TOEPLITZ BAND MATRICES WITH EXPONENTIALLY GROWING CONDITION NUMBERS^�

A. BÖTTCHER^† AND S. GRUDSKY^‡

Abstract. The paper deals with the spectral condition numbers κ(Tn(b)) of sequences of Toeplitz matrices Tn(b) = (b_{j−k})^n_{j,k}=1 as n goes to infinity. The function b(e^{iθ}) = P_k b_ke^{ikθ} is referred to as the symbol of the sequence {Tn(b)}. It is well known that κ(Tn(b)) may increase exponentially if the symbol b has very strong zeros on the unit circle T = {z ∈ C : |z| = 1}, for example, if b vanishes on some subarc of T. If b is a trigonometric polynomial, in which case the matrices Tn(b) are band matrices, then b cannot have strong zeros unless it vanishes identically. It is shown that the condition numbers κ(Tn(b)) may nevertheless grow exponentially or even faster to infinity. In particular, it is proved that this always happens if b is a trigonometric polynomial which has no zeros on T but nonzero winding number about the origin.

The techniques employed in this paper are also applicable to Toeplitz matrices generated by rational symbols b and to the condition numbers associated with l^p norms (1 ≤ p ≤ ∞) instead of the l2 norm.

Key words. Toeplitz matrix, band matrix, matrix norm, condition number

AMS subject classifications. 15A12, 15A60, 47B35, 65F35

∗Received by the editors on 14 October 1999. Accepted for publication on 29 November 1999. Handling Editor:Ludwig Elsner. This work was supported by DFG-Kooperationsprojekt 436 RUS 113/426 for German and Russian scientists within the “Memorandum of Understanding” between DFG and RFFI.

†Faculty of Mathematics, Technische Universität Chemnitz, D - 09107 Chemnitz, Germany (aboettch@mathematik.tu-chemnitz.de).

‡Faculty of Mechanics and Mathematics, Rostov-on-Don State University, Bolshaya Sadovaya 105, 344 711 Rostov-on-Don, Russia (grudsky@aaanet.ru), partially supported by RFFI Grant 98- 01-01023.