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MULTIPLE SOLUTIONS FOR A CLASS OF p(z)-LAPLACIAN PROBLEMS
INVOLVING CONCAVE-CONVEX NONLINEARITIES

NGUYEN THANH CHUNG

ABSTRACT. Using variational methods, we prove a multiplicity result for a class of p(x)-

Laplacian problems of the form

—div(|Vu[f™72Vu) = Nu|" ™24 + f(z,u) in Q,
u=0, on 0%,
where Q C RY (N > 3) is a smooth bounded domain, p,r € C(Q), 1 <7~ <rT <p~ <pT <

min {N7 157—1;}7 X is a positive parameter, f : Q@ x R — R is continuous and p*-superlinear

at infinity but does not satisfy the (A-R) type condition.

1. INTRODUCTION

In this paper, we are interested in the existence of solutions for a class of p(x)-Laplacian

problems of the form

—div(|Vu|p(x)_2Vu) =g(z,u) inQ, (L1)
u=0, on 0f, ‘

where Q C RV (N > 3) is a smooth bounded domain, p € C(Q), 1 < p~ < p* < N, and

g:Q xR — R is a continuous function satisfying subcritical growth condition.

In the case when p(x) = p is a constant, problem (CTI) becomes the p-Laplacian problem of

the form

1.2
u=0, on 0N. (1.2)

Since A. Ambrosetti and P.H. Rabinowitz proposed the mountain pass theorem in 1973 (see

{ —Apu = g(z,u) in Q,

[M), critical point theory has become one of the main tools for finding solutions to elliptic
problems of variational type. Especially, elliptic problem ([2) has been intensively studied for
many years. One of the very important hypotheses usually imposed on the nonlinearities is
the following Ambrosetti-Rabinowitz type condition ((A-R) type condition for short): There
exists p > p such that

0 < puG(x,t) := ,u/o g(z,s)ds < g(z,t)t (1.3)
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for all z € Q and ¢ € R\{0}. This condition ensures that the energy functional associated
to the problem satisfies the Palais-Smale condition ((PS) condition for short). Clearly, if the

condition (A-R) is satisfied then there exist two positive constants dj, ds such that
G(a;,t) > dl‘t‘u — do, V(m,t) € QxR.

This means that g is p-superlinear at infinity in the sense that

. G(x,t)
lim = 4-00.
[t|>+oo  [t|P

In recent years, there have been many authors considering elliptic problem ([L2)) without the
(A-R) type condition, we refer to some interesting papers on this topic [T}, I3, 8] 19} 20, 22,
23, 24, 27, 28, B0, BT, B2] and the references cited there. In [28], O.H. Miyagaki et al. studied
problem ([LZ) in the semilinear case p = 2 by proposing the following non-global condition on

the superlinear term g(z,t): There exists top > 0 such that

g(z,)

is increasing in t > tg and decreasing in t < —tg, Vz € (L.

Using the mountain pass theorem with the (PS) condition in [I], the authors obtained the
existence of a non-trivial weak solution. This result was extended to the p-Laplace operator
—Apu by G. Li et al [23] and to the p(z)-Laplace operator Apyu = —div(|Vu|p(x)_2Vu) by
C. Ji [19]. Especially, in [23], the authors gave a simpler proof for the existence result by using

the mountain pass theorem in [I3] with the Cerami condition (see Definition EZ3).

In [2, B, 4, 33 B4], the authors studied the existence and multiplicity of solutions for problem
() involving concave-convex nonlinearities of the form g(z,t) = A|t[97%t + p|t|"~2t, where
1 <qg<p<r<p*. We also refer the readers to some similar results for the p(xz)-Laplace
operator in recent papers by M. Mihailescu [26] and R.A. Mashiyev et al. [25].

Motivated by the papers mentioned above, in this work, we will study the existence of

multiple solutions for problem (LTI) in a more general case when g(x,t) is defined by

gla,t) = Mt + f(x,1), (x,1) €A xR,

where

Nop—
1<T_§r+<p_§p+<min{N,N_pp_}, (1.4)

and )\ is a positive parameter, the function f : @ x R — R is continuous and p*-superlinear

at infinity but does not satisfy the (A-R) condition (C3)). More precisely, we consider the
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following p(z)-Laplacian problem

{ —div(|Vu[P®2Vu) = Au|" @2y + f(z,u) inQ, 15)

u=0, on Of.

Using the mountain pass theorem with the Cerami condition in [I3] combined with the Ekeland
variational principle in [I5] we show the existence of at least two non-trivial weak solutions
for (CO) provided that A € (0,A*), A* > 0 is small enough. In the case when A = 0, our
result is exactly the one introduced in [T9] but our arguments in this present work are clearly
different from those presented in [I9]. Regarding some estimates of the constant \*, we refer
the readers to some recent papers [0l 6, [, &8, O, [0, 2] in which the authors have studied the
existence and multiplicity of weak solutions for elliptic problems involving the p(z)-Laplacian.
We emphasize that the extension from the p-Laplace operator A,u to the p(z)-Laplace operator
involved in ([CH) is interesting and not trivial, since the new operators have a more complicated
structure than the p-Laplace operator, for example they are non-homogeneous. Finally, it
should be noticed that our result is new even in the case when p(x) = p is a constant, see
[2, 3, @, 23, 28, B3, 34].

Our paper is organized as follows. In Section 2, we will recall some useful results on Sobolev
spaces with variable exponents and the mountain pass theorem with the Cerami condition. In

section 3, we will state and prove the main result of this paper.

2. PRELIMINARIES

In this section, we recall some definitions and basic properties of the generalized Lebesgue-
Sobolev spaces LP(®)(Q) and W1P(*)(Q) where Q is an open subset of RY. In that context,
we refer to the book of Musielak [29] and the papers of Kovacik and Réakosnik [21], Fan et al.
[16, 7] and the lecture notes by L. Diening et al. [T4]. Set

Ci(Q):={h: heC(Q), h(z)>1foralzeQl.
For any h € C(Q2) we define

h*™ =suph(z) and h~ = inf h(x).
zeQ z€Q)

For any p(x) € C4(f2), we define the variable exponent Lebesgue space

LP@)(Q) = {u : u is a measurable real-valued function such that / lu(z)[P@®) da < oo} .
Q
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We recall the following so-called Luzemburg norm on this space defined by the formula

p(z)
|u|p(x):inf{,u>0: / ulw) dmﬁl}.
Q

I
Variable exponent Lebesgue spaces resemble classical Lebesgue spaces in many respects: they

are Banach spaces, the Holder inequality holds, they are reflexive if and only if 1 < p~ <
pT < +oo and continuous functions are dense if p™ < 4+00. The inclusion between Lebesgue
spaces also generalizes naturally: if 0 < |2] < 400 and pj, py are variable exponents so that
pi(z) < pa(z) a.e. € Q then there exists a continuous embedding LP2(*)(Q) — LP1(#)(().
We denote by L' (*)(Q) the conjugate space of LP(*)(Q), where Wlm) + p,%w) = 1. For any
u € LP@)(Q) and v € L' ®)(Q) the Holder inequality

/ uv dx
0

An important role in manipulating the generalized Lebesgue-Sobolev spaces is played by the

modular of the LP(*)(Q) space, which is the mapping Pp(z) : LP@)(Q) — R defined by

<_<1 ! >| lp(a) V]
+ W) |V (2
) p(z) IVIp’ (x)

holds true.

Pp(a) (1) = /Q ulP™) d.

Proposition 2.1 (see [17)). If u € LP®)(Q) and p* < +oo then the following relations hold

- +
[Ula) < o) (1) < Julyg, (2.1)
p(z) p(z)
provided |ul, gy > 1 while
+ _
[ulp iy < Py (1) < July, (2.2)
p(x) p(x)
provided |ul,) < 1 and
[t = ulp() = 0 & pp(a)(tn —u) = 0. (2.3)

In this paper, we assume that p € Cfg (Q), where Cfg (Q2) is the space of all the functions

of C4(§2) which are logarithmic Holder continuous, that is, there exists R > 0 such that for
all z,y € Q with 0 < |z —y| < 3, [p(z) — p(y)| < see [I4]. We define the space

VVO1 P (x)(Q) as the closure of C§°(€2) under the norm

__ R
log[x—y|’

[ull = [Vulp(a)-

Proposition 2.2 (see [I7]). The space (Wé’p(m)(Q),H.\D is a separable and Banach space
when 1 < p~ < pT < +o0o0. Moreover, if ¢ € C4(Q) and q(x) < p*(z) for all x € Q then
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the embedding Wol’p(x)(Q) s Lq(m)(Q) is continuous and compact, where p*(x) = z\]fv—ng?:();) if

p(x) <N orp*(z) = +oo if p(x) = N.

In our proof of the main result, we will use the mountain pass theorem with the Cerami

condition in [I3]. For the reader’s convenience, we recall it below.

Definition 2.3. Let (X, |.||) be a real Banach space, J € C'(X,R). We say that J satisfies
the Cerami condition (write (C.) condition for short) if any sequence {u,,} C X such that

J () — c and ||J" (um) ||« (1 + |Jum||) — 0 as m — oo has a convergent subsequence.

Proposition 2.4 (see [[3]). Let (X,|.||) be a real Banach space, J € C'(X,R) satisfies the
(C.) condition for any ¢ >0, J(0) =0 and the following conditions hold:

(1) There exists a function ¢ € X such that ||¢|| > p and J(¢) < 0;
(17) There exist two positive constants p and R such that J(u) > R for any v € X with

[ull = p-.
Then the functional J has a critical value ¢ > R, i.e. there exists uw € X such that J'(u) = 0
and J(u) = c.

3. MULTIPLE SOLUTIONS

In this section, we state and prove the main result of this paper. We will use the letter C;
to denote a positive constant whose value may change from line to line. Let us introduce the

following hypotheses:
(Fp) There exists C' > 0 such that

[f(a, )] < O+ |1

for all (x,t) € Q x R, where ¢ € C(Q) and p(z) < pt < ¢~ < q(z) < p*(z) = ]\J,V_p]ga)
for all x € €

(F1) There exists a positive constant ¢ > 0 such that F(x,t) > 0 a.e. z € Q and all ¢ € [0, 7],
where F(x,t) := fotf(:n,s) ds;

(Fy) f(z,t) = o(|tP" 1), t — 0, uniformly in 2 € Q;

(F3) 1im\t|a+oo Iz(ﬁt)

(Fy) There exists a constant C, > 0 such that

= 400 uniformly in z € €, i.e., f is pT-superlinear at infinity;

Fl(z,t) < F(z,s) + Cs
forany z € Qand 0 <t < s or s <t <0, where F(z,t) :=tf(x,t) — p* F(x,t).
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It should be noticed that the condition (Fj) is a consequence of the following condition,
which was firstly introduced by O.H. Miyagaki et al. [28] for problem (2] in the case p = 2
and developed by G. Li et al. [23] and C. Ji [19]:

(F)) There exists tg > 0 such that |tJ\;( = )2t is increasing in ¢t > tg and decreasing in t < —#g

for any = € Q.

The readers may consult the proof and comments on this assertion in the papers by G. Li et

al. [23] or by O.H. Miyagaki et al. [28] and the references cited there.
Definition 3.1. We say that u € VVO1 P (x)(Q) is a weak solution of problem (X)) if
/ IVuP@ =2V . Vo dr — )\/ u|"®) 240 da — / flx,u)pdx =0
Q Q Q

for all ¢ € Wol’p(w)(Q).

Our main result of this paper is given by the following theorem.

Theorem 3.2. Assume that the conditions (I.4), and (Fy)-(Fy) are satisfied. Then there exists
a positive constant \* such that for all X € (0, \*), problem (L) has at least two non-trivial

weak solutions.

In the rest of this paper we will use the letter X to denote the Sobolev space WO1 P (m)(Q).
Let us introduce the functional J : Wl’p(x)(Q) — R by

u) = — VulP®) gy — ul"® de — z,u)dr, u Lr() ).
T = [ IVl de = [ @ de = [ Fads, wewy()

where F(z,t) fo x,s)ds.

By the continuous embeddings obtained from the hypotheses (Fp) and (), some standard
arguments assure that the functional J is well defined on X and J € C'*(X) with the derivative

given by

J (u)(¢p) :/Q]Vu\p(x)_2Vu-Vgpda;—)\/ﬂ\u]’"(x)_2u¢dx—/Qf(a:,u)gpda;

for all u,p € X. Thus, non-trivial weak solutions of problem ([H) are exactly the non-trivial

critical points of the functional J.
Lemma 3.3. The functional J satisfies the (C.) condition for any ¢ > 0.

Proof. Let {un,} C X be a (C.) sequence of the functional J, that is,

T(um) = ¢, (| (um) [+(1 + Jum|)) — 0 as m — oo,
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which shows that
c=J(um) +o(1), J(um)(unm)=o(1), (3.1)
where o(1) — 0 as m — 0.

We will prove that the sequence {uw,,} is bounded in X. Indeed, if {u,,} is unbounded
in X, we may assume that ||u,,| — 400 as m — oco. We define the sequence {w,,} by
W = 2, m=1,2,... It is clear that {wn} € X and ||wy,|| = 1 for any m. Therefore, up to
a subsequence, still denoted by {w,,}, we have that {w,,} converges weakly to some function
w € X and

w(z) — w(x), ae inQ, m— oo,
Wy, — w - strongly in Lq(x)(Q), m — oo,
Wy — w  strongly in L") (Q), m — oo,
Wpy — w  strongly in Lp+(Q), m — 00.

Let Qy == {z € Q: w(z) # 0}. If v € Qx then it follows from [BZ) that |up,(z)|

| ()|t || — +00 as m — oo. Moreover, from (Fj3), we have

. F(z,up(x)) +
Using the condition (F3), there exists ty > 0 such that

F(z,t)
¢l

(3.7)

for all z € Q and |t| >ty > 0. Since F(z,t) is continuous on Q x [—tg, to], there exists a positive

constant C7 such that

|F(z,t)] < Ch (3.8)
for all (z,t) € Q x [~to,to]. From [B1) and (B there exists Cy € R such that
F(z,t) > O (3.9)

for all (x,t) € Q x R. From (), for all 2 € Q and m, we have
F(z,um(z)) — Cy

>0
12 [P
or
F(z,um(x)) - Co
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By (BJ) and the Sobolev embedding, there exists C's > 0 such that, for m large enough so

that ||up,|| > 1, we have

1 1
:/ —|Vum|p(x)dx—)\/ —|um|r($)dx—/F(x,um)d$+o(1)
Q Q 7“(513) Q
1

A

+
um||” — | F(x,um)dr + o(1),
- Ul ~ [ Flown) do o)

which implies since 1 < r~ < rT < p~ that

1 Ve
/ F(tm) d > [P = 22 | = ¢+ 0(1) — +00 a5 m — 0.
Q p r

We also have

:/ L\Vum]f”(g”) dx—)\/ L]umlr(m) dx—/F(x,um)da:—i—o(l)
Q or(z) Q

1

P

1
p+ _ T(Z‘) _ F 1

and by (B.11),

1
um|P” =~ | Flz,um)de + Ap~ / —— |t " dz 4 p e — o(1)
Q

r(x)

F(z,up)dx +p~c—o(l) > 0 for m large enough.

S~ 5—

Zp

(3.11)

(3.12)
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Next, we will claim that [Qx| = 0. In fact, if [2£| # 0, then by relations ([B8), EI0), BIA)

and the Fatou lemma, we have

+ = (4+00)[ Q2]

= imin w Py — imsu &
= [, it o oo do - [ tmouy

meee o m—oo [[um|[P*

:/Q nminf(M| wn(@) P — —2 >d:p

|t ( )’p+ ”um”pJr

gliminf/ <M|wm(x)|p+_ Cy >d$ (3.13)

m—00 [t ( )\”+ [ [P
F(
= lim inf/ (=, um+ dx — hmsup/ -
m—09 ([t [P m—oc Jo |[tum|P
F(
= lim inf (=, um+

m(z))d
< lim inf fQ z, um(2)) dz .
m—oo p~ [o F(x,up) dx 4+ p~c — o(1)

From (BIT)) and (BI3)), we obtain

1
P
which is a contradiction. This shows that 2| = 0 and thus w(z) = 0 a.e. in Q.

400 <

9

Since the function ¢ +— J(tu,,) is continuous in ¢ € [0, 1], for each m there exists t,, € [0, 1]

such that

J(tmum,) == max J(tuy,), m=1,2,.. (3.14)
t€[0,1]

It is clear that t,,, > 0 and J(tmtm) > ¢ > 0= J(0) = J(0.uy). If tyy, < 1then 3 J(tum)|i=t,, =
0 which gives J'(t;tm)(tmtm) = 0. If t,, = 1, then J'(uy,)(um) = o(1). So we always have

J (tmtm) (tmtm) = o(1). (3.15)

Now, we fix a big integer k£ > 1 so that ||ug| > 1 and define the sequence {v,,} by

1

U = <2p+\|uk\|p’>p_’ Wy m=1,2, ... (3.16)
From (Fp) and (F»), for any € > 0, there exists a positive constant C(e) such that

\F(x,t)] < elt|P” + C(e)|t]1®),  V(a,t) € O x R, (3.17)
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Fix k, since w,, — 0 strongly in the spaces L4®)(Q), L@ (Q) and LP" () as m — oo, using
BID), we deduce that there exists a constant Cq > 0 such that

/ F(z,vp)dz| < C4/ o |P" da + C4/ [0 | 7@ daz — 0 as m — oc. (3.18)
Q Q Q
We also have
lim |0 |"®) dz = 0. (3.19)
m—00 Q

Since ||t || — +o00 as m — oo, we can find a constant my > k depending on k such that

1
(20t el )

0<
[

< 1 for all m > my. (3.20)

Hence, using relations (B.14)), (B18)-(E20), it follows that

J (tm )
.

(20" il )?
=J U,
= J(vm)

1 1
= [ — |V, P® dm—)\/ —|vm|r(m) d:n—/ F(z,vp,)dz (3.21)

o p(z) Q

| \%

1
—+/ <Huth(I (2p™ ) - \Vw ]WC) dx——/ || ) dx—/Fx U ) d
> 2P’ — 2 [ o @ de = [ Fv)do

T Jao Q

> Jlugl”

for any m > my, > k large enough.
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On the other hand, using the conditions (F}) and relation [BIH), for all m > my > k large

enough, we have
J (tmtim)
1
= J(tmum) — FJ/(tmum)( mUm) + o(1)
1 () 1 r(z)
= [ —|Vipun|P'"Wde — X | ——|tmum|" dx — | F(z,tmun)dx
o p(z) or) Q

1 A 1
- — Vit mtm|P®) dz + = / tmtim|"®) dx + — / T, Ui ) Em U dz + o(1
= [ 19t g = [ .t M

p
1 1 1 1
= — Vit mtim|P®) dz — )\/ <— — —) tmtim|"®) da
/< (x) p*)‘ | a\r(@) p* | |
/.7: Tt Uy, d.

§/§2<m er>|Vum| d:z:—l—i/ﬂ(f(:n,um)—l—c*)dx+o(l)

= —Vump(x dx — A —umr(x dx — qum dx
p(x)
0

1 </ \Vum\p dr — A /\um\”c da:—/fa;um umdx>

= () = = ) ) + A /Q (% p+)r @ o+ S o)

(3.22)

1 11 oRle]

where Cs is given by (BIT]).
From BZI) and [B22), we deduce that for all m > my, > k large enough,

_ 1 1 1
ol < ) = 2 )+ 3 (5 = =2 )

C.|Q|
— +o(1)

or

1 1

el = 2Cs (2 = LY ™ < Tttm) = 7 ) 1) + L
p p

p+

+o(1)  (3.23)

Recall that k£ > 1 is an arbitrarily big integer and m > my > k. In [B23)), let £k — oo we have
m — oo and the left hand side of ([B23)) tends to +oo since r™ < p~. In the right hand side of
B=23), J(uy) — c and I)—1+J’(um)(um) — 0 as m — oo. Thus, we have a contradiction. This

proves that the sequence {u,,} is bounded in X.
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Now, since the Banach space X is reflexive, there exists u € X such that passing to a
subsequence, still denoted by {u,}, it converges weakly to v in X and converges strongly to
u in the spaces LI®)(Q) and L7®)(Q). Using the condition (Fp) and the Hélder inequality, we
deduce that

/Qf(x,um)(um —u)dx

< [ 1@ il —uldo

< c/(1 1Oy, — | da
Q

q(x)
(z)—1

q(z)— La@)-1(Q)

< (m i+ [l ) i =l ot 0
L 1

— 0 as m — oo,
which yields
lim [ f(z,um)(tm —u)de = 0. (3.24)

m—0o0 0

We also have

/ |um|r(””)_2um(um —u)dr
Q

< [ " o — o
Q
< CG"Um’T(I)—l‘ @ U — u”mx)(ﬂ) (3.25)
LT@-1(Q)
— 0 as m — oo.

From (B24]) and (B2Z0) and the fact that

lim J' (w) (U, — u) =0

m—0o0
we get

lim Vg [P 2 14y, - (Vi — V) daz = 0. (3.26)
Q

m—00
Now, using standard arguments we can show that the sequence {u,,} converges strongly to u
in X and the functional J satisfies the (C.) condition for any ¢ > 0. The proof of Lemma B3

is complete. O

Lemma 3.4.

(i) There exists \* > 0 such that for any X € (0, \*), we can choose R > 0 and p > 0 so
that J(u) > R > 0 for all u € X with ||Ju|]| = p;
(17) There ezists ¢ € X, ¢ > 0 such that J(tp) — —o0 ast — +o00;
(7i1) There exists 1 € X, 1 > 0 such that J(ty) < 0 for all t > 0 small enough.
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Proof. (i) Since the embeddings X — LP" (Q) and X < L9 () are continuous and compact,
there exist constants C7, Cs > 0 such that

[l ot () < Crllull, (el o) () < Csllul- (3.27)

Let 0 < e < 5 +1(J”+’ where C7 is given by [B21). From BI7) and B21), for all u € X with
pTLr
|lul| < 1, we have

1 1
Ju:/—Vup(m)da:—)\/—ur(m)dﬂf—/Fl’aU dx
(u) QP(ZE)’ | Qr(x)H Q (@)

1
> Il - B ™ — e / ul?” de — C(e) /Q 1) d

: o (3.28)
+ + + 30 e - -
> F\lullp —eC7 [P — —lu]|" — C(e)CY ull
1 ACs - - - _pt +
> (5 = 2l " = COCE Jull” ")l
P
where C3 > 0 is given by BIT]).
For each A > 0, we consider the function 7, : (0, +00) — R defined by
AC! -
() = "2+ C(0f 1 (3.29)

It is clear that v,(t) is a continuous function on (0, 4+00). Since ¢~ >pt >p~ >rT >r~ > 1,
it follows that

Jm i (t) = lim () = +oo. (3.30)
Hence, we can find t, > 0 such that 0 < yx(t:) = minge(g 4o0) VA(t), in which ¢, is defined by

the equation
ACs ot - _ _
0=r4(t) = "0 —p ) P T+ COCE (¢ —pid T

or
1

. ( ACs(pt — 1) ) |
r=C(e)C¢ (¢= —p*)

Some simple computations imply that

_pt

() = Co A== — 0 as A — 0F. (3.31)

From relations (B28)), (B2Z9) and ([B31), there exists A* > 0 such that for any A € (0,\*), we
can choose R > 0 and p > 0 so that J(u) > R > 0 for all w € X with [|u]| = p.

(77) From (F3), it follows that for any M > 0 there exists a constant Cpy = C(M) > 0
depending on M, such that

F(x,t) > ]\ﬂtlf”+ —Cy, forae ze, VteR. (3.32)
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Take ¢ € C5°(2) with ¢ > 0, from ([B32) and the definition of J, we get

_ [ @ g — \ | L 1taI"@ g —
J(te) = /Q IVt da 3 /Q ol da /Q Fla,16) da

1 A
< Lot — M / b do — 2 / £6]"®) dar + Carl2 (3.33)
p Q r Q

1 bVl
<t (anﬁup*—M / |¢|p*dx>— i /Q 617 dz 4 Carl2,

r

where ¢ > 1 is large enough to ensure that |[t¢] > 1, and |2| denotes the Lebesgue measure of

Q. From B33)) and the fact that 1 <r~ <rt < p~ <pT, if M is large enough such that

1 n
Lot — / 6" de < 0,
p Q

then we have

i J(19) = —oe.

which ends the proof of (7).

(13i) Take ¢ € C§°(2) with ¢ > 0, from the definition of J and the condition (F}) we get
: 1 t
for all t € (0, min {W’ m}) small enough,

_ [ @ g -\ [ L@ g —
J(w)_/ﬂp(x)wtw da A/Qr(m)|t¢| dx AF(:E,W)CZ:E

1 A

< lgp|lP — = ()

_p_H ol r+/§2|t¢| dx (3.34)
- Y

= |lp|IP = (@) da.
p= 9] e /QWI dx

From (B34)), taking

A~ Jo 9" da
r el

1 —
we conclude that J(ty) < 0 for all 0 < ¢ < min {m, or——rt, M} The proof of Lemma
B4 is complete. O

0<d<

Proof Theorem [Z3. By Lemmas and B2l there exists A* > 0 such that for any A € (0, \*),
the functional J satisfies all the assumptions of the mountain pass theorem, see Proposition
2 Then we deduce uy as a non-trivial critical point of the functional J with J(u;) =¢ > 0

and thus a non-trivial weak solution of problem ().

We now prove that there exists a second weak solution us € X such that us # u;. Indeed,
by [B28), the functional J is bounded from below on the ball B,(0).
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Applying the Ekeland variational principle in [I5] to the functional J : B,(0) — R, it follows
that there exists u. € B,(0) such that

J(ue) < inf  J(u) + e,
u€B,(0)

J(ue) < J(u) + €||u —uell, w# ue.
By Lemma B4l we have

inf J(u)>R>0and inf J(u)<0.
u€dB,(0) u€B,(0)

Let us choose € > 0 such that

0<e< inf J(u)— inf J(u).
u€B,(0) u€B,(0)

Then, J(uc) < inf,ecpp, (o) J/(u) and thus, ue € B,(0).

Now, we define the functional I : B,(0) — R by I(u) = J(u) + €|lu — u||. It is clear that u,

is a minimum point of I and thus

I(ue + tv) — I(ue) >0
p =
for all ¢ > 0 small enough and all v € B,(0). The above information shows that

J(ue +tv) — J(ue)
t

+ €ljv]| > 0.

Letting t — 0T, we deduce that
(J'(ue),v) = —elfo]].
It should be noticed that —v also belongs to B,(0), so replacing v by —v, we get
(J'(ue), —v) > —el| = v]|
or
(J'(ue);v) < ellvll,

which helps us to deduce that ||J'(u)]

x* <€
Therefore, there exists a sequence {un,} C B,(0) such that

J(um) —c= inf J(u)<0and J'(u,) — 0in X* as m — oo. (3.35)
u€B,(0)

From Lemma B3 the sequence {u,,} converges strongly to some us € X as m — oco. Moreover,
since J € C1(X,R), by ([B37) it follows that J(uz) = c and J’(uz) = 0. Thus, us is a non-trivial
weak solution of problem ([H).
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Finally, we point out the fact that u; # wug since J(u;) =¢ >0 > ¢ = J(ug2). The proof of
Theorem is complete. O
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