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Abstract. In this paper, we study the existence of multiple normalized solutions to the
following Schrédinger—-Poisson system with general nonlinearities:

—&2Au+ V(x)u+¢u = f(u)+Au inR3,

—&2Ap = u? in R,

Jgs lul?dx = €322,
where ¢, a > 0, A € R is an unknown parameter that appears as a Lagrange multiplier,
V(x) : R® — [0, 00) is a continuous function, and f is a differentiable function satisfying
L?-subcritical growth. Through using the minimization techniques and the Lusternik—

Schnirelmann category, we prove that the numbers of normalized solutions are related
to the topology of the set where the potential V' (x) attains its minimum value.
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1 Introduction

In this paper, we are concerned with the existence of multiple normalized solutions to the
following Schrodinger-Poisson system with general nonlinearities:

—&2Au+ V(x)u+¢u = f(u) + Au inR3,
—&2A¢p = u? in R3, (1.1)
Jgs [ul?dx = a?,

where ¢, 2 > 0, A € R is an unknown parameter that appears as a Lagrange multiplier.
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Problem (1.1) arises in the study of the coupled Schrodinger—Poisson system:

ipr — Ap + V()P +op = g(|9[*)p in R, (12)
—Ap = [y in R |

where ¢(x,t) : R3 x [0,T] is the wave function. Equation (1.2) arises from approximation
of the Hartree-Fock equation which describes a quantum mechanical of many particles, see
[11,12,24]. Set ¥(x,t) = eMu(x) and u : R®> — R, one is led to the equation

—Au+V(x)u+¢u=f(u)+Au inR3,
—Ap = u? in R3,

where f(u) = g(|u|*)u, A € R. The system (1.1) was firstly introduced by Benci and Fortunato
in [9]. System (1.1) also arises in various fields of physics, for instance, in semiconductor
theory (see [10,25,26]), for more details on the physical aspects, we refer the reader to [9] and
references therein.

When A € R is a fixed parameter, we call (1.1) the fixed frequency problem. In the last
decades, the existence, concentration and multiplicity of solutions for the fixed frequency
problem (1.1) has been studied by many scholars, for example [2—4, 13, 15,27,29] and the
references therein.

Recently, the existence and multiplicity of normalized solution are attracted many people’s
interests. Such solutions have a prescribed L?-norm, that is, solutions which satisfy ||u||> = a
for a priori given a > 0. In this case, the parameter A € R cannot be fixed but instead appears
as a Lagrange multiplier.

When ¢ = 1, V(x) = 0 and f(u) = |u|"~2u, normalized solutions of (1.1) can be obtained
by considering the critical points of the following functional

_ 1 2 1 u*(x)u? (y) _1/ »
](u)—z/]Rs|Vu| dx+4/]R3/]R3 X7 dydx , ]R3]u\ dx

on the constraint
S(a) ={u e H(R®) : [lullz = a}.

As far as we know, the first work for normalized solutions to Schrodinger-Poisson system
is due to Sdnchez and Soler [28], they proved that all the minimizing sequence for ¢, are
compact provided that a € (0,a9) for a suitable ap > 0 small enough and p = %, where 0, is
defined by

= inf . 1.3
% uérsl(a)](u) (1.3)
Bellazzini and Siciliano in [5] and [6] proved that ¢, is achieved when a > 0 is small and
p € (2,3) and when a > 0 is large and p € (3, %), respectively. Subsequently, Jeanjean and
Luo in [22] sharpened the conclusion of [6] by showing that (1.3) has a minimizer if and only
if
a>a; =inf{a >0:0, <0}

Moreover, for the case of p =3 or p = %, they proved o, has no minimizer for any a > 0.
For the L%-supercritical case, that is, p € (¥,6), the functional J(u) is no more bounded

from below on S(a). Bellazzini, Jeanjean and Luo in [7] found critical points of J(u) on S(a)

by looking at the mountain-pass level for a > 0 sufficiently small. In 2021, Jeanjean and Le in
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[21] obtained the existence of two positive solutions for (1.1) with f(u) = |u|P~2u which can
be characterized respectively as a local minima and as a mountain pass critical point when
p e ( %,6]. For the general nonlinearity, Chen, Tang and Yuan in [16] studied the existence
of normalized solutions for system (1.1), where f € C(R,R) covers the case f(u) = |u|P~2u
with g € (2,2) U (£,6). When considering more general L2-supercritical conditions without
imposing the monotonicity property on f, Hu, Tang and Jin [20] obtained the existence of
normalized solutions for problem (1.1) under suitable assumptions on f.

For the case combining nonlinearity, Kang, Li and Tang in [23] considered system (1.1)
with f(u) = p|u|72u + [u|P~%u, where p € R, 2 < g < & < p < 6 with g # p. Under some
suitable assumptions on s and y, they proved some existence, nonexistence and multiplicity
of normalized solutions.

When ¢ =1 and V(x) # 0, it is more complicated to deal with the existence of normalized
solutions. Zeng and Zhang in [32] considered system (1.1) with f(u) = |u|[Pu (0 < p < 3) and
unbounded potential, where the potential function V(x) satisfies the following conditions

Ve C(RN,RT), inf V(x)=0 and lim V(x)= oo,
x€ERN |x| =00
with the help of the compactness of Sobolev embedding in the working space, they obtained
the existence of normalized solutions.

To our best of knowledge, there is few results for the existence of multiple normalized so-
lutions to Schrodinger—Poisson system (1.1). Motivated by [1], the main purpose of this paper
is to study the existence of multiple normalized solutions to (1.1) by using the Lusternik—
Schnirelmann category when V (x) satisfies the global conditions:

(V)  VecCRN,R)NL®MRYN), V(0)=0, 0= inf V(x) < liminfV(x) = V.
x€RN || —=+0c0

By change of variable x — ex, problem (1.1) reduces to the following system

—Au+V(ex)u+¢u = f(u) + Au  in R3,
—Ap = u? in R3, (1.4)
Jgs [uf?dx = a?.

We assume that V(x) satisfies (V) and f satisfies the following assumptions:

1 is odd and there exist g € (3, L) and a € (0, +0) such that limg_, FE)] — 4,
q 3

B

(f2) There exist constants ¢1, ¢z, ¢3,c4 > 0and p € (3, 13—0) such that

If(s)] <ci+cals|Pt Vs€R and |[f'(s)] <c3+cyals]P? Vs €R.
(f3) There exists g1 € (3,%) and g > g1 such that f(s)/s71 71 is an increasing function of s on
(0, +00).
Remark 1.1. The conditions (f1) and (f3) imply that F(¢) > 0 for all t € R. Indeed,

> lim @sq"“ =0, s>0,

that is, f(s) > 0. Hence, F(t) > 0.
An example of a function f that satisfies the above assumption is
f(s) = |s]772%s + |s|" s In(1 + |s]) Vs € R,
for some r,q € (3,2) and r > g, here (f,) and (f3) hold with p € (r, ).
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A solution u to the problem (1.4) with [p; [u|*> = a* can be obtained by looking for critical
points of the following functional

Jo(u) = ;/ms (IVuf2 + V(ex)u?)dx + % [ guidx— [ Fadx,  weH(®),

restricted to sphere
S(a) = {u € H'(R®) : [|u]> = a},

where | - ||, denotes the usual norm in L7 (IR?) for p € [1,+oc0).
Moreover, it is easy to see that J. € C!(H'(R%),R) and

Ji(u)o = /]R3 (VuVo+ V(ex)uv)dx + /]R3 ¢puuvdx — /1R3f(u)vdx, Yo € HY(R?).

When we study the multiplicity of solutions in the nonautonomous case, we need to use
the following sets:
M={xcR®: V(x) =0}

and
Ms = {x € R®: dist(x, M) <46}, 5>0.

Now, we state our main result as follows.

Theorem 1.2. Suppose that f satisfies the conditions (f1)—(f3) and that V satisfies (V). Then for each
0 > 0, there exist €9, s > 0 and a, > 0 such that (1.1) admits at least caty;; (M) couples (uj, A;) €
H'(IR®) x R of weak solutions for 0 < & < €, |Vl]eo < ps and a > a, with [, |u;]*dx = a and
Remark 1.3. For V(0) =: V) # 0, Vp < Vi, we can also obtain Theorem 1.2.

We recall that, if Y is a closed subset of a topological space X, the Lusternik-Schnirelmann
category catx(Y) is the least number of closed and contractible sets in X which cover Y. If
X =Y, we use the notation cat(X). For more details about this subject, we cite [30].

The organization of this paper is as follows. In Section 2, we study the autonomous
problem. In Section 3, we study the nonautonomous case. In this section, we also study
the Palais-Smale condition on the sphere S(a) for the energy functional and provide some
crucial tools to establish a multiplicity result. In Section 4, we prove the multiplicity and
concentration of solutions to problem (1.1).

2 The autonomous case

The following classical Gagliardo—Nirenberg inequality is so crucial in this paper, which can
be found in [31]. Precisely, let I € [2,6), then
_3(1-2)

julf < Cluly PV IVul iR, =5 1)

for some positive constant C = C(3,1) > 0.
In this section, we list some preliminary lemmas which used later involving the existence
of normalized solution for the following Schrédinger-Poisson system

—Au+pu+¢u = f(u) + Au  in R3,
—Ap = u? in R3, (2.2)
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wherea > 0, u > 0, and A € R is unknown parameter that appears as a Lagrange multiplier
and f is a continuous function satisfying (f1)-(f3).
A solution u to the problem (2.2) corresponds to a critical point of the C! functional

_ 1 2 2 1 2 13
L(u) = E/Rg (IVul? + ju )dx+1/1qu>uu dx—/]RgF(u)dx, e H'(RY),
on the constraint S(a) given by
S(a) = {u € H'(R®) : Jul2 = a}.
Our main result in this section is stated as follows.

Theorem 2.1. Suppose that f satisfies the conditions (f1)—(f3). Then, there exists y, > 0 and a, > 0
such that problem (2.2) has a couple (u, A) solution when 0 < p < y, and a > a,, where u is positive.

The proof of the theorem above will be divided into several lemmas.
Now, we recall some properties of the functions ¢, in the following lemma (for a proof see
[27], [18] and [17]).

Lemma 2.2. The following results hold:
1) ¢u 2 0;

(2) there exist some constants Cy, Cp > 0 such that [ps ¢pyu*dx < C1|u|‘%2 < Collull%;

(3) if uy — uin L'(IR?), Vt € [2,6), then [s Pu,un*dx — [ps puu’dx,

where || - || denotes the usual norm in H'(IR3).
Define N: H'(R®) — R by
N(u) = /]R3 Puu’dx.

Lemma 2.3 ([33, Lemma 2.2]). Let u, — u in H'(R®) and u,, — u a.e. in R®. Then as n — oo,

(1) N(uy —u) = N(un) — N(u)+o(1);

(2) N'(uy —u) = N'(u,) — N'(u) +0(1), in (H'(R3))".
Lemma 2.4. The functional I, is coercive and bounded from below in S(a).
Proof. According to (f1)-(f2), there is C;, C2 > 0 such that

|F(H)| < C]t|T+ Cot]P VEeR.

Then it follows from (2.1) that

Bqq

2

Iy(u)zl/ IVu|2dx — CCra(l=F1)1 </ \wyzdx>
2 JRr3 R3

%
— CCpal=Pr)P (/ \Vu|2dx)
R3

Since q, p € (2, %0), by simple calculation, we get B,;q, Byp < 2, which ensures the coercivity
and boundedness of I, from below. O
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Lemma 2.4 guarantees that the minimization problem

L,,= f I
H uérsl() k(1)

is well defined. In what follows, we are going to establish some properties of I, related to the
parameter u > 0.

Lemma 2.5. There exists pi. > 0, a, > 0 such that T,,, < 0 for 0 < p < p, and a > a,.

Proof. By assumption (f3), we have
FO = (@ -DfH =0 V>0, 23)
E(t)

In order to show t — e is increasing on (0, +00), we need to prove

AF() _ M —qFOm T fo-aF®

dt tn t2m i+l
Define h(t) = f(t)t — q1F(t), clearly, h(0) = 0 and (2.3) yields that

W) =f (Ot~ (@ -DfB) =0 V>0,

which implies that
h(t) = f()t —quE(t) = 0. (2.4)
E(t) E() 4

This leads to dt s = 0, that is, the function ¢t — 7~ is increasing on (0, 4+00), thus, we have
that

F(ts) _ F(s)
> >
syt = sn Vs >0 and t>1,
which yields that
F(ts) > t1F(s) Vs >0 and t>1. (2.5)

Given ug(x) € S(a) N L*(R3) a nonnegative function, let
ud(x) = 1*up(nx) forall x € R*and all 7 € R. (2.6)

By simple computation, we have

[ 1Pz = na?,

that is, u)(x) € S (72a). Therefore,

L) <L / Vuo[2dx + 17 +f/ Pugti3 2@1—SA3P(uo(x))dx.

When g; € (3, Q) and 17 > 0,291 — 3 > 3, for |77| large, we deduce that

3 3
n 2 n 24 .2 73/ _
L /RS Vuo[2dx + 2 /w pusid =2 [ Fluo())dx = 4, <0,
thus, we obtain that
Ul pa’
Li(ug(x)) < Ay + ER
Hence, we fix u, > 0 such that
L(ug(x)) <0,  Vue[0m),
showing that IW 1, < 0. Thus, for a large enough, Z,,, < 0. ]
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Lemma 2.6. Fix y € [0, i) and let a. < a; < ap. There holds Z—EIWZ < Ty <O0.
2

Proof. Let ¢ > 1 such that a, = ¢a; and {u,} C S(a1) be a nonnegative minimizing sequence
with respect to the 7, ,, (because I, (1) = L,(|u|) for all u € H'(R%)), that is,

Li(un) = Ly, asn — oo,
Set v, = *u, (E%x). Obviously v, € S(a) and

Tya, < Lui(vn)
= & |Vu |2dx—|—§2yz/ uzdx+€6/ ¢ uzdx—§_6/ F(&u,(x))dx
2 R3 n 2 R3 n 4 R3 Un“*n RS n
1 2 1
6 2 H 2 2 a6 4
<¢ L /]R3 |V, dx—l—j/1R3 undx—|—4/]RS4>unundx] ¢ /1R3F<(: uy(x))dx.
By (2.5), we deduce that
Iy,az < Ipt(”ﬂ) = 561;4(“71) + (56 - 54%76) /]R3 F(uy(x))dx.
Claim 2.7. There exists a constant C > 0 and ny € IN such that
/ F(u,)dx > C for n > ny.
R3

Arguing by contradiction that there exists a subsequence of {u,}, still denoted by itself,
such that
/3F(un)dx — 0asn — +oo.
R

Thus, we have

0> Ty +0u(1) = (1) > —/ F(uy)dx,
R3

which is absurd. Thus, Claim 2.7 holds. It is easy to verify that {® — ¢17¢ < 0. Hence, we
have
Iy,az < ‘:6Ipt<”n) + (56 - ¢4q176)c-

As n — +oo, we get
I}Ulz < 66114,&1 + <§6 - 64[]1_6)(: < 561.]4,111/
that is,
a9
;61%”2 < Zya- O
2

The following theorem is a compactness theorem on S(a), which is crucial to study the
autonomous case and the nonautonomous case.

Theorem 2.8. Let yu € [0, 1i+), a > a. and {u,} C S(a) be a minimizing sequence with respect to I,.
Then, for some subsequence either

(i) {u,} is strongly convergent in H'(IR®);
or

(ii) there exists {y,} C R3 with |y,| — +o0 such that v,(x) = u,(x +y,) — vin H'(R3), where
v € S(a) and I,(v) = L.
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Proof. Since Z, is coercive on S(a), the sequence {u,} is bounded. Hence, up to a subsequence,
still denoted by u,, we may assume that there exists some u € H!(IR%) such that u, — u in
H'(R3).
If u % 0and |ul, = b # a, we have that b € (0,a). It follows from Brézis-Lieb lemma
(see [30]) that:
[tn3 = [un — uf3 + |u]3 + 0n(1).

Moreover, setting v, = u, — u, d, = |va|2, t € (0,1), by using mean value theorem, (f1), (f2),
and Young’s inequality, we get
|F(on +u) — F(on) — F(u)| < [F(on 4 u) — F(on)| + [F(u)]
< |f(vn + tu) [[u] + [F(u)]
< [Crlon + tu] Tt 4+ Coloy + tulP7 1 |u| 4 Cr|u|T7t + Cou|P!
< C(loal T 4 [T Jou P [P [l + Cofu 7+ Cofuf
< Ce([oa|" + [oa]?) + (Ce~ @D 4+ Co)u|? + (Ce~ PV + ) JulP.

Since limy,_s +oo |F(vy + 1) — F(v,) — F(u)| = 0 a.e. in R3, by Lebesgue dominated convergence
Theorem, it is easy to get that

/3F(vn—|—u)dx:/ (Un dx+/ u)dx +0,(1),

R

that is,
/BF(un)dx _/ .t dx+/ w)dx + 0, (1). 2.7)
R

Suppose that |v,|p — d, then a*> = b?> + d? and d,, € (0,a) for n large enough. Thus, by
Lemma 2.3 and (2.7), we have that

Tya+0n(1) = Li(un) = Li(vn) + L,(u) +0n(1) = L, 4, + Ly p + 04 (1).

From Lemma 2.6, it follows that
d6
I],{,a + 011(1) Z a%zyla + Iy,b + On(].).

As n — +oo, we arrive at the inequality

d6
:Z,-H/a > EI”I’IZ + Iy,b. (2'8)

Since b € (0,a), by Lemma 2.6 and (2.8), we obtain

d° be b+ d°
0>Iﬂu> Zya"‘ Zya—TIy,u/
which yields that
b° +d°
—— > L
a

By using a? = b? + d?, we deduce that

be +d® > a® = (b* + d?)% = b° + d° + 3b%d* + 3b*d?,
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which is absurd. Hence, we infer that |u|, = 4, that is, u € S(a).
As |uyly = |ulp = a, uy — u in L%(R®), it is easy to verify that

u, = u in L?(R3). (2.9)
By (2.9) and interpolation theorem in the Lebesgue spaces, one infers that
u, — u in LY(R3), vVt € [2,6),

which combines with (f1)—(f2), we can deduce that

[ Flw)dx — [ Fudx. (2.10)
R® R?
Thus, by Lemma 2.2-(3) and 7, = lim; e I;;(14,,), we have that 7,,, > I,,(u). Since u € S(a),
it follows that Z,,, = I,,(#), and then lim;, 0 I;; (u,) = Z, (1), which combines with (2.9), (2.10)
and Lemma 2.2-(3), we have that u,, — u in D*?(IR%). From (2.9), it follows that |Ju, > — |Ju|?,
that is, u, — u in H'(IR®).

If u =0, then u, — 0 in H'(R3). Similar to Claim 2.7, we prove that there exists C > 0
such that

/]R3 F(un)dx > C for n € N large. (2.11)

Next, we prove that there exist R, > 0 and y, € R3 such that

/ us2dx > B VneN. 2.12)
Br Yn

Suppose on the contrary, by Lions’ vanishing lemma, we get that u, — 0 in Lf(IR®) for all
t € (2,2*). Hence, it is easy to check that F(u,) — 0 in L}(IR%), which is contradict with (2.11).

Since u = 0, we claim that {y,} is unbounded. Arguing by contradiction that {y,} is
bounded, there exists Ry > 0, such that |y,| < Ro. Hence, Br(y») C Br+r,(0). Thus, we have
that

/ Iun|2dx§/ luy|?dx — 0 asn — +oo,
Br (yn Br+ry(0)

which is contradiction with (2.12). The claim follows.

Setting 11, (x) = u(x +y,), clearly {u,} C S(a) and it is also a minimizing sequence with
respect to Z,,,, up to a subsequence, we may assume that there exists # € H!(R?) \ {0} such
that

i, =i in H(R®) and i,(x) — i(x) ae. inR®

Similarly arguing as the above proof, we can deduce that 7, — # in H'(R?). This completes
the proof. O
2.1 Proof of Theorem 2.1

From Lemma 2.4, there exists a bounded minimizing sequence {u,} C S(a) with respect to
Ty, thatis, I, (u,) — I,,,. By Theorem 2.8, there exists u € S(a) with I,,(u) = Z,,,. Hence, by
the Lagrange multiplier, there exists A, € R such that

L/(u) = A¥'(u) in (H(R?)), (2.13)
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where ¥ : H!(R3) — R is given by
Y(u) = /3 lul’dx,  ue H'(R®).
R
By (2.13), we have
—Au+ pu+ u = Au+ f(u) in R3. (2.14)

Next, by simple calculation, it is easy to see that I, (|u|) = I,(u). Besides, since u € S(a)
implies that |u| € S(a), then the following equality holds:

Iyla == I}[(u) - I”(‘MD 2 Iy’a,

thus, I,,(|u|) = Z,, 4. Then we can replace u by |u|, thus we may assume that > 0, by standard
argument, we can prove that u(x) > 0 in R>.
By Theorem 2.1, it is easy to conclude the following corollary.

Corollary 2.9. Fixa > a* and let 0 < pyy < pp < ps. There holds T,,, , < Ty, < 0.

Proof. Let uy,, € S(a) satisfying I, (4,,4) = Ly, 4. It is easy to infer that

Iyl,u < I]/l1(u}t2,a) < I]/lz (uﬂzﬂ) = Iﬂzfﬂ' O

3 The nonautonomous case

In this section, we will study the nonautonomous case of the Schrodinger—Poisson system
(1.4). Hereafter, we will suppose that |V|e < ps and a > a,, where y, and a. was given
in section 2. In order to prove some properties of the functional J,, we give several useful
definitions. We define Jo, J» : H'(R®) — R by the following functionals:

_ 1 2 1 2
Jo(u) = E/]RS|Vu| dx+Z/Rscpuu dx—/]R3F(u)dx
and
_ 1 2 2 1 2
Joo() = E/Rs (IVu]? + Viol )dx—l—z/w Puil dx—/]RBP(u)dx.
Furthermore, we denote Y. ,, Yo, and Yoo 4:

Yeo = inf Jo(u), Yo, = in(f)]o(u), Yoo, = inf Joo(u).

ues(a) ueS(a
Since 0 < Vo < 400, we deduce from Corollary 2.9 that
Yo,ﬂ < Yoola < O- (3.1)

In the following, we set 0 < p; = %(Yoo,u —Yo,)-
The following lemma establishes some essential relations involving the levels Y., Yo,
and Yoo 4.

Lemma 3.1. limsup, , Yea < Yo, and there exists eg > 0 such that Y, < Yoo, forall € € (0, €9).
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Proof. Let uy € S(a) with Jo(up) = Yo, we have that

_ 1 2 2 1 2
Yeu < Jelto) = 5 /]Rs (1Yol + V (ex) o) dlx + 5 /}RS Puotiddx — /]R3F(u0)dx.
As e — 0", we arrive at the inequality

limsup Ye, < lim Je(uo) = Jo(uo) = Yo,
e—0t e—0%

By (3.1) and the above inequality, we can obtain that Y., < Yo, for € small enough. O

Lemma 3.2. Fix € € (0,¢9) and let {u,} C S(a) such that J.(u,) — c with ¢ < Yo, +p1 < 0. If
uy — uin H'(IR®), then u # 0.

Proof. We argue by contradiction that u = 0. From the definition of J;(u,) and Jeo (1), it
follows that

1
Youp1+04(1) > ¢+ 04(1) = Je(t) = Joo(a) + 5 [ (V(ex) = Vi) sl
From (V), for any given { > 0, there exists R > 0 such that
V(x) > Ve —¢, V|x| > R.

Thus, there holds

1
You+ 01+ 00(1) > Je(ttn) > Joo(un) + = (V(ex) — Voo)|un|2dx — g/ \unlzdx.
2 JBge(0) 2 Bg(0)

Since {u,} is bounded in H'(R%) and u, — 0 in L' (Bg¢(0)) for all I € [1,2*), we obtain
Yo,u+ 014 01(1) > Joo(ttn) = C > Yoo, — CC
for some C > 0. Because ¢ > 0 is arbitrary, it follows that
Yo,u+ 01 = Yoo,
which is contradict with the definition of p;. The proof is completed. O

Lemma 3.3. Let {u,} C S(a) be a (PS). sequence for ], restricted to S(a) with ¢ < Yo, +p1 <0
and u, — u, in H'(IR®), that is,

Je(un) = c asn— +oo and |[Je|s, (un)|| =0 asn — +oo.
If vy = uy — ue = 0in HY(R3), then there exists B > 0, such that

.. 2
lirﬂi?of’”” —ugly > B

Proof. Let the functional ¥ : H!(IR?®) — R be given by

1

Y(u)= 3 Jeo

lu|?dx,

we have that S(a) = ‘I’fl({g}) Then, by Proposition 5.12 in [30], we see that

H]S‘/S(a)(u”)H = I/gﬂr{‘ 1]e' () — )\T/(”n)H(Hl(N))”
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thus, there exists {A,} C R such that
H]S/(un) - )\n‘fr/(un)u(Hl(]Rs))/ —0 asn — +oo.

Since

/ ! S/ . _/\nxlﬂ w),
1 () = A ()| oy = sup (J¢' (un) (1), 0)

—0 asn— +oo.
veHL(R)\ {0} 0]l

In view of the boundedness of {u,}, we can deduce that

Us,(”n) _H/\nx‘f‘”(“n)z Un)

< H]sl(un) - /\HT,(un)H(Hl(R3))/ —0 asn— +oo,

which leads to
Apad? = / (|Vun|? + V(ex)u?)dx +/ <punu%dx —/ f(uy)updx + 0,(1). (3.2)
R3 R3 R3

From the boundedness of {u,} € H'(IR%), it follows that {A,} is also a bounded sequence, up
to a subsequence, we may assume that A,, — A¢ as n — +oo0. Hence, we have that

1" () — Ae¥" () | (2 ey < IJe' () — A" () | rr ey + [An — Al () | (12
which combing with u, — u, in H'(IR%), we can deduce that
J' (ue) — A¥ (ue) =0 in (H'(R?)).
By using Lemma 2.3, we can prove that
Je' (un) = J¢' (ue) + J¢' (vn) + 0n (1),

and
Y (uy) =Y (ue) + ¥ (vn) +0,(1).

Hence, we have
]e/(“n) - As‘fﬂ(”n) = ]s/(vn) - )\eT/(Un) +0,(1),

and so
H]sl(vn) - AET,(Un)H(Hl(]RS))/ —0 asn— +oo,

which implies that

/]R3 (|Vou)® + V(ex)|v,|?)dx + /]R3 Po, Un>dx — Ae /IR3 |0, [2dx = /]R3f(vn)vndx +0,(1).
Suppose on the contrary that |v,|, — 0, by interpolation inequality, one infers that
v, — 0 inLY(R%),  Vte[26). (3.3)
By (f1), (f2) and (3.3), we deduce that
/R3f(vn)vndx < /]R3 Cilon|P 4+ Co|vy|7dx — 0 asn — +oo,

and
/]R?’ ()bvnvnzdx S |Ui’l|%§2 —0 asn— —|—OO,
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and
/ V(ex)|v,[2dx < / ti|op|?dx — 0 asn — +oo.
R3 RR3

Hence, we have that

/3 |Vo,[*dx — 0 asn — +oo,
R

which leads to ||v, || (gs) — 0, which gives a contradiction by v, + 0 in H'(R?). Therefore,
there exists p > 0 independent of & € (0,¢&p) such that

lrllr_rggof lun — uel3 > B. O
In what follows, we set
. [1 /33
0 < p < min o (Yoo — Y0,0) < p1- (3.4)

Lemma 3.4. For each € € (0,¢), the functional |, satisfies the (PS). condition restricted to S(a) for
c <You+p.

Proof. Let {u,} be a (PS). sequence for J. restricted to S(a) with u, — u, in H'(R3) and
¢ < Yo, + p. Then, by Proposition 5.12 in [30], there exists (A,) C R such that

H]£,(un) - /\n‘F/(Mn)H(Hl(]Rs))/ — 0 asn — +oo.

By Lemma 3.3, if v, = u,;, —u; - 0in H! (]R3), there exists B > 0 independent of ¢ such
that

e 2
liminf [0, > B.

Let d, = |v,| satisfying that |v,|» — d > 0 and |u,|» = b, by Brézis-Lieb lemma, we obtain
a*> = b? + d*>. By Lemma 3.2, we have b > 0 and in its proof it was proved that J.(v,) >
Yoo,4, + 01(1), we must have d,, € (0,a) for n large enough, and so

c+ On(l) = ]s(un) - ]s(vn) + ]s(us) + 011(1) Z Yoo,d,, + YO,b + On(l)-
By Lemma 2.6, we infer that
dé be
Y + Y(),a > ETZYOO,Q + EYO/W

As n — +o0, using a? = b? + d?, we arrive at the inequality

d° b — a® d° 3a%d* — 3a*d? 3
Y > EYOO'Q + TYO,a > E(Yw'a - YO,a) + TY(M > %(Yoo,a - YO,a)r

which is contradict with (3.4). Thus, v, — 0 in H'(RR®), that is, u, — u. in H'(IR®), which
implies that |u|» = a and

where A, is the limit of some subsequence of {A,}. O
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4 Multiplicity result
Let 6 > 0 be fixed and w be a positive solution of the following Schrodinger—Poisson system

—Au+¢u=f(u)+Au in R
—Ap = u? in R3,
Jgs [u]?dx = a?,

with Jo(w) = Yo,. Let 77 be a smooth nonincreasing cut-off function satisfying

1, 0<s<3,
S) =
1(s) {0, s > 0.

For any y € M, let us define

ex — y) & Fey(x)

Yey(x) = n(lex —y|)w < e Yoy(x) =a Ve yl2 ’

and denote ®.: M — S(a) by O.(y) = ‘T’g,y. Clearly, ®,(y) has a compact support for any
y e M.

Lemma 4.1 (See [14, Chapter 11, 3.2]). Let I be a C'-functional defined on C'-Finsler manifold V.
If I is bounded from below and satisfies the (PS) condition, the I has at least caty()) distinct critical
points.

Lemma 4.2 (See [8, Lemma 4.3]). Let I', QO", O be closed sets with O~ C Q. Let ®: O~ — T,
B: T — QF be two continuous maps such that B o ® is homotopically equivalent to the embedding
Id: Q™ — QF. Then cat(T') > catq+(Q7).

Lemma 4.3. The function ®. has the following property:

lin(} Je(®:(y)) = Yo,u, uniformlyiny € M.
e—

Proof. To prove this lemma, we argue by contradiction that there exist 5p > 0, {y,} C M, {y.}
is a bounded sequence and ¢, — 0 such that

|]gn(q>8n (yn)) - YO,Q‘ Z 50/ vn S IN.

Since

2

17(enz)w(z)|* = |w(z)|*> ae. inR®asn — +oo,

and
n(enz)w(z) < w(2)%,
by Lebesgue’s dominated convergence theorem, we get

lim [ [¥e,,Pdx= lim [ |y(e,z)w(z)dz = / w]2dz = 2.
RR3 R3

n—+oc0 n—+oo JIR3

Then, there exists N > 0 such that
a
2 7

We, |3 > Vi > N.
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. . 2
Settlng |‘F£nr]/n ‘% 2 C = mln{il "Ff«l,yl |%' |T€2,y2 |%/ s |1Y8N/y1\/ |%}
Since

Jlim F(®e, (ya) = lim F (a%) = F(w) ae.inR?,

and by (f1) and (f2), we have that

(eaz)ol) e Gt
F(@ )| = |F (o FESE )| < o) + Gl

thus, by Lebesgue’s dominated convergence theorem, we have

lim F(®,,(yn))dx = lim - F <a17(£nZ)W(Z)|2> dz — /IR3 F(w)dz.

n——+oo JR3 n—s+o00 |7 (enz)w(z)
For almost every z € R3, we deduce that

lim |V®,, (y,)[?

n—s4o00
22
= lim ¥, n|%|V( 7(enz)w(z))
= tim_[V(7(enz))w(2) + (en2) Voo(z) P
= lim [e en|V (17(en2))w(2) |* + |7 (e22) Vo (2) |* + 2eu1y (£02) V (1 (€n2) )w (2) Vo (2)]
= lim |Va(z)[?
and
2
V@, (ya)* < %[eilv(ﬂ(an))W(Z)\z + |1(eaz) Vo (2)[? + 2eu17 (£22) V (17 (€22) ) (2) Vo (2))]
2
< E[C3€%IW(Z)!2 +|Vo(z)? + Cagh|w(z)* Vw(z) ],

by Lebesgue’s dominated convergence theorem, we obtain

: 2 _ 2
lim /3]V<I>€n(yn)| dx—/RS|Vw| dz.

n—+oo JR
Since
2
. 2 . a*V(enz+yn) 2 -
Jim Vie)l@ ) = Jim SHEE 0@ =0 ae ik
and 5 ( ) 2
a“V(ez +
Vel () = =g = y(ezjolz) P < Gu(e),
EnsYn

by Lebesgue’s dominated convergence theorem, we deduce that

lim V(enx)|®e, (yn)[>dx = 0.

n—+oo JR3

Since

hm 4)¢'gn (yn ) ®Sn (yn )2

n——+00
2 2
lim s et prene

= 4>ww2 a.e. in ]R3,
n——+oo ’Z — 1”
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and by Lemma 2.2-(2), we have that

2 2
s |mipredw@)] | gipnene )

|z = 7]

4)¢‘gn (yn ) ®£n (yn )

at |w(z)* [w(r)[? 2
— 7 K

S o z—7] < Csgppw?,
by Lebesgue’s dominated convergence theorem, there holds

i 2
fim R3 (Pq)fn(yn)q)ﬁn (]/n) dx

n——400
2

dzdr

2
i [ [ @O et
— lim /IR/R

n=>-+00 |z — 7|

= Pw w?dz.
R3

Consequently,
lim ]en <(1>€n (]/n)) = ]O,a(w) = YO,u/

n——+o00

which is absurd. Hence, we complete the proof. O

For any 6 > 0, let R = R(6) > 0 be such that M; C Bg(0). Let x: R*> — R® denote by

x(x) = x for |x| < R and x(x) = % for |x| > R. Hereafter, we are going to consider f,:

S(a) — R3 given by
_ Jrox(ex)|ul?dx
= — _

Be(u)
Lemma 4.4. The function ®. has the following property:
lim Be(®:(y)) =y, uniformlyiny € M.

e—0

Proof. Suppose on the contrary that there exist &p > 0, {y»} C M, and ¢, — 0 such that

|Be, (Pe, (yn)) —yul >0,  VneN. (4.1)

By the definition of @, (y,) and B,, we have that

N Jrs (X(€nz +yn) — yn) [ (enz)w(z) Pdz
|T8nzyn (E”+y” ) ’%

En

Be, (Pe, (Yn)) = Yn

Since (y,) C M C Bg(0),

(x(enz +yn) — yn)|17(£nz)w(z)|2
‘Ten/]/n (M) |%

En

—0 ae. inR3

and

EnZ+Yn) — Yn eq.z)w(z)|*> 2R
(X( Y ) ]/Snl’;zl( . ) ( )’ S €|w(z)|2’
|T£nzyn< )‘2

En

by Lebesgue’s dominated convergence theorem, we deduce that
|,B€n (cbsn (yn)) - ]/n| — 0, asn — +oo,

which attains a contradiction with (4.1). Hence, we complete the proof. O
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Proposition 4.5. Let ¢, — 0 and {u,} C S(a) with J¢(un) — Yo.. Then, there is {y,} C R3
such that v, (x) = uy(x + ¥u) has a strongly convergent subsequence in H'(IR®). Moreover, up to a
subsequence, y, = ey, — y in R3 for some y € M.

Proof. Firstly, we claim that there exist Ro, T > 0 and y,, € R3 such that

/ |un|2dx >T Vn € IN.
BRQ(?”)

Otherwise, owing to Lions’ vanishing lemma, we have that u#,, — 0in L (]R3) forall p € (2,2%),
which implies that fIR3 F(u,)dx — 0. Thus, lim,— e Je, (4y) > 0, which contradicts with
limy,— 4o Je, (Un) = Yo, < 0.

Considering v, (x) = u,(x + Jn), up to a subsequence, we may assume that there exists
v € H'(R3) \ {0} satisfying v, — v in H'(R3). Since {v,} C S(a) and J;, (un) > Jo(un) =
Jo(vn) > Yo,4, there holds that Jo(v,) — Yo,. By Theorem 2.8, v, — v in H!(R3) and v € S(a).

In what follows, we are to prove that {y,} is bounded. Arguing by contradiction that for
some subsequence |y,| — +oo, the limit

Yo, = nl_lg_loo Je, (”n)

. 1 1
= lim <2 /}RS(|an|2+V(:snx+yn)|vn\2)dx+Zl/]R3 ¢vnvn2dx—/]RSF(vn)dx>

n—+00

> 1/ (]VU\Z—I—VOO\U\Z)dx—i—l/ 4707)2dx—/ F(v)dx
2 R3 4 R3 R3

> Yeou,

this gives a contradiction due to (3.1). Therefore, we can suppose that y, — y in R3. Similarly
discussed as above, we obtain

1 2 2 1 2
Yoo 2 5 [ (Ve + V@) el)dr+ g [ godr— [ Flo)dr> Yy,

By Corollary 2.9, we know that Yy ), > Yo.q as V(y) > 0. Since V(y) > 0 for all y € R?, the
above inequality implies that V(y) = 0, thatis, y € M. O

Let h: [0, +00) — [0, +00) be a function such that h(e) — 0 as ¢ — 0 and set
S(a) = {u e S(a) : Je(u) < You +h(e)}. (4.2)

In view of Lemma 4.3, the function h(e) = SUP, e |Je(Pe(y)) — Yo,q| satisfies that h(e) — 0 as
¢ — 0. Thus, ®¢(y) € S(a) for all y € M.

Lemma 4.6. Let 6 > 0and M; = {x € R®: dist(x, M) < &}. There holds

lim sup il}£_|ﬁe(u) —z| =0.

e—0 ueS(a) zeMs
Proof. Lete, — 0 and u, € S(a) such that

inf |Be, (un) —z| = sup inf |Be, (un) —z| +04(1).
2&Ms un€S(a) zeM,
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According to the above equality, it is sufficient to find a sequence {y,} C M; such that

lim [, (1n) = yu| = 0.

n——+oo
Since u, € S (a), we obtain
You < Jo(un) < Je,(un) < Yo+ h(en) Vn € N,

and so,
u, € S(a) and J., (un) — Yo,

From Proposition 4.5, it follows that there exists {yn} C R3 such that Yn = €nlYn — y for
some y € M and v, (x) = u,(x + ) is strongly convergent to some v € H!(RR®) with v # 0.
Then, {y,} C M; for n large enough and

f s(x(&nz +yn) —yn)|vn|2dz
]/n+ R (12 7

Be, (1n) =
which implies that

 Jro (x(Enz + Yn) — yn)|on|?dz

Be, (un) = yn = 2 — 0 asn — Hoo.

The proof is completed. O

4.1 Proof of Theorem 1.2.
In what follows, let ¢ € (0,¢g). By Lemma 4.3, for any y € M, we have
Je(@e(y)) < Yo+ h(e), h(e) = 0(e — 0),
which implies that ®.(M) C S(a). By Lemma 4.6, we obtain
dist(Be(u), M;) <6,  Yu € S(a),

which leads to B(5(a)) C M;. Hence, we have that . o ®.(M) C M;. We define id : M — Ms.
Hereafter, let us define W : [0,1] x M — M

W(ty) =tBeo®+ (1 —t)id(y) te[0,1],

satisfying W(0,y) = id(y), W(1,y) = B o ¢, we can conclude that B, o ®; is homotopic to
the inclusion map id : M — M;. By Lemma 4.2, it follows that

cat(S(a)) > catyy, (M).

Arguing as Lemma 2.4, we also have that J; is bounded from below on S(a). From Lemma
3.4, we have that the functional ], satisfies the (PS). condition for the ¢ € (Yo, Yo, + h(e)).
By Lemma 4.1, there exists at least cat(S(a)) critical points of J, restricted to S(a). Since
S(a) C S(a), cat(S(a)) < cat(S(a)). Then, by the Lusternik-Schnirelmann category theory
(see [19] and Theorem 5.20 of [30]), we have that ], has at least catps, (M) critical points on

S(a).
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