + [ o2 VoL
B(u,v) = A/RS Pup(1? + %) = /\/]RS P00 = B(p,0),
C(u,v) = / 02 [coszq 0 + sin?1 @ + 2 cos’ § sin 0] = / pzqhﬁ (cos?6),
R3 R3
and similarly there holds
— 6 2
D(u,0) = /N %4 (cos? 6).
Furthermore, since 6 € (0,1), then by Lemma 4.1 it holds that
2
C(u,v) <lply; = C(p,0), D(u,v) < D(p,0).
Note that by (i) of Lemma 2.3 there exists some t(y) > 0 such that t(y)(p,0) € N,. Then
4(0) < J (1) (p,0))

= 3P00A(R,0)+ 5 (B (p,0) = 5 (1)C(p,0) — gut*(0)D(p,0)

< 3P0 AW 2) + (0 B(1,0) ~ 3 PI(0C(w,9) - gut*(0)D(1,0)

= Ju(t(p)(u,0)) < Ju(u,v) = d(p).
This is absurd. Thus, it could only hold that # = 0 or v = 0. O
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Lemma 4.3. Assume that q € (2,3), u >0, a > 3,8 > 2971 — 1. If (u,v) € H is a ground-state
radial solution to the system (1.1) with ], (u,v) = d(u), then u # 0 and v # 0.

Proof. Arguing by contradiction, we suppose that v = 0. Define (ug,v0) = (u/v/2,0//2).
Then (u9,v9) € H\{(0,0)}. Similarly to the proof of Lemma 4.2, one could derive that

A(ug,v0) = A(u,0), B(ug,v9) = B(u,0)

and
C(uo,v0) = hp(1/2)C(u,0), D(up,v9) = ho(1/2)D(u,0).

Moreover, by (i) of Lemma 2.3, there exists a unique () > 0 such that t(u)(uo,v9) € Nj.
Now, we make the following calculation

Tt (1) (0, 0))
= 3L, 20)(3) + B0, 20) (1) = 3-Clto,e0) P1(10) = Do o) (1)
= AR () + B8 0)1' () = 3o15(1/2)C(0, 0% (1) — gyha(1/2)D(,0)1°(w)
< AW O () + 3B(4,0)F(0) = 5-C(u, 0 (1) = uD(w, 0 (1) = Ju(t(1)(1,0)).
Consequently,
() < Jult () (10,00)) < Ju(t()(w,0)) < Ju(,0) = d(p),
which is a contraction. Thus, it holds that u # 0 and v # 0. O

Proof of Theorem 1.2. According to Lemmas 4.2 and 4.3, one can get Theorem 1.2 directly. [
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