HOW TO ESTABLISH UNIVERSAL BLOCK-MATRIX FACTORIZATIONS^∗

YONGGE TIAN^† AND GEORGE P. H. STYAN^‡

Abstract. A general method is presented for establishing universal factorization equalities for 2×2 and 4×4 block matrices. As applications, some universal factorization equalities for matrices over four-dimensional algebras are established, in particular, over the Hamiltonian quaternion algebra.

Key words. Block matrix, Determinant, Quaternion matrices, Universal factorization, Involutory matrices, Idempotent matrices.

AMS subject classifications. 15A23, 15A33

1. Introduction. We consider in this article how to establish universal factorization equalities for block matrices. This work is motivated by the following two well-known factorizations of 2 × 2 block matrices (see, e.g., [4, 6]) [ A B B A ] = Q^{(2)}_m [ A + B 0

0 A − B ] Q^{(2)}_n , Q^{(2)}_t = 1 √ 2 [ It It It −It ] , t = m, n,

(1.1) [ A −B B A ] = P^{(2)}_m [ A + iB 0 0 A − iB ] P^{(2)}_n , P^{(2)}_t = 1 √ 2 [ It iIt −iIt −It ] , t = m, n.

(1.2)

Obviously P^{(2)}_t = (P^{(2)}_t )^{−1} and Q^{(2)}_t = (Q^{(2)}_t )^{−1} (t = m, n), and they are independent of A and B. Thus (1.1) and (1.2) could be called universal factorization equalities for block matrices. From these two equalities we find many useful consequences, such as

rank [ A B B A ] = rank(A + B) + rank(A − B),

det [ A −B B A ] = det(A + iB) det(A − iB),

(A + iB)^† = 1 2 [ I_n, iI_n ] [ A −B B A ]_†[ I_m −iI_m ] , and so on. Here (·)^† denotes the Moore–Penrose inverse.

In this article we shall present a general method for establishing such universal factorizations, and then establish some useful factorization equalities for block matrices.

∗Received by the editors on 1 May 2000. Accepted for publication on 23 May 2001. Handling Editor: Ludwig Elsner._†

Department of Mathematics and Statistics, Queen’s University, Kingston, Ontario, Canada K7L 3N6 (ytian@mast.queensu.ca). The research of the first author was supported in part by the Natural Sciences and Engineering Research Council of Canada.

‡Department of Mathematics and Statistics, McGill University, 805 ouest rue Sherbrooke, Montréal (Québec), Canada H3A 2K6 (styan@total.net). The research of the second author was supported in part by the Natural Sciences and Engineering Research Council of Canada and in part by the Academy of Finland. 115

2. The 2 × 2 case. We begin with a simple but essential problem on similarity of a

matrix. Suppose P = [ p_1 p_2 p_3 p_4 ] is a given nonsingular matrix over an arbitrary field

F , i.e., |P | = p_1p_4 −p_2p_3 ≠ 0. Then find the general expression of X such that P XP^{−1}

is a diagonal matrix. The answer is trivially obvious: X = P^{−1} [ λ_1 0 0 λ_2 ] P , where

λ_1, λ_2 ∈ F are arbitrary, that is,

X = P^{−1} [ λ_1 0 0 λ_2 ] P = 1 |P | [ p_4 −p_2 −p_3 p_1 ][ λ_1 0 0 λ_2 ] [ p_1 p_2 p_3 p_4 ] . (2.1)

The motivation for us to consider (2.1) is that if we replace λ_1 and λ_2 by some particular expressions, or if P in (2.1) has some special form, then X in (2.1) will have some nice expressions. All of our subsequent results are in fact derived from this consideration. From (2.1), we can derive the following theorem.

THEOREM 2.1. Let p_1, . . . , p_4 ∈ F with p_1p_4 ≠ p_2p_3 be given. Then for any a, b ∈ F , the following two equalities hold [ a −p2p4b p1p3b a + ( p1p4 + p2p3 )b ] = [ p1 p2 p3 p4

]_{−1}[

a + p2p3b 0 0 a + p1p4b ][ p1 p2 p3 p4 ] , (2.2) [ a − p2p3b −p2p4b

p1p3b a + p1p4b ] = [ p1 p2 p3 p4

]_{−1}[ a 0 0 a − ( p2p3 − p1p4 )b ][ p1 p2 p3 p4 ] . (2.3)

In particular, if p_1p_4 = −p_2p_3 ≠ 0, then [ a −p_2p_4b p_1p_3b a ] = [ p_1 p_2 p_3 p_4

]_{−1}[ a + p_2p_3b 0 0 a − p_2p_3b ][ p_1 p_2 p_3 p_4 ] . (2.4)

If p ≠ 0, then [ a p^2b b a ] = [ 1 p p^{−1} −1

]_{−1} [ a + pb 0 0 a − pb ][ 1 p p^{−1} −1 ] . (2.5)

If p, q ∈ C , the field of complex numbers, with pq ≠ 0, then [ a pb qb a ] = 1 √_p q √_q

p −1 −1[ a + √ pq b 0 0 a − √ pq b ] 1 √_p q √_q

p −1 . (2.6)

Proof. Substituting λ_1 = a + p_2p_3b and λ_2 = a + p_1p_4b in (2.1) yields (2.2) and then substituting λ_1 = a and λ_2 = a − ( p_2p_3 − p_1p_4b ) in (2.1) yields (2.3). The factorizations (2.4)–(2.6) are direct consequences of (2.2). �

3. The 2 × 2 and 4 × 4 block cases. The factorization equalities in Theorem 2.1 can be easily extended to the 2 × 2 block case. In fact, replacing a and b in (2.2) with two m × n matrices A and B, p_i with p_iI_m and p_iI_n(i = 1, 2, 3, 4), respectively, we immediately have the following theorem.

THEOREM 3.1. Let p_1, . . . , p_4 ∈ F be given with p_1p_4 ≠ p_2p_3, and A, B ∈ F^{m×n} . Then [ A −p_2p_4B p_1p_3B A + ( p_1p_4 + p_2p_3 )B ] (3.1) = [ p_1I_m p_2I_m p_3I_m p_4I_m

]_{−1}[ A + p_2p_3B 0

0 A + p_1p_4B ][ p_1I_n p_2I_n p_3I_n p_4I_n ] . If p_1p_4 = −p_2p_3 ≠ 0, then [ A −p_2p_4B p_1p_3B A ] (3.2) = [ p_1I_m p_2I_m p_3I_m p_4I_m

]_{−1}[ A + p_2p_3B 0

0 A − p_2p_3B ][ p_1I_n p_2I_n p_3I_n p_4I_n ] . If p ≠ 0, then [ A p^2B B A ] = [ I_m pI_m p^{−1}I_m −I_m

]_{−1}[

A + pB 0 0 A − pB ][ I_n pI_n p^{−1}I_n −I_n ] . (3.3)

If p, q ∈ C with pq ≠ 0, then [ A pB qB A ] (3.4)

= I_m

√_p q I_m √_q

p I_m −I_m −1[ A + √ pq B 0 0 A − √ pq B ] I_n

√_p

q I_n √_q p I_n −I_n .

Clearly, the two equalities in (1.1) and (1.2) are special cases of (3.3) when p = 1 and p^2 = −1, respectively. Without much effort, we can extend the universal block matrix factorizations in (3.1)–(3.4) to 4 × 4 block matrices. For simplicity, we only give the extension of (3.3) and its consequences.

THEOREM 3.2. Let A_0, . . . , A_3 ∈ F^{m×n} be given, and λ, μ ∈ F with λμ ≠ 0. Then they satisfy the universal factorization equality

A :=

A_0 λ^2A_1 μ^2A_2 μ^2λ^2A_3 A_1 A_0 μ^2A_3 μ^2A_2 A_2 λ^2A_3 A_0 λ^2A_1 A_3 A_2 A_1 A_0

= Q^{(4)m}

N_1

N_2 N_3 N_4

Q^{(4)n} ,

(3.5)

where

N_1 = A_0 + λA_1 + μA_2 + μλA_3, N_2 = A_0 − λA_1 + μA_2 − μλA_3, N_3 = A_0 + λA_1 − μA_2 − μλA_3, N_4 = A_0 − λA_1 − μA_2 + μλA_3,

Q^{(4)}_t = (Q^{(4)}_t )^{−1} = 1 2 I_t λI_t μI_t λμI_t λ^{−1}I_t −I_t λ^{−1}μI_t −μI_t μ^{−1}I_t λμ^{−1}I_t −I_t −λI_t (λμ)^{−1}I_t −μ^{−1}I_t −λ^{−1}I_t I_t

, t = m, n.

In particular, when m = n, (3.5) becomes a universal similarity factorization equality over F .

Proof. Let E = [ A_0 λ^2A_1 A_1 A_0 ] , F = [ A_2 λ^2A_3 A_3 A_2 ] . Then by (3.3), we first obtain [ E μ^2F F E ] = S^{(4)}_m [ E + μF 0 0 E − μF ] S^{(4)}_n ,

(3.6)

where

S^{(4)}_t = (S^{(4)}_t )^{−1} = 1 √ 2 [ I_{2t} μI_{2t} μ^{−1}I_{2t} −I_{2t} ] , t = m, n, and E + μF = [ A_0 + μA_2 λ^2( A_1 + μA_3 ) A_1 + μA_3 A_0 + μA_2 ] , E − μF = [ A_0 − μA_2 λ^2( A_1 − μA_3 ) A_1 − μA_3 A_0 − μA_2 ] . Applying (3.3) to E ± μF , we further have

E + μF = P^{(2)}_m [ A_0 + λA_1 + μA_2 + μλA_3 0 0 A_0 − λA_1 + μA_2 − μλA_3 ] P^{(2)}_n

= P^{(2)}_m [ N_1 0 0 N_2 ] P^{(2)}_n ,

E − μF = P^{(2)}_m [ A_0 + λA_1 − μA_2 − μλA_3 0 0 A_0 − λA_1 − μA_2 + μλA_3 ] P^{(2)}_n

= P^{(2)}_m [ N_3 0 0 N_4 ] P^{(2)}_n ,

where

P^{(2)}_t = (P^{(2)}_t )^{−1} = 1 √ 2 [ I_t λI_t λ^{−1}I_t −I_t ] , t = m, n.

Thus (3.6) becomes [ E μ^2F F E ] =S^{(4)}_m [ P^{(2)}_m 0 0 P^{(2)}_m ] N_1

N_2 N_3

N_4

[ P^{(2)}_n 0 0 P^{(2)}_n ] S^{(4)}_n .

(3.7)

Now let

Q^{(4)}_m = S^{(4)}_m [ P^{(2)}_m 0 0 P^{(2)}_m ] and Q^{(4)}_n = [ P^{(2)}_n 0 0 P^{(2)}_n ] S^{(4)}_n .

Then it is easy to verify that (Q^{(4)}m )^{−1} = Q^{(4)}m and (Q^{(4)}n )^{−1} = Q^{(4)}n . Thus (3.7) is exactly (3.5). �

We now let λ = μ = 1 in (3.5) and permute the second and third block rows and block columns of diag( N_1, N_2, N_3, N_4 ) in (3.5). Then we immediately obtain the following corollary.

COROLLARY 3.3. Let A_0, ..., A_3 ∈ F^{m×n} be given. Then they satisfy the universal factorization equality

A_0 A_1 A_2 A_3 A_1 A_0 A_3 A_2 A_2 A_3 A_0 A_1 A_3 A_2 A_1 A_0

= Q^{(4)m}

N_1 N_2 N_3 N_4

Q^{(4)n} ,

(3.8)

where

N_1 = A_0 + A_1 + A_2 + A_3, N_2 = A_0 + A_1 − A_2 − A_3, N_3 = A_0 − A_1 + A_2 − A_3, N_4 = A_0 − A_1 − A_2 + A_3,

Q^{(4)}_t = (Q^{(4)}_t )^T = (Q^{(4)}_t )^{−1} = 1 2 I_t I_t I_t I_t I_t I_t −I_t −I_t I_t −I_t I_t −I_t I_t −I_t −I_t I_t

, t = m, n.

(3.9)

In particular, when m = n, (3.8) becomes a universal similarity factorization equality over F .

The equalities (3.5) and (3.8) can be used to establish various universal factorization equalities over quaternion algebras. We present the corresponding results in the next section.

4. Applications. We now present one of the most valuable applications of universal block-matrix factorizations, one which substantially reveals the relationship between real quaternion matrices and real block matrices.

THEOREM 4.1. Let A = A_0 + iA_1 + jA_2 + kA_3 ∈ H^{m×n} , where H is the Hamilton real quaternion algebra, A_0, ..., A_3 ∈ R^{m×n} , i^2 = j^2 = k^2 = −1 and ijk = −1. Then A satisfies the universal factorization equality

U^{(4)}_m A A A A U^{(4)n} =

A_0 −A_1 −A_2 −A_3 A_1 A_0 −A_3 A_2 A_2 A_3 A_0 −A_1 A_3 −A_2 A_1 A_0

:= ϕ(A),

(4.1)

where

U^{(4)}_t = (U^{(4)}_t )^∗ = (U^{(4)}_t )^{−1} = 1 2 I_t iI_t jI_t kI_t −iI_t I_t kI_t −jI_t −jI_t −kI_t I_t iI_t −kI_t jI_t −iI_t I_t

, t = m, n.

(4.2)

In particular, if m = n, then (4.1) becomes a universal similarity factorization equality over H .

Proof. Observe that Q^{(4)}_m and Q^{(4)}_n in (3.8) only include identity blocks. Thus the equality (3.8) is also true for matrices over an arbitrary ring with identity. Now replacing A_0, A_1, A_2, A_3 in (3.8) by A_0, iA_1, jA_2, kA_3, respectively, we obtain the following

M :=

A_0 iA_1 jA_2 kA_3 iA_1 A_0 kA_3 jA_2 jA_2 kA_3 A_0 iA_1 kA_3 jA_2 iA_1 A_0

= Q^{(4)m}

N_1 N_2 N_3 N_4

Q^{(4)n} ,

(4.3)

where Q^{(4)}_m and Q^{(4)}_n are as in (3.9), and

N_1 = A_0 + iA_1 + jA_2 + kA_3, N_2 = A_0 + iA_1 − jA_2 − kA_3, N_3 = A_0 − iA_1 + jA_2 − kA_3, N_4 = A_0 − iA_1 − jA_2 + kA_3.

It is easy to verify that N_2 = iAi^{−1}, N_3 = jAj^{−1} and N_3 = kAk^{−1}. Thus

diag( N_1, N_2, N_3, N_4 ) = J^{(4)}_m diag( A, A, A, A )(J^{(4)}_n )^{−1},

(4.4)

where J^{(4)}_t = diag( I_t, iI_t, jI_t, kI_t ), t = m, n. On the other hand, it is easy to verify that

(J^{(4)}_m )^{−1}

A0 iA1 jA2 kA3 iA1 A0 kA3 jA2 jA2 kA3 A0 iA1 kA3 jA2 iA1 A0

J^{(4)n} =

A0 −A1 −A2 −A3 A1 A0 −A3 A2 A2 A3 A0 −A1 A3 −A2 A1 A0

= ϕ(A).

(4.5)

Now putting (4.3) and (4.4) in (4.5), we find

ϕ(A) = (J^{(4)}_m )^{−1}MJ^{(4)}_n =(J^{(4)}_m )^{−1}Q^{(4)}_m diag( N_1, N_2, N_3, N_4 )Q^{(4)}_n J^{(4)}_n

=(J^{(4)}_m )^{−1}Q^{(4)}_m J^{(4)}_m diag( A, A, A, A )(J^{(4)}_n )^{−1}Q^{(4)}_n J^{(4)}_n .

Let U^{(4)}_t = (J^{(4)}_t )^{−1}Q^{(4)}_t J^{(4)}_t , t = m, n. Then we have

U^{(4)}_t = 1 2 I_t

−iI_t

−jI_t −kI_t

I_t I_t I_t I_t I_t I_t −I_t −I_t I_t −I_t I_t −I_t I_t −I_t −I_t I_t

I_t

iI_t jI_t kI_t

= 1 2 I_t iI_t jI_t kI_t −iI_t I_t kI_t −jI_t −jI_t −kI_t I_t iI_t −kI_t jI_t −iI_t I_t ,

which proves (4.1). �

The equality (4.1) implies that for any quaternion matrix A, the corresponding block-diagonal matrix diag( A, A, A, A ) is uniformly equivalent to its real representation ϕ(A). In particular, if A is square, then diag( A, A, A, A ) is uniformly and unitarily similar to its real representation ϕ(A). Hence (4.1) can be effectively used for developing matrix analysis over the real quaternion algebra H . For example, concerning the determinants of quaternion matrices, a fundamental topic related to quaternion matrices that has been examined for many years (see, e.g., [1, 2]), if we wish to define the determinant of a quaternion matrix satisfying only two axioms:

(i) D(I_n) = 1;

(ii) D(AB) = D(A)D(B), then we see immediately from (4.1) and (4.2) that

1 = D(I_n) = D(U^{(4)}_n U^{(4)}_n ) = D(U^{(4)}_n )D(U^{(4)}_n ),

and then

D[ϕ(A)] = D(U^{(4)}_n )D[diag( A, A, A, A )]D(U^{(4)}_n ) = D[diag( A, A, A, A )].

This fact implies that if the above two axioms are satisfied, then the determinant of the diagonal block matrix diag( A, A, A, A ) must be equal to the determinant of the real matrix ϕ(A). Since the conventional determinant of a real matrix is well defined, the equality (4.1) naturally suggests that we define the determinant of a quaternion matrix through the determinant of its real representation matrix ϕ(A), that is, for any square quaternion matrix A, we can define its determinant as

Rdet(A) := det[ϕ(A)],

(4.6)

where det[ϕ(A)] is the conventional determinant of the real matrix ϕ(A). In that case, it is easy to verify that this definition, up to some trivial power factors, is also identical to the determinants of a quaternion matrix examined in [2]. However, the merit of the definition (4.6) is in that the evaluation of det[ϕ(A)] can be trivially realized in any case.

As an application of (4.1), suppose now two real matrices A and B satisfy A^2 = B^2 = −I_n and AB + BA = 0, and let M = aI_n + bA + cB + dAB. In that case, we see from (4.1) that M satisfies the matrix factorization

P M M M M P^{−1} = a −b −c −d b a −d c c d a −b d −c b a

⊗I^n,

(4.7)

where

P = P^{−1} = 1 2 I_n A B AB −A I_n AB −B −B −AB I_n A −AB B −A I_n , and ⊗ stands for the Kronecker product of matrices. This similarity factorization reveals that the properties of M can all be determined by the matrix

a −b −c −d b a −d c c d a −b d −c b a .

We may find the determinant, rank, inverse, eigenvalues and eigenvectors, and so on, for the matrix M from (4.7). Some other applications of (4.1) to quaternion matrices were presented in Tian [12]. From (3.8) we can also derive another universal factorization equality for matrices over the four-dimensional commutative algebra over R generated by i and j with

i^2 = j^2 = 1, ij = ji.

The element of this algebra has the form a = a_0 + ia_1 + ja_2 + ka_3, where k = ij. In that case, we have the following theorem.

THEOREM 4.2. Let A = A_0 + iA_1 + jA_2 + kA_3 be a matrix with A_0, ..., A_3 ∈ R^{m×n} , i^2 = j^2 = 1 and k = ij = ji. Then A satisfies the universal factorization equality

V^{(4)}_m

D_1 D_2 D_3 D_4

V^{(4)n} =

A_0 A_1 A_2 A_3 A_1 A_0 A_3 A_2 A_2 A_3 A_0 A_1 A_3 A_2 A_1 A_0

:= ψ(A),

(4.8)

where

D_1 = A_0 + iA_1 + jA_2 + kA_3, D_2 = A_0 + iA_1 − jA_2 − kA_3, D_3 = A_0 − iA_1 + jA_2 − kA_3, D_4 = A_0 − iA_1 − jA_2 + kA_3, and

V^{(4)}_4 = (V^{(4)}_4 )^{−1} = 1 2 I_t iI_t jI_t kI_t iI_t I_t −kI_t −jI_t jI_t −kI_t I_t −iI_t kI_t −jI_t −iI_t I_t

, t = m, n.

In particular, if m = n, then (4.8) becomes a universal similarity factorization equality.

Proof. Replacing A_0, A_1, A_2, A_3 in (3.8) by A_0, iA_1, jA_2, kA_3, respectively, we obtain

M :=

A_0 iA_1 jA_2 kA_3 iA_1 A_0 kA_3 jA_2 jA_2 kA_3 A_0 iA_1 kA_3 jA_2 iA_1 A_0

= Q^{(4)m}

D_1 D_2 D_3 D_4

Q^{(4)n} ,

(4.9) where Q^{(4)}m and Q^{(4)}n are as in (3.9). It is easy to verify that D_1 = iD_1i^{−1}, D_2 = iD_2i^{−1}, D_3 = iD_3i^{−1}, and D_4 = iD_4i^{−1}. Thus

diag( D_1, D_2, D_3, D_4 ) = J^{(4)}_4 diag( D_1, D_2, D_3, D_4 )J^{(4)}_n ,

(4.10)

where J^{(4)}_t = (J^{(4)}_t )^{−1} = diag( I_t, iI_t, jI_t, kI_t ), t = m, n. On the other hand, it is easy to verify that

J^{(4)}_m

A_0 iA_1 jA_2 kA_3 iA_1 A_0 kA_3 jA_2 jA_2 kA_3 A_0 iA_1 kA_3 jA_2 iA_1 A_0

J^{(4)n} =

A_0 A_1 A_2 A_3 A_1 A_0 A_3 A_2 A_2 A_3 A_0 A_1 A_3 A_2 A_1 A_0 . (4.11)

Now putting (4.9) and (4.10) in (4.11), we find

ψ(A) = J^{(4)}_m MJ^{(4)}_n = J^{(4)}_m Q^{(4)}_m diag( D_1, D_2, D_3, D_4 )Q^{(4)}_n J^{(4)}_n

= J^{(4)}_m Q^{(4)}_m J^{(4)}_m diag( D_1, D_2, D_3, D_4 )J^{(4)}_n Q^{(4)}_n J^{(4)}_n .

Let V^{(4)}_t = J^{(4)}_t Q_tJ^{(4)}_t , t = m, n. Then we have

V^{(4)}_t = 1 2 I_t

iI_t

jI_t kI_t

I_t I_t I_t I_t I_t I_t −I_t −I_t I_t −I_t I_t −I_t I_t −I_t −I_t I_t

I_t iI_t jI_t kI_t

= 1 2 I_t iI_t jI_t kI_t iI_t I_t −kI_t −jI_t jI_t −kI_t I_t −iI_t kI_t −jI_t −iI_t I_t ,

which proves (4.8). �

Substituting (3.8) into the right-hand side of (4.8), we also get

L_{4m}

D_1

D_2

D_3 D_4

L^{4n} =

N_1 N_2 N_3 N_4 , (4.12)

where

L_{4t} =L^{−1}_{4t} = l_1I_t l_2I_t l_3I_t l_4I_t l_2I_t l_1I_t −l_4I_t −l_3I_t l_3I_t −l_4I_t l_1I_t −l_2I_t l_4I_t −l_3I_t −l_2I_t l_1I_t

with

l_1 =^1_4 (1 + i + j + k), l_2 =^1_4 (1 + i − j − k), l_3 =^1_4 (1 − i + j − k), l_4 =^1_4 (1 − i − j + k).

In particular, when m = n, (4.12) becomes a universal similarity factorization equality over F .

From (4.12), we can establish a useful factorization equality for a linear combination of involutory matrices. Suppose that A and B are two involutory matrices, i.e., A^2 = B^2 = I_n, and suppose further that AB = BA. Then for any M = aI_n + bA + cB + dAB, where a, b, c, d are scalars, the following factorization equality holds

L M_1

M_2

M_3

M_4

L^{−1} = m_1I_n 0 0 0 0 m_2I_n 0 0 0 0 m_3I_n 0 0 0 0 m_4I_n , (4.13)

where

M_1 = aI_n + bA + cB + dAB, M_2 = aI_n + bA − cB − dAB, M_3 = aI_n − bA + cB − dAB, M_4 = aI_n − bA − cB + dAB, m_1 = a + b + c + d, m_2 = a + b − c − d, m_3 = a − b + c − d, m_4 = a − b − c + d, and

L = L^{−1} =

L_1 L_2 L_3 L_4 L_2 L_1 −L_4 −L_3 L_3 −L_4 L_1 −L_2 L_4 −L_3 −L_2 L_1

with

L_1 =^1_4 (I_n + A + B + AB), L_2 =^1_4 (I_n + A − B − AB),

(4.14) L_3 =^1_4 (I_n − A + B − AB), L_4 =^1_4 (I_n − A − B + AB).

(4.15)

Many properties of M_1, ..., M_4 can be derived from (4.13). For example, M_1, ..., M_4 are all nonsingular if and only if m_1, ..., m_4 are nonzero. All M_1, ..., M_4 are diagonalizable, and m_1, ..., m_4 are eigenvalues of M_1, ..., M_4. Moreover, it is easy to find from (4.13) that M can be written as

M_1 = m_1L_1 + m_2L_2 + m_3L_3 + m_4L_4,

where L_1, ..., L_4 are defined in (4.14) and (4.15) and they satisfy L^2_i = L_i and L_iL_j = 0 for i ≠ j, i, j = 1, ..., 4. Thus it follows that

M^k_1 = m^k_1 L_1 + m^k_2 L_2 + m^k_3 L_3 + m^k_4 L_4

for any positive integer k.

We may also apply (4.13) to idempotent matrices. For any two idempotent matrices A and B with AB = BA it follows that (I − 2A)^2 = (I − 2B)^2 = I, and

(I − 2A)(I − 2B) = (I − 2B)(I − 2A). From (4.13) we obtain the following valuable factorization equality for idempotent matrices.

THEOREM 4.3. Suppose A^2 = A, B^2 = B and AB = BA. Then

L M_1 M_2

M_3

M_4

L^{−1} = m_1I_n 0 0 0 0 m_2I_n 0 0 0 0 m_3I_n 0 0 0 0 m_4I_n , (4.16)

where

M_1 = a_0I_n + a_1A + a_2B + a_3AB, M_2 = (a_0 + a_2)I_n + (a_1 + a_3)A − a_2B − a_3AB, M_3 = (a_0 + a_1)I_n − a_1A + (a_2 + a_3)B − a_3AB, M_4 = (a_0 + a_1 + a_2 + a_3)I_n − (a_1 + a_3)A − (a_2 + a_3)B + a_3AB, m_1 = a_0, m_2 = a_0 + a_2, m_3 = a_0 + a_1, m_4 = a_0 + a_1 + a_2 + a_3, and

L = L^{−1} =

L_1 L_2 L_3 L_4 L_2 L_1 −L_4 −L_3 L_3 −L_4 L_1 −L_2 L_4 −L_3 −L_2 L_1

with

L_1 = I_n − A − B + AB, L_2 = B − AB, L_3 = A − AB, L_4 = AB.

These four matrices satisfy L^2_i = L_i and L_iL_j = 0 for i ≠ j; i, j = 1, . . . , 4.

From (4.16) we see that the matrix M_1 in (4.16) can be written as

M_1 = m_1L_1 + m_2L_2 + m_3L_3 + m_4L_4,

with

M^k_1 = m^k_1 L_1 + m^k_2 L_2 + m^k_3 L_3 + m^k_4 L_4,

for any positive integer k. From these results we may investigate various properties of the matrix M_1, such as idempotency, r-potency, involution, and so on.

The universal factorization equality (4.1) can also be extended to a generalized quaternion algebra

(_{u, v} F ) (for more details on generalized quaternion algebras, see, e.g., [7, 8, 9]). Here we only present the main result without proof.

THEOREM 4.4. Let A = A_0 + iA_1 + jA_2 + kA_3 ∈

(_{u, v} F )_{m×n} , where F is an arbitrary field of characteristic not equal to two, u, v ∈ F , and A_0, . . . , A_3 ∈ F^{m×n} ,

i^2 = u ≠ 0, j^2 = v ≠ 0, k = ij = −ji.

Then A satisfies the universal factorization equality

V^{(4)}_m A A A A V^{(4)n} =

A_0 uA_1 vA_2 −uvA_3 A_1 A_0 vA_3 −vA_2 A_2 −uA_3 A_0 uA_1 A_3 −A_2 A_1 A_0 , (4.17)

where

V^{(4)}_t = (V^{(4)}_t )^{−1} = 1 2 I_t iI_t jI_t kI_t u^{−1}iI_t I_t −u^{−1}kI_t −jI_t v^{−1}jI_t v^{−1}kI_t I_t iI_t −(uv)^{−1}kI_t −v^{−1}jI_t u^{−1}iI_t I_t

, t = m, n.

In particular, when m = n, thefactorization (4.17) becomes a universal similarity factorization equality over

(_{u, v} F ) . Finally we point out that the two fundamental equalities in (4.1) and (4.17) can also be extended to all 2^n-dimensional Clifford algebras (real, complex, generalized). The corresponding results can serve as a powerful tool for examining these kinds of algebras; see [10, 11]. For more details on Clifford algebras see, e.g., [5, 9].

5. Conclusions. In this article, we have presented a simple method for establishing universal factorization equalities for block matrices. Using this method, we can derive various useful factorization equalities for 2 × 2 block matrices, as well as for 4×4 block matrices. These results can be further used to establish universal factorization equalities for matrices over high-dimensional algebras. We also find a variety of interesting results for determinants, ranks, inverses, generalized inverses, eigenvalues and eigenvectors, and so on, for matrices over high-dimensional algebras.

REFERENCES

[1] H. Aslaksen, Quaternionic determinants, Math. Intelligencer, 18:57–65, 1996. [2] N. Cohen and S. De Leo, The quaternionic determinant, Electronic J. Linear Algebra, 7:100–111, 2000.

[3] P. J. Davis, Circulant Matrices, Second Edition, AMS Chelsea Publishing, New York, 1994.

[4] W. R. Ferng, K.-Y. Lin and W.-W. Lin, A novel nonsymmetric K -Lanczos algorithm for the generalized nonsymmetric K -eigenvalue problems, Linear Algebra Appl., 252:81–105, 1997.

[5] G. N. Hile and P. Lounesto, Matrix representations of Clifford algebras, Linear Algebra Appl., 128:51–63, 1990.

[6] R. A. Horn and C. R. Johnson, Matrix Analysis, Corrected Reprint Edition, Cambridge University Press, 1990,

[7] T. Y. Lam, The Algebraic Theory of Quadratic Forms, Second printing, with revisions.

Mathematics Lecture Notes Series vol. 54, The Benjamin/Cummings Publishing Company, Reading, Mass., 1980.

[8] R. S. Pierce, Associative Algebras, Springer, New York, 1982.

[9] I. R. Porteous, Clifford Algebras and the Classical Groups, Cambridge Studies in Advanced Mathematics vol. 50, Cambridge University Press, 1995.

[10] Y. Tian, Universal similarity factorization equalities over real Clifford algebras, Adv.

Appl. Clifford Algebras, 8:365–402, 1998.

[11] Y. Tian, Universal factorization equalities for quaternion matrices and their applications, Math. J. Okayama Univ., 42:45–62, 1999.

[12] Y. Tian, Universal similarity equalities over complex Clifford algebras, in Clifford Algebras and Their Applications in Mathematical Physics: Proceedings of the Fifth Conference, Ixtapa-Zihuatanejo, Mexico, June 27–July 4, 1999, Volume 1: Algebra and Physics, R. Abłamowicz, B. Fauser, eds., Progress in Physics vol. 18, Birkhäuser, Boston, pp. 435–448, 2000.