ADDITIONAL RESULTS ON INDEX SPLITTINGS FOR DRAZIN INVERSE SOLUTIONS OF SINGULAR LINEAR SYSTEMS^∗

YIMIN WEI^† AND HEBING WU^‡

Abstract. Given an n × n singular matrix A with Ind(A) = k, an index splitting of A is one of the form A = U − V , where R(U) = R(A^k ) and N(U) = N(A^k ). This splitting, introduced by the first author, generalizes the proper splitting proposed by Berman and Plemmons. Regarding singular systems Au = f, the first author has shown that the iterations u^{(i+1)} = U^#V u^{(i)} + U^#f converge to A^D f, the Drazin inverse solution to the system, if and only if the spectral radius of U^#V is less than one. The aim of this paper is to further study index splittings in order to extend some previous results by replacing the Moore-Penrose inverse A^+ and A^{−1} with the Drazin inverse A^D. The characteristics of the Drazin inverse solution A^Df are established. Some criteria are given for comparing convergence rates of U^#_i V_i, where A = U_1 − V_1 = U_2 − V_2. Results of Collatz, Marek and Szyld on monotone-type iterations are extended. A characterization of the iteration matrix of an index splitting is also presented.

Key words. Index, Drazin inverse, group inverse, Moore-Penrose inverse, index splitting, proper splitting, comparison theorem, monotone iteration.

AMS subject classifications. 15A09, 65F15, 65F20

∗Received by the editors on 21 September 2000. Accepted for publication on 15 May 2001. Handling Editor: Stephen J. Kirkland.

†Department of Mathematics and Laboratory of Mathematics for Nonlinear Science, Fudan University, Shanghai, 200433, P.R. of China (ymwei@fudan.edu.cn). Work completed while visiting Harvard University and supported by the China Scholarship Council, the National Natural Science Foundation of China under grant 19901006, the Science Foundation of Laboratory of Computational Physics, and the Doctoral Point Foundation of China.

‡Institute of Mathematics, Fudan University, Shanghai, 200433. P.R. of China. Work supported by the State Major Key Project for Basic Research in China.