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Abstract. In this work, we consider a diffusive SIR-B epidemic model with multiple
transmission pathways and saturating incidence rates. We first present the explicit
formula of the basic reproduction number Ry. Then we show that if Ry > 1, there
exists a constant ¢* > 0 such that the system admits traveling wave solutions connecting
the disease-free equilibrium and endemic equilibrium with speed c if and only if ¢ > c*.
Since the system does not admit the comparison principle, we appeal to the standard
Schauder’s fixed point theorem to prove the existence of traveling waves. Moreover, a
suitable Lyapunov function is constructed to prove the upward convergence of traveling
waves.
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1 Introduction

There have been intensive studies about the existence of traveling waves and the minimum
wave speed for various epidemic models, which are of great importance for the prediction and
control of infectious diseases. For the transmission of communicable diseases, most of epi-
demic models are proposed based on the classic susceptible-infected-recovered (SIR) epidemic
model [13], whose basic assumption is that the disease is only transmitted directly by human-
to-human contacts. This assumption is reasonable for many viral diseases (e.g., measles, in-
fluenza). However, in addition to direct human-to-human transmission pathway, cholera and
many other waterborne diseases are mainly transmitted by indirect environment-to-human
contacts via ingestion of contaminated water or food [5,8]. As a consequence, mathematical
modeling and dynamical analysis for infectious diseases with multiple transmission pathways
have attracted much attention of researchers. We refer to [6,8,17,18,22,25] for ordinary differ-
ential equations (ODE), and [26,27,33] for diffusive PDE models with multiple transmission
pathways.
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Based on the basic SIR model, Codego proposes the following SIR-B epidemic model to
describe the transmission of cholera [3], which includes a fourth compartment for bacterial
concentration in water

as
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= BF(B)S — (4 )L,

B (1.1)
E =el — (‘MB — 7TB)B,

i;: =0l —uR,

where Bf(B)S is the incidence function for indirect environment-to-human transmission. For
more generalizations of Codego’s model, we refer readers to recent works [8,21]. It is clear
that Codego’s model ignores the direct human-to-human transmission pathway, which also
plays an important role in the transmission of waterborne diseases [4].

In this work, we intend to study the following diffusive SIR-B epidemic model, which
describes the transmission of waterborne disease with direct and indirect transmissions

S 9%S
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Note that model (1.2) is an extension of Codego’s model. The variables S(x,t), I(x,t), R(x, ),
and B(x, t) represent, respectively, the density of susceptible, infected, recovered individuals,
and the bacterial concentration in contaminated environment at location x € (—oo,00) and
time t € [0,00); the constant Ny is the total population size at time t = 0; d; > 0,i = 1,2,3,4
is the diffusion coefficient for populations; yy is the natural birth/death rate of humans; ¢
is the recovery rate of populations; up > 7t are loss and growth rates of the bacteria; 1, B2
are the contact rate of the individual with the infectious and the contaminated environment,
respectively; 7 is the contribution rate of each infectious individual to the population of bac-
teria; B1Sf1(I), P2Sf2(B) are density-dependence incidence functions for direct and indirect
transmissions. For more details of the biological background of (1.2), we refer to [3,5,21,25,26]
and references therein.

To model the spread of an infectious disease with multiple transmission pathways, one of
crucial issues is how to model the incidence rates of the disease, which depend on both the
population behavior and the infectivity of the disease. Bilinear incidence rates $;SI and/or
B2SB have been frequently used, see for example [3,17,21,22,27]. However, nonlinearity in
the incidence rates has been observed in the transmission of many diseases. For example,
based on the careful study of the cholera epidemic spread in Bari in 1973, Capasso and Serio
[1] introduced a nonlinear saturated incidence rate %, a > 0, into epidemic models. The
saturation incidence rate is more realistic than the bilinear, which takes into account the sat-
uration phenomena in reality. Therefore, we will focus on the saturation incidence rates, and

hereafter we assume I B
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where constant Kg > 0 is half saturation concentration of the bacteria in the contaminated
environment [3]. Another crucial issue is how to model the relative magnitude of the direct
contact rate to the indirect transmission rate. According to [5, 8], the waterborne disease is
mainly transmitted by indirect environment-to-human contacts, and clean water provision
may reduce, even stop, the disease transmission. Hence, in this work, we assume the direct
contact rate 1 < (0 + ppg)/ Ny relatively small such that the epidemic may not happen in the
absence of indirect waterborne transmission.

So far, many results have been done on the threshold dynamics of SIR-B models with
respect to the so-called basic reproduction number Ry. For example, see [3,21,25] for ODE
systems, and recent works [26,27,35] for diffusive SIR-B models. However, due to the com-
plexity of the model, little work is to study the existence of traveling waves for the diffusive
SIR-B model with multiple transmission pathways. In the absence of bacterium (B(x, t) = 0),
model (1.2) is the standard SIR epidemic model. For the existence of traveling wave solutions
for SIR models with standard or saturation incidence rates, we refer to [2,7,24,28,31]. Using
the Schauder’s fixed point theorem, the authors in [7,31] proved the existence of traveling
waves for diffusive SIR models with time delay and saturation incidence rates. In the case
of B1 = 0 in (1.2), from a mathematical point of view, the system is essentially a diffusive
SEIR epidemic model. Based on Schauder’s fixed point theorem and Laplace transform, the
authors of recent works [20,32] establish the existence and nonexistence of traveling waves for
diffusive SEIR models with standard and saturation incidence rates, respectively.

However, in the case of B; # 0,i = 1,2, system (1.2) becomes more complicated, and it
is essentially different with SIR or SEIR model. As far as we know, the existence of traveling
waves and the minimum wave speed of (1.2) has not been studied in literatures. Since the
solution semiflow associated with (1.2) does not admit the comparison principle, the powerful
theory [14,15] for monotone dynamical systems cannot be applied. To overcome the difficulty
due to the lack of monotonicity, we appeal to the standard Schauder’s fixed point theorem (see
e.g. [11,16]) for an equivalent non-monotone solution operator, where upper-lower solutions
are constructed for the verification of a suitable invariant convex set for the solution operator.

Note that the spatially homogeneous system of (1.2) is given by the following ODE system:

% (N~ 5) ~ BISA(I) — paSfa(B),

‘Z — BiSAI(I) + B2Sf(B) — (0 + ),

dB (1.3)
T nl — (up — 75)B,

6;1: =0l — ‘uHR

Using the linearization of (1.3) at disease-free equilibrium (N, 0,0,0) and the next-generation
matrix theory given in [23], we can verify that the basic reproduction number Ry of (1.3) is
given by

B1No B2Noy

Ro = + =: R+ RE,
" o+un (s — mp)Kp(o + pn) 0
where N
Rl — B1No
O+ uyg

is the basic reproduction number induced by direct human-to-human transmission (8, = 0),
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and

RB _ P2Nory
5 =

(up — 718)Kp (0 + pr)
is the basic reproduction number induced by the indirect environment-to-human transmis-
sion (B1 = 0). Then by similar arguments as given in [25], we have the following threshold
dynamics for (1.3) with respect to Ry.

Proposition 1.1. If R < 1, then system (1.3) admits only one non-negative disease-free equilibrium
(DFE), which is globally asymptotically stable. If R > 1, then the DFE becomes unstable, and system
(1.3) has a unique endemic equilibrium, which is locally asymptotically stable.

The main purpose of this work is to investigate the existence of traveling waves connecting
the DFE and endemic equilibrium. Hence, we further assume Ry > 1 in the remainder of this
paper. Our study is mainly motivated by recent works [7,31,32], where the Schauder’s fixed
point theorem is applied to determine the existence of traveling waves and the minimal wave
speed for SIR/SEIR model with saturation incidence rate. Note that our model (1.2) is more
complex than the standard SIR/SEIR model, hence the construction of upper-lower solutions
is different with that given in [7,31,32]. For the construction idea of such vector-value upper-
lower solutions, we refer to [29,32] and other related works.

The rest of this paper is organized as follows. In Section 2, by solving an eigenvalue
problem, we establish the existence of the critical value c¢*. Then we construct and verify a
pair of upper and lower solutions for the associated wave equations. In Section 3, we first
construct a closed and convex set, in which we apply the Schauder’s fixed point theorem
to an equivalent non-monotone solution operator to obtain the existence of traveling waves
with ¢ > c¢*. Moreover, a suitable Lyapunov function is constructed to prove the upward
convergence of traveling waves. The existence of traveling waves with ¢ = ¢* also obtained by
a limiting argument. Finally, a short conclusion and discussion finishes this paper.

2 Upper and lower solutions

In this section, we first determine the existence of critical value c¢* by solving an eigenvalue
problem. Then we construct and verify a pair of upper and lower solutions for wave equations
with ¢ > ¢*, which is used to construct a closed and convex set for the Schauder’s fixed point
theorem.

Note that the variable R(x, t) in (1.2) does not appear in the first three equations. Thus, it
suffices to consider the closed subsystem for variables S, I, and B. Let (S,1,B) = (u1,up, u3)
for the simplicity of notations, Then we have

ou 0%u
atl =i o+ u(No — u1) — Brua fi(u2) — Baus fo(u3),
ou 0%u
87; =d2 S+ Brurfi(12) + Batt fo(us) — (0 + prr)ua, (2.1)
ou 0u3
\87; =5y >+ 1y — (g — 7B s

From proposition 1.1, we know that, if Rp > 1, system (2.1) admits a DFE E; := (Np,0,0),
and a unique endemic equilibrium E* = (ui‘, us, u§) With the assumption of Ry > 1, we are
interested in the existence of monostable traveling waves connecting the disease-free equilib-
rium Ep and the endemic equilibrium E*, which describe the propagation of the disease from
an initial disease-free steady state to the endemic steady state.
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Definition 2.1. A traveling wave solution of (2.1) connecting Ey to E* with speed ¢ > 0 is a
nonnegative solution of (2.1) with the following form

(ur(x, t), up(x, t),uz(x,t)) = (Up(s), Ua(s), Us(s)) := U(s), s=x+ct,

and satisfies
U(—o0) = Ey, U(4o0) = E*. (2.2)

A constant ¢* > 0 is called the minimum wave speed if system (2.1) admits a traveling wave
solution with speed c if and only if ¢ > c*.

Substituting the wave profile U(s) defined above to system (2.1), we get the following
second order wave equations:
cly = dily + pa(No — Un) — Bl fi(Uz) — Bolls fo(Us),
cly = doUy + Uy f1(Uz) + Balh f2(Us) — (0 + up) Uz, (2.3)
CUé = dgug + UUQ — (}lB — 7TB)U3,
where ’ denotes the derivative with respect to variable s. Then the existence of traveling waves
of (2.1) is equivalent to the existence of the nonnegative solutions U of (2.3) with condition
(2.2). For the simplicity of notations, we define
G (u1, uz, u3) := pr(No — u1) — Brua f1(uz) — our f2(us),
Ga(u1, u, u3) = Prus f1(uz) + Barr fo(uz) — (0 + pr)uz,
Ga(u1, ua, u3) := 1uz — (4p — 718 )ui3.

2.1 Eigenvalues problem

Linearizing system (2.3) at Eg = (Np,0,0), we get the following linearization:

C44(s) = i (s) — g (s) — Bidoga(s) — E20n ),

ch(s) = dagh(s) + Bioga(s) + F0ga(s) — (0 + pa)as),

cps(s) = dads (s) + 2 (s) — (up — 7tp) 3 (s).

Note that the last two equations of (2.4) are closed. Plugging (¢, ¢3) = e*(x, x3) into the last
two equations of (2.4), we get the following eigenvalue problem

(2.4)

AL =0,

where "
_ | p2(A) B2No/Kp ] _ { K2 }
A n ps(A) |7 * ks ]’

pz()\) = d2)\2 —CcA — (0’—|— Uy — ,BlNo), p3<)\) = dg)tz —CcA — (]1]3 — 7'[3).
Letting C(A) := det (A,) = 0 be the characteristic equation, then we get the following equa-

tion:
P.(A) — BaNon/Kg =0, (2.5)

where P.(A) = p2(A)p3(A). Now we need to consider the roots of the following fourth order
polynomial equation
P:.(A) = B2Non /K. (2.6)
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Lemma 2.2. Let Ro > 1, then there exists a positive constant c* such that the following statements
are valid:

(i) If ¢ > c*, (2.6) has four distinct real roots, where one is negative, and the others are positive. Let
A1 be the smallest positive one, then for € > 0 small enough, we have

p2(/\1+€) <0, p3()L1+€) <0, PC(/\l—I-G) >,32N01]/KB.

(ii) If c = c*, (2.6) has one negative and two positive real roots, where the smaller positive one is
repeated.

(iii) If 0 < c < ¢*, (2.6) has two distinct real roots, and two conjugate complex roots.

Proof. Since Ry > 1, we have P.(0) = (¢ + ug — B1No) (1 — 7tg) < B2Non/Kp, which implies
that zero is not a root of (2.6) for any ¢ > 0. Denote the roots of P.(A) = 0 to be

ct \/C2 +4d2(0’+ HH — ,BlNo)
2d» !

¢+ /2 +4d;(ug — 7g)
2d3 ’

Ay = Ay =

then they are all real. Setting
A =min{AS, A}, A3 = max{Ay, AT},

then we have A; < 0 < A}},. Since P.(+00) = o0, the mean value theorem implies that (2.6)
has one negative root in (—oo, A, ), and one positive root in (A}, c0). Moreover, we can verify
that P.(A) < 0 < 7BaNo/Kp for all A € (A, Ay,) U (A%, AL). Now we consider the interval
I = (Ay,Ay), in which Po(A) > 0 and p;i(A) < 0,i = 2,3. It is easy to observe A} is strictly
decreasing and A}, is increasing with respect to c. For fixed A € I, we have

dP;EA) = —A(p2(A) + p3(A)),

which implies that P.(A) is strictly increasing with respect to ¢ for fixed A € (0,1};), and it is
decreasing for A € (A,,;,0). Moreover, for ¢ = 0, we can verify

Iilgfpo(/\) = Py(0) = (0 + pn — P1No) (us — 75) < B2Non /K,
then the monotonicity of P.(A) with respect to ¢ implies that (2.6) has no real root in (A,;,0)
for any ¢ > 0. Denoting A}, to be At if ¢ = 0, then for any A € (0,A.,), we have
CEIIIOO Pc(/\) = +o0 > ‘BzNoﬂ/KB.
Then the monotonicity of P.(A) with respect to ¢ for A € I implies that there exists a constant
c* > 0 such that (2.6) has two positive real roots in I for ¢ > ¢*, no real rootin I for 0 < c < c¢*,
and there is a positive repeated root in I for ¢ = c*, which implies statements (i)—(iii) hold. [

To ensure the existence of positive solution U of (2.3) satistying condition (2.2), it is neces-
sary to ask the eigenvalues of (2.5) are all real. Otherwise, a spiral solution near Ey will destroy
the positivity of the state variable U;,i = 1,2,3. Then Lemma 2.2 (c) implies that system (2.1)
does not admit traveling wave solution for 0 < ¢ < c¢*. For the nonexistence of traveling waves
for 0 < ¢ < ¢, a similar argument as given in [32, Theorem 3.3] also could be applied. Now
we mainly focus on the existence of traveling waves of (2.1) for ¢ > c¢*.
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2.2 Construction of upper and lower solutions

To prove the existence of traveling waves for ¢ > ¢*, we need to construct suitable vector-value
upper and lower solutions for (2.3). Let A1 be given in Lemma 2.2 and « := —#/p3(A1) > 0.
Then we define the following continuous functions:

Uy (s) = Ny, U, (s) = max{Ny — c1¢*,0},
U, (s) = min{eM*, N*}, U,(s) = max{eM*(1 — 0pe),0},
Us(s) = min{KeAls,wN*}, Us(s) = max{Ke)‘ls(l — 03¢),0},

where positive constants N*, «, w, €,0;,1 = 1,2,3 will be determined. The we have the follow-
ing lemmas.

Lemma 2.3. There exists a positive constant N* ( > 1, large enough) such that the functions U, and
Us satisfies inequalities

cUy >doUy + Go(No, Ua, Us),  fors # 5, (2.7)
cUy >d3Uy + G3(No, U, Us), fors # 5, (2.8)
" wN*
where 55 = h}f:’ and 53 = —*—.

Proof. We may assume 3, < 33. The case of 5, > 33 is similar. If s < 3, then Up(x) = eMx,

Us(x) = xeM* and
dZU'z/ — cU/z + Ga2(No, Up, U3)
= doA2eMY — cA1eMT + BiNo f1(U2) + Bafa(Us) Ny — (0 4 g ) Us

K

K T ‘BZNOfZ(UE’)) - ‘BzNOLe/\lx (2.9)
B

< MY |dyAT — cAy + B1No — (0 + p) + B2No e

— K
= BaNofo(Us) — ﬁzNoKfBe)”x <0.
Similar to (2.9), it can be concluded that
ngg — CU; + G3(No, Uy, U3) = dzxA2eM* — ckAie™M* + eM* — (up — mp)xe™™
= [d3/\% —CAq + % — (VB — ﬂB)]Ke/\lx =0.
If s > 53, then U, = N*, U3 = wN*, and
N BN N*
Trane T PN oNs (0t k) (2.10)
< Bi1No/a+ BaNo — (0 + uu)N* <0,

AU, — Uy + Ga(No, Uz, U3) = B1Ny

where
£ s B2No + B1No/a

0+ U

N

It is easy to see that

d3U,3/ — CU; + G3(N0,U2,U3) = Iﬂ\f}’< — (]/lB — nB)wN* = 0,

where w = —1_— > 0.
B—T7TB

If 5 < s < 33, it can be similarly shown that (2.7) and (2.8) hold. This completes the
proof. O
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Lemma 2.4. For

B2Nog + p1No }

(c —dio)a

0<«x<1mm{d /\1} a1>max{N0,
1

the function U, (s) satisfies inequality
cly < diy + Gi(Uy, Uy, Us)
forany s # sy := LIn 2o,
Proof. Without loss of generality, we may assume ¢ is large enough such that s; < 0 and
s1 < 5y <83.If s > 59, then U, (s) = 0, the inequality holds.

If s < s1, then U, (s) = Ny — c1e**, Ua(s) = eM® , Us(s) = xe’1*. Hence we have

diUy — Uy + Gi1(Uy, Uy, Us)
= — dyya®e™ + copwe™ + upoe™ — Br(No — 0e®) f1(Uy) — B2(No — 0e*) fo(Us)
= (C — dloc)apxe — ﬁlNofl(uZ) — IBQNQfQ(U;;) (2-11)

(c —dia)oye — [B1Np + ‘BZNOK] (Ai—a)s| g5 >
Kp

V

v

where (A —a)s < 0 and 07 > max { NO, G Ty AN 0} This completes the proof. O

c—dia)a

Lemma 2.5. There exist positive constants € (small enough), oo and o3 (large enough) such that
functions U,(s) and Us(s) satisfy inequalities

1

cy <d Uy + Go(Uy, Uy, Usy), fors # sy := ——Inoy, (2.12)
1

Cgé Sd?,gg + G3(Q1,Q2,Q3), fors ?é S3 1= —Eln(]'g (2.13)

Proof. Without loss of generality we suppose s3 < s,, which implies 0, < 03. It is clear that
(2.12) holds for s > s, and (2.13) holds for s > s5. Since

lim U, (s) = Ny, lim U;(s) =0, lim s = —oo, i=2,3,
5——00 5——00 e—0+t, g;—+00

we can set € small enough and 07,03 large enough such that s, < 0 and s, < s;. In the
remainder of this proof we assume s < s,, which implies

Ui (s) = No — 07, Up(s) = e)‘ls(l — 07e%), Us(s) > Ke)‘ls(l — 03¢%) =: U,,

where U3 = Uj if and only if s < s5. By Taylor’s theorem we have

(U; — No)U, _apitly (U,)? _

(1 e U, (1t 6al,)? T HeL
Kp B ,5291KBQ1Q32

(Kp+61U3)*  (Kp+61U3)3"

Ga(Uy, Uy, Uz) = B1NoU, + B1
Nolls 2.14)
+ ,32

— + B2(Uy — No)Uz
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where 0 < 6; < 1, i = 1,2. Therefore

e_/\ls [dZQ/Z/ - CQ/Z + G2 (Ql/QZ/QS,)]
Z ef)‘ls[dzg/zl - CQIZ + G2 (Q]/ QZ/ %)]

K
> dyA? — cAy + B1No — (0 + pm) + ﬁzNoE — [da(A +€)* —c(A +€)

_ PaNoxas

— Ry(s)ope™ — Ry(s)eM®
Kp

— (0 + pn) + P1NoJore® (2.15)

Noxo
= — [dz(/\1 +€)2 — C(/\1 —|—€) - (a+ ,UH) 4 ,BlNO](Tzees _ IBZK(;3665

— Ry(s)ope™ — Ry(s)eM®

B2No

= — p2(Ag + €)ope® — TKU’;;EGS — Ry(s)ope* — Rz(s)eAls,
B

where

B2Kp B1(1 — 0e®)
(KB +6:U )2 (1 + aezgz)zl

2 ﬁngglNo Q,B192N0(1 — 0'2865)2
(KB + 601U )3 (1 + a92Q2)3

Ri(s) = k(1 — 03¢)

Ry(s) = x2(1 — 03¢)

For s < s,, it is easy to show that

0<1— e <1, 1—?§1—U3e€s§1. (2.16)
2

Similar to (2.15), we have
e M[d3UY — cUfy + G3(Uy, Uy, Us)] = —1n02e™ — P3(Aq + €) k036 (2.17)

for all s < s3. Consider the following inequalities

Kz (2.18)

N
{pz(/\l +€)XZ + p2 OX3 <0,
nxy + P3(/\1 + €)X3 < 0.
Remember that p;(A1 +€) < 0,i = 2,3, and P.(A +¢€) — % > 0. Then [9, Lemma 3.2]
implies that there exist positive constant x;,i = 1,2 such that inequalities (2.18) hold and
satisfy
X3

lim — = «.
e—0 X

Note that for fixed x;, it is easy to check Jx;,i = 2,3, still satisfy (2.18) for any positive constant
¢ > max{xy,«x/x3}. Setting

{x3
0y = sz, o3 i = —,

then for small €, we have

[0k
1<1—2 <1 - < 1.
(%)

This and (2.16) imply that there exists a positive constant M; such that

[Ri(s)| <M1, |Ra(s)| < My (2.19)
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for all s < s,. It follows from (2.15) that

e [dUY — U + Gy (Uy, Uy, Us)]

N
> |—p2(A +€)om — ﬁ;( OK0’3 e — Ry(s)ope™ — Rz(s)e)‘ls
B

= [GLG — o Rq (S>e(l’éf€)s _ RQ(S)E(Alie)S]ees
> ({Le — oy My — M7)e® > 0,

where

N )M
Le = —PQ()\l +€)XQ — m)@, >0, ¢ > u

K L , e < min{a, Aq}.

Here we use inequalities in (2.18) and the fact s < s, < 0. The inequality (2.13) can be proved
similarly. O

3 Existence of traveling waves

Using the upper and lower solutions determined in above lemmas, we define the set
[ = {(Us(-), Ua(+),Us(-)) € C(IR,R?) : U;(s) < Ui(s) < Ui(s),i =1,2,3,s € R}.
To apply Schauder’s fixed point theorem on I', we rewrite equations (2.3) as follows
—diUf + cly +1iUs = Hi[U(")](s),

—d2”+dﬁ+7ﬂb—HﬂU@K@, (3.1)
— dsUj + cUj + ysUs = H3[U(+)](s),

where
U(s) = (Ua(s), Ua(s), Us(s)),
Hi[U()](s) = 1Ui(s) + Gi(U(s)),
Hy[U(4)](s) = 72la(s) + G2(U(s)),
H[U(-)](s) = v3Us(s) + Gs(U(s)),

and positive constant 7;,i = 1,2,3 is large enough such that each H;[U(-)](s), i = 1,2,3, is
monotone increasing with respect to U;(-). Actually, by the definition of functions G;,i =
1,2,3, it is enough to choose
oG (u
')q>sup{— alu(l)}—f—ﬁ1, 'yz>sup{—

uely uely

3G (1) }

auz

G5 (1) }

Y3 > sup {— 95

uely

where
I'g:= {(Lll,le,LI3) 0<u; < Nyp,O<up < N*,O <uz < KN*}.

Let A;; <0< Ap,i=1,2,3 be the roots of
diAN?> —cA—v;=0,
and define the operator F = (F;, B, F;) : T — C(R,R?) by

WM = 7 | [ Mo i [T Imuoina], 62
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where Aj:= Ap — Ajp > 0,i = 1,2,3. Then we can check that a fixed point of operator F in T
is a nonnegative and bounded solution of (3.1). Therefore, to prove the existence of traveling
waves, it is enough to prove the existence of fixed points of operator F. Then we have the
following lemmas.

Lemma 3.1. The operator F maps T into T, i.e. F(T') C T.

Proof. Let U(-) €T, that is, U;(s) < U;(s) < U;(s) for any s € R, i = 1,2,3. Then it suffices to
prove
U;(s) < F[Ui(s)] < Ui(s)
for any s € R, i = 1,2,3. Note that H;[U(-)] is increasing with respect to U;(-), and hence
Hi[U())] > 0,i =1,2,3 fors € R.
If s > s,, we have U,(s) = 0 and K[U(-)](s) > 0 = U,(s) due to Hy[U(-)](s) > 0 and
Hy[U(+)](s) # 0. Now suppose s < s,, then we have

—doUy + cUy + 72Uy < 12lly + Go(Uy, Uy, Us)
< 1olUy + Go(Uy, Uy, Us)
= Hy[U(-)](s)-

Hence,

BUOIE) = | [ U+ [~ =)o
> 1
~ do /Ay

L 2 An(s—t) [_ " /
dZAz/S e [—daU5 (1) + cU5(F) + 12U, (t)] dt 63)

l oo
N / eA2(=D [ gy U (£) + cUb () + 1ol ()] dt
da\g Js,

1
= Uy(s) + AfzeA”(HZ) [U3(s, +0) — Us(s, — 0)]

> QZ(S) Z O/

/ M= [y Ul (1) + cUb(t) + 12U, (t)] dt

+

where the second inequality holds because of Uj(s, + 0) = 0 and Uj(s, — 0) < 0. Therefore
R[U(-)](s) = Uy(s)
for any s € R. Other cases can be proved similarly. O
Choosing the positive number p < min{—Aj;, Ap1}, then we define the functional space
Bu(R,R%) := {®(s) = (¢1(5), 92(s), ¢3(s)) € C(R,IR) : [|(s)]| < oo}
with the norm

[0(5)]] i= max {sup,cr [91(5)le ", sup,cge |a(s) e, sup, g [ga(s)]e 1}

It is easy to see that I' is a closed and convex subset of B, (R, R%).

Lemma 3.2. The operator F : T — T is continuous with respect to the norm || - |.
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Proof. Assume ¢(s),P(s) € I with ¢(s) # ¢(s), where

¢(s) = (@1(s), P2(s), 3(s)),  ¥(s) = (Pr(s), ¥a(s), $3(s))-

Note that

) )

1+ agy(s) 1+ aps(s)
- [po s O s O e e
< N'[91(5) — $1()| + Nolg(s) — 92(5)],
and
OB e O e
- O e e MY e MR ne

<|¢1(s) —1(s)| + Kle%(S) —5(s)|.
It follows from the definitions of I' and G that

[Hi[p())(s) = Hilp()](s) e < Mol @ () =9 ()],

where My = B2(No/Kg + 1) + B1(No + N*) + s + 1. Further more, we have

\Fi[@(9)](s) = Fu[g(-)](s) e !

< ‘;1’1‘\51' {/; MO L [9()](F) — Ha[w()](£) et

[ A0 ()]0 — Flp() 1)l e

< Mae #F! /S eAu(sft)erMdt_i_/ooe/\lz(sft)ﬂl\t\dt lo(-) — ().
- dlA] —00 S

Now we assume p < min{—A11, A1p}. If s < 0, we have

IF1[9(+)](s) — Fu[p(+)](s) e HF!
< M |:€A“s /_Soo e*(A11+14)tdt_|_eAle /SO e*(/\uﬂl)tdt_’_eAlzs /Ooo e(y/\lz)tdt:| H¢() B 1’0()”

diA\q
M -1 1 — e(A2ti)s  p(Antp)s
= 2 + + — | [l¢() — ¢l
diA | A+ p A+ AN —p

M, < —1 1 1 >
= + + 3~ wl.
“diAM \Antp Apt+p Ap-—u () = ()l
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If s > 0, we have
IF[9(-)](s) = Fa[p(-)] (s) e HI
S MZe_HS |:eA115/S e(A11+V)tdt+eA125/Oe(Alzy)tdt+eA12S/oo e(‘uAlz)tdt:| H(P() _l/)()H
e :

Mz —e(All_H)s 1 _ e(All—]/l)S 1

- + + D — (-
dlAl [ A]l + ;/l y — All AlZ _ ‘u H‘P( ) lI)( )H
M, < -1 1 1 )

= + + 3 — v,

T diAM \An+p o u—An Ap—p [p() = ()l

In conclusion, we have shown that

[F[p()](s) = [ ()] ()]l < Mallg(-) — () I,
where

M M> { -1 " 1 n 1 -1 n 1 n 1 }
3= max , )
di\q An+pu Ap+yuy Ap—p An+p p—An Ap—pu

Therefore, we know that F; : ' - C(RR,R) is continuous with respect to the norm || - ||.
Similarly, it can be proved that F; : I' — C(R,R), i = 2,3 is continuous with respect to the
norm || - || as well. O

Lemma 3.3. The operator F : T — T is compact with respect to the norm || - |.

Proof. Since T is a closed subset of B, (IR, R®) and F(T) C T, it suffices to prove that F : T —
B, (R,IR?) is compact with respect to the norm || - ||.
For any ® = (U;(s), Ux(s), Us(s)) € T, there exists a positive constant My such that

|H;[®](s)] = [7ili(s) + Gi(Ux(s), Uz(s), Us(s))| < My, i=1,23,

for all s € R. Consequently, we have

s +o0
iFl[q>](s) _ b An/ eAll(S—f>H1[q>(-)](t)dt+A12/ MO, [ ()] (¢)dt
dS dlA] —00 S
s +oo
< M [|A11| / eMG=DdE 4 Ay / eAlz(S—”dt} (3.4)
d]Al —o00 s
_ 2M,
- d]Al
which implies
d 2My
- I < 2222
|ishiol0] < 2

Similarly, we can show that || £ F[®]()| < %, i = 2,3. On the other hand, there exists a
constant M5 such that

IE[®](s)| <Ms, V®eTl,VseR, i=123.

Hence, for any ¢ > 0, letting N € N such that

[O¥]

Y E[®@](s)|e Bl < 3Mse N <6, V|s| > N. (3.5)
i=1
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Then by Arzela-Ascoli theorem, we can choose finite elements in F(I') such that there exists a
finite e—net of F(I')(s) in the sense of supremum norm if we restrict them on [—N, N|, which
is also a finite e—net of F(T')(s)(s € R) in the space By, (R, R?). This implies that F is compact
with respect to the norm || - || in B, (R, R?). O

Now we are in the position to state the main result of this section.

Theorem 3.4. Let Ry > 1, then for any ¢ > c*, system (2.3) admits a positive solution U(s) =
(U1 (s), Ua(s), Us(s)) € T satisfying condition (2.2). That is, system (2.1) has traveling wave solutions
connecting Eg to E* with minimum wave speed c*.

Proof. Using the Schauder’s fixed point theorem, it follows from above lemmas that there
exists a nonnegative U(s) € T satisfying U(s) = F(U(s)). Then U(s) is a nonnegative solution
of (2.3). Moreover, the inequality (3.3) implies that Uy(s) > 0 for all s € R. Similarly, we
can prove Uj(s) > 0,i = 1,3. That is, U(s) is a positive solution of (2.3). Furthermore,
from the construction of upper-lower solutions, it is easy to check that U(—c0) = Ej. Since
the determined wave solutions may not be monotone, it is not easy to observe the upward
convergence of wave profiles. In order to prove U(+o0) = E*, we appeal to the Lyapunov
function method proposed in [19] (also see [7,34]) to establish the upward convergence of
traveling waves.

Denote Vi(s) := Uj(s), Va(s) := Uj(s), Va(s) := Uj(s), then U(s) also satisfies the following
ODE system:

S) = CV2<S) - GZ(ull uZ/ U3>,
Us(s) = Va(s),
d3V3(s) = cV3(s) — Gs(Uy, Up, Us).

Define a Lyapunov function as the following

L(S) = Ll(S) + Lz(S) + 'LWLg(S),
Li(s) := cU;(s) — d;Vi(s) + Ll;k{z‘(/;gs) —cu InU(s), i=1,23.
Then we have
dLi(s) _ o\ Uils) —up  uidiVE(s)
= (V) =) = ey

= Jn— T
where

U;(s) —ur U;(s) — ur
T = (cVi(s) — di\/i/(s))(éf(s)ul = Gi(Ul,Uz, U3)§,SI3(s)ul’
* 1172
T = 4Vi(s) 0.

(Ui(s))> —
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jl \72 with
uj u
J122711+721+/32 J;Z( )Jl, ﬂ12312+J22+ﬁ2 ;fZ( )j > 0.
2 U3
Then simple calculations yield that

uy ui  W(l+4auy) Uy Ui(1+aud)
= *_Uq.) (1= 2L * * S W) Sl i’ YA et S
T = pr(uy — Up)( U1) + Prui f1(u3) U w(talh) w3 ui(1+alh)
u¥ U3<KB + u*) u1Ll*U3(KB + uj) Us Uuj
LBt fy(u) |3 3) _ thth 3) _ Hs _ this )
Paui fo 3>[ Uy " wy(Ks+Us) i us(Kp+ Us) w5 uplls

Note that

5_ £+ Ur(1+au;) Uy  Up(1+auj)
Uy us(l4all)  ub  ui(l+all)
_ [U2(1+au§) _1] [1_ 1+auﬂ 3—£— Uq (14 aul) _ 1+alp
i (1 + ally) 1+ auj U, uj(ltall) 1+au}
uj Ui (14 au?) 1+al,

< —In—— —1 =
=y nui‘(l +ally) " 14 au} 0,

where we use the fact that 1 —x < —Inx for all x > 0 and the equality holds if and only if
x = 1. Similarly, we can show that

[ Cup |, Us(Kptus)  Umls(Kptuy)  Us U] _ o
U M; (KB + U3) u’{llzu§ (KB + U3) u; u>2kU3 ’

and the equality holds if and only if U; = uj, Uy = u3, U3z = u3 In conclusion, we have 73 <0
and J1 = 0 if and only if U(s) = E;, which implies that ( ) < 0 and that ¢ ( ) = 0if and
only if

(W (), VA (5), Un(s), Va(s), Us(s), Va(s) ) = (5, 0,3,0,153,0).

Then the Lyapunov-LaSalle’s invariance principle implies U(+o0) = E*.

In the case of ¢ = ¢*, we use a limiting arguments as used in [9,10] to prove the existence
of traveling waves of (2.1). Choosing a sequence ¢, € (c*,c¢* + 1] such that ¢, — ¢* as n — oo,
then system (2.1) admits a traveling wave solution

Uy (s) = (ul,n(z), U u(z), u3,n(z))

connecting Ep to E* with speed c,. Note that U, satisfies (3.1) and the integral equations
(3.2). Then we can check that the sequences {U,(s)}, {U;(s)}, and {U]/(s)} are uniformly
bounded and equi-continuous on R. Then the Arzela—Ascoli theorem implies that there exists
a subsequence of {c, }, denoted again by {c, } for simplicity, and function U, := (U, Uz, Uz )
such that

c, — c*, u, — u,, u, — u,/, u) — u,”,

uniformly as n — oo on any bounded and closed interval of R, and hence pointwise on R. As
n — oo, then we have

— d1U +c ul* + 1l = Hl[u*( )](S)’
— dzu +c uz* + Yol = HZ[U*( )](S)’
—d3 —|—C u3*—|—’)/3U3* —H3[U*( )](S)
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Moreover, by the strong maximum principle, we can further verify that Uy.(s) > 0, Uz.(s) >
0, Us.(s) > 0 for any s € R. Thus, U, is a positive traveling wave solution of (2.1) with speed
c = c¢*. Then the same Lyapunov function argument as used above for ¢ > c* implies that U.
satisfies condition (2.2). We complete the proof. O

4 Conclusion and discussion

In this work, we establish the existence of traveling waves for a reaction-diffusion SIR-B epi-
demic model with direct and indirect transmission pathways. The model is an extension of
the standard SIR epidemic model to describe the transmission of cholera or other waterborne
diseases. Based on the mechanism of the transmission of waterborne diseases, we assume the
incidence rates are nonlinear and saturated. Since we are interested in the existence of trav-
eling wave solutions connecting the disease-free equilibrium and endemic equilibrium, we
assume the basic reproduction number Rg > 1, which is a threshold value for the existence
of endemic equilibrium. With given assumptions, we show that the system admits traveling
waves connecting the DFE and endemic equilibrium with speed c if and only if ¢ > ¢*.

Since the solution semiflow associated with our system is non-monotone, we cannot use
the general theory for monotone dynamical systems to determine the existence of traveling
waves. By constructing suitable upper-lower solutions, we apply the Schauder’s fixed point
theorem to obtain the existence of traveling waves for ¢ > c*, then a limiting argument is
used to determine the existence of critical waves for ¢ = c*. Note that the determined wave
solutions may not be monotone, then it is tricky to determine the asymptotic states of waves.
In this work, a suitable Lyapunov function is employed to get the upward convergence of
wave solutions. Here we should emphasize that the skills we used here could work for more
general incidence functions with monotonicity and boundedness properties.

It is well known that the minimal wave speed may coincide with the asymptotic spreading
speed for many monotone dynamical systems [15]. Although we have no way to prove this fact
is true for our system, it can be expected that the minimal wave speed c* could approximate
the invasion speed of the disease. For the numerical calculation of c*, we refer readers to a
similar procedure as given in [35]. We can verify that c¢* is the minimum wave speed of (2.1)
if and only if c¢* is the unique positive real root of a quartic equation with respect to c?>. Then
the numerical value of ¢* can be calculated by the “roots” command in Matlab software for
given model parameters.

Finally, we should point out that the saturation incidence rates used in this work are
monotone and bounded. However, as mentioned in [30], the incidence rates may be non-
monotone due to the “psychological” effect. For example, the non-monotone incidence rates
1 fi 72 is proposed by Xiao and Ruan in [30], which is increasing when [ is small and decreasing
when [ is large. In such case, the construction and verification of vector-value upper-lower
solutions become much more difficult and challenging. We will consider this interesting topic
in our follow-up works.
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