ALGEBRAIC CURVE SOLUTION FOR SECOND-ORDER POLYNOMIAL AUTONOMOUS SYSTEMS^∗

ZHAOSHENG FENG^†

Abstract. In this paper, by the method of the analysis of algebraic curves and the division theorem for two variables in C , the nonexistence of the algebraic curve solution of the second-order polynomial autonomous systems in C is obtained. The results are of important significance in the qualitative theory of polynomial autonomous systems and the integrability of nonlinear ordinary differential equations.

Key words. Autonomous system, algebraic curve, division theorem, Van der Pol equation.

AMS subject classifications. 13P10, 34A05

1. Introduction. Consider the following polynomial autonomous system: { ẋ = y, ẏ = f(x)y + g(x), (1) where f(x) = ∑_l i=0 c_ix^i, g(x) = ∑_ξ i=0 g_ix^i, c_i, g_i ∈ C , l, ξ ∈ N , and c_l · g_ξ ≠ 0.

It is well known that the polynomial autonomous system (1) plays an important role in the qualitative theory of ordinary differential equations, because many practical problems can be converted to (1). It can also be widely applied in many scientific fields, such as engineering, control theory, fluid mechanics, and so on; see [1]. For example, when f(x) = ε(1 − x^2) and g(x) = −x, (1) is equivalent to the famous Van der Pol equation

d^2x dt^2 + ε(x^2 − 1) dx dt + x = 0. (2) However, for a given polynomial autonomous system that describes a physical phenomenon, the basic problem of seeking its solutions is yet unsolved. Eight years ago, in [2], it was shown that a polynomial autonomous system is not integrable if it does not have any algebraic curve solution in C . Therefore, the problem of finding under what special conditions a polynomial autonomous system has the algebraic curve solution in C has become a very interesting research topic during the past years; see [3–11].

In this paper, we give a new approach, which we currently call the method of the analysis of algebraic curves and the division theorem for two variables in C . Using this technique, we obtain the theorems for the nonexistence of the algebraic curve solution for the second-order polynomial autonomous system (1) in C . These results are not only very important in the qualitative theory of polynomial autonomous systems,

∗Received by the editors on 8 October 2000. Accepted for publication on 4 February 2001. Handling Editor: Daniel Hershkowitz.

†Department of Mathematics, Texas A&M University, College Station, TX 77843, USA (zsfeng@math.tamu.edu). 14

but also very useful in investigating the integrability of nonlinear ordinary differential equations such as Lienard equations; see [2].

This paper is organized as follows. In section 2, we prove the division theorem for two variables in C . In section 3, we obtain that when deg f(x) > deg g(x) or deg f(x) = deg g(x) and f(x) ≢ cg(x) (c ≠ 0), there is no algebraic curve solution for autonomous system (1) in C . In section 4, we give a brief conclusion.

2. Division Theorem. In this section, we prove the division theorem for two variables in C .

Theorem 2.1. Suppose that P (ω, z) and Q(ω, z) are polynomials in C [ω, z], and that P (ω, z) is irreducible in C [ω, z]. If Q(ω, z) vanishes at any zero point of P (ω, z), then there exists a polynomial G(ω, z) in C [ω, z] such that Q(ω, z) = P (ω, z) · G(ω, z). (3) Proof. For convenience, we first give the following lemmas.

Lemma 2.2. Suppose that U(ω, z) and V (ω, z) are polynomials in C [ω, z], and U(ω, z) is irreducible in C [ω, z]. Suppose that R(ω, z) is a nonconstant polynomial and a factor of U(ω, z) · V (ω, z), and deg R(ω, z) < deg U(ω, z) with respect to ω. Then R(ω, z)|V (ω, z). Lemma 2.3. Suppose that P (ω, z) is an irreducible polynomial in C [ω, z] and that P_ω(ω, z) is the partial derivative with respect to ω. Then there exist two polynomials A(ω, z), B(ω, z), and nonzero polynomial D(z) in C [ω, z], such that A(ω, z) · P (ω, z) + B(ω, z) · P_ω(ω, z) = D(z). (4) The proofs of Lemma 2.2 and Lemma 2.3 can be seen in [12].

Notice that any polynomial P (ω, z) in C [ω, z] can be written as P (ω, z) = n∑ k=0 p_k(z)ω^k, (5) where p_k(z) (k = 0, 1, . . . , n) are polynomials in z and p_n(z) ≢ 0. If P (ω, z) is an irreducible polynomial in C [ω, z], then p_k(z) (k = 0, 1, . . . , n) are all relatively prime. For any fixed z_0 ∈ C , P (ω, z_0) is a polynomial in ω. By the fundamental theorem of algebra, it has n zeros in C .

Definition 2.4. If z_0 is a complex number such that the polynomial P (ω, z_0) does not have n distinct zeros in C , then z_0 is called a special zero point of the polynomial P (ω, z).

Lemma 2.5. If P (ω, z) is an irreducible polynomial in C [ω, z], then P (ω, z) has at most finitely many special zero points.

Proof. Write P (ω, z) in (5) and consider the set M = {z|z ∈ C, p_n(z) = 0 or D(z) = 0}. By (4) and (5), it is easy to see that M is a finite set. Suppose that z^∗ ∈ C \ M.

Then the polynomial P (ω, z^∗) with respect to ω must have n distinct zeros. Hence, the set of special zero points of P (ω, z) is a subset of M. Therefore, P (ω, z) has at most finitely many special zero points.

For any z ∈ C \ M, by Lemma 2.5, the polynomial P (ω, z) with respect to ω must have n distinct roots r_i (i = 1, 2, . . . , n). By the hypothesis, r_i (i = 1, 2, . . . , n) are also the roots of Q(ω, z). Hence, the degree for polynomial Q(ω, z) with respect to ω is greater than or equal to n.

Assume that Q(ω, z) = m∑ k=0 q_k(z)ω^k, where q_k(z) (k = 0, 1, . . . , m) are polynomials in z, q_m(z) ≢ 0, and m ≥ n.

By the division theory for polynomials in one variable, we have Q(ω, z) = h(ω, z) · P (ω, z), (6) where h(ω, z) = ∑_{m−n} k=0 h_k(z)ω^k, h_{m−n}(z) = q_m(z)/p_n(z), h_{m−n−1}(z) =^1_{pn(z)} [q_{m−1}(z) −^{qm(z)pn}�^{1(z)}_{pn(z)} ] =^{qm}�^{1∗(z)}_{p2n(z)} , · · · h_{m−n−i}(z) =^{qm}�^{i∗(z)}_{pi+1n (z)} , h_0(z) =^{qn∗(z)}

p^m�^n�1 n (z) .

(7)

Notice that the polynomials q^∗_{m−i}(z) could be obtained from q_k(z) and p_k(z) by applying the operations of addition, subtraction, multiplication, and division. The denominators and numerators of (7) may have common factors.

Suppose that u(z) is a polynomial with the least degree, such that u(z) · h(ω, z) is a polynomial in C [x, z]. That is, u(z)h(ω, z) = G_1(ω, z), (8) where u(z) and G_1(ω, z) are polynomials in C [ω, z]. Note that there is no nontrivial common factor between u(z) and G_1(ω, z). By (6) and (8), we get u(z) · Q(ω, z) = G_1(ω, z) · P (ω, z). (9) If u(z) is a nonzero constant, then we obtain the desired result. If u(z) is a nonconstant polynomial, since P (ω, z) is irreducible, by Lemma 2.2, u(z) must divide G_1(ω, z). This yields a contradiction with the above assumption that u(z) and G_1(ω, z) have no nontrivial common factor in C [x, z]. Therefore, u(z) must be a nonzero constant. Letting G(ω, z) = [^1_{u(z)} ] · G_1(ω, z), from (9) we obtain (3). So the proof of Theorem 2.1 is complete.

3. Main Results. Consider the autonomous system (1). Assume that (1) has the algebraic curve solution P (x, y) = m∑ 0 a_i(x)y^i = 0,

(10)

where a_i(x) (i = 0, 1, . . . , m) are polynomials and a_m(x) ≢ 0. P (x, y) is irreducible

in C ; ai(x) (i = 0, 1, . . . , m) are all relatively prime in C .

By the division theorem, there exist the polynomials α(x) and β(x) such that dP dt | | |_{(1)} = ( ∂P ∂x dx dt + ∂P ∂y dy dt )| | |_{(1)} = [_m ∑ 0 a^′_i(x)y^i ] · y + [_m ∑ 0 [ia_i(x)y^{i−1}][g(x) + f(x)y] ]

= [α(x) + β(x)y]P (x, y), that is, m∑ 0 a^′_i(x)y^{i+1} + m∑ 0 ia_i(x)f(x)y^i + m∑ 0 ia_i(x)g(x)y^{i−1} (11)

= [α(x) + β(x)y] (_m ∑ 0 a_i(x)y^i ) . Equating the coefficients of y^{m+1} on both sides of (11), we obtain that a^′_m(x) = a_m(x)β(x), i.e., β(x) = 0, a_m(x) = nonzero constant. To simplify the complicated computation, we assume that a_m(x) = 1. Equating the coefficients of y^i (i = m, m − 1, . . . , 1, 0) on both sides of (11), we have a^′_{m−1}(x) = α(x) − mf(x), · · · a^′_j (x) = a_{j+1}(x)[α(x) − (j + 1)f(x)] − (j + 2)a_{j+2}(x)g(x) (j = m − 2, m − 3, . . . , 1, 0), 0 = a_0(x)α(x) − a_1(x)g(x).

(12)

Under the conditions l > ξ (l = deg f(x), ξ = deg g(x)) or l = ξ and f(x) ≢ cg(x) (c ≠ 0, c ∈ C ), denote deg a_t(x) = max_{0≤i≤m}[deg a_i(x)], t ∈ Z. The leading term in x on the right-hand side of (11) is a_t(x)α(x)y^t. The combination of the terms including y^t on the left-hand side of (11) is [a^′_{t−1}(x)+ta_t(x)f(x)+(t+1)a_{t+1} (x)g(x)]y^t. Hence, we obtain that deg α(x) = deg f(x). Otherwise, assume that deg α(x) = l_0 < l. Then, by the first equation of (12), second equation of (12), . . ., mth equation of (12), respectively, we deduce that a_{m−i}(x) = i(l + 1) (i = m − 1, . . . , 0). By the last equation of (12), i.e.,

a_0(x)α(x) = a_1(x)g(x),

(13) we have deg a_0(x)+l_0 = deg a_1 +ξ, i.e., ξ = l +l_0 +1. This yields a contradiction with our previous assumption l ≥ ξ. If we assume that deg α(x) = l_0 > l, the argument is identical.

Claim 3.1. Suppose that l > ξ or l = ξ and f(x) ≢ cg(x) (c ≠ 0, c ∈ C ), and that (1) has the algebraic curve solution as P (x, y) = ∑_m 0 a_i(x)y^i = 0. Then β(x) ≡ 0 and there is some k (0 < k ≤ m, k ∈ Z) such that α(x) = kf(x).

Proof. We have already proved in this section that β(x) ≡ 0. Next, by way of contradiction, we prove that α(x) = kf(x) (0 < k ≤ m, k ∈ Z).

Suppose that α(x) ≠ kf(x) (0 < k ≤ m, k ∈ Z). Let deg[α(x) − δf(x)] = min_{0≤j≤m} deg[α(x) − jf(x)] = n_0 (δ, n_0 ∈ Z, 0 < δ ≤ m, n_0 ≥ 0). By (13), we have deg a_1(x) = deg a_0(x) + (l − ξ).

Again, by (12),

a^′_j (x) = a_{j+1}(x)[α(x) − (j + 1)f(x)] − (j + 2)a_{j+2}(x)g(x).

(14)

Letting j = 0, 1, . . . , δ − 2, respectively, we have deg a_i(x) = deg a_0(x) + i(l − ξ) (i = 1, 2, . . . , δ).

(15)

Using the first equation of (12), we deduce deg a_{m−1}(x) = l + 1.

Letting j = m − 2, . . . , δ, δ − 1, respectively, we have deg a_i(x) = (m − i)(l + 1) (δ ≤ i ≤ m − 2), deg a_{δ−1}(x) = (m − δ)(l + 1) + n_0 + 1.

(16)

By (15) and (16), we have

deg a_δ(x) = δ(l − ξ) + deg a_0(x) = (m − δ)(l + 1), deg a_{δ−1}(x) = (δ − 1)(l − ξ) + deg a_0(x) = (m − δ)(l + 1) + n_0 + 1.

(17)

Thus, from (17) we deduce that ξ − l = n_0 + 1 > 0. This contradicts the previous assumption l ≥ ξ. Therefore, there exists some k (0 < k ≤ m, k ∈ Z) such that α(x) = kf(x). Since α(x) = kf(x), taking j = k − 1 in (14), we have a^′_{k−1}(x) = −(k + 1)a_{k+1}(x)g(x),

(18) and from (12), by using the first equation, second equation, . . ., (m − k)th equation, respectively, we have deg a_i(x) = (m − i)(l + 1) (k ≤ i ≤ m − 1).

(19)

Combining (18) and (19), we get deg a_{k−1}(x) = deg a_{k+1}(x) + deg g(x) + 1 = (m − k)(l + 1) + ξ − l.

(20)

On the other hand, taking j = 0, 1, . . . , k − 2 in (14), we have deg a_i(x) = deg a_0(x) + i(l − ξ) (i = 1, 2, . . . , k).

(21)

Thus, we obtain the following result.

Theorem 3.2. If l > ξ, then the second-order polynomial autonomous system (1) has no algebraic curve solution in C .

Proof. Suppose that the second-order polynomial autonomous system (1) has the algebraic curve solution of the form (10), and that u_i (i = 0, 1, . . . , m) are the leading coefficients of a_i(x).

Next, we discuss the value k by the following two steps:

(I) Assume that k = m. Then by the first equation of (12), we deduce that a_{m−1}(x) = constant.

(1) In the case a_{m−1}(x) = 0, using the second equation, third equation, . . ., and mth equation of (12), respectively, we have deg a_{m−2}(x) = ξ + 1, deg a_{m−3}(x) = (ξ + 1) + (l + 1), deg a_{m−4}(x) = (ξ + 1) + 2(l + 1), · · · deg a_0(x) = (ξ + 1) + (m − 2)(l + 1).

Then we have deg[a_0(x)α(x)] = (ξ + 1) + (m − 2)(l + 1) + l, deg[a_1(x)g(x)] = (ξ + 1) + (m − 3)(l + 1) + ξ.

(22)

It is easy to see that (22) contradicts (13).

(2) In the case a_{m−1}(x) = constant ≠ 0, similarly, using the second equation, third equation, . . ., and mth equation of (12), respectively, we have deg a_{m−2}(x) = l + 1, deg a_{m−3}(x) = 2(l + 1), deg a_{m−4}(x) = 3(l + 1), · · · deg a_0(x) = (m − 1)(l + 1).

Then we have deg[a_0(x)α(x)] = (m − 1)(l + 1) + l, deg[a_1(x)g(x)] = (m − 2)(l + 1) + ξ.

(23)

It is easy to see that (23) also contradicts (13).

(II) Assume that 1 ≤ k < m. Then by the first equation of (12), we have a_{m−1}(x) = k − m l + 1 c_lx^{l+1} + · · · , i.e., u_{m−1} = k − m l + 1 c_l, and using the second equation, third equation, . . ., and (m − k)th equation of (12), respectively, we have a_{m−2}(x) =^{(k−m)(k−m+1)} 2!·(l+1)2 c 2 l x^{2(l+1)} + a^{(2l+1)}_{m−2} (x), a_{m−3}(x) =^{(k−m)(k−m+1)(k−m+2)} 3!·(l+1)3 c 3 l x^{3(l+1)} + a^{(3l+2)}_{m−3} (x), · · · a_{k+1}(x) =^{(k−m)(k−m+1)(k−m+2)···(−2)} (m−k−1)!·(l+1)^m�^k�1 c m−k−1 l x^{(m−k−1)(l+1)} +a^{((m−k−1)(l+1)−1)} k+1 (x), a_k(x) =^{(k−m)(k−m+1)(k−m+2)···(−2)·(−1)} (m−k)!·(l+1)^m�^k c m−k l x^{(m−k)(l+1)} +a^{((m−k)(l+1)−1)} k (x),

(24)

where a^{(j)}_i (x) are the polynomials in x with degree at most j.

By (18) and (24), we have uk−1 = �(k + 1) � uk+1 � gξ � 1 (m � k)(l + 1) + ξ � l = �(k + 1) �^{(k} �^{m)(k} �^{m + 1)(k} �^{m + 2)} �^(�^{2)} (m � k � 1)! � (l + 1)^{m−k−1 cm−k−1l} �^{gξ} �^1(m � k)(l + 1) + ξ � l^.

When we take j = k − 2 in (14), we obtain a^′_{k−2}(x) = a_{k−1}(x)f(x) − ka_k(x)g(x). (25)

By (20), (21), and (25), we have that deg a_{k−2}(x) < (m − k)(l + 1) + ξ + 1. Otherwise, we have the following.

(i) Assume that deg a_{k−2}(x) = (m − k)(l + 1) + ξ + 1. By the (k − 2)th equation from the bottom of (12), the (k − 3)th equation from the bottom of (12), . . ., the second equation from the bottom of (12), we deduce

deg a_{k−3}(x) = (m − k + 1)(l + 1) + ξ + 1,

deg a_j (x) = (m − j − 2)(l + 1) + ξ + 1 (j = k − 2, k − 3, . . . , 1), deg a_0(x) = (m − 2)(l + 1) + ξ + 1.

Since deg a_0(x)α(x) = (m − 2)(l + 1) + ξ + l + 1, a_1(x)g(x) = (m − 3)(l + 1) + ξ + ξ + 1, by (13) we deduce that 2l + 1 = ξ. This contradicts our previous assumption l > ξ.

(ii) Similarly, deg a_{k−2}(x) > (m − k)(l + 1) + ξ + 1 is impossible. Hence, the coefficient of x^{(m−k)(l+1)+ξ} on the right-hand side of (25) must be zero, that is, u_{k−1} · c_l · [k − (k − 1)] = k · u_k · g_ξ, that is,

�(k + 1) �^{(k} �^{m)(k} �^{m + 1)(k} �^{m + 2)} �^(�^{2)} (m � k � 1)! � (l + 1)^{m−k−1 cm−k−1l} �^{gξ} �^1(m � k)(l + 1) + ξ � l �^{cl}

= k �^{(k} �^{m)(k} �^{m + 1)(k} �^{m + 2)} �^(�^{2)} �^(�^{1)} (m � k)! � (l + 1)^{m−k cm−kl} �^{gξ.} Simplifying, we have

k + 1 (m − k)(l + 1) + ξ − l = k (m − k)(l + 1) , that is,

(ξ + 1)k = m(l + 1).

(26)

Since l > ξ, from (26) we deduce that k > m. This yields the contradiction with Claim 3.1. Therefore, the second-order polynomial autonomous system (1) has no algebraic curve solution in C under the condition l > ξ. The proof is complete.

Theorem 3.3. If l = ξ and f(x) ≢ cg(x) (c ≠ 0), then the second-order polynomial autonomous system (1) has no algebraic curve solution in C .

Proof. Suppose that the second-order polynomial autonomous system (1) has the algebraic curve solution of the form (10). The proof is similar to that of Theorem 3.2.

First, we prove that k ≠ m. By way of contradiction, we assume that k = m. Then by the first equation of (12), we deduce that a_{m−1}(x) = constant.

(a) In the case a_{m−1}(x) = 0, using the same argument as in case (1) of Theorem 3.2, we have deg a_{m−2}(x) = l + 1, deg a_{m−3}(x) = 2(l + 1), deg a_{m−4}(x) = 3(l + 1), · · · deg a_0(x) = (m − 3)(l + 1).

Then we have deg[a_0(x)α(x)] = (m − 1)(l + 1) + l, deg[a_1(x)g(x)] = (m − 2)(l + 1) + ξ.

(27)

It is easy to see that (27) contradicts (13).

(b) In the case a_{m−1}(x) = c_0 ≠ 0, since f(x) ≢ cg(x) (c ≠ 0), we have that a^′_{m−2}(x) = c_0f(x) − mg(x) ≠ 0. Denote that deg[c_0f(x) − mg(x)] = t_0 ≥ 0. By (12), we deduce deg a_{m−2}(x) = t_0 + 1, deg a_{m−3}(x) = t_0 + 1 + (l + 1), deg a_{m−4}(x) = t_0 + 1 + 2(l + 1), · · · deg a_0(x) = t_0 + 1 + (m − 2)(l + 1).

Then we have deg[a_0(x)α(x)] = (m − 2)(l + 1) + t_0 + 1 + l, deg[a_1(x)g(x)] = (m − 3)(l + 1) + l.

(28)

It is easy to see that (28) also contradicts t_0 ≥ 0. By (a) and (b), we conclude that k ≠ m. By virtue of Claim 3.1, there exists some k (1 ≤ k < m) such that α(x) = kf(x). Second, we prove that under the conditions l = ξ, f(x) ≢ cg(x) (c ≠ 0), and (1 ≤ k < m), (1) has no algebraic curve solution in the complex domain C . Recall that f(x) = ∑_l i=0 c_ix^i and g(x) = ∑_l j=0 g_j x^j . Using the second equation, third equation, . . ., and (m − k + 2)th equation of (12), we deduce a_{m−1}(x) =^{k−m}_{l+1} c_lx^{l+1} + a^{(l)}_{m−1}(x), a_{m−2}(x) =^{(k−m)(k−m+1)} 2!·(l+1)2 c 2 l x^{2(l+1)} + a^{(2l+1)}_{m−2} (x), · · · a_{k+1}(x) =^{(k−m)(k−m+1)·(−2)} (m−k−1)!·(l+1)^m�^k�1 c m−k−1 l x^{(m−k−1)(l+1)} +a^{((m−k−1)(l+1)−1)} k+1 (x), a_k(x) =^{(k−m)(k−m+1)·(−2)·(−1)} (m−k)!·(l+1)^m�^k c m−k l x^{(m−k)(l+1)} +a^{((m−k)(l+1)−1)} k (x), a_{k−1}(x) =^{−(k+1)(k−m)(k−m+1)·(−2)·(−1)} (m−k)!·(l+1)^m�^k c m−k−1 l · g_lx^{(m−k)(l+1)} +a^{((m−k)(l+1)−1)} k−1 (x),

(29)

where a^{(j)}_i (x) are polynomials in x with the degree at most j.

On the other hand, by (21) we have deg a_0(x) = deg a_1(x) = · · · = deg a_k(x).

(30)

By (20) and (30), we deduce that deg a_{k−2}(x) < (m − k)(l + 1) + l. Hence, the coefficient of x^{(m−k)(l+1)+l} on the right-hand side of (25) must be zero. Thus, by (25) and (29), we have −(k + 1)(k − m)(k − m + 1) · (−2) · (−1) (m − k)! · (l + 1)^{m−k} c^{m−k−1} l · g_l · c_l = k · (k − m)(k − m + 1) · (−2) · (−1) (m − k)! · (l + 1)^{m−k} · c^{m−k}_l · g_l. (31)

Since k ≠ m, (31) implies that k = k+1. Obviously, this is impossible. Therefore, (1) has no algebraic curve solution in C .

4. Conclusion. The whole paper [3] discussed the nonexistence of the algebraic curve solution for system (1) in the case when f(x) = ε(1−x^2) and g(x) = −x (which is equivalent to (2)) by the method of undetermined coefficients. It is easily seen that this case is only one of the special cases of Theorem 3.2. Also by our theorems, when deg f(x) ≥ deg g(x) (f(x) ≢ cg(x) if deg f(x) = deg g(x)), we know that the Lienard equation

d^2x dt^2 + f(x) dx dt + g(x) = 0

has no algebraic curve solution in C . Therefore, it is not integrable.

It is easily seen that the method of the analysis of algebraic curves and the division theorem for two variables in C is really an effective approach for investigating the existence of the algebraic curve solution of the polynomial autonomous systems, and the integrability of some nonlinear differential equations. Note that [13–19] were concerned with the rational solutions of some second-order ordinary differential equations. When the coefficients of these ordinary differential equations are polynomials, using the method in this paper, we can obtain the same results.

We also can apply this method to investigate the following polynomial autonomous systems: ẋ = E(x, y), ẏ = F (x, y), where E(x, y) and F (x, y) are polynomials in x and y in C . When E(x, y) and F (x, y) are special polynomials in x and y (for example, when E(x, y) and F (x, y) are quadratic polynomials with y), we conjecture that some interesting and useful results may be obtained.

5. Acknowledgements. The author thanks Prof. Goong Chen, Prof. Keying Guan, and the referees for their help and useful suggestions.

REFERENCES

[1] Zhifen Zhang, Tongren Ding, Wenzao Huang, and Zhengxi Dong. The Qualitative Theory of Ordinary Differential Equations. Science Press, Peking, 1988.

[2] R. Chen and K. Guan. The global integrability of second order polynomial autonomous systems in the complex domain and their Lee groups. Half-Ann. Math., 25:229–235, 1993.

[3] K. Guan, R. Chen, and Ling Ma. On the judgment of the existence of the algebraic curve solution to a second order polynomial autonomous system. Acta Sci. Natur. BUAA, 21:109– 116, 1995.

[4] X. Zhang. A note on the integrability of ordinary differential equations. J. Math. Prac. Theory, 25:19–26, 1995.

[5] Cebing Sun. Five sufficient conditions for the integrability of Riccati equations. J. Math. Prac.

Theory, 25:26–35, 1995.

[6] H. Li and Z. F. Starc. Several classes of integrable nonlinear ordinary differential equations (II)—second-order equation. Appl. Math. Mech., 11:247–252, 1995.

[7] Jianhai Xiao. Invariants of linear ordinary differential equations and applications. Adv. Math., 25:71–76, 1996.

[8] Zhaosheng Feng and Shumin Fei. Some new integrable types of ordinary differential equations.

Acta Sci. Natur. Southeastern University, 27:69–76, 1997.

[9] Zhaosheng Feng and Bagan Harzita. Rational solutions for Riccati equation with polynomial coefficients. J. Nanjing Univ. Aero. Astro., 22:108–114, 1997.

[10] Zhaosheng Feng. The existence of algebraic curve solutions to the second order polynomial autonomous system in the complex domain. Acta Appl. Math., 22:150–154, 1999.

[11] Xueyuan Wang. The global integrability of high-order polynomial autonomous systems. J.

Math. Prac. Theory, 28:105–115, 1998.

[12] B. P. Palka. An Introduction to Complex Function Theory. Springer-Verlag, New York, 1991. [13] G. M. Murphy. Ordinary Differential Equations and Their Solutions. D. Van Nostrand, New York, 1969.

[14] P. R. Rao and V. A. Ukidave. Some separable forms of the Riccati equation. Amer. Math.

Monthly, 75:38–39, 1968.

[15] D. Zeitlin. On a class of linear ordinary differential equations having ∑_∞ k=0 C_kx^k as solutions.

Amer. Math. Monthly, 84:716–720, 1977.

[16] Hongxiang Li. Elementary quadratures of ordinary differential equations. Amer. Math.

Monthly, 89:198–208, 1982.

[17] Jiande Gu. A method for a class of second-order ordinary differential equations and applications.

J. Math. Prac. Theory, 12:27–36, 1982.

[18] E. Kamke. Handbook of Ordinary Differential Equations. Science Press, Beijing, 1986. [19] Cunzhen Wang. The integrable formulas for ordinary differential equations (I). J. Appl. Math., 5:274–284, 1982.