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EIGENVALUE CONDITION NUMBERS AND A FORMULA OF
BURKE, LEWIS AND OVERTON*

MICHAEL KAROWT

Abstract. In a paper by Burke, Lewis and Overton, a first order expansion has been given for
the minimum singular value of A—zI, z € C, about a nonderogatory eigenvalue A of A € C"*™. This
note investigates the relationship of the expansion with the Jordan canonical form of A. Furthermore,
formulas for the condition number of eigenvalues are derived from the expansion.
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1. Introduction. By 75 (A) we denote the product of the nonzero singular val-
ues of the matrix A € C"*™, counting multiplicities. For the zero matrix 0 € C"*™
we set m(0) = 1. If A is square then A(A) denotes the spectrum and 7a(A) stands
for the product of the nonzero eigenvalues, counting multiplicities. If all eigenvalues
of A are zero then we set mp(A) = 1. The subject of this note is the ratio

q(A, /\) — Wz(A— )\In)

= @ ALy A

In [1] the following first order expansion has been given for the function
z = omin(4 — 21,), z € C,

where oyin(+) denotes the minimum singular value and I,, is the n x n identity matrix.

THEOREM 1.1. Let A € C be a nonderogatory eigenvalue of algebraic multiplicity
m of the matriz A € C"*"™. Then
z—A™
Umin(A—ZIn) = ﬁ—i—(’)ﬂz—)ﬁm“), zeC.
The relevance of this result for the perturbation theory of eigenvalues is as follows.
The closed e— pseudospectrum of A € C™*™ with respect to the spectral norm, || - ||,
is defined by

AfA)={z€C| ze A(A+A), AcCT™" [|A] <e }.

In words, Ac(A) is the set of all eigenvalues of all matrices of the form A + A where
the spectral norm of the perturbation A is bounded by ¢ > 0. It is well known [10]
that

A(A)={2€C| omim(A—2I)<e }.
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Theorem 1.1 yields an estimate for the size of pseudospectra for small e: Roughly
speaking if € is small enough then the connected component of A.(A) that contains
the eigenvalue X is approximately a disk of radius (g(A, \) €)™ about . It follows
that ¢(A, /\)1/ ™ is the Holder condition number of \. We discuss this in detail in
Section 4.

However, the main concern of this note is to establish the relationship of g(A, \)
with the Jordan decomposition of A. For a simple eigenvalue the relationship is as
follows. Let z,y € C™\ {0} be a right and a left eigenvector of A to the eigenvalue A
respectively, i.e. Az = Ax, y*A = Ay*, where y* denotes the conjugate transpose of
y. Then

P = (y*x)flxy* c (Cnxn

is a projection onto the one dimensional eigenspace C x. The kernel of P is the direct
sum of all generalized eigenspaces belonging to the eigenvalues different from \. As is
well known [5, p.490],[3, p.202],]9, p.186], the condition number of A equals the norm
of P. Combined with the considerations above this yields that

q(A, A) = [P (1.1)

In Section 3 we give an elementary proof of the identity (1.1) without using The-
orem 1.1. Furthermore, we show that for a nondegoratory eigenvalue of algebraic
multiplicity m > 2,

(A, 0) = [N™ 7, (1.2)

where N is the nilpotent operator associated with A in the Jordan decomposition of
A. The formulas (1.1) and (1.2) are the main results of this note. The proofs also
show that the assumption that A is nonderogatory is necessary.

The next section contains some preliminaries about the computation of the two
products 75 (A4) and 7a(A) and about the relationship of the Schur form of A with
the Jordan decomposition.

Throughout this note, || - || stands for the spectral norm.

2. Preliminaries. Below we list some easily verified properties of ma(A), the
product of the nonzero eigenvalues of A, and of w5(A), the product of the nonzero
singular values of A. In the sequel AT and A* denote the transpose and the conjugate
transpose of A respectively.

(a) If A € C™*™ is nonsingular then ma(A) = det(A).

(b) For any A € C™*" : mp(AT) = mp(A) and 75 (A*) = ma(A).

(¢) Let S € C™ ™ be nonsingular. Then for any A € C™"*", 15 (SAS™Y) = ma(A).

(d) Let A11 S (Cnxn7 Ags € Cm>x™m and A12 € C**™_ Then

A ({Aél i;ﬂ) = mA(A11) ma(As2).

(e) For any A € C"*™ 75 (A)? = mp(A*A) = mp(AA*).
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(f) If A € C™*™ is nonsingular then 75(A) = |det(A)| = |ma(4)].
(9) Let U € C™™ and V € C™*™ be unitary. Then for any A € C**™,
WE(UAV) = WZ(A).
In the next section we need the lemmas below.
LEMMA 2.1. Let M € C™*" be nonsingular, X € C™*" and Y = XM ~'. Then

ws ([%]) = monvasm T

Proof. We have

det(M

=det(M* (L, + Y'Y)M)
det(M™*) det(M)det(I, + Y*Y)
ms(M)?*det(I,, + Y*Y). O

LEMMA 2.2. LetY € C™*". Then ||I, + Y*Y|| = ||[Im + YY™|| and det(I,, +
Y*Y) =det(l,, + YY™).

Proof. The case Y = 0 is trivial. Let Y # 0. The matrices Y and Y™* have
the same nonzero singular values o1 > o2 > ... > 0, > 0 say. The eigenvalues
different from 1 of both I,, + Y*Y and I,,, + YY™* are 1 + U% >1+ o% o> 1+ 012).
Thus ||I, + Y*Y|| = I, + YY*|| = 1 + ¢7 and det(I,, + Y*Y) = det([,,, + YY*) =

hei(1+07). 0

We proceed with remarks on the Jordan decomposition. Let Aq,...,\; be the
pairwise different eigenvalues of A € C™*™. Let X; = ker(A — A\;I,,)™ be the general-
ized eigenspaces. By the Jordan decomposition theorem we have

A= (NP +N;), (2.1)
j=1
where Py, ..., P, € C™*"™ are the projectors of direct decomposition C" = @;zl Xj,
ie.
sz =P, range(P;) =4&;, ker(P;)= @ X,

k=1,k#j

and Ni,..., N, € C™*™ are the nilpotent matrices N; = (A—A\;I,)P;. The eigenvalue
A; is said to be

o semisimple (nondefective) if X; = ker(A — A;1,,),

o simple if dim X; =1,

o nonderogatory if dimker(A — A\;1,,) = 1.



Electronic Journal of Linear Algebra ISSN 1081-3810
A publication of the International Linear Algebra Society
Volume 15, pp. 143-153, May 2006
http://math.technion.ac.il/iic/ela

146 Michael Karow

In the following m denotes the algebraic multiplicity of A;. Note that if m > 2 then A;
is nonderogatory if and only if N ]m_l # 0. We now recall how to obtain the operators
P;j and Nj from a Schur form of A. We only consider the nontrivial case that A has
at least two different eigenvalues. By the Schur decomposition theorem there exists
a unitary matrix U € C"*" such that
w7 | AjIm FT Agg
UrAU = [ 0 e

where A5 € me(nfm), Agg € (C(nfm)x(nfm)’ A(AQQ) = A(A) \ {)\]} and T € C**™
is strictly upper triangular,

[0 t1g ... ... tim

to3

tm—l,m

0

If m =1 (i.e. A; is simple) then T is the 1 x 1 zero matrix. Since the spectra of T
and Ago — Ajl,—n, are disjoint the Sylvester equation

R(Ags — A\jL—r) — TR = Ajs. (2.2)
has a unique solution R € C™*(n—m),

ProposiTION 2.3. With the notation above the projector onto the generalized
eigenspace and the nilpotent operator associated with \; are given by

In —R],. [T -TR],.
PjU[O O}U, and NJU[O O}U.

For any integer £ > 1 we have

f (2.3)

T —T'R
L _ *
N._U[O 0 ]U.

The spectral norms of P; and of Nf satisfy

||| = || + RR*||M/?
INE|| = |T(Ln + RR*)(T*)"]|/2.

R

Infm

0
C™ = range(X;) @ range(X32) and

Proof. Let X1 :=U [Im] e Cv™m Xo:=U [ } € C*(n=m) Then obviously

AXy =X, (NI, +T). (2.6)
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Furthermore, (2.2) yields that
AX2 =X AQQ. (27)

Hence, range(X;) and range(Xs2) are complementary invariant subspaces of A. The
relations (2.6) and (2.7) imply that for any A € C and any integer ¢ > 1,

(A= ML)'X: = Xi((\j =N +T)

(2.8)
(A= ML)'Xy = Xo(Ase — M)’
Using this and the fact that A; ¢ A(Ag9) it is easily verified that range(X;) = ker (A—
Aj I,)™ and range(Xs) = ®Z=1,k¢j ker (A — A\ I,,)"™. The matrix

Im -R *
PjU[0 O}U, (2.9)

satisfies Pj2 = P;, P;X; = X, and P; X, = 0. Hence, P; is the Jordan projector onto
the generalized eigenspace ker (A — X; I,)". For the associated nilpotent matrix IV;
one obtains

_— (2.10)

Nj=(A-)\1,)Pj=U {T _TR] U*.
The formulas (2.3), (2.4) and (2.5) are immediate from (2.9) and (2.10). O
We give an expression for ||N;”71|| which is a bit more explicit than formula (2.5).

First note that if A\; has algebraic multiplicity m > 2 then

0O ... 071
0 m—1
Tm_1 = , where 7= H tk;’k;Jrl.
: : . k=1
0O ... 00

Let el =1[0...0 1]7 € C™ and r = eI’ R. Then 7 is the lower row of R. Since
the lower row of TR is zero it follows from the Sylvester equation (2.2) that

r= €£A12(A22 — )\jIm)_l. (211)
From (2.3) or (2.5) we obtain
PROPOSITION 2.4. Suppose A; has algebraic multiplicity m € {2,...,n — 1}.
Then

INF*=H = [/ + e,
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3. Main result. We are now in a position to state and prove our main result
on the ratio

WZ(A — Ajln)

AN) = AT i)
WA = AL

Aj € A(A). (3.1)

THEOREM 3.1. Let A\j € C be an eigenvalue of A € C**™. Let P; and N; be
the eigenprojector and the nilpotent operator associated with ;. Then the following
holds.

(a) If A; is a semisimple eigenvalue then q(A, \;) = ms(F;).

(b) If A\; is a simple eigenvalue then q(A, A;) = || P;l.

(¢) If A\; is a nonderogatory eigenvalue of algebraic multiplicity m > 2 then

q(A, X)) = [N

Proof. First, we treat the case that A has at least two different eigenvalues.
In view of Proposition 2.3 and since the products ms;(A — X\;1,,), ma(A — A\;I,,) are
invariant under unitary similarity transformations we may assume that

Ao [Mln+ T Aw _[In -R
0 Ap|” 770 0]

where A(Ag) = A(A)\{\;}, T € C**™ is strictly upper triangular and R € C™*(n=m)
is the solution of the Sylvester equation R(Ass — AjI—m) — TR = Ajs.
(a). Suppose A; is semisimple. Then T'= 0 and R(A22 — A\jIn—m) = Ai2. Thus,

0 0
A—-N1,)(A =N, I,) = N ”
( in)"( i1n) [0 (A22 = Ajln—m)"(A22 — AjIn—m) + A12A12}
|0 0
N 0 (A22 - )\]Infm)*(-[nfm + R*R)(A22 - AjInfm) '
Thus

T (A = Nj1p)? = ma((A = N 1) (A = M)
= det((AQQ - )\jIn,m)*(Infm + R*R)(AQQ — AjInfm)) (32)
= |det(Azz — A\jI,—)|? det(Iy—m + R*R)

= |ma(A — N\ L,)|* det (L, —m + R*R). (3.3)
Furthermore we have Pij* = {Im +ORR 8] and hence
72 (P;)? = det(I,, + RR*) = det(I,_,, + R*R). (3.4)

The latter equation holds by Lemma 2.2. By combining (3.3) and (3.4) we obtain (a).
(b). If m =1 then P; has rank 1 and hence, ns(P;) = || P;||. Thus (b) follows from

(a).
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D
(c¢) Suppose m > 2 and A; is nonderogatory. Then T = : , where D €

0...0

C(f”*l)x(mfl) is upper triangular and nonsingular. In the following we write A9 =
Icﬂ , where a is the lower row of A;5. Let r denote the lower row of R. By Formula
2.1

(2.11) we have
r=a(Ayp — N\I)7" (3.5)

Let us determine 75 (A). Since removing of a column of zeros and a permutation of
rows does not change the nonzero singular values of a matrix we have

"D A D A
71'2(14—)\]‘_[”):7'(2 00 a =Ty 0 AQQ—/\jIn_m
0 A22_>\jIn7m 0...0 a
Lemma 2.1 yields
D A -
D A
™ 0 A22 — )\jIn,m =Ty (|:0 A22 . )\I:|) det(l + yy*)
0...0 a 7

= |det(D)det(Agz — A; 1) /1 + [ly[|?
= [ma(A =X D) [det(D)] 1+ [ly[%,

where

_[0 0 a} D A -
Yy = 0 A22_/\j1 .

From (3.5) it follows that y = [o...0 7] and hence, ||y[| = ||7||. In summary,

(A = AjIn) = |wa(A = Ajln)| [det (D) V1 + 7[>
But |det(D)]|\/1+ ||| = HN;”71|| by Proposition 2.4. Hence, (¢) holds.

Finally, we treat the case that \; is the only eigenvalue of A. Let U*AU = \ L, +T
be a Schur decomposition. The eigenprojection is P; = I,, and the nilpotent operator
is Ny = A— \I, = UTU*. Since all eigenvalues of A — A\1I, are zero we have
mA(A—A11,) = 1 by definition. If \; is semisimple then also mx(A— M\ I,,) = 7 (0) =
1. Hence, ¢(A,\1) =1 = mx(Py). Suppose n > 2 and A; is nonderogatory. Then

(A, M) = m2(A = MI) = ws(T) = |det(D)| = [T = N7,

0

. D
where T' = : .0
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4. Condition numbers. In this section we show that q(A,A)l/m equals the

Holder condition number of the nonderogatory eigenvalue A of algebraic multiplicity
m. To this end we introduce some additional notation. By D) (r) we denote the closed
disk of radius r > 0 about A € C. If A € A(A), A € C"*", then Cy(¢) denotes the
connected component of the e-pseudospectrum, A.(A), that contains A. We define

Ri(e) :=1inf{r > 0| Cx(e) C Dx(r) },
R, (e) :=sup{r > 0| Dx(r) CCi(e)}.
Then
D(R5 (6)) € Cale) € Da(RS (6))-

THEOREM 4.1. Let A € A(A) be a nonderogatory eigenvalue of algebraic multi-
plicity m. Then

RE(e) = q(A, Y™ /™ 4 o(e /™). (4.1)

The proof uses Theorem 1.1 and the lemma below.

LEMMA 4.2. Let U C C™ be an open neighborhood of z9 € C*. Let f,g :
U — [0,00) be continuous functions. For € > 0 let Sy(e) and Sy(e) denote the
connected component containing zo of the sublevel set {z € U | f(z) < € } and
{zeU| g(z) < e} respectively. Assume that 0 = g(zo) is an isolated zero of g, and

m f) =1. (4.2)

1
2=20 g(2)

Then there exists an €g > 0 and functions hy : [0, €] — [0, 00) with lime_ohi(e) =1
such that for all € € [0, o],

Sy(h_(€)€) C S5(e) € Sy(h(e)e). (4.3)
We postpone the proof of the lemma to the end of this section.
Proof of Theorem 4.1: Let in Lemma 4.2, zg = A\ and

f(Z) = Umin(A - an), 9(2) = %, z e C.

Then S¢(€) = Cx(€) and S, (e) = Da((q(A, \)e)*/™). Theorem 1.1 yields lim_ gé;; =

1. Hence, by the lemma there are functions hy with lim._ohy(e) = 1 and
DA((q(A, ) h—(€)e)/™) C Ca(e) € DA (q(A, X) hy(€)e)/™).

This shows (4.1). O
Now, we give the definition for the Hélder condition number of an eigenvalue of
arbitrary multiplicity (see [2]). For A € C, m € N and A € C™*"™ we set

dp (A, N) :=min{ 7 > 0| Dx(r) contains at least m eigenvalues of A }.
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If A is an eigenvalue of A € C™*" of algebraic multiplicity m then the Holder condition
number of A to the order a > 0 is defined by

| dn(A+ AN
condy (A, \) = lim sup ————=
WA=l 2, Jag

It is easily seen that 0 # cond, (A4, A) # oo for at most one order o > 0.
THEOREM 4.3. Let A € A(A) be a nonderogatory eigenvalue of multiplicity m.
Then

1P| if m=1,

4.4
[N Y™ otherwise, (4.4)

condy /,,, (4, A) = q(A, Am = {

where P € C™*™ is the eigenprojector onto the generalized eigenspace ker(A— X\ I,,)™,
and N = (A—\1I,,)P.

Proof. Let A € C™*™ with ||A|| < e. Then the continuity of eigenvalues yields,
that for any ¢ € [0, 1] at least m eigenvalues of A+tA are contained in Cy(€) counting
multiplicities. Hence

dn(A+ A, 0) < RY(e) = q(A,N)/™e/™ + o(e/™).
By letting € = ||A|| we obtain that for all A € C"*™,

dm(A+ A N)

< a(A. )\ 1/m A 1/m A 7(1/m).
T < g m oAI A

This yields
condy /, (4, X) < q(A, P RAUN

Let r > 0 be such that Dy(r) N A(A) = {A\}. Then by the continuity of eigenvalues
there is an €y such that the following holds for all € < ¢,

(a) Da(r) N Ac(A) = Cx(e).

(b) For any A € C™*™ with |A|l < ¢, the set Cy(e) contains precisely m eigen-

values of A 4+ A counting multiplicities.

Let € < ¢p and let z. € C be a boundary point of Cy(¢). Then opyin(A—2.I,) = €. Let
A, = —euv*, where u,v € C" is a pair of normalized left and right singular vectors
of A — z. I, belonging to the minimum singular value, i.e.

(A—z Ip)v=cu, u (A—z1l,)=ev", |u||=]|v]=1.
Then ||A¢|| =€ and z. € A(A+ A) since (A+ Ac)v = zcv. Thus, by (a) and (b),

dpn(A+ A N) > |2 — Al
> Ry (e)
_ q(A, )\)l/mel/m + O(El/m).
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and therefore

dm(A+ A, N)

1/m 1/my, —(1/m)
TNEG >q(A,N) ™ +o(e /™ )e .

Hence, cond; /,,, (A, ) > q(A, NYmog
REMARK 4.4. In [7] (see also [2, 4]) the following generalization of Theorem 4.3
has been shown. Let A be an arbitrary eigenvalue of A. If X is semisimple then

cond; (A4, \) = || P||.
If X\ is not semisimple then
condy /m (A, A) = [NV,

where m denotes the index of nilpotency of N, ie. N™ =0, N™~1 £ 0.

Proof of Lemma 4.2: By B, we denote the closed ball of radius r > 0 about zg. The
condition that zq is an isolated zero of g combined with (4.2) yields that z is also an
isolated zero of f. Hence, there is an ro > 0 such that f(z) > 0 for all z € B, \ {20}.
This implies that €, := min,esp, f(z) > 0 for any r € (0,79]. If € < €, then 9B, does
not intersect the sublevel sets { z € U | f(z) < e }. Thus S¢(e) is contained in the
interior of B,. Note that S¢(e) being a connected component of a closed set is closed.
It follows that S¢(e) is compact if € < €,,. Now, let

b+ (2) = {(1 e ZOH)?EQ z € By \ {20},

1, Z = 2p.
Condition (4.2) yields that the functions ¢4 : U — R are continuous. For € < €,, let

h—(e) = ensliflge) ¢—(2), hi(e):= s ¢+ (2).

Then we have for all € < €,

min $+(2) < hs(e) < max ¢+ (2)-

As r tends to 0 the max and the min tend to ¢4 (z9) = 1. This yields lim._,o h(¢) = 1.

If z € 0Sf(e) then f(z) = € and g(z) > (1 — |z — Z()H)?ggf(z) > h_(e)e. Thus
0S¢(e) does not intersect E := {z € U | ¢g(z) < h_(e)e }. Thus S,;(h_(¢)e) being
a connected component of E is either contained in the interior of Sy(e) or in the
complement of S¢(e). The latter is impossible since zg € Sy¢(e) N .Sg(h—(€)e). Hence,
Sg(h—(€)e) C Sy(e). This proves the first inclusion in (4.3). To prove the second
suppose zg # z € 9S4(h4(e)e) N Sy(e). Then g(z) = hi(e)e and 0 < f(2) < e.
Hence ¢(z)/f(z) > h4(€), a contradiction. Thus Sy(e€) is contained in the interior of
Sg(h4(€)e). O
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