THE MAXIMAL SPECTRAL RADIUS OF A DIGRAPH WITH (M + 1)^2 − S EDGES^∗

JAN SNELLMAN^†

Abstract. It is known that the spectral radius of a digraph with k edges is at most √ k, and that this inequality is strict except when k is a perfect square. For k = m^2 + ℓ, ℓ fixed, m large, Friedland showed that the optimal digraph is obtained from the complete digraph on m vertices by adding one extra vertex, a corresponding loop, and then connecting it to the first ⌊ℓ/2⌋ vertices by pairs of directed edges (for even ℓ an extra edge is added to the new vertex).

Using a combinatorial reciprocity theorem, and a classification by Backelin on the digraphs on s edges having a maximal number of walks of length two, the following result is obtained: for fixed 0 < s ≠ 4, k = (m + 1)^2 − s, m large, the maximal spectral radius of a digraph with k edges is obtained by the digraph which is constructed from the complete digraph on m + 1 vertices by removing the loop at the last vertex together with ⌊s/2⌋ pairs of directed edges that connect to the last vertex (if s is even, remove an extra edge connecting the last vertex).

Key words. Spectral radius, Digraphs, (0, 1)-matrices, Perron-Frobenius theorem, Number of walks.

AMS subject classifications. 05C50, 05C20, 05C38.

∗ Received by the editors on 10 March 2003. Accepted for publication on 11 June 2003. Handling Editor: Richard A. Brualdi.

†Department of Mathematics, Stockholm University, SE-10691 Stockholm, Sweden (Jan.Snellman@math.su.se).