/ Electronic Journal of Qualitative Theory of Differential Equations
f\;£r’<¢ia’\7/ 2024, No. 58, 1-25; https://doi.org/10.14232/ejqtde.2024.1.58 www.math.u-szeged.hu/ejqtde/

Global multiplicity of positive solutions for
anisotropic (p, q)-Robin boundary value problems
with an indefinite potential term

Eylem Oztiirk™! and © Nikolaos S. Papageorgiou” ®

Department of Mathematics, Hacettepe University, 06800 Beytepe, Ankara, Tiirkiye
2Department of Mathematics, National Technical University, Zografou Campus, Athens 15780, Greece
p ty, Zog p
3Department of Mathematics, University of Craiova, 200585 Craiova, Romania

Received 25 April 2024, appeared 23 October 2024

Communicated by Petru Jebelean

Abstract. We consider a nonlinear Robin problem driven by the anisotropic (p,q)-
Laplacian plus an indefinite potential term. In the reaction, we have the competing ef-
fects of a parametric concave (sublinear) term perturbed by a superlinear one (concave-
convex problem). We prove the existence and multiplicity result for positive solutions
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positive solution and determine its dependence on the parameter.
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1 Introduction

Let O C RY be a bounded domain with a C?-boundary 9Q). In this paper, we study the
following parametric anisotropic Robin boundary value problem:

—Bp(a)t(z) = By u(z) +§(2) (u(2))PP 71 = Au(2))" 1 + f(z,u(z)) inQ,
M1 B(z)(u(z))PP1=0 onoQ, A>0,u>01<71<p.

Iy

(Pa)

In this problem the variable exponents p(-) and g(-) of the two differential operators are
Lipschitz continuous on Q, that is, p,q € C%(Q). Then the two operators are defined by

Apzyu = diV(|D“|p(Z)_2Du), Yu € WLP(Z)(Q),

p

Aoy = div(|Du|"®2Du),  Vu € WHE(Q).

q(z)
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There is also a potential term ¢(z)(u(z))?*)~1 which is in general indefinite since & € L*(Q)
can be sign-changing (nodal). Therefore the left hand side of (p,) is not coercive. In the
reaction (right hand side of (p,)), we have the combined effects of a parametric “concave”
(sublinear) term Au™®)~1 with T € C(Q), T, = maxy T < §— = ming g and of a Carathéodory
perturbation f(z,x) (that is, for all x > 0 z — f(z, x) is measurable and for almost a.a. z € Q)
x — f(z,x) is continuous) which is “convex” ((p4+ — 1)-superlinear with p, = maxg p) but
without satisfying the usual in such cases Ambrosetti-Rabinowitz condition.

In the boundary condition, %q denotes the conormal derivative of u, corresponding to the

anisotropic (p, q)-Laplacian. If u € C}(Q)) then

ou
0 pg

_ z)—2 z)—2 Ju
— (|Du’7’() + |Du|1) )%
with 7(.) being the outward unit normal on dQ). The boundary coefficient § € C%!(9Q)) with
B(z) > 0 and either ¢ # 0 or B # 0.

Therefore (p,) is an anisotropic version of the classical “concave-convex problem”, with
an indefinite potential term and Robin boundary condition. Concave-convex problems, were
first studied by Ambrosetti-Brezis—Cerami [1], for semilinear Dirichlet problems driven by
the Laplacian with no potential term (that is, { = 0) and a reaction of the form u —
ATt 4+ w7t with 1 < 7 < 2 < r. Their work was extended to p-Laplacian equations
by Garcia Azorero—Peral Alonso-Manfredi [10] and Guo-Zhang [14]. Further extensions
involved more general nonlinear nonhomogeneous differential operators and more general
reactions (see Marano-Marino-Papageorgiou [19], Papageorgiou—Radulescu [29] and the ref-
erences therein). For anisotropic problems, there are significantly fewer papers. We mention
the works of Papageorgiou—Qin-Radulescu [24] (Dirichlet problems driven by the anisotropic
p-Laplacian) and by Deng [6], Liu-Papageorgiou [18] (Robin problems, in [6] the differential
operator is the p(z)-Laplacian and ¢ = 0, while in [18] the equation is driven by the anisotropic
(p,q)-Laplacian, with ¢(z) > 0 for a.a. z € ), the conditions on f(z,.) are stronger near 0"
and the authors employ a different superlinearity condition). Using variational tools from the
critical point theory, together with truncation and comparison techniques, we prove an exis-
tence and multiplicity result for positive solutions which is global in the parameter A > 0 (a
bifurcation-type theorem). Our result here extends all the aforementioned anisotropic works.
We also mention the works of [3], [12], [20], [27] and [28] on isotropic Neumann and Robin
problems with indefinite potential term.

Anisotropic problems are interesting from a purely mathematical viewpoint since they
exhibit challenging nonlinearities that we do not encounter in isotropic problems. The p(z)-
Laplace differential operator is not homogeneous in contrast to the p-Laplacian. This ex-
cludes from consideration techniques which proved to be very effective in the context of
isotropic problems. This makes anisotropic problems in principle more difficult to deal with.
Anisotropic equations, proved to be the right mathematical tool to describe various phenom-
ena from physics and engineering. Materials with inhomogeneities, such as electrorheological
fluids (also known as “smart fluids”), can not be modelled adequately using the formalism
of the classical Lebesgue and Sobolev spaces. They require the use of variable such spaces (a
particular case of the so-called “Musielak—Orlicz spaces”). The book of RtZic¢ka [33] contains
mathematical models of such fluids and the phenomena characterizing them (Winslow effect).
Another important application of anisotropic problem is in image restoration, where we try to
eliminate the effect of noise. Initially, this problem was approached by smoothing the input,
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which corresponds to minimizing the energy functional:

pr(w) = [ (DU + |u = if)dz

with i(.) being the input which corresponds to shades of grey in 3 C R". We assume that
noise is additive, that is, i = ¢y 4 1 with g representing the true image and »n the noise which
is a random variable with zero mean. It turns out that this approach destroys the small details
of the image. To remedy this, it was proposed to use the “total variation smoothing”, which
corresponds to minimizing the energy functional:

¢2(u) Z/Q(IDuH!u—ilz)dz.

This approach does a good job of preserving the edges of the image (an edge gives rise to
a large gradient of u(-)). But unfortunately, this approach also introduces edges, where they
did not exist before. For this reason Chen-Levine-Rao [4], suggested to consider the energy
functional:

oa(u) = [ (DUl +Ju i)z

with 1 < p(z) < 2. This function is close to 1 where there are no edges and close to 2 where
there are. Therefore, we have an energy functional which incorporates the positive aspects of
both ¢1(.) and ¢ (.).

More details on the mathematical and physical applications of variable spaces can be found
in the books of Cruz Uribe-Fiorenza [5], Diening-Harjulehto-Héasto—Rtzicka [7], Radulescu—
Repovs [31], Razicka [33].

The Robin boundary condition is a weighted combination of Dirichlet and Neumann
boundary conditions and so it is more difficult to handle and for this reason it is less com-
mon in the literature. However, it is important from a physical viewpoint since it appears
in electromagnetic problems (impedance boundary condition) and in heat transfer problems
(convective boundary condition).

2 Mathematical background and hypotheses

In this section, we briefly review some basic facts about variable exponent spaces. A compre-
hensive presentation of variable exponent Lebesgue and Sobolev spaces can be found in the
books of Cruz Uribe-Fiorenza [5], Diening-Harjulehto-Héasto-Rzicka [7].

Let L°(Q) = {p € L*(Q) : essinfq p > 1}. For p € L(Q)), we set

p— =essinf p and p, = esssup p.
0 0
Also, let M(Q)) = {u : QO — R : u(-) is measurable}. As usual, we identify two functions

which differ on a set of zero measure.
Given p € L{(Q)), we define the following variable exponent Lebesgue space

LrA Q) = {u e M(Q): / u|P@ dz < +00}.
0

We equip LP*)(Q) with the following norm (known as the Luxemburg norm)

p(z)
||u||p(z):inf{)\>0:/ (‘K’) dz§1},
o)
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Also, we introduce the variable exponent Sobolev spaces as follows:
W@ () = {u € LPE(Q) : |Du| € L”(Z)(Q)}.
We equip this space with the following norm:

[ull1,pe) = lullpz) + DUl pz)-

An equivalent norm of W'?(3)(Q)) is given by:

. ‘ |Dul p(z) | p(z)
bl =it {205 [ (15" (4)"™) <1},

We define W& P (Z)(Q) as the closure in the [| - || () norm of all compactly supported WLPE(Q)-
functions.

When p € L¥(Q) and p_ > 1, then the spaces LP*)(Q0), W) (Q), and W(}’p(z)(()) are all
separable, reflexive, and uniformly convex.

Ifp,p € LT(Q) and -1 + 1~ = 1, then LP)(Q)* = LV'(?)(Q), and we have the following

plz) Pz
Holder-type inequality:

1 1
J otz < (=5 ) Delalele

for all u € LP®)(Q), v € LF'@(Q).

We set Np(@)
P2, if p(z) < N
. N—p(z)’ ’

P(Z){ e

400, if p(z) > N.

Theorem 2.1. If p,g € C(Q), p+ < Nand 1 < q(z) < p*(z) (resp. 1 < q(z) < p*(z)) for all
z € Q, then W'P&)(Q) and W&’p (Z)(Q) are embedded continuously (resp. compactly) into L1%)(Q).

We set

(N-Dp(z) ¢
— . ifp(z) <N,
pa(z) — N—p(z)
+00, if p(z) > N.
Theorem 2.2. If p € C(Q)), p— > 1 and q € C(9Q)) satisfies the condition
1<q(z) < p°(z) forall z € 90

then W) (Q)) embedded compactly into L3 (9Q)). In particular, WP2) (Q)) embedded compactly
into LP) (3Q0).

We introduce the following modular functions:

p(u) = / \M\p(z) dz forallu € LP(Z)(Q)’
9

p(u) = / (IDu|P® + |[uP@)) dz  for all u € WPE(Q).
0

We have the following properties.
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Proposition 2.3.
(a) For every u € LP?)(Q), u # 0, we have Jull o) =A <= p (%) =1,
) |[ullz) <1(resp. =1, >1) < p(u) <1(resp. =1,>1);
© ey < 1= lullfy < () <l and Nl > 1=l < pla) <l
@) [Junllpz) = 0 = p(un) = 0;
(©) ltnllye) = +00 <= p(ita) = +o0.
Similarly, we have the following implications when p € C%(Q).
Proposition 2.4.
(a) For every u € W"P3)(Q), u # 0, we have ||ully ) = A < p(4) =1;
) |[ull,pe) <1(resp. =1,>1) <= p(u) <1(resp. =1,>1);
© Nl < 1= Tl < P00 < ullyy and iy > 1= Tl < o) <

P+ .
Lp(z)’

(d) Hu”HLp(Z) — 0 < pA(Mn) — 0;

]

(@ |[unll1,pz) — +oo <= p(up) — +oo.

Let B € L®(dQ)) with B_ := inf,c50 B(z) > 0, and for any u € W'P()(Q), define

. |Vu|>P(Z) <|u|>P(Z)
.— inf >o;/ d B g <1l
|ul|g :=in {T Q( - zZ+ aQ[3(2) - c<T

Proposition 2.5. Let pg(u) = [ |[VulP® dz + [, B(z)|u|P@) do with B > 0, where do is the
measure on the boundary of Q). For any u, uy € wir(z) (Q) (k=1,2,...), we have that

(@) Nullg <1 = |luly < pp(u) < [ully";

®) [lullp > 1= [ully" < ppu) < [lull};

(©) |lullg =0 < pp(ux) — 0 (as k — o0);
(d) [Jukllp — o0 <= ppg(ux) — oo (as k — o).

Proposition 2.6. (see [32]) If there is a vector | € R" \ {0} such that for any z € Q the function
f(t) = q(z +tl) is monotone for t € I, = {t : z+tl € O}, then

L1 Du|1=)dz
O<;4*:inff0q(zl) .

Theorem 2.7. For any u € W'?(3)(Q), let
[ulla := IV ullp) + [lullp-
Then ||u||5 is a norm on W“?()(Q)) which is equivalent to

||u||1,p(z) = Hqup(z) + Hqu(z)'
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The Banach space C!(Q) is an ordered with a positive (order) cone C; which is defined by
C, ={uecCi(Q):u(z) >0forall z € O}.
This cone has a nonempty interior given by
intCy = {u € Cy:u(z) >0forall z€ Q}.

Given u : ) — R is measurable, then we define

u"(z) = max{u(z),0}, u (z) = max{—u(z),0} forallz e Q.

These are measurable functions and u = u™ —u~, |u| = u™ +u~. Moreover, if u €
WP (Q), then u* € WP()(Q). Suppose u,v : QO — R are measurable functions with
u(z) <v(z) for a.a. z € Q). We define

[u,0] = {h € WPO(Q) : u(z) < h(z) < v(z) fora.a. z € Q},
intc g (1, v] = the interior in CHQ) of [u,v] N CHOY),

() = {h e WPO(Q) | u(z) < h(z) for a.a. z € Q}.

If u(.) is a measurable function, then we write 0 < u if for all K C Q) compact we have
0 < cx <u(z) foraa. z € K.

Let X be a Banach space and ¢ € C!(X). We say that ¢(.) satisfies the “C-condition”, if it
has the following property:

“Every sequence {u, },en C X such that

* {¢(un)}nen C R is bounded,
o (14 [Junllx)¢'(un) — 0in X*,

admits a strongly convergent subsequence.”

This is a compactness-type condition on ¢(-) which compensates for the fact that the
ambient space X need not be locally compact (being in general infinite-dimensional). By K,
we denote the critical set of ¢(.), that is,

Ky ={ueX:¢'(u)=0}
Now we are ready to state our hypotheses on the data of problem (p,):

Hp: p,q € CO(Q), 7eC(Q)and 1 < 1(z) <1y <g-<q4+ <p(z) < Nforallze Q. p; <
NNP there exists d € RN such thatt — g(z + td) is monotoneon I, = {t: z+td € Q},
ZelL®(Q),BeC@0) with0<a<land & #0orp #£0.

Hi: f: QxR — R is a Carathéodory function which satisfies the following conditions:

(i) 0 < f(z,x) < (z)(l + x"®)=1) for almost every z € Q and all x > 0, where

a€L®(Q),reC(Q)and py <r(z) < p(z)*forallz € O

F(z x)

(ii) if F(z,x) = [y f(z5)ds, then lim, e

z e ()

= 400 uniformly for almost every
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(iii) if for every A > 0, we define e(z,x) = f(z,x)x — p+F(z,x) and

Ba(z,x) = A( — %)xﬂz) +¢(z) (PP(Z) — 1) xP@) 4 e(z,x), x >0,

then there exists u € L'(Q) such that
Pa(z, x) < Bal(zy) + u(z)
for almostallz€ Q andall 0 < x < y;

flzx) _

x1(z)-1 7

(iv) lim, o+ 0 uniformly for almost every z € Q).

Remark 2.8. Since we look for positive solutions and all the above hypotheses concern the pos-
itive semiaxis, we may assume that f(z, x) = 0 for almost every z € ), all x < 0. Hypotheses
Hi (iii) is satisfied if there exists M > 0 such that for a.a. z € Q

AxTE1 4 f(z,x) — E(z)xP@)1

X —
xP+—1

is nondecreasing on x > M (see [16]).
The following function satisfies hypotheses H; above

(xt)s@)-1, if x <1,
f(z,x) = - L
xP+nx + 2@~ if1 < x

with s € C(Q), q(z) < s(z) forallz € O, u € C(Q), u(z) < p4 for all z € Q. This function
fails to satisfy the Ambrosetti-Rabinowitz condition (see [2]).

Let p € C®'(Q) and consider the operator V : W) (Q) — (W'P(3)(Q))* defined by
(V(u),h) = / <|Vu]p(z)_2(Du, Dh)g + |Vu|13)=2(Du, Dh)]R>dz, Yu,h € WPE(Q).
0

This operator has the following properties (see [13]).

Proposition 2.9. The map V : W'PZ)(Q)) — (WYPE)(Q))* defined above is bounded(that is, maps
bounded sets to bounded sets), continuous, strictly monotone (hence maximal monotone, too) and for
type (S) 4, that is

iy — u (weakly) in W@ (Q)) and limsup(V (u,), (y — 1)) < 0= u, — u in WP (Q),

n—00

3 Positive solutions
We introduce the following two sets:

£:={A > 0: problem (p,) has a positive solution},

S, = set of positive solutions of (p,).

Our first goal is to establish some basic properties of £. From now on || - || := || - || (z)-
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Let @ > ||&|leo, A > 0, and consider the functional ¢, : W'?Z)(Q)) — R defined by

u (z) u (z) .
Pa(u) = A Wp(’P) dz + A Nq(g dZ—F.QgEZ;’uV(Z)dz—F/Qp(ez)(u—)p(z)dz
B(z) A "
a0 p(z )’u‘p do _/QT(Z)(W) ()dz—/QF(z,bﬁ)dz

for all u € WP (Q).
Proposition 3.1. If hypotheses Hy and Hy hold, and A > 0, then §,(-) satisfies the C-condition.

Proof. We consider a sequence {u,},>1 € WP(3)(Q) such that

|pr(un)| < My for some M; >0, alln € N, (3.1)
(1+ ||un]) @) (1) = 0 in WHPE(Q)* as n — oco. (3.2)
From (3.2) we have
en ]l

(@ (n), )] < 5 forall h € W) (Q), alln € N, (3.3)

+ [l

with €, — 0", which implies

‘ +/ z)|u,| P unhdz—/ 0(u; )P hdz
0
enl|h]

—A / 9 1pdz + / 1 |PO 200, hdor — / 2 u Vhdz| < —L (3 4
for all h € WP (Q),n € N.
In (3.4), we choose h = —u;,; € W) (Q)). We have
‘/ |Du,;|v(z>dz+/ |Du;|‘7(z)dz+/ g(z)(u;)P(z>dz+/ 0(u;
Q @) @) @)
+ [ () Pdo| <en (35)
Q)
for all n € IN.
Then,
'/ |Du;, |P© dz+/ )PEdz + 5( )(u; )PP do| < e, (3.6)
which implies
u; =0 in WE(Q)  (recall that 8 > ||&])- (3.7)

In (3.4), we choose h = u;” € WP (Q)). We have

‘/ |Du;t [P dz+/ |Du; |9 dz+/ dz—/\/

/fzu +dz+/ B(z Ddo| < en (38)
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for all n € IN.
On the other hand, from (3.1), (3.7) we have

p D L Dut (2) / L +\p(2)
M plz d2+/ u,; |1 dz + z)(u dz

N iy Ode— [P utugdz s [ Fpe) e Odo
(@)

0T 0 7z <M, (39)

for some M, > 0, all n € IN.
From (3.8) and (3.9) it follows that

/Q (r)p(;)— > |Dump(2)dz+/ (p+_ ) yDu;|q(z)dZ+/ &(2) (pP(;)_l) ()P dz

+/BQ(;(JZF)—>L3() Ddo — A <f(:—1> Tl dz+/ (z,u})dz < M3 (3.10)
for some M3 > 0, all » € IN.
Recall B, (z,x) = A(1 — ﬁ) x7@) é(z)(% —1)xP(?) 4 ¢(z,x) for all x > 0. Then from
(3.10) we have
/()ﬁA(z,u;)dz < Mj; foralln e N. (3.11)

Claim. The sequence {u;' },>1 € W"P(?)(Q) is bounded.

Our argument proceeds through contradiction. So, suppose that the claim is not true.
Then passing to a subsequence if necessary, we may assume that

|uf]| — co asn — co. (3.12)

Lety, = B +H,n € IN. Then ||y.|| =1, y, > 0 for all n € IN. So, we may assume that

Y, —y (weakly) in W@ (Q) and y, »y inLPFE(Q), y>0. (3.13)
Let Oy ={z€Q:y(z) >0} and Qp = {z € Q: y(z) = 0}. Then Q = O U Q.
First we assume that |, |y > 0 (by | - |y we denote the Lebesgue measure on RN). We
have u;} (z) — +oo for a.a. z € Q4 and so on account of hypothesis Hj (ii) we have
F(z,u})
Q [luy [|P+

dz — 400 asn — +oo (see [23]). (3.14)

On account of (3.12), we may assume that |[u;|| > 1 for all » € N. Then from (3.1) and
(3.5), we have

+\7(2) + +|p(z +19(z
AN A Y7 WA Uy L B Wy o1
0 T(2) [Juy [P+ a |luy [P+ p—Ja ||+ q-Ja |luy IIF’+
+\p(z)
Bl i ﬁ+wm/ (e
p- sy |7+ p— Jaa [lug [P+

f 1wz Ll [ (g0

DP@doe < M 3.15
) Pde < My (3.15)

1
<éit o [ 1Dyl t

, Bl
pP-

Hu HP+ J+
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for some My > 0 with ¢/, — 0.

Comparing (3.14) and (3.15), we have a contradiction. We can assume that y = 0, that is

QN = |Qo|n. We define
Pa(tau)) = max{P(tu,;}): 0 <t < 1}.

Letv, = ql/P*yn for all n € N, with # > 1. Then, we have

v, =0 in WP (Q) and / F(z,v,)dz —0 asn — oo (see [23]).
0

Also, we have

/ Lvﬁ(z) dz — 0.
a 7(z)

Moreover (3.12) implies that we can find ny € IN such that

1
nr-
[zl

€ (0,1] forall n > ny.

Hence from (3.16) and (3.19)

oaltars) = paon) = [ o< IDo, ) zm/ Dol [

—A/ Lvn dz+/ —ﬁ(z)vn )d(T—/ F(z,vn)dz for all n > ny
0

> (/ |Do, | dz+/ (z)0h® dz+/m[3(z)v,’i(z) da) —/QF(z,vn)dz

v
N
- \q
+

(see hypotheses Hy and (3.17))

for all n > ny > ny. Since 7 > 1 is an arbitrary number, we can infer that

Pr(tau)}) = +o00 asn — co.

We know that

$2(0) =0 and @, (u, )<M5, all n € IN.

From (3.20) and (3.21) it follows that we can find n, € IN such that
€ (0,1) foralln > nyp.
Then from (3.16) and (3.22) we infer that

;t(p)\(tu ) =0, then (¢)\(t,u,), tyu) =0,

t=t,

Vn > no,

(3.16)

(3.17)

(3.18)

(3.19)

dz

(3.20)

(3.21)

(3.22)
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. 1
€9A<tn”;) = @A(thT) - 7<90 (tntty ) thu >
P+
— [ ) [1 } |Du;t [P dz+/ sl [1 1} |Du |73 dz
0 p(z) p+ q(z) p
1

+ /Q [p(lz)—pﬂ E(z) (b )PP dz — / A[ ® pﬂ (taty )Pz

1o @) gy 4 N
T 20 p(z) p+:|18(z)(t1’lun) "l‘7+p+/e(2,tnun)dz
o1 (2) [1_] 1
< /Q[P(Z) pJ!Du,ﬂP dz+ | @ |Duj; |7 dz+p+ /()ﬁA(z,tnunJ“)dz
TR ECIC [1_1} hye
L e ey s [ =] pe e

g/()[p(lz)—pj Dut | dz+/ [Z—l] |Dut|9)

+o [ Bzl [ | = | e

P+ P+
b1 +yp(z)
+ [p(z) pJ pz) ()" do
= pa(ud) — (@) u) + el (3.23)
P+ P+

Hence we have,
N R 1, 1
Pr(tati) < ga(u) — p—m(u:),um ol orall > iy (see (35)
+
< Palu, )+’7+fllﬂll1 (3.24)
(3.20) and (3.24) give us that ¢, (u;) — +o0, and this contradicts with (3.21).
Therefore {u;} ¢ W'P(3)(Q) is bounded. Then from (3.7) and the claim it follows that
{u,} ¢ W (Q)  is bounded.
We may assume that
Uy —=u in WPE(Q) and u, - u in L'&(Q) asn — oo (3.25)
In (3.4), we choose 1 = u,, — u € WP(3)(Q), pass to the limit as 7 — oo and use (3.25). Then

Tim (V (1), 1 — 1) = 0 (3.26)
(3.26) and Proposition (2.9) give us u, — u in W"?Z)(Q). So ¢, (-.) satisfies the C-condition.
O

Proposition 3.2. If hypotheses Hy and H; hold, then £ # @ and we have then S, C int C for every
Ae L.

Proof. On account of hypotheses H;(iv), we see that given ¢ > 0, we can find C, = C(e) > 0

such that .
F(z,x) < ﬁxq(z) 4+ Cex™ foraa.zecQ, all x > 0.
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For every u € W'?()(Q), we have

0r() > [ s iDup iz [ osiput s+ [ EE o+ [ SR p

p(z) (2)
+L”j)Wﬂ”ﬂt—/r(hmzdz—QAJM”M—AA;£@w+Y@M
> Comin | "} + [ o IDufr dz — [ jufte
—Cg/Q\uV*dz—)\/Q @(u )T dz (3.27)

for some C > 0 (recall that 6 > ||¢||e).
Observe next that,

/ |Du|1®) dz > u / |u|”’ dz (see Proposition 2.6). (3.28)
aq(z)

1 1
= (yh)T®) i T T
/Q (2) (u™)™¥dz < p- max{||uHT?Z),||uHT(Z)}. (3.29)

We return to (3.27) and use (3.28) and (3.29). Then for u € W) (Q) with [jul| < 1, & < u*
we have

Pa(u) = CllullP* = AC[Jul™ — Ceflull"™
= (C = AC |Jul| ™77 = Cellu]| 7))+, w € WHE(Q) (3.30)

for some C; > 0.
Let us set, for any t > 0,

kp(f) = ACyt™ P+ — Cot™+ P+

Since 7_ < py < ry we have lim; o k) () = lim; o+ kp () = oo.
Then there exists ty > 0 satisfying k, (fp) = 0. One has

ACH(T_ — p )ty 7 = —Colry —py)ty P!

1
_ _ (AGp —T
:>t0—t0()\)—<C€ 7’+—p+> .
Then \C ©-py AC reoPy
ka(to) = AC ”’*_T‘) | +c< “”+_T‘)+ i
(o) 1<Ce T+ —p+ \Cry—ps

and since p; < 74 we have lim, g+ k) (fo) = 0. So we can find Ay > 0 such that
ky(to) < C forall A € (0,A).
Then from (3.30) it follows that
Pr(u) > miy >0 forall ||ul| = to. (3.31)
For u € intC4, on account of the superlinearity hypothesis H; (ii), we have

Pp(tu) — —oo  as t — oo. (3.32)



Anisotropic (p, q)-Robin boundary value problems 13

Then, (3.31), (3.32) and Proposition (3.1) permit the use of mountain pass theorem. Therefore
for every A € (0,Ag) we can find u, € WP (Q) such that

Uy € K@A and 0< i < g?);\(u;\). (3.33)

From (3.33) we have u, # 0 (recall that ¢, (0) = 0) and

(@ (up),h) =0 forall h € WPE(Q). (3.34)
Choosing i = —u; € WP (Q), we obtain
/ |Du)j|p(z)dz+/ |Du;|‘7(z)dz+/(9+(§(z))( dz+/ B(z)(uy )P do = 0
0 o o
;»/ |Du;|P(Z>dz+/(e+g(z))( dz+/ B(z)(u; )PP do < 0
0 0

=uy, >0, uA#O.

Then from (3.34) it follows that u, is a positive solution (p,). From the anisotropic regu-
larity theory (see [8] and [17] for the corresponding isotropic theory) we have

uy € C4 \ {0}
For every u € S, we have u € C \ {0} and
—Ap)tt(z) = Agoyu(z) + E(z)u(z)PP1 >0 foraa. z € Q,

= Dp)u(z) + Bgzyu(z) < €]t (2)PP~1 foraa. z e,
= u € intC; (see [35] and [26], Proposition A2).

So, we have proved that (0,A9) C £ and so £ # @. Moreover, we have S, C intCy for all
A > 0. O

Next, we show that £ is an interval.

Proposition 3.3. If hypotheses Hy and H; hold, A € £ and 0 < pu < A then y € £ and given
uy € Sy, we can find uy, € S, such that uy, < u,.

Proof. Let us introduce the Carathéodory function g, (z, x) defined by

PO 4 () 0O, i Su(2),

.”MA(Z)T(Z)—l + f(z,ur(z)) + QMA(Z)p(Z)_l, i 1, (2) < x. (3.35)

gﬂ(zrx) = {

Here 6 > [|¢]|co-
We set Gy(z,x) = [, gu(zs)ds and consider the C'-functional ¥, : W@ () - R
defined by

¥, () = /Qp( )|Duy dz+/ el

0+8() |, pt0 +/ B(z) el do - [ Guzmdz (336

+OP( ()
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for all u € WP (Q). Since 6 > ||¢||c, it is clear that ¥,(:) is coercive. Also, using the
fact that WP()(Q)) — LPZ)(Q) compactly, we see that ¥,(-) is sequentially weakly lower
semicontinuous.

So, by the Weierstrass—Tonelli theorem, there exists 1, € W# (2)(Q)) such that

¥, (u,) = inf {‘I’H(u) ‘u€ wLP(Z)(Q)} . (3.37)
Since 74 < p_, we see that
‘I’V(uy) <0= ‘I’F(O) = uy # 0.

From (3.37) we have

(V(uy),h)—l—/o[e—k(j(z)]\uﬂp uyhdz+/ \u#\” uﬂhdaz/ﬂg#(z,u},)hdz (3.38)

for all h € W'P(2)(Q)). In (3.38) first we choose h = —u, € W17 (Q). We obtain

/Q]Du;|p(z)dz—|—/Q]Du;|‘7(z)dz
+/ (0+¢(z dz+/ B(z da—/gyzu;,)u dz

= uy > 0,u, #0 (see (3.35)).
Next, in (3.38) we choose It = (u,, — uy)™ € W) (Q). We have

(V (1), (i — 1) +/ 10+ ()]l (uy — uy) dz+/ By PNty (10 — ) dor
_ / S 4 f(zun) + 068 Y (uy —up) T dz (see (3.35))

< / A 4 F(zu0) + 0uP D (uy — up)dz (since p < A)

= (V(up), (1t — 10)") + /Q 0+ E(2)]u" D (u, —up)* dz (since uy € Sy).

The monotonicity of V(-) (see Proposition (2.9) ) and the fact that 6 > |||l imply that
uy <up, = uy € [0,up],uy #0, = uy €5, CintCy (see (3.35) and (3.38)). O

So, according to Proposition 3.3, the solution multifunction A — S, has a kind of weak
monotonicity property. We can improve this monotonicity property by adding one more
condition on the perturbation f(z, -).

The new hypotheses on f(z, x) are the following:

H: f: QO xR — R is a function which is measurable in z € (), for a.a. z € (2 we have
f(Z,-) S C1<]R),
(i)-(iv) hypotheses Hj(i)—(iv) are the same as the corresponding hypotheses Hj(i)-(iv),
and

(v) for every p > 0 there exists ¢, > 0 such that for a.a. z € Q) the function x —
f(z,x) + £xP?)~1 is nondecreasing on [0, p].
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Remark 3.4. Hypotheses H;(v) is a one-sided local Holder condition on f(z, -). It is satisfied
for all z € O, f(z,x) is differentiable and for every p > 0, we can find C; > 0 such that
fli(z,x) > —Cﬁxp(z)*1 foraa.ze€ Qandall0 <x <p.

Proposition 3.5. If hypotheses Hy, Hp hold, A € £, uy € Sy C intCy and y € (0,A), then p € £
and we can find uy, € S, C intCy such that uy —u, € intC,.

Proof. From Proposition 3.3 we know that u € £ and there exists u;, € S, C intC; such that
uy — 1, € Cy \ {0} (3.39)
Let p = ||u) ||« and let ¢, > 0 be as postulated by hypothesis Hz(v). We can always assume
that ¢, > ||¢[|co- Then we have
2 -1
- Ap(z)u;t - Aq(z)uﬂ + [g(z) + CP]”]Z(Z)
— it 4z ) + Eul
< ‘uuz(z)*l + f(z,up) + épuﬁ(z)_l (see (3.39) and hypothesis H(v))
< Au;(z)fl + f(z,up) + épuﬁ(z)_l (since p < A)

= —Dpyia — Byayitr + [E(2) + EJul (3.40)

Note that since 1, € intC; and u < A, we have

-1

0 < (A—pu)ul® (3.41)
Then from (3.40), (3.41) and Proposition 2.4 in [23], we can conclude that
uy —uy €intCy.
The proof is now complete. O

Next, we show that for every A € £, the solution set S, has the smallest element (minimal
positive solution). To this end, first, we consider the following auxiliary problem:

{—Ap<z)u(2) = By u(2) + [6(2)[u(2) P2 2u(z) = Alu(2)["®2u(z) inQ,

3.42
Bt B(2)|u(z)[P) = 00n a0, A >0, u >0, (3-42)

Proposition 3.6. If hypotheses Hy hold and A > 0, then problem (3.42) admits a unique positive
solution i) € intC,.

Proof. We consider the C!-functional 7, : W'P(?)(Q)) — R defined by
yA(u) = / Du dz—l—/ Dul|7¢ dz+/ E(2)||u|P®
0 7@ &5 2P 16(2)] |ul

1 +\T(z :3<Z>
—A/O_[(Z)(u )7E) dz () u|P)

for all u € W) (Q). Evidently, 7, (-) is coercive (since T, < p_, g+ < p—.) and sequentially
weakly lower semicontinuous. So, we can find i1, € WP (Q) such that

12(i12) = min{y () :u € WE(Q)} <0=7,(0) (since 7, < p-),
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which implies i1, # 0. We have

which implies

V() )+ [ GO 2 mhdz A [ @) O hdz+ [ () |m|rE2ade = 0
Q
(3.43)
for all h € WP (Q).
In (3.43) we choose I = —ii, € W'P()(Q)). Then

/yDW dz+/ Dt |9 dz+/ & (2)| (7P dz + mﬁ(z)(g;)ﬂzmazo

:>/ |Da;\”(z)dz+/ 1E(2)|( dz+/ B(z Ddo <0
Q QO

which implies 7, > 0, 71, # 0, hence i, is a positive solution of (3.42) (see (3.43)), therefore
iy € Cy4 \ {0} (anisotropic regularity theory).
Therefore

Apyir(2) + Dy iia(z) < [[Elleo (2 (2))” P@-1 foraa. z€Q,

which implies i) € int C; (see Zhang [35]).

Next, we show that this positive solution of (3.42) is unique. Suppose that 7, is another
positive solution of (3.42). Again we have 7, € intC;. On account of Proposition 4.1.22 of
Papageorgiou, Rddulescu and Repovs [22], p. 274, we have Z* Y5 € L*®(Q). So, we can apply
Theorem 2.5 of Takac and Giacomoni [34] and get

—A L_I)L—AZIZ)\ —A szA_Azﬁ/\ _ _
O</ [ p(()u/\)q 16/() n P(()m)q_lq() ] (7)1 — ()7 ) dz

_/ { < (@77 (m)ql——f(z))

ll

which implies i1y = 7, (since T, < p— < p(z)).
Therefore the positive solution iiy € intC; of problem (3.42) is unique. O

This solution i), € intC; provides a lower bound for the solution set S,.
Proposition 3.7. If hypotheses Hy, Hy hold and A € £, then i1, < u forall u € S,.
Proof. Let u € S, C intC,. and consider the Carathéodory function B, (z, x) defined by

. {A(x*)f(z)l, if x <u(z),

Palzx) = Au(z)™®=1,if u(z) < x. (3.44)

We set By (z,x) = fox Ba(z,s)ds and consider the C!-functional T : W'?()(Q)) — R defined by

q(u):/ﬂp()\w dz+/ 1P 192) 4z +/ |§z|| ()

aniE)MP do — /BAzu)d
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for all u € WP(2)(Q).
From (3.44) we see that 7, (+) is coercive. Also, it is sequentially weakly lower semicontin-
uous. So, we can find 7, € W'"?(2)(Q) such that

Ty (7)) = min {TA(M> tu € Wl"’(z)(Q)} <0=m1(0) (since 4 < p-),

which implies 7, # 0.
We have

T\(iy) =0,
V(i) h) + /Q 1E(2) |2 [PO 202, hdz + /a _B@)|m |2y = /Q Balz i )hdz  (3.45)
for all h € WP()(Q). In (3.45) we first choose h = —iI, € W'?3)(Q)) and infer that
iy >0, iiy #0.

Next, in (3.45) we choose I = (ii) — u)* € W'PE)(Q)). We have

Vi), (=) + [ 1@ =) dz+ [ ) ()" @y —w)* do
= QAuT<~7~>—1(aA —u)tdz (see (3.44))
< /Q[/\ur(z)’l + f(z,u)](iiy —u)Tdz (since f > 0)

< V() (i =) ) + [ @O @ —w)tdz+ [ B (i ) o

(since u € S,)
=1y < u.

So, we have proved that
iy € [0,u]\{0}. (3.46)

Then it follows from (3.43), (3.44), (3.46) that

il) is a positive solution of (3.42),
=iy =i, €intCy (see Proposition 3.5),
=1, <uforallu € S,.

The proof is now complete. O

Remark 3.8. Reasoning as in the above proof, we show that A — i, is increasing, that is, if
0<u<A theniy —i, €Cy\O.

We know that S, is downward directed (see Filippakis and Papageorgiou [9] and Papa-
georgiou, Riddulescu and Repovs [21], and recall that V(-) is monotone (see Proposition 2.9)).

Proposition 3.9. If hypotheses Hy, Hy hold and A € £, then there exists u} € S, C intC such that

uy <u forall u € S, (minimal positive solution of (py)).
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Proof. By Lemma 3.10 of Hu and Papageorgiou [15] (p. 178), we know that we can find
{un}n>1 € Sy Cint C; decreasing (recall that S, is downward directed) such that
inf u, =infS§,.
n>1
Since u) < u, < uj for all n € IN (see Proposition 3.6), from hypothesis H; (i) it follows
that {u,},>1 € WP(Q) is bounded. So, we may assume that
Uy = up nWYW(Q) and wu, - ui inL'&(Q) asn — oo (3.47)
We have
(V ()t = 1) + [ E@uED wy — ) dz 4 [ Bl — wi)de

— /\/ uZ(z)_l(un —uy)dz —|—/ f(z,un)(uy —uy)dz,
Q Q

which implies
lim (V(uy), u, —uy) =0,

n—oo
and thus
u, — ul in WP @) (see Proposition 2.9). (3.48)
Note that i1y < u} and so u; # 0,
)+ / )l dz 4 / B(z hde
_A/ 1hdz+/fzuAhdz

for all h € W'P()(Q) (see (3.48)).
It follows that
uy € S, Cint C4 and u) =inf§,.

The proof is now complete. O
We set A* = sup £.
Proposition 3.10. If hypotheses Hy, Hy hold, then A* < oo.

Proof. On account of hypotheses Hy, H>(iv) and since T+ < p~, we see that we can find A > A*
such that
AxTEO 4 f(z,x) —E(2)xPP1 >0 foraa. zeQ, all x > 0. (3.49)

Let A > A and suppose that A € £. Then we can find u) € S, C int C. Let Qg CC Q) (that is,
0y C Oy C Q) and assume that 9Q)g is a C>-manifold. We set my = ming, uy > 0 (recall that
uy € int C). Also, let ¢, > [|€]|co- Let m$ = mg + 6 for 6 > 0 small enough. We have

= By — By + 8 (2 ) + ol (mg)P
< [&(z) + &) (md)PE 1 4 x(8)  with x(6) — 0" as 6 — 0F
< /A\mg(z) + f(z,mp) + Cpmo( + x(9) (see (3.49))

< /A\uf\(z + f(z,up) + gpuA 4 x(8)  (see hypothesis Hx(v))
< /A\uz(z)_l + f(z,up) + ﬁpuﬁ(z)fl - A= /A\]mg(z)fl + x(6)
< = Apyin — By + [E(2) + EJulD T inQ, for0 <6 <1small.  (3.50)
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Note that § € (0,1) small enough, we will have
A=A = x(8) = 5 > 0.

So, from (3.50) and Papageorgiou—Qin—-Radulescu [24], Proposition 5 (see also [25], Propo-
sition 6) we have

uy(z) > mg, forallz € ), all0 < § < 1 small enough
which is a contradiction. Therefore 0 < A* < A < co. ]
According to this proposition, we have
(0,A") C £ C(0,A7]. (3.51)

We will show that for all A € (0,A*), we have at least two positive smooth solutions for
problem (p,). To do this we need to strengthen a little the hypotheses on f(z,-). The new
conditions on f(z, x) are the following:

H;: f: QO xR — R is a Carathéodory function, hypotheses H3(i)-(v) are the same as the
corresponding hypotheses H;(i)-(v) = Hy(i)—(v) and
(vi) for every m > 0, there exists 17, > 0 such that

f(z,x) >4, >0 foraa.ze(, all x > m.

Proposition 3.11. If hypotheses Hy, H3 hold and A € (0,A*), then problem (p,) admits at least two
positive solutions ug, il € int C, ug # .

Proof. Let 7 € (A,A*). We have 7 € £ (see (3.51)) and so we can find u, € S, C int C,. Then
according to Proposition 3.5, we can find 1y € Sy C int C, such that

uy —up € int C4.. (3.52)

Recall that i) < ug (see Proposition 3.7).
Let p = ||ug||c and let & > 0 be as postulated by hypothesis H3(v)(Hy(v)). We can assume
that &, > |||l Then we have

— Dy liy — Dyyiia +[6(2) + ‘fp]ﬁﬁ(z)i1
< — Bpoitn — B+ [12(2)] + &P
= Aﬁ;(z)fl + (fpﬁﬁ(z)_l (see Proposition 3.6)
< Aug(z)_l + f(z, i) + épug(z)fl (recall that f > 0)
< Aug(z)_l + f(z,up) + @A'pug(z)fl (see Proposition 3.7 and hypothesis Hz(v) = Hx(v))

1

2 —1 .
= — Dpiytio — Do + [§(2) + Cp]ug(z) (since ug € S)). (3.53)
On account of hypothesis H3(vi) and since 1, € int C, we see that

0 < f(aa(-))
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Then from (3.53) and Proposition 2.4 in [23] (see also [25], Proposition 7), we can conclude
that
ug — i) € int C;. (3.54)

It follows from (3.52) and (3.54) that
Ug € il’ltc1(Q) [L_l)\, Mq]. (3.55)
As before, let 6 > ||¢||« and consider the Carathéodory function k,(z, x) defined by

Aty (2)" @7 4 f(z,0(2)) + 0i1p (2)PE 7L, if x < iy (2)
ka(z,x) = AxTE 4 f(z,x) + 0P, if 1) (z) < x < uy(z) (3.56)
Ay (2)TEO7 4 (2, (2)) + Ouy (2)PE 71, if uy(2) < x.

We set K, (z,x) = [; ka(z,s)ds and consider the C'-functional T, : W@ (Q) - R de-
fined by

1 Z 1 v4 1 v4
o () = /Qp(Z)|Du|”( >dz+/0q(z)|pu|q< )dz+/0p(2)(9+§(z))|u]”( )dz

—/QKA(z,u)dz—k/mﬁEg|ulp(z)da

for all u € WP(2)(Q).
From (3.56) and since 6 > |||, we infer that 7)(+) is coercive. Also, it is sequentially
weakly lower semicontinuous. So, we can find 7y € W?(?)(Q) such that

T, (flg) = min{7) (1) : u € W (Q)},
= T)/\(ﬁo) = 0,

= (1) (dp),h) =0 forallh e WLP(Z)(Q)‘
Choosing 1t = (i, — ilg) " and h = (iig — u,)* and using (3.56), we show as before that
il € [y, uy] Nint Cy.

Therefore, we may assume that 7y = uo or otherwise, we already have a second positive
smooth solution and so, we are done.
Next, we consider the Carathéodory function

kia(z,x) = - (3.57)

A Aa)\(z)r(z)fl —|—f(Z, IZ/\(Z)) + QQA(Z)P(Z)*ll ifx < ﬁA(Z
MO | f(zx) + BxhE1 if 1,(2) < x.

We define Ky(z,x) = [ ki(z,5)ds and introduce the C!-functional £, : W'?@)(Q) — R
defined by

1 1 1
£ = [ = p(2) _ q(2) _ p(2)
A (1) / |Du| dz+/ |Du| dz+/ @ (04 ¢(2))|u|P'®dz

p(2) 9(2)
7% ﬁ(Z) z
— /QKA(z,u)dz—i—/an(Z)]u]p( )do

for all u € WP()(Q).
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From (3.56) and (3.57), it is clear that

A

™ ‘ [y y] — O ‘ [ruy]"

On account of (3.55), we have that 1 is a local C!(Q)-minimizer of £},
= 1 is a local W?(?)(Q)) — minimizer of .

(see Gasiniski and Papageorgiou [[13], Proposition 3.3])
Using (3.57), we can easily see that

Kz, C [@)) NintCy. (3.58)

Then from (3.57) and the above, we can infer that we may assume that K3, is finite or otherwise,
we already have an infinity of positive smooth solutions all distinct from 1y and so, we are
done. According to Theorem 5.7.6 of Papageorgiou, Radulescu, and Repovs [[22], p. 449], we
can find p € (0,1) small such that

Ta(uo) <inf{Ta(u) : [[u —uol| = p} = 1hy. (3.59)
On account of hypothesis H3(ii) for u € int C, we have
Ty (tu) — —oco  ast — +oo. (3.60)
Finally, from (3.57), it follows that
$aliy = Tl +7 withn €R,
= 1) (-) satisfies the C-condition (see Proposition 3.1). (3.61)

Then (3.59), (3.60), (3.61) permit the use of the mountain pass theorem. So, we can find
it € WP (Q) such that

0 €Ky Cli))NintCy and 1, < ) (d). (3.62)

From (3.62) and (3.57), we see that i1 € S, C intC,, while from (3.62) and (3.59), we have that
/] 7'é up. O

Finally, we show that the critical parameter value A* is admissible, that is, A*
Proposition 3.12. If hypotheses Hy, Hy hold, then A* € £.

Proof. Let {A,}n>1 € £ such that A, — A* as n — oo. From the proof of Proposition 3.3, we
know that we can find u, € S), C int C; such that ¢3 (1) <0 foralln € N.
Also, we have go'}\ (un) =0, for all n € IN. Then as in the proof of Proposition 3.1, we show

that {u,},>1 € WP (Q) is bounded.
We may assume that

up — ' in WA Q) and u, —u* in L'®(Q) asn — 0. (3.63)
We have

+/ hdz+/ B(z)ul hdcr—/\/un hdz+/fzunhdz
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for all h € WP (Q), all n € N.
Choosing h = u, — u*, passing to the limit as n — oo and using (3.63), we obtain

u, = u* in W Q).
So, in the limit as n — o0, we have
W)+ [ eE ) iz + [ Bz lhdo
:A*/Q(u )1 U”hdz—k/ﬁf z,u*)hdz

for all h € WP (Q)).
We have i1, < u, for all n € IN (see the Remark 3.8),

= 1y, <u¥,
= u* €Sy CintC, andso A* € £.

The proof is now complete. O

Summarizing, we can state the following existence and multiplicity theorem for the prob-
lem (p,), which is global in the parameter A > 0 (a bifurcation-type theorem).

Theorem 3.13. If hypotheses Hy, Hz, hold, then there exists A* > 0 such that
(a) forall A € (0,A*), problem (p,) has at least two positive solutions

ug, i € intCy;

(b) for A = A*, problem (p,) has at least one positive solution

u* €intCy;

(c) forall A > A*, problem (p,) has no positive solutions;

(d) for every A € £ = (0,A*], problem (p,) has a smallest positive solution u’ € intC and the
map A — u} from £ = (0,A*] into C \ {0} is increasing, that is,

O<pu<AeL=u)—u,eCi\ {0}
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