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Abstract. In this paper, we investigate the uniqueness and stability of limit cycles for
a nonlinear Liénard-type differential system with a discontinuity line. By employing
a transformation technique and considering the characteristic exponent of the periodic
orbit, we give several criteria for the discontinuous planar nonlinear Liénard-type sys-
tem. An example with different nonlinear functions H(y) is presented to illustrate the
obtained results.
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1 Introduction

As is well known, the Liénard system is widely used to describe the dynamics appearing
in various models (mathematical, physical and mechanical engineering models etc.). Many
nonlinear systems can be transformed into the Liénard form by suitable changes [6,10]. So
investigation for the Liénard system is significant from both application and theoretical point
of view. Up to now, there have been many achievements on the existence, uniqueness and the
number of limit cycles for continuous or even smooth differential system, especially for the
Liénard system, see for example [1,3,6,13,14,17] and references therein.

In addition, much progress has been made in studying the existence and uniqueness of
limit cycles for discontinuous planar differential system, see for example [2,4,5,7-9,11,12,15,
16] and references therein. However, most of the existing papers focus on the investigation for
the discontinuous planar piecewise linear differential system [5,7-9,15]. For the discontinuous
planar nonlinear Liénard system, there are only a few papers. In [11], the authors studied the
nonexistence and uniqueness of limit cycles for a discontinuous nonlinear Liénard system.
In [12], the number of limit cycles for a discontinuous planar generalized Liénard polynomial
differential equation was studied. In [16], the authors studied the number of limit cycles
bifurcating from the origin for a class of discontinuous planar Liénard systems. However,
on the discontinuous planar nonlinear Liénard-type system, the relevant problems are more
complicated which are not easy to be handled due to the nonlinearity of function H(y). To
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the best of our knowledge, there has been no result on the nonlinear Liénard-type system
allowing discontinuities.

In this paper, we investigate the uniqueness and stability of limit cycles for a nonlinear
Liénard-type differential system with a discontinuity line. We first give some geometrical
properties for the discontinuous system. Then by taking a change of variable and considering
the characteristic exponent of the periodic orbit, we obtain that the discontinuous planar
nonlinear Liénard-type system has at most one stable limit cycle.

The paper is organized as follows. In the next section, we present some preliminaries and
geometrical properties for the discontinuous system. In Section 3, we first give several relevant
lemmas, then under different hypotheses of the function H(y) we provide several criteria on
the uniqueness and stability of limit cycles for the discontinuous planar nonlinear Liénard-
type system. In Section 4, an example with different nonlinear functions H(y) is presented to
illustrate the obtained results. Conclusion is outlined in Section 5.

2 Preliminaries

Consider the following Liénard-type differential system with a discontinuity line

d
= F(x)—H(y),
2.1)
dy _
ar - g(x),

where x € [a,b] with a € (—c0,0),b € (0,00), F(x) = [, f(s)ds with F(0) = 0, H(y) €
C(R,R), yH(y) > 0 for y # 0 and H(+0c0) = 400, and functions f(x), g(x) are given by

g1(x) forx <0,
g(x)=140 for x =0, (22)
g (x) forx >0,

) filx) forx <0,
flx) = {fz(x) for x > 0,

satisfying f1,¢1 € C!([a,0],R) and f»,¢> € C*([0,b],R) with ¢1(0) # ¢2(0). The discontinuity
line is denoted by Xy of the form

Yo={(xy):x=0 —00 <y < oo},

then the normal vector to the discontinuity line %y is n = (1,0)7.
For system (2.1) with (2.2), the corresponding vector field is as follows

Vi(x,y) for (x,y) € {(x,y) € R?: x € [a,0]},

2.3)
Va(x,y) for (x,y) € {(x,y) e R?:x € [0,b]},

Vixy) = {

where V;(x,y) = (F(x) — H(y), gi(x))T and Fi(x) = [ fi(s)ds fori =1,2.
In this paper, we assume that the following hypotheses hold for system (2.1) with (2.2).

(H1) xg(x) > 0 for x # 0.
(H2) xf(x) >0 for x # 0and F(x) = [; f(s)ds with F(£c0) = 0.

(H3) H'(y) > 0fory > 0 and # is decreasing for y < 0.
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Obviously, the origin O(0,0) is a unique equilibrium point of (2.1). From (H2) we obtain
that the isocline curve H(y) = F(x) is passing through the origin and F(x) > 0 for x € R.

By (H3) and the inverse function theorem, the derivative dHi;(f W) — IJ;(E() has the same sign
Y)

as x for y > 0, so the isocline curve H(y) = F(x) passing through the origin is increasing for
x > 0 and decreasing for x < 0 on the (x,y) plane.

Moreover, since F;(0) = F,(0) = 0 it follows that the horizontal component of the vector
field (2.3) is continuous. By Filippov’s first order theory [4,5] then the origin O is a unique
sliding point on X (for any (0,y) € X, if [n- V41(0,y)][n- V2(0,y)] < 0 then we speak of the
point (0,y) as a sliding point). Therefore, there exists no sliding limit cycle (isolated periodic
orbit which has some points in the sliding set (a set of sliding points)) for system (2.1), and
then we focus our attention on the crossing limit cycle (isolated periodic orbit which does not
share points with the sliding set).

Lemma 2.1. Let (H1)-(H3) hold and suppose that the system (2.1) has a periodic orbit. Then for
x >0 (x < 0), the periodic orbit intersects the isocline curve F(x) = H(y) only once.

Proof. It is obvious that the origin O is a unique equilibrium point of (2.1). Since ¥’ = —H(y)
for x = 0 and yH(y) > 0 for y # 0, it follows that the periodic orbit goes around the origin
counterclockwise.

Let I be the periodic orbit surrounding the origin, A(x4,y4) and B(xg, yp) are two points
on I' such that the x-exponent x4 and xp are the minimum and maximum values, then we
have that x4 < 0 < xg. when x # 0 one has that

dx _ F(x) — H(y)
dy glx)

By the vector field of system (2.1), the derivative (2.4) vanishes at the points A(x4,y4) and
B(xp,yp), i.e.,, F(x4) = H(ya), F(xg) = H(yg). Moreover, along the curve H(y) = F(x) it

(2.4)

follows from (H1) and (H3) that the second derivative 327’2‘ = —g/(%) has opposite sign as x
for x # 0. So (2.4) vanishes only once for x > 0 (x < 0). Correspondingly, the periodic orbit I
intersects the curve F(x) = H(y) only once for x > 0 (x < 0). O

Now we consider a change of variable as follows
P = F(x). (2.5)

By (H2) then P(x) > 0 for x € R and P'(x) > 0 (< 0) for x > 0 (< 0). So there exist inverse
functions x,(P) for x > 0 and x1(P) for x < 0 as follows

x1:1[0,F(a)] — [a,0] with F(x;(P)) =P,

xz:[0,F(b)] — [0,b] with F(xp(P)) = P.

Moreover, for x # 0 it follows from (2.5) that the system (2.1) is transformed into the
following differential systems

dy(xi(P)) 8(xi(P)) :
= for P>0,i=1,2. (2.6)
dp f(xi(P))[P = H(y)]
For simplicity, denote by e;(P) = ?E?Eg;g then the systems (2.6) can be written as
dy(xi(P) ei(P)

= FoAG) for P >0, (2.7)
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satisfying e;(P) > 0 for P > 0, i = 1,2. By the inverse function theorem then the isocline curve
P = H(y) is increasing on the positive half (P, y) plane with P > 0.

(H4) Assume that there exist two limits

. oglx) _ . x) o _
S p T et =l IRy i el =k

satisfying 0 < I < I; < oo, and I, < I; implies that e;(P) < e;(P) for 0 < P sufficiently
small.

Note that the systems (2.7) can be continuously extended to P = 0 if we let ¢;(0) = 1;, i = 1,2.
In this case, the hypothesis (H4) becomes 0 < ¢,(0) < ¢;(0) and e(P) < e1(P) for 0 < P
sufficiently small.

3 Main results

Lemma 3.1. Let (H3) hold and consider the following differential systems

aP

— =P—H(y),

Y h(P) |
dt - 1 Vi

and let the functions y; : [c,d] — R, i = 1,2 denote two solutions of systems (3.1). Assume that
0 < h1(P) < hp(P) for P € (c,d). (3.2)

For P — H(y) > 0 one has that

(i) when y1(c) < ya(c) then y1(P) < y2(P) for P € (c,d];

(ii) when y1(d) > ya(d) then y1(P) > y»(P) for P € [c,d).
For P — H(y) < 0 one has that

(i) when y1(c) > ya(c) then y1(P) > y2(P) for P € (c,d];

(ii) when y1(d) < yo(d) then y1(P) < y2(P) for P € [c,d).

Proof. Let y1(P) and y»(P) for P € [c,d] be the solutions of systems (3.1). Since y1(c) < y2(c),
by the properties of autonomous systems one has that y; (P) < y(P) for all P € [c,d|. We first
show that

H(y1(P)) < H(y2(P)) for P € [c,d]. (3.3)

There are three possible cases as follows.
e If 0 < y1(P) <y2(P), by H' (y) > 0 for y > 0 one has that 0 < H(y1(P)) < H(y2(P)).

e If y1(P) < 0 < yp(P), it is obvious that H(y1(P)) < 0 < H(y2(P)) due to H(0) = 0 and
yH(y) > 0 fory # 0.
e If y1(P) < y2(P) < 0, since y is decreasing for y < 0 it follows that Hg h(f;)) > H;%;l;)),

which together with 0 < ﬁg; < 1imply that H(y1(P)) < H(y2(P)) < 0.
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So (3.3) holds. Moreover, it follows from (3.2) that for P — H(y) > 0,

dp(P) . m(P) _  m(P) ha(P) —  dyz(P)
dp P—H(y1(P)) — P—H(y2(P)) ~ P—H(y2(P)) ap

This implies that the difference function y»(P) — y1(P) is strictly increasing for P € [c,d]. So
y2(P) > y1(P) for P € (c,d] and then the statement (i) holds.

For the purpose of the statement (ii), we suppose on the contrary that there exists P € cd)
such that y1(P) < ya2(P). By (i) then y;(P) < y»(P) for P € (P,d|, particularly y;(d) < y»(d).
It is a contradiction and so the statement (i) holds.

By a similar analysis for the case P — H(y) < 0, the statements hold. ]

Lemma 3.2. Assume that (H1)—(H3) hold for system (2.1) and let T be a periodic orbit surrounding
the origin. Then one has that

/ divV dxdy = 0,
A

where A denotes a region surrounded by I and divV denotes the divergence of the vector field V.
Moreover, if §.divVdt < 0 (> 0) then T is a stable (an unstable) limit cycle.

Proof. Let A_,T~ and Ay, T'" be parts of A and I' contained in x < 0 and x > 0 respectively.
M(0,ypm) and N(0,yn) denote two intersections between I' with the discontinuity line X
satisfying yy < 0 < yn. Since f1,¢1 € C'([4,0],R) and f,¢> € C'([0,b], R), it follows that

//AdidexdyZ/Afl(x)dxder//Mfz(x)dxdy.

By Green’s formula, we obtain that

|| Awdxay= [

[, pdxdy= [ g dx-+ (F0x) — HO dy = [y,

M

—g(x) dx + (F(x) = H(y) dy = [ H(y)dy,

where MN denotes an oriented segment from the point M to N and NM is similar. The proof
of the stability is similar to the one in [17]. O

Lemma 3.3. Let (H1)—(H4) hold for system (2.1). Then a necessary condition for the existence of peri-
odic orbits is that the equation e1(P) = ex(P) has at least one solution Py, Py € (0, min{F(a), F(b)}).

Proof. Let I' be a periodic orbit surrounding the origin O, which is presented by y = y(x)
for x4 < x < xp (see Figure 3.1). M(0,yp) and N(0,yy) denote two 1ntersect10ns between
I' with X satisfying yp < 0 and yn > 0, and the lower trajectory arc AMB is presented by
y = y(x), the upper trajectory arc BN BNA is presented by y = y(x). Then T = AMBU BNA a BNA and

y(x) < H Y(F(x)) < y(x) for x4 < x < xp. Moreover, let I'; (P) be the trajectory arc NAM as
follows

oy (P) = {mxl(m) for 7(x1) <ya,
y(xa(P))  for H(x1) > ya,

and T'»(P) be the trajectory arc MBN as follows

Fa(P) = {g(xQ(p)) for 7(x2) <y,
y(x2(P)) for y(x2) > ys,
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Figure 3.1: Left graph shows the periodic orbit of (2.1) on the (x,y) plane, right graph is the
corresponding trajectory arcs on the (P,y) plane with P > 0.

satisfying y(x1(0)) = y(x2(0)) and y(x1(0)) = y(x2(0)). Then I' = T'1(P) UT2(P) for 0 < P <
max{H(ya), H(ys)}-

We first show that the trajectory arc I'1(P) intersects with I';(P). Consider the following
differential systems

{iﬁzp—mw, {‘fﬁ:—P—H@,

0 ‘ (3.4)
4 = e2(P) for P >0, Y =—e(=P) for P<O,
where the right system is a symmetry system of % = P — H(y), % =¢1(P) for P > 0. It is
easy to see that the systems (3.4) have a counterclockwise periodic orbit I', which is constituted
by trajectory arcs T»(P) and T'y(P), where I'; (P) denotes the symmetry trajectory arc of I'; (P)
with respect to the discontinuity line X.
From (3.4) then divV(P,y) = sgn(P), where V(P,y) = (|P| — H(y),e(P))T satistying
e(P) = ex(P) for P > 0 and e(P) = —e;(—P) for P < 0. So by Lemma 3.2 we have that

//A sgn(P)dPdy =0, (3.5)

where A is a region surrounded by the periodic orbit T. Denote by [[ysgn(P)dPdy = —A; +
Ay, and Aq (A) is an area of A in the left (right) hand side of ¥. Then (3.5) implies that the
trajectory arc I'; (P) intersects with I';(P) at least once.

Now we claim that there exists at least one solution Py with Py € (0, min{F(a), F(b)}) such
that ex(Py) = e1(Py). Otherwise, by (H4) then ex(P) < e1(P) for all P € (0, min{F(a), F(b)}].
Moreover, since y(x1(0)) = y(x2(0)) and y(x1(0)) = ¥(x2(0)), it follows from Lemma 3.1 that

y(x2(P)) <y(x1(P)),  y(x1(P)) <¥(x2(P)) for P € (0,min{F(a),F(b)}].

This implies that I';(P) does not intersect with I';(P), it is a contradiction. So the equation
e2(P) = e1(P) has at least one solution Py for Py € (0, min{F(a), F(b)}). O



Analysis of the uniqueness of limit cycles 7

Theorem 3.4. Let (H1)—-(H4) hold. Assume that the equation e1(P) = ex(P) has a unique zero Py

with Py € (0,min{F(a),F(b)}) and positive function ( ) i decreasing for P € (0, F(a)). Then the
system (2.1) has at most one periodic orbit, and it is a unzque stable limit cycle if it exists.

Proof. We first show that H(y4) > H(yp). By Lemma 3.3 then I'; (P) intersects with I';(P) at
least one point. Since P is a unique zero for e1(P) = e,(P), it follows from (H4) and Lemma
3.1 that there exists a unique 6; > Py such that in region P — H(y) > 0, y(x1(0)) = y(x2(0))
implies that

{mxz(m) <y(x1(P)) for 0 <P <éy, (3.6)

y(x2(P)) > y(x1(P)) for & <P <min{H(ya) H(yz)},

where P = ¢; is the unique intersection between y(x1(P)) and y(x2(P)). Similarly, there exists
a unique d, > Py such that in region P — H(y) < 0, 7(x1(0)) = 7(x2(0)) implies

{y(xz(P)) > F(x1(P)) for 0 <P <4y,
7(x2(P)) < J(x1(P)) for & < P < min{H(ya), H(ys)},

where P = ¢, is the unique intersection between ¥(x1(P)) and y(x2(P)). Therefore there are
only two intersections between I';(P) and TI'»(P) for 0 < P < max{H(ya), H(yg)}, which
implies that the inequalities (3.6)—(3.7) are satisfied only for H(y4) > H(ys).

Choose a point C(xc,yc) (see Figure 3.1) satisfying F(xc) = H(yc) for x4 < xc < 0 such
that H(yc) = H(yg) > 0. Consider an orbit Iy of system (2.1) passing through the point C,
which is presented by y = yo(x) for xc < x < 0. Let L(0,y1) and K(0, yx) be two intersections
between I'y with Xy satisfying y; > 0 and yx < 0. By the properties of autonomous systems
then yy < yx and yn > yr. Moreover, define the orbit I'g(P) for 0 < P < H(yc) as follows

To(P) = {%(m(P)) for ?O(Xl) <vyc,
Yo(x1(P)) for ¥o(x1) > yc,

(3.7)

where o(x1) is the lower trajectory arc CK and Yo(x1) is the upper trajectory arc LC.

Since 7(x2(0)) < yo(x1(0)) and y(x2(H(yg))) = yo(x1(H(yc))), it follows from Lemma 3.1
that y(x2(P)) < yo(x1(P)) for 0 < P < H(yp). We consider three possible cases as follows.

o If 0 < y(x2(P)) < ¥o(x1(P)), by H'(y) > 0 for y > 0 then 0 < H(y(x2(P))) <

H(yo(x1(P)))-
o Ili (yv(( (;’)))) < Yo(x1(P)) <0, since # is decreasing for y < 0 it follows that % >
Yolx1

%(xl(lg)g , furthermore H(y(x2(P))) < H(yo(x1(P))) < 0due to 0 < yo((xl(( )))) <L

o If 7(x2(P)) < 0 < yo(x1(P)), then H(y(x2(P))) < 0 < H(yo(x1(P))) is obvious due to
yH(y) > 0 fory # 0.

So we have that
H(y(x2(P))) < H(yo(x1(P))) for 0 <P < H(yg). (3.8)

Similarly, by ¥(x2(0)) > ¥,(x1(0)) > 0 and y(x2(H(ys))) = ¥o(x1(H(yc))) > 0, then it
follows from Lemma 3.1 and H'(y) > 0 for y > 0 that

H((x:(P))) > H(Hy(x1(P))) for 0< P < H(yp). (39)
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On the other hand, since the equation e; (P) = e;(P) has a unique solution Py € (0, F(xg)),
we assume that the system

o =1 = ey

has a unique pair of solution (x1,x2) = (s1,52) with xc < s; < 0 < s, < xg. Moreover, let the
periodic orbit I be presented by {(x(t),y(t))} and the orbit I'y be presented by {(xo(t), yo(t))}-
In Figure 3.1, Mx(s2,ym,) and Na(sz, yn,) denote two intersections between I' with the line
x = s, Ki(s1,yk,) and Li(s1,yr,) denote two intersections between I'y with the line x = s;.
Now for the purpose of the uniqueness, we compute the characteristic exponent p of the

periodic orbit I' as follows
0 :j{didet - ]fﬂx(t))dt
r T

where the integral is counterclockwise. Denote by p = ¢ f(x(t))dt = I + ] with

[ fx dt+/ Flxo(t) [t dt—/ Flxo(t)
We first compute the integral I = I + I + I3 + L4, where
0 f(x)d
L = MMZ dt+/ fxo(t))dt = / F(x ))+ s F(x) —J;f(yfo(x))
B Py dpP
0o P— H(y( (P))) p P— H(yo(x1( )
_/PO (7(x2(P))) — H(yo(x1(P)))] dP
H(y(x2(P)))][P — H(yo(x1(P)))]’
o ) “ f(xdx
12—/ flx dt+/ f(xo(t) —/52 p(x>—H<g<x>>+/xc F(x) — H(¥o(x))

~ lim P dp /ﬁ dp
PoH(ys) \Jr P — H(y(x2(P))) P — H(yo(x1(P)))

[P IH Fla(P))  H ol D))
5oty I P = HGOa (PP — H(Fo(a (P)))]

then it follows from (3.8) that I; < 0 and I, < 0. Similarly, by (3.9) then

I = @f(x(t))dtjt/fﬁf(xo(t))dt <0, L= @f(x(t))dth/ﬁf(xo(t))dt <.

Furthermore, we have that I = I; + I, + I3 + I4 < 0.

For the integral J] = 1+ ], with Jaa fx( — [z f(xo(t))dt and J» =
f ey fx( fCK f(xo(t)) dt, we only con51der Ji, J2 is s1m1]ar and so om1tted It follows
that

(y4) AP (yB) dP
h= /0 P— H(y(x1(P))) _/0 P — H(yy(x1(P)))

H(Y(P)) = g@‘*)H <y0 <x1 (g@B)P))), (3.10)

Let
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for P € (0,H(y4)), then one has that

H(ya) dP /H(J/A) dP
b P-HF®(P)) b P-HY(P)
Hen) [H(g(n(P))) - HY(P)]dP
o [P=H(yx(P)))][P—HY(P))]
It is easy to see that H(Y(P)) is a solution of the differential equation dzll(,y) = Pﬁ;gg)(y))
with & (P) = g((iggel(ﬁ((gigP) Since @ is decreasing for P € (0,F(a)) and g(&jg > 1, it
follows that el(ggi)) P) > ggi%el(P) and then ¢;(P) > e;(P) for P € (0,H(y4)). Moreover,

for P = H(y4) in (3.10) one has that

T

HV(Ha) = 1201 (3 (0 (2 HO) ) ) ) = Hla) = HEa(H )

So by Lemma 3.1 then H(Y(P)) > H(y(x1(P))) for P € (0,H(y4)). Furthermore, J; < 0 and
then p = I + ] < 0. This means that the periodic orbit I' is a unique stable limit cycle, since it
is impossible to coexist two consecutive stable periodic orbits.

Therefore, the system (2.1) has at most one periodic orbit, and it is a unique stable limit
cycle if it exists. O

If we replace the hypothesis (H3) with the following (H3)*, then we have Theorem 3.5.
(H3)* H'(y) > 0 fory # 0.

Theorem 3.5. Let (H1)-(H2), (H3)* and (H4) hold. Assume that the equation e1(P) = ep(P) has a
unique zero Py, Py € (0, min{F(a), F(b)}) and positive function @ is decreasing for P € (0, F(a)).
Then the system (2.1) has at most one periodic orbit, and it is a unique stable limit cycle if it exists.

Proof. By (H3)* and yH(y) > 0 for y # 0, it is easily observed that the geometrical properties
of system (2.1) and Lemmas 3.1-3.3 are satisfied.

For the uniqueness of limit cycles of system (2.1), the main difference with Theorem 3.4 lies
in the inequalities (3.8)—(3.9). These are satisfied due to (H3)* and so the conclusion holds. []

If the hypothesis (H3) is replaced with the following (H3)**, then we have Theorem 3.6.
(H3)** H'(y) > 0fory € R.

Theorem 3.6. Let (H1)—-(H2), (H3)** and (H4) hold. Assume that the equation e;(P) = ey(P)
has a unique zero Py, Py € (0,min{F(a),F(b)}) and the positive function @ is decreasing for
P € (0,F(a)). Then the system (2.1) has at most one periodic orbit, and it is a unique stable limit cycle

if it exists.

Proof. By (H3)** it is obvious that the geometrical properties and Lemmas 3.1-3.3 are satisfied.
So with the similar way to Theorem 3.4 the conclusion holds. O
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4 Example

Example 4.1. Consider the following discontinuous Liénard-type differential system

x'=—x—H(y), x’:%x—H(y), 1)
y=2x—1 forx<O0; y =x forx>0. '

It is easy to see that the discontinuity line Xy = {(x,y) : x = 0, —00 < y < oo}, functions
f(x) and g(x) are given by

f(x):{l_ll x <0, g(x):{zx—L x <0,

5 x> 0; X, x > 0.

So the hypotheses (H1)-(H2) hold.
Case 1. The function H(y) in (4.1) is given by

vty for y >0,
Hy)=1y for —1<y<0,
ye Wt for y < —1.

It is easily obtained that H € C(R,R) with H(0) = 0, yH(y) > 0 for y # 0 and H'(y) =
2y+1>0fory >0, # is decreasing for y < 0. So the hypothesis (H3) holds.

On the other hand, by some simple computations then e;(P) = 4P and ¢;(P) = 1+ 2P.
Furthermore, I, = limp .o+ e2(P) = 0 and I; = limp_ o+ 1(P) = 1, which imply that e;(P) <
e1(P) for 0 < P sufficiently small. So the hypothesis (H4) holds. Moreover, the equation
e2(P) = e1(P) has a unique solution Py = 1 satisfying e;(P) < e1(P) for 0 < P < 3, ex(P) >
e1(P) for P > 1, and the positive function elg,P) = 3 + 2 is decreasing for P > 0.

Therefore, by Theorem 3.4 the discontinuous system (4.1) has at most one stable limit cycle.
Case 2. Let the function H(y) in (4.1) be H(y) = y%.

Then H(0) = 0, yH(y) = y& > 0 for y # 0 and H'(y) = %y_% > 0 for y # 0, so the
hypothesis (H3)* holds. Therefore, by Theorem 3.5 the discontinuous system (4.1) has at
most one stable limit cycle.

Remark 4.2. From cases 1-2, we note that (H3) does not contain (H3)* and vice versa. This
implies that conditions of Theorem 3.4 do not contain ones in Theorem 3.5 and vice versa.

Remark 4.3. It is easy to see that (H3)** is stronger than (H3)*, that is, conditions of Theorem
3.6 is stronger than the ones in Theorem 3.5. However, when H(y) = y in the system (2.1),
Theorem 3.6 in this paper is in accord with Theorem 3 in [11].

5 Conclusion

In this paper, we have investigated the uniqueness and stability of limit cycles for a nonlinear
Liénard-type differential system with a discontinuity line. Firstly, we have given some geo-
metrical properties for the discontinuous system. Secondly, by taking a change of variable
and verifying the characteristic exponent of the periodic orbit, we have obtained that the dis-
continuous planar nonlinear Liénard-type system has at most one stable limit cycle. Finally,
we have given an example with different nonlinearity functions H(y) to illustrate the obtained
results. This implies that the hypothesis (H3) does not contain (H3)* and vice versa.
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