THE STRUCTURE OF LINEAR OPERATORS STRONGLY PRESERVING MAJORIZATIONS OF MATRICES^∗

AHMAD M. HASANI^† AND MEHDI RADJABALIPOUR^‡

Abstract. A matrix majorization relation A ≺_r B (resp., A ≺_ℓ B) on the collection M_n of all n × n real matrices is a relation A = BR (resp., A = RB) for some n × n row stochastic matrix R (depending on A and B). These right and left matrix majorizations have been considered by some authors under the names “matrix majorization” and “weak matrix majorization,” respectively. Also, a multivariate majorization A ≺_{rmul} B (resp., A ≺_{ℓmul} B) is a relation A = BD (resp., A = DB) for some n × n doubly stochastic matrix D (depending on A and B). The linear operators T : M_n → M_n which strongly preserve each of the above mentioned majorizations are characterized. Recall that an operator T : M_n → M_n strongly preserves a relation R on M_n when R(T (X), T (Y )) if and only if R(X, Y ). The results are the sharpening of well-known representations T X = CXD or T X = CX^tD for linear operators preserving invertible matrices.

Key words. Row stochastic matrix, Doubly stochastic matrix, Matrix majorization, Weak matrix majorization, Left(right) multivariate majorization, Linear preserver.

AMS subject classifications. 15A04, 15A21, 15A51.

∗Received by the editors 21 March 2006. Accepted for publication on 20 September 2006. Handling Editor: Ravindra B. Bapat.

†Department of Mathematics, University of Kerman, Iran (mohamad.h@graduate.uk.ac.ir). ‡Supported by a grant from Mahani Mathematical Research Center (radjab45@mail.uk.ac.ir).