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Abstract. In this paper, we study the quasilinear Schrodinger equations
—Au+V(x)u+ A u = f(x,u), vx € RN,

where V € C(RN;R) may change sign and f is only locally defined for |u| small. Under
some new assumptions on V and f, we show that the above equation has a sequence
of solutions converging to zero. Some recent results in the literature are generalized
and significantly improved and some examples are also given to illustrate our main
theoretical results.
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1 Introduction

The aim of this paper is to establish the existence of multiple small solutions for the following
quasilinear Schrodinger equations

—Au+V(x)u+Au?)u = f(x,u), VxeRN, (QSE)

where V € C(RVN;RR) may change sign and f is only locally defined near the origin with
respect to u and satisfies some weak and general sublinear assumptions.

Quasilinear Schrodinger equations (QSE) are widely used in non-Newtonian fluids,
reaction-diffusion problems and other physical phenomena. More information on the physical
background of these equations can be found in [6].

In recent years, with the aid of variational methods, the existence, nonexistence and mul-
tiplicity results of various solutions for (QSE) have been extensively investigated in the litera-
ture see [1,5,8,10,13] and the references therein. Here we emphasize that in all these papers
V is a positive constant or possesses some kind of periodicity or radially symmetric, and the
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nonlinear term f(x,u) is always required to satisfied various growth conditions at infinity
with respect to u.

Recently, Chong et al. in [8] studied the equation (QSE) and proved the existence of mul-
tiple small solutions under the following conditions:

(C1) There exist § > 0 and C > 0 such that f € C(RN x [—4,6],RYN), f is odd in x and

|f(x,u)] < Clu|, uniformly in x € RY;

(Cy) There exist xo € RN and ry > 0 such that

liminf< inf F(x'u)>>—oo

u—0  \ x€Byy(xo) |u|?
and
F
limsup< inf (x'2u)>=+oo,
u—0 X€By, (%0) ‘t|
where

F(x,u) = /Ouf(x,s)ds.
(V) Forall x € RN, 0 < V(x).

Motivated by the work of Chong et al. [8] and the [17, Lemma 2.3], in [5] the authors replaced
the Condition (C;) by a weak condition and proved the existence of multiple small solutions.
Precisely, they supposed the following assumption:

(C,) There exist xg € RN, two sequences (6,), (M,) and constants a, 79 > 0 such that
6y, My, > 0 and

lim 6, =0, lim M, = +oo,
n—00 n—oo

F(x,u)
On”

> M, for|x— x| <rpand |u| =4,
F(x,u) > —au® for |x — xo| < rgand |u| <.

In the present paper, different from the references mentioned above, we are going to study
the existence of infinitely many solutions for (QSE) without any growth condition assumed
on f(x,u) at infinity with respect to u and the potential V € C(RM;R) may change sign. In
fact, we will only require that f(x,u) is locally defined for u small and satisfies some general
and weak sufficient sublinear condition in u and V' is neither of constant sign nor periodic.
More precisely, we make the following assumptions:

(Vo) There exists a constant ay > 0 such that

V(x)+ag>1, VYxeRY,

/RN(V(X) +ag)~dx < oo,

and {x € RN/V(x) =0} D B(0,1), where B(0,1) is the unit ball in RN.
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(F;) F € CY(RN x (—4,0)) is even, and there exists a constant a; > 0 such that
If(x,u)| < a1, V(x,u) € RN x (=46,6),
where § > 0.
For p > 0, x € B(0,1) satisfying B(x,p) C B(0,1) and for u € (0,5), we define

F(x,u,p):= ilnf{P(Z’Zu)p2 (Y€ B(x,p)} i (1.1)
F(x,u,p) ::inf{F(yL'[;nu)pz:yeB(x,p),Ogmgl}. (1.2)

Substituting m = 0 into sz, we see that F(x,u,p) < 0. We assume:

(F2) There exists a positive integer ko satisfying the following condition:
For each k > ko, there exist y; € (—%,0) U (O,g), xx; € B(0,1), with 1 < i < 2k and
Pk > 0 such that B(xk,ilpk) - B(Orl)/ B(xk,irpk) N B(xk,jlpk) =Qfori 3& ] and

in F(xc;, Uy, NFL 1) min F(xps, ug, ox) > 2N*2. 1.3
nin, (Xki, ier Px) + ( )12’}2}](*(3%,1 Hks Ok) (1.3)

In (1.3), N is the dimension of the domain RV.
Our main results reads as follows.

Theorem 1.1. Suppose that (Vo) and (Fy), (F.) are satisfied. Then, equation (QSE) possesses a
sequence of solutions {uy} such that ux(x) — 0in L™ as k — oo.

Remark 1.2.

¢ We insist on the fact that in the hypotheses (F;)-(F,), the conditions on the nonlinearity
F(x,u) are supposed only near # = 0 and there are no conditions for large |u|. This is
essential and important. Indeed, this assumptions allows us to study equations having
singularity or supercritical terms as |u| — .

* Under (F;)—~(F,), F(x,u) can be subquadratic, superquadratic or asymptotically quadratic
at infinity. Our Theorem 1.1 is in some sense an improvement for some related results
in the existing literature.

* To the best of our knowledge, there is no result concerning the existence and multiplicity
of solutions for the equation (QSE) with the conditions.

Corollary 1.3. Suppose that (V) and (Fy) are satisfied and 6 > 0 be as in (F;). We assume that
there exist sequences My, — 00 as n — 00, U, € (—%,0) U (0, %) and p, > 0, v, € B(0,1) such that
B(vy, pn) C B(0,1) and a constant ¢ > 0, satisfy

F(x,un)0% > Muu?, F(x,luy)p% > —cu’  for x € B(vy,p4), 0< 1< 1. (1.4)
Then, equation (QSE) possesses a sequence of solutions {uy} such that ui(x) — 0in L® as k — oo.

Corollary 1.4. Suppose that (Vi) and (Fy) are satisfied and 6 > 0 be as in (Fy). We assume that there
exist sequences 1y € (0,3), pn > 0 and v, € B(0,1) such that B(v,, p,) C B(0,1), and they satisfy

r}i_r)gof(vn,un,pn) = oo, (1.5)
liyrlrl}gle(vn,un,pn) > —o0. (1.6)

Then, equation (QSE) possesses a sequence of solutions {uy} such that ux(x) — 0in L® as k — oo.
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Corollary 1.5. Suppose that (Vy), (F) and (Fy) are satisfied. Then, equation (QSE) possesses a
sequence of solutions {uy} such that uy(x) — 0 in L* as k — oo.

Corollary 1.6. Suppose that (Vy), (Fy) and

inf  u?F(x,u) — 00 asu — 0, (1.7)
X€B(x0,70)

are satisfied. Then, equation (QSE) possesses a sequence of solutions {uy} such that uy(x) — 0 in L®
as k — oo.

2 Preliminary results and variational setting

We employ an argument inspired by the work of Costa, Wang [11], the quasilinear problem
was can be established:

—div(h?(u)Vu) + k() (u)|Vul> + V(x)u = f(x,u), x € RV, (2.1)
where & : [0,+00) — R satisfying

042 1
h(t){\ﬂ 22 if0<t<

1 1 : 1
g‘}'% lftzﬁ,

and h(t) = h(—t) for t < 0. It deduces that & € C!(R, ( (ﬁ), 1)) and is increasing in (—o0,0)

and decreasing in [0, +0). Then, we define

H(t) := /Oth(s)ds.

It is well known that H(t) is an odd function and inverse function H~!(t) exists. We now
summarize some properties of H~!(t) as follow.

Lemma 2.1 ([1]). We have:
1. |t < [H7Y(8)| < V6|t| forallt € R;
2. [H(t)| < |t| forallt € R;
3. =3 < LH(t) <0 forallt > 0.

As in [11], in the present paper we are concerned to provide that the problem (2.1) has a
sequence of weak solution {u,} satisfying ||u||r~ < min{d/2, %}, in this situation

() = (1 —2|un|2)1/2.

In order to prove our main result via the critical point theory, we need to establish the
variational setting for (QSE). Before this, we have the following remark:
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Remark 2.2. Let Vo(x) = V(x)+ao, F(x,H *(v)) = F(x,H '(v)) + ¥(H *(v))* and
Fo(x,u) := fou fo(x,s)ds. Consider the following equation

Hl(0) _ folx,H \(0))
W(H=(0))  W(H(0))
Then, equation (2.2) is equivalent to equation (QSE). It is easy to check that the hypotheses
(Vo) and (Fy), (F2) still hold for Vy and Fy provided that those hold for V and F. Hence, in

what follows, we always assume without loss of generality that V(x) > 1 for all x € RN and
Jrn (V(x)) " dx < o0,

In view of Remark 2.2, we consider the space E := {u € H'(RN) | [pn V(x)u?dx < oo}
equipped with the following inner product

—Av + Vp(x) Vx € RV, (2.2)

(u,0) := /]RN(VM -Vou+ V(x)uv)dx.

Then E is a Hilbert space and we denote by || - || the associated norm. In what follows, E
becomes our working space. Moreover, we write E* for the topological dual of E, and (-, -):
E* x E — R for the dual pairing. Evidently, E is continuously embedded into H!(R"). Using
the Sobolev embedding theorem, we immediately get the following lemma.

Lemma 2.3. If V satisfies (Vp), then E is continuously embedded in L'.
Proof. By (Vy) and Holder inequality, we have for all u € E

/ |u| dx = /
RN RN

<[ w)?
< </1RN (V(x)) ™ dx) (/IRN V(x)u%lx)i
s(é“ﬂﬂ)WQﬂMh

Lemma 2.4. If V satisfies (Vy) then E is compactly embedded into L.

(V) (V(x)* u| d

(V(x))% u’ dx
2 (2.3)

Proof. Let (u,) C E be a bounded sequence such that 1, — u in E. We will show that u, — u
in L!. By Holder’s inequality, we have

/ |ty — u| dx
RN
= |ty — u| dx + |ty — u| dx
|x|[<R |x[>R
1
< RN / = uPdx) + [ (V)T (V) )] dx
= n n
|x|<R |x|>R
1 (2.4)
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where R > 0, w the volume of the unit ball in RN. Then by (V;) and the Sobolev embedding
Theorem, for any € > 0 there exits Ryp > 0 such that for R > Ry, we have

/N|un—u|dx§£. O
R

Lemma 2.5 ([2]). E is continuously embedded into LP (RN) for all p € [2,6], and hence there exists
Tp > 0 such that
[0l Lo ey < Tpllull, Vu € Eand p € [2,6]. (2.5)

3 Proofs of main results

In order to define the corresponding variational functional on our working space E, we need
modify f(x,u) for u outside a neighborhood of the origin to get a globally defined f(x,u) as
follows: Choose a constant b € (0, $) and define a cut-off function x € C(RR,R) satisfying

if —b<t<b )
x(t) = and, — 5 < X (t) <0 forb < |t| < 2b. (3.1)
0 ift>2b

Let f(x,u) := x(u)f(t,u), for all (x,u) € RN x R, and F(x,u) := fo x,s)ds, for all (x,u) €
RY x R. By (3.1) and assumption (F;) we have, for all (x,u) € RN x R,
‘ﬁ(x,u)‘ <aj|u| and ‘f(x,u)‘ < ay, (3.2)

where a; is the constant given in assumption (F;) and a5 is a positive constant.

Remark 3.1. As we have mentioned above, it is easy to verify that the equation (3.2) becomes
f(x,H_l(v))‘ < ‘H‘l(v)‘ and ‘f(x,H‘l(v))‘ <a ’h(H‘l(v))‘ . (3.3)

Now, we consider the following modified equation

~1(p ~x -1y —
—Av + V(x)hg{_l((v))) = f}(l(;fl(é);), Vx € RN, (QSE)

To find the weak solutions of (QSE) with desired properties, we focus on a Lagrangian func-
tional defined by

D(0) = % /RN (190 + V(x)\H_l(v)\z)dx —¥(H (o)), (3.4)
with the change of variable v = H(u) and ¥(v) = [n E( (v))dx.

Lemma 3.2. Suppose that conditions (Vo) and (Fy) are satisfied. If v € E is a critical point of @, then
u = H Y(v) € E and this u is a weak solution for (QSE).

Proof. Since v € E and by Lemma 2.1, we can conclude that u = H~!(v) € E. Furthermore, v
is a critical point for @, it follows that

/ VoV edx +/ v))) pdx = i W(pdx forall ¢ € E.
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If we take the function ¢ = h(u)y, where u = H1(v) and ¢ € CP(RY), then we can obtain

/IRN VoVuh' (u)pdx + /]RN VoVph(u)dx + /}RN V(x)updx — /IRN f(x,u)pdx = 0.
Then, we get
/IRN (= div(r2(u)Vae) + h()h ()| V> + V (x)u — f(x, ) ) px = 0. O

According to [8], we know that in order to find solutions of (QASJE) it suffices to obtain
the critical points of ®. For this purpose we recall the following definitions and results (see
[14,15]).

Definition 3.3 ([15]). Let E be a real Banach space and ¢ € C'(E,R).

* ¢ is said to satisfy (PS) condition if any sequence (1) C E for which (¢(uy)) is bounded
and ¢'(ug) — 0 as k — oo, possesses a convergent subsequence in E. Here ¢'(u)
denotes the Fréchet derivative of ¢(u).

e Set T := {A C E\ {0} : Ais closed and symmetric with respect to the origin} . For A €
I', we say genus of A is n (denoted by 0(A) = n), if there is an odd mapping ¢ €
C(A,R"\{0}), and n is the smallest integer with this property.

Theorem 3.4 ([14, Theorem 1]). Let ¢ be an even C' functional on E with ¢(0) = 0. Suppose that
¢ satisfies the (PS) condition and

(1) ¢ is bounded from below.

(2) For each k € IN, there exists an Ay € T such that sup,ca ¢(u) < 0, where Ty = {A € T :
o(A) > k}.

Then either (i) or (ii) below holds.
(i) There exists a critical point sequence (uy) such that ¢(uy) < 0 and limy_, uy = 0.

(ii) There exist two critical point sequences (uy) and (vy) such that ¢(uy) = 0, ux # 0, limy_,0 g =
0, p(vr) < 0,limy_,o ¢(vx) = 0, and (vy) converges to a non-zero limit.

Lemma 3.5. Let (Vo) and (Fy) be satisfied. Then ¥ € C'(E,R), and hence ® € C'(E,R). Moreover,

flx, H ' (v))

(') = |, h(Hl(UZ))) ¢ dx, (3.5)

and

(3.6)

0
e H(H 1(0)) 9

for all v, ¢ € E, and nontrivial critical points of ® on E are solutions of equation (QSE).
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Proof. First, we show that ® and ¥ are both well defined. For any v € E, by (2.3) and (3.2), we
have

/ |?(x,H—1(v))|dx§a1/ IH(0)] dx
]RN ]RN

<m /]RN |v| dx
<o (], N<v<x>>-1dx)% ol

This implies that ® and ¥ are both well defined.
Next, we prove ¥ € C!(E,R). For any given v € E, define an associated linear operator
J(v) : E— R by

V@)= [Ty, vper
By (2.3) and (3.2), there holds
el = [, ffl(;" gl ax
<ar [ ol dx

<o ([ e dx); Il

This implies that J(v) is well defined and bounded. Observing (2.3) and (3.2), for any v, ¢ € E,
by the Mean Value Theorem and Lebesgue’s Dominated Convergence Theorem, we have

Y(H '(v) +s¢) —¥(H '(v)) flx, H™(v) + 6(x)s9)

lim . = lim RN h(H=1(v) +0(x)s) i
_ [ T 47
= Jev H(H () ¢
= (J(v), 9),

where 6(x) € [0,1] depends on v, ¢, s. This implies that ¥ is Gateaux differentiable on E and
the Gateaux derivative of ¥ at v € E is J(v). Now for any € > 0, by (V}), there exists Re > 0

such that :
-1 2 i
( /|XI>RG(V(x)) dx> < g (3.8)

For this end, we claim that if H(v,) — H !(v) in E, then for any R > 0 i o))

7 h(H (vy))
% in L2(Bg), where B denotes the ball in RN centered at 0 with radius R. Arguing

indirectly, by Lemma 2.5, we assume that there exist constants R, > 0 and a subsequence
{H 1(vy;) }ren such that

H '(v,) - H '(v) inL*(Bg.) and H '(v,)— H '(v) ae.in Bg. ask— oo, (3.9)

but using (F;), we have

/|x|<Re

fl, H Y (v,))  f(x,H (v)) ’ ix>e VkeN. (3.10)

h(H (o)) B(H'(0))
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By (3.9), passing to a subsequence if necessary, we can assume that

Z IH ™ (0n,) = H™(0) 123y, ) < +o0.

By virtue of (3.3), we get

‘/|X<Re

For the R, given above, combining (3.9), (3.11) and Lebesgue’s Dominated Convergence The-
orem, we have

f, H(0,)  Foo H (o) [

v
WH (o)) h(H (@) | 51 G4

Fo H(0,)  Foo H o) [

W(H (0n))  W(H @) | ="

lim
k—00 ‘x‘SRe

which contradicts (3.10). Thus the claim is true. Consequently, there exists N. € IN such that

/|x|<Re

Combining (3.3), (3.8), (3.12) and the Holder inequality, for each n > N, we have

fx, H(0,)  Foo H o) [

h(H (on,))  R(H"1(0))

dx < g Vn > N (3.12)

1J(0n) = J(@)l[e- = sup  [(J(vn) = ](2), 9)]

|H o) =1
1 s -1
: -1 / [f }{Hl ?Ev)))) _fi(zJ(C}IHl(z(f)))))] pdx
f I -1
i e
HH o | 1;53 LRI P
2

Fle H  o2) _ floH'(0)

h(H (vq))  h(H™'(0))

< sup /
[H-1(v)||=1 ( |x|<Re

o s ([ worte) ([ Vo)

2a-€

<€
-2 4a,

This, means that J is continuous in 1. Thus, ¥ € C! (E,R) and (3.5) holds. Due to the form of
¢, we know that ® € C!(E,R) and (3.6) also holds.

Finally, a standard argument shows that nontrivial critical points of ® on E are solutions
of (QfBJE) (see, e.g., [8]). The proof is completed. O

Lemma 3.6. Let (V) and (Fy) be satisfied. Then ® is bounded from below and satisfies (PS) condition.
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Proof. We first prove that @ is bounded from below. Combining (F1), (2.3), (3.2) and the
Holder inequality, we have

1 _
() = SllolP— a1 [ |H(0)dx
RN
1 1 (3.13)
> ol —an ([ (V) ax) ol voek
RN
where a5 is the constant given in (3.2). Then it follows that ® is bounded from below.
Next, we show that @ satisfies (PS)-condition.
Let {v,} C E be a (PS)-sequence, i.e.,
|®(v,)| <Dy and @'(v,) -0 asn— (3.14)

for some D, > 0. By (3.13) and (3.14), we have

1
1 _ 2
D, > 2||vn||2—az(/ (V(x)) 1dx> loa|, VneN.
RN

This implies that {v,} is bounded in E. Thus, there exists a subsequence {H !(v),,} such
that
H ' (vy,) = H ' (vp) ask — oo (3.15)

for some vy € E. By Lemma 2.4, it holds that
H ' (v,,) = H '(vg) inL'ask — co. (3.16)

This together with (3.3) yields

Foo H Y (v))  f, H ' (wo)] ... )
/RN[MH*(%)) - h(H_l(UOS)) (H ™ (0n) = H ' (v0))dx

< 24 / H N (on) — H ' (00)|dx 0 ask — oo, (3.17)
R
Noting that {,} is bounded in E, we infer from (3.14) and (3.15) that
(@' () — @ (Go), H ' (ne) —H () = 0 ask — co. (3.18)
Combining (3.6), (3.17) and (3.18), we have

IH " (&) — H ' (Z0) |7
= (D' (&n,) — D' (Z0), H ' (&) — H (o))

3 = (3.19)
" /]RN <h(]1({(i§ga))) N h(ﬁﬁ%ﬂ))) (H'(Gn) — H '(G0))dx = 0 ask — co.
This means that H~!(&,,) — H '(¢&) in E as k — co. Thus ® satisfies (PS)-condition. O

We introduce a closed symmetric set Vj as below:

Vi={(li,b, ..., 1) € R¥;|I;| < 1foralli, card{i : |I;| = 1} > k}. (3.20)
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Lemma 3.7 ([15, Lemma 4.5]). Vi has the genus of k + 1.

Lemma 3.8. Let (V), (F1) and (F,) be satisfied. Then for each k € IN, there exists an Ay C E with
genus 0(Ay) = k +1 such that sup,. , ®(v) <0.

Proof. Let py, xi; and py with k > ko be given in assumption (F). Since I'y C I'y_1 by definition,
it is enough to construct an Ay € Ty for k > ko such that sup,,. A ®(u) < 0. Fixk > ko. Instead
of pug, xx; and px we write y, x; and p for simplicity. Using F and F given by (1.1) and (1.2)
respectively, we define

Fi = f(xi/ V/P)/ Ei = E(xi/ ]’l/p)/ 1 S 1 S 2k

It follows from (1.1) and (1.2) and for x € B(x;,p), that

F(x,p) > ple (H'(u))? > :ZFWQ, (3.21)
1 1
F(x,1(n)) = f;F (H () > ;Eu <1 (3.22)

We define a function ¢(t) on R by ¢(t) =1 for |t| <1/2, ¢(t) =2(1— |t]|) for 1/2 < |t| <1,
@(t) = 0 for |[t| > 1. Put ¢;(x) = ¢(|x — x;|/p) for x € RN. Then ¢; € WL*(RN). Define
B; := B(x;,p) and D; := B(x;,0/2). Then 0 < ¢;(x) < 1in RY, ¢;(x) = 0 for x € RN\ B; and

pi(x) =1 forx e D;, |Vegi(x)| < for x € RV, (3.23)

TN

Let Vi be given by (3.20). We define

k
Ay = {MZZZZQDl(X) : (ll,...,lzk) € Vk}.

i=1

Since all the supports of ¢; (1 < i < 2k) are disjoint, they are linearly independent. De-
fine g(Iy, ..., lx) := Y2, L;ip;(x). Then g is a mapping from V; onto A and it is an odd
homeomorphism. By Lemma 3.7, the genus of Vj is k + 1 and so is A;. Thus Ay € I'k.

We shall show that sup 4, ®(v) < 0. Fix (I, ..., Ix) € Vj arbitrary. Let v := p Y& Ligi(x) €
Agand p € (0, 2\[(5) be arbitrary. Since the support of ¢; is B; and B; N B; = @ for i # j, we
have

o(0) = ;/IRN(|VU|2 F V() (H )2 — [ Foe, H (0)dx

R

:;/ (|VU|2+V(x)(H_l(U))z)dx—/]RNf(x,H‘l(v))dx
= ZZ 12dx— X, L) )dx.
3 [ euswaria | v e

By the assumption (V) and (3.23), we have

®(v) < dkwp?oN"2 — Z /B' F(x, H ' (ul;¢;))dx. (3.24)
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To estimate the second term, we define

A ={ie{l,...,2k}: |lj| =1},

Np={ie{l,...,2k}: |l <1}
By the definition of Vi, the cardinal number of A; greater than or equal to k. We compute
the integral of F on B; for i € Ay, and for i € A, separately. Recall that F(x,v) is even with

respect to v and ¢;(x) = 1 on D;. Clearly, the volume of D; is 27 NepN. By (3.21) and (3.22),
we obtain, fori € A4,

J, FCH tg)dx = [ FGeH T gt [ B H (i)

i (3.25)
> 2 Nwp?pN” ZFHr (1-27 N)Wﬂ pN ’F;.
We define
a:= min F;, B:= min F;
1<i<2k 1<i<2k
As stated after (1.2), it holds that F; < 0, and hence < 0. We rewrite (1.3) as
a4+ (2N 1) > 2NF2, (3.26)

We reduce (3.25) to

Jy

1

F(x, ulip;)dx > [2N04 +(1— ZN)ﬁ] wysz’z

The right hand side is positive because of (3.26) with B < 0. Recall that the cardinal number of
A is greather than ou equal to k. Summing up both sides of the inequality above over i € Ay,
we obtain

) / x, ulig;)dx > [ 27Ny 4+ (1— )[5} kewu?oN~ (3.27)

ISV
Next, by (3.22), for i € Ay, we have

/ F(x, ulipi)dx > wuoN72F; > Bwp®oN 2. (3.28)
B

Recall that the cardinal number of A; is less than or equal to k. Summing up both sides
over i € Ay and using B < 0, we find

Y / x, ulig;)dx > kBwu*oN~ (3.29)
i€,

The set A, may be empty. In this case, we consider the left hand side to be zero. Then the
inequality above is still valid because f < 0. Substituting (3.27) and (3.29) into (3.24) and using
(3.26), we obtain

P(v) < — [zx(ZN+1 — 1)+ B —2N"2  kwp?pN 72 < 0,
which implies that sup,. 4, ®(v) <0. O
In order to prove our main results, we further need the following lemma.

Lemma 3.9. If {v} is a critical point sequence of ® satisfying vy — 0 in E as k — oo, then vy — 0
in L*(RN) as k — co.
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Proof. Let v € E be a weak solution of (QAS/E), ie.,

/ VoV edx + / v))) pdx (3.30)
= Je f}(lJ(CHH(())))(de for all ¢ € C(RN).
Set T > 0, and denote
T, ifo<T,
vri=1qv, if -T<ov<T, (3.31)
T, ifo>T.

Taking ¢ = |o7[>"~"Dor as the text function, where 17 > 1 to be determined later, we obtain

/ \vT|2(’7’1)VvVdex +2(n — 1)/ lor 20D 1VoVordx
RN RN

o VOO gy o Vend 632
Fos )

v (H (o)) T e

By using the facts

(n—1) / . lor 21DV ordx > 0,
R

-1
/]RN V<X>M|UT’Z(“)UTM >0

and Lemma 2.1, we have

1 fH' (@) oy -
_ 7|2 JNTrom N")) 2n—1 2n—1
2 o VlerlPax < [ BRI o <o [ o ax 03)
On the other hand, it follows from the Sobolev inequality that

1
"’

where S = inf{ [pn |V0[?dx \ [gx [0[* dx = 1} and 2* = 2N/(N —2). In what follows, by
(3.33) and (3.34), we get

lerl3, < o [, IVlorlrPa (339

1 _

llorlly < [ ot (335)
From Fatou’s lemma, sending T — oo in (3.35), it follows that

lollz-y < (em)/lolly’ 5", (3.36)
Let us define 7y := .and 19 = . Next, we present the first step

of Moser’s iteration, which is shown below.

@2m—-1)/2
[0l < (Cop) /o]l (3.37)

< (Cip )1/'71((:,7 )1/’70(2'71 1) /2'71|| I 3]’(7)(1 1)/ 202 =1)/2m. (3.38)
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We can assume, without loss of generality, that C > 1. Moreover, for any i < j, we we have
the inequality given by equation

(Cm)(zﬂjfl)/zﬂj < Cy;. (3.39)
Using equations (3.37) and (3.39), we obtain the inequality

[2llna: < (Co) /7 (Copo) /o2 PP 2

Applying Moser’s iteration method, we can now derive the following result.

In(Cr;
ollages 1 < exp (2 (,7 J >) loll,

i=0

where p; = I 2z Taking the limit as k — oo, we obtain the following result.

i=0 2n;
k
lollo < exp< )

where y = TT5_ 2'71;71 (0 < u<1)andexp (Z ;m)) is a positive constant. This, together
with the SoboleV embedding theorem, we can conclude that if vy is a sequence of critical
points of ® such that vy — 0 strongly in E as k — oo, then v} converges strongly to zero in

L®(RN). O

Now we are in the position to give the proofs of our main results.

4 Proofs of Theorem 1.1 and Corollaries 1.3-1.6

The aim of this section is to establish the proofs of Theorem 1.1 and Corollaries 1.3-1.6.

4.1 Proof of Theorem 1.1

Lemmas 3.6, 3.7 and 3.8 shows that the functional ® satisfies conditions (1) and (2) in The-
orem 3.4. Therefore, there exist a sequence of nontrivial critical points (u;) of ® such that
P(u) < 0 forall k € N and uy — 0in E as k — oo. By virtue of Lemma 3.5, {u;} is a
sequence of solutions of (QSVE) with u; — 0in E as k — co. Hence, there exists kg € IN such
that u; is a solution of (QSE) for each k > k.

4.2 Proof of Corollary 1.3 and 1.4

It is enough to show that (1.5) and (1.6) = (1.4) = (1.3). Impose (1.5) and (1.6). Then we
shall construct py, xx; and pj satisfying (1.3). Fix k arbitrarily. Let C, be the inscribed cube
in B(vy, 0,). Then its edge has the length of 20,/+v/N. Let g be the smallest positive integer
satisfying gV > 2k. We divide the cube C, equally into gV small cubes by planes parallel to
each face of C, and denote them by C,; with 1 < i < gN. More precisely, denote C, by

Cn:=[0,a] x --- x [0,a] witha:=2p,/vN.
Put I, :={a(j —1)/g,aj/gq] with 1 < j < g and define
j J q,aj/4 ]=q

I(jl/---/jN) = I]'l X oo ><I]'N with 1 §j1,...,jN§q.
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This, is a cube in RN and C, is the union of all these cubes. We rename all I (ji,---,jn) to Cyi
with 1 < i < gN. Then the edge of each C,; has the length of 20,,/gv/N. Denote the inscribed
ball in C,,; by B(xy i, 7). Thenr, = p/ q\/ﬁ . Since gN > 2k, x,,; is defined for all 1 < i < 2k.

We shall show that assumption (F) is fulfilled with i, xx; and py replaced by uy, x,;
and r,, respectively, if n is large enough. It is clear that B(x,; r,) C B(0,1) and B(x,,;,14) N
B(xn,]-, rn) = @ when i # j. Define My, := F(vy, uy, pr), which implies that

F(x,uy)

s

pfl > M, for x € B(vy,pn)-

By (1.6), there exists a ¢ > 0 such that

P(xl,liun)p% > —c forx € B(vy,pn), 0<1<1.
n
Then we obtain (1.4). On the other hand, substituting p, = /N7, in the two inequalities

above, we have
NF(x,uy)
Uy

NF(x,luy)

2
Uy

7*r: > My, 7*r: > —,

for x € B(vy,pn) and 0 < I < 1. Since B(x;;,7,) C B(vn, pn), the inequalities above are valid
for x € B(xy, 1) also. Taking the infimum on B(x,,;, ), we have

= M
F(xpj, iy, 1) > Nian’ F(Xi, tn, Tn) = — -

Then we get

. = ) 1
i, F oyt o)+ (2= 1) i Ery ) 2 g (Mo = 2V = 1)c).

Since lim;, 0o M;; = o0 by (1.5), the right hand side is larger than 2N+2 forn large enough.

4.3 Proof of Corollary 1.5

To prove this corollary, it is enough to show that the assumption (F) implies (1.5) and (1.6).
By (F) there exists a sequence u,, converging to zero such that

inf  u,?F(x,u,) — c0 asn — oo.
x€B(x0,70)

Put B(x,,tn) := B(xo,79) for all n. Then the above inequality shows (1.5). Also, by (F), there
exists a constant ¢ > 0 such that

inf  u ?F(x,u) > —c for0 < |u| <1.
x€B(x0,70)

Putting u := lu,, we find

inf (lun)_zF(x,lun) > —c foralllargenand 0 <1 <1,
x€B(x0,r0)
which leads to
inf  u2F(x,lu,) > —cl> > —c.
X€B(x0,70)

Therefore (1.6) holds.
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44 Proof of Corollary 1.6
We observe that (1.7) implies (F). Therefore, Corollary 1.5 yields Corollary 1.6.

5 Example

For the reader’s convenience, we present one example to illustrate our main results.
Let

0if [x| <p,
(P> + 1?(x[ = p), 1fp<!x!<P+,,+1,
V(x) =
p +1 lfp+ 2+1<|x|<P+ 2+1r
(P> + 1 (p+1-x)), 1fp+p+1 <lxl<p+1,
and
Fxu) = 2ful = 2y, 1)

where p € IN¥, and s, 7, a are constants satisfying 1 <r <2, 1 <s < %(r +1), a>0and
d(x) :=inf{|x —y| : y € 0B(0,1)}.

Then V is neither of constant sign nor periodic. Moreover, we have

F(x/u) — ﬂ|u’—(2—s) o D

inf 7|u\_(2_y) — —o0 asu — 0,

x€B(x,70) u? S
for any B(xo,70) C B(0,1), where D := max|,_|<,, d(x) > 0. Which implies that the assump-
tion (C;) and (C)) are not satisfied. Now, we show that V and F match Theorem 1.1. Indeed,
it is clear that V(x) and F(x,u) satisfy (Vo) and (F;) respectively. It remains to check that
F(x,u) satisfies (F,). For this purpose we assume that there exists a § > 0 such that for each
k € N, there exist points §; € dB(0,1) with 1 < i < 2k which satisfy |¢; — ¢;| > 46/k for
i # j, and ¢ is independent of k. Indeed, for example, choose a smooth curve on 9B(0,1)
such that g : [0,1] — 9B(0,1) is a C!-diffeomorphism from [0,1] onto g([0,1]). Since g~! is
Lipschitz continuous, there exists a ¢y > 0 such that |g(t) — g(s)| > co|t —s| for t,s € [0,1].
Put §; := g(i/2k) with 1 < i < 2k. Then we have for i # j,

6~ &l = 18(i/2K) — 8(j/2K)| > col(i — )/2K] > co/2k.

Define ¢ := co/8. Then [{; — ;| > 40/k for i # j and ¢ is independent of k.

Put px := 6/k. For each 1 < i < 2k, there exists a unique point x; € B(0,1) such that
B(xi,px) C B(0,1) and 9B(x;, px) N9B(0,1) = {¢;}, after replacing é by a small constant if
necessary. Since |&; — Gj| > 46/k for i # j, B(x;, px) N B(xj, 0x) = @ for i # j. Since d(x) < 2o
in B(x;, px), we have

F(x,u) > |u]s - f|u] pr for x € B(x;, px). (5.2)

Define 6 as follows

L co< "
2—s 2(s—r)

+1 whens >, (5.3)
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i<(9 when s < r.
2—s

It follows from (5.3) and (5.4) and 1 < s < 2(r +1)/3 that
—(2-s5)0+2<0, —(2-s5)0+2< —(2—r)0+3.
We define iy := pg. Let us compute F defined by (1.1). Using (5.2), we have

a —(2-s)p+2 2

-+ —(2—r)6+3
F(xi/ Fk/Pk) Z gpk ; k( 1’) *

— 00,

as k — oo by (5.5). Using (5.2) and py := pg, we compute

F(x,mug) o _ am’ —(2—5)9+2_27mrp7(27r)9+3

>
‘ui P = S pk r
for x € B(x;, px) and 0 < m < 1. We put
o apkf(zfs)eul B i 2pk’(24)9+3

and denote the right hand side of (5.7) by

e B
r

; m" form € [0,1].

gk(m) ==

17

(5.5)

We shall show that gi (1) is bounded from below by a constant independent of k and m € [0, 1].

By (5.6), gk(1) > 0 for k > ko with a large ko. We divide the proof into two cases.

e 5> r. Then g(m) achieves a negative minimum in [0, 1], which is computed as

. ( ) §— T —iFaer 5— rzi - v
min k m) = — 14 N = — s—r( s—r
ogmglg sr k k sr Pis

where

V= ;(—2(5—004—35—21’).

Then v > 0 because of (5.3). Thus, the minimum of g, converges to zero as k — co.

e s < r. Since m* > m', we have g(m) > ((zxk/s) — (,Bk/r))ms > 0 for k > ko and

m € [0,1].

By Cases 1 and 2, we have the inequality gi(m) > —c with some ¢ > 0 independent of k and
m € [0,1], which shows that F(x;, g, px) > —c for all 1 < i < 2k and k € IN. This estimate

with (5.6) shows (1.3) for all large k.
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