ADDITIONAL RESULTS ON INDEX SPLITTINGS FOR DRAZIN INVERSE SOLUTIONS OF SINGULAR LINEAR SYSTEMS^∗

YIMIN WEI^† AND HEBING WU^‡

Abstract. Given an n × n singular matrix A with Ind(A) = k, an index splitting of A is one of the form A = U − V , where R(U) = R(A^k ) and N(U) = N(A^k ). This splitting, introduced by the first author, generalizes the proper splitting proposed by Berman and Plemmons. Regarding singular systems Au = f, the first author has shown that the iterations u^{(i+1)} = U^#V u^{(i)} + U^#f converge to A^D f, the Drazin inverse solution to the system, if and only if the spectral radius of U^#V is less than one. The aim of this paper is to further study index splittings in order to extend some previous results by replacing the Moore-Penrose inverse A^+ and A^{−1} with the Drazin inverse A^D. The characteristics of the Drazin inverse solution A^Df are established. Some criteria are given for comparing convergence rates of U^#_i V_i, where A = U_1 − V_1 = U_2 − V_2. Results of Collatz, Marek and Szyld on monotone-type iterations are extended. A characterization of the iteration matrix of an index splitting is also presented.

Key words. Index, Drazin inverse, group inverse, Moore-Penrose inverse, index splitting, proper splitting, comparison theorem, monotone iteration.

AMS subject classifications. 15A09, 65F15, 65F20

1. Introduction. It is well known that a necessary and sufficient condition for a matrix to be convergent is that all of its eigenvalues are less than one in magnitude. For linear systems with nonsingular coefficient matrices the convergence of an iterative scheme based on a splitting is equivalent to the corresponding iteration matrix being convergent. However, this is not the case for linear systems with singular coefficient matrices. This is due to fact that when we split A into A = U − V , we often assume that U is nonsingular.

Consider a general system of linear equations

Au = f,

(1.1)

where A ∈ R^{n×n}, possibly singular, and u, f are the vectors in R^n. Berman and Plemmons [3] consider the so-called proper splitting A = U − V with

R(U) = R(A) and N(U) = N(A),

where R(A) denotes the range of A and N(A) denotes the null space of A. This is the case, for example, when U and A are nonsingular. It is shown in [3] that if U^+V is

∗Received by the editors on 21 September 2000. Accepted for publication on 15 May 2001. Handling Editor: Stephen J. Kirkland.

†Department of Mathematics and Laboratory of Mathematics for Nonlinear Science, Fudan University, Shanghai, 200433, P.R. of China (ymwei@fudan.edu.cn). Work completed while visiting Harvard University and supported by the China Scholarship Council, the National Natural Science Foundation of China under grant 19901006, the Science Foundation of Laboratory of Computational Physics, and the Doctoral Point Foundation of China.

‡Institute of Mathematics, Fudan University, Shanghai, 200433. P.R. of China. Work supported by the State Major Key Project for Basic Research in China. 83

convergent, i.e., its spectral radius ρ(U^+V ) is less than one, then the iterative scheme

u^{(i+1)} = U^+V u^{(i)} + U^+f

(1.2)

converges to the vector u = (I − U^+V )^{−1}U^+f = A^+f, which is the least squares solution of (1.1). Here U^+ denotes the Moore-Penrose inverse of U. This iterative scheme does not involve the normal equations A^T Au = A^T f and avoids the problem of A^T A being frequently ill-conditioned and influenced greatly by roundoff errors, as pointed out in [12]. Similar results have been extended to various types of generalized inverses and the corresponding solutions of (1.1); see [4].

Iterations of the type (1.2), where the system (1.1) is consistent and U is nonsingular, were studied by Keller in [17] and extended to rectangular (but still consistent) systems by Joshi [16]. In both cases the splitting is not proper.

In some situations, however, people pay more attention to the Drazin inverse solution A^D f of (1.1) ([6, 23, 24, 26, 28]), where A^D is the Drazin inverse of A. The Drazin inverse has various applications in the theory of finite Markov chains [5, Chapter 8], the study of singular differential and difference equations [5, Chapter 9], the investigation of Cesaro-Neumann iterations [13], cryptography [14], and iterative methods in numerical analysis [7, 9, 11, 15, 20, 27, 28]. Chen and Chen [6] presented a new splitting for singular linear systems and the computation of the Drazin inverse: Let A = U − V be such that

R(U^k) = R(A^k) and N(U^k) = N(A^k).

(1.3)

It was proven in [6] that A^D = (I − U^DV )^{−1}U^D, where k = Ind(A) is the index of A, that is, the smallest nonnegative integer such that R(A^{k+1}) = R(A^k).

For computing the Drazin inverse solution A^D f, Wei [26] proposed an index splitting of A = U − V such that

R(U) = R(A^k) and N(U) = N(A^k).

(1.4)

Then the iterative scheme (1.2) is modified into

u^{(i+1)} = U^#V u^{(i)} + U^#f.

(1.5)

Clearly, if A and U are nonsingular, a typical splitting is an index splitting; and if Ind(A) = 1, the index splitting reduces to a proper splitting. Note that the splitting (1.4) is easier to construct than that of (1.3); cf. Theorem 6.1.

It was shown in [26] that the iterates in (1.5) converge to A^D f if and only if ρ(U^#V ) < 1, and some sufficient conditions were given to ensure ρ(U^#V ) < 1. Partial results for proper splittings were also extended to index splittings, especially when Ind(A) = 1.

In this paper we shall further study index splittings to establish some new results that are analogous to well-known results on regular splittings when A is nonsingular, and to proper splittings when A is singular.

The outline of this paper is as follows: In §2, we present notation used later and review briefly some preliminary results. In §3, first we give the characteristics of the Drazin inverse solution A^D f, and then present equivalent conditions for the convergence of the iterations. In §4, we discuss monotone-type iterations based on the index splitting. In §5, comparison theorems under regularity assumptions are established; a characterization of the iteration matrix of an index splitting is also developed in the last section.

2. Notation and preliminaries. Throughout the paper the following notation and definitions are used. R^n denotes the n-dimensional real space. R^n_+ denotes the nonnegative orthant in R^n. R^{n×n} denotes the n × n real matrices. For x, y ∈ R^n, (x, y) denotes their inner product. For L and M complementary subspaces of R^n, P_{L,M} denotes the projector on L along M.

A nonempty subset K of R^n is a cone if λ ≥ 0 implies λK ⊆ K. A cone K is convex if K + K ⊆ K, and pointed if K ⋂ (−K) = {0}. The polar of a cone K is the closed convex cone K^∗ = {y ∈ R^n|x ∈ K implies (x, y) ≥ 0}. The interior K^d of a closed convex cone K is given algebraically by K^d = {x ∈ K|0 ≠ y ∈ K^∗ implies (x, y) > 0}. A cone K is solid if K^d is nonempty. A closed convex cone K of R^n is reproducing, that is, K + (−K) = R^n, if and only if K is solid (due to the finite-dimensionality of the space). By a full cone we mean a pointed, solid, closed convex cone.

Definition 2.1. ([5]) Let A ∈ R^{n×n} with Ind(A) = k. The matrix X ∈ R^{n×n} satisfying

AX = XA, A^{k+1}X = A^k, AX^2 = X

(2.1)

is called the Drazin inverse of A and is denoted by X = A^D. In particular, when Ind(A) = 1, the matrix X in (2.1) is called the group inverse of A and is denoted by X = A^#.

The Drazin inverse can be represented explicitly by the Jordan canonical form as follows. If

A = P [ C 0 0 N ] P^{−1},

(2.2)

where C is nonsingular and rank(C) = rank(A^k ), and N is nilpotent of order k, then

A^D = P [ C^{−1} 0 0 0 ] P^{−1}.

(2.3)

In particular, if Ind(A) = 1, then N = 0 in (2.2).

The matrix M ∈ R^{n×n} is called K-positive if MK ⊆ K; see [4]. When K = R^n_+, MK ⊆ K is equivalent to M having nonnegative elements and denoted by M ≥ 0. In

the sequel, we denote MK ⊆ K by M^K≥ 0 and (M −N)K ⊆ K by M^K≥ N. Similarly,

we denote M(K\{0}) ⊆ K^d by M^K> 0 and (M − N)(K\{0}) ⊆ K^d by M^K> N. For

x, y ∈ R^n, y^K≥ x means y − x ∈ K. A sequence {x_i} in R^n is called K-monotone

nondecreasing (nonincreasing) if x_i^K≥ x_{i−1} (x_{i−1}^K≥ x_i) for i = 1, 2, . . .

Definition 2.2. ([4]) Let K be a full cone of R^n. Let A ∈ R^{n×n} with Ind(A) = k.

A is called Drazin^K− monotone if A^{D K}≥ 0. In particular A is called group^K− monotone

if A^# exists and A^{# K}≥ 0.

Lemma 2.3. Let K be a full cone of R^n. Let A ∈ R^{n×n} with Ind(A) = k. Then

A^{D K}≥ 0 if and only if

Ax ∈ K + N(A^k), x ∈ R(A^k) ⇒ x ∈ K.

Proof. The proof of this lemma is analogous to that of Theorem 1 in [22]. For the index splitting (1.4) and the corresponding iterative scheme (1.5), Wei proved the following results.

Lemma 2.4. ([26]) Let A = U − V be an index splitting of A ∈ R^{n×n} with Ind(A) = k. Then (a) Ind(U) = 1;

(b) I − U^#V is nonsingular;

(c) A^D = (I − U^#V )^{−1}U^# = U^#(I − V U^#)^{−1};

(d) A^D f is the unique the solution of the system x = U^#V x + U^#f for any f ∈ R^n.

Remark 1. It is easy to prove that I + A^D V is nonsingular and U^# = (I + A^DV )^{−1}A^D = A^D(I + V A^D )^{−1}.

Theorem 2.5. ([26]) Let K be a full cone of R^n, and let A = U − V be an index

splitting of A with Ind(A) = k such that U^#V^K≥ 0. Then

ρ(U^#V ) = ρ(A^DV ) 1 + ρ(A^D V ) < 1 (2.4)

if and only if A^DV^K≥ 0.

Remark 2. Analogously to Theorem 2.5, we can see that if V U^{# K}≥ 0, then

ρ(V U^#) = ρ(V A^D) 1 + ρ(V A^D ) < 1 (2.5)

if and only if V A^{D K}≥ 0.

3. New convergence conditions. As aforementioned, A^+f is the minimal normal solution of (1.1) if the system is consistent, and is the minimal normal least squares solution of (1.1) if the system is not consistent (i.e., A^+f is the unique solution of the normal equations A^T Au = A^T f in R(A^T )). Next we present two characteristics of the Drazin inverse solution A^Df.

Theorem 3.1. Let A ∈ R^{n×n} with Ind(A) = k. Then A^Df is the unique solution in R(A^k) of

A^{k+1}u = A^kf.

(3.1)

Proof. It is clear that the system (3.1) is always consistent and A^Df is a solution of it. Assume that there is another solution u ∈ R(A^k) of (3.1). On one hand, u − A^D f ∈ R(A^k). On the other hand, u − A^Df ∈ N(A^{k+1}) since these are all the solutions of (3.1) and u − A^D f ∈ R(A^k) ⋂ N(A^k ). Recall that if R(A^k ) ⋂ N(A^k) = {0}, then u = A^Df.

Since (3.1) is analogous to A^T Au = A^T f, we shall call (3.1) the generalized normal equations of (1.1). The next theorem provides a better understanding of the solution A^Df. The P -norm is defined as ‖x‖_P = ‖P^{−1}x‖_2 for x ∈ R^n, where P is a nonsingular matrix that transforms A into its Jordan canonical form (2.2).

Theorem 3.2. Let A ∈ R^{n×n} with Ind(A) = k. Then u^∗ satisfies ‖f − Au^∗‖_P = min

u∈N(A)+R(A^{k−1} )

‖f − Au‖_P

if and only if u^∗ is the solution of A^{k+1}u = A^kf, u ∈ N(A) + R(A^{k−1}).

(3.2) Moreover, the Drazin inverse solution u = A^D f is the unique minimal P -norm solution ([26]) of the generalized normal equations (3.1).

Proof. Write f = AA^D f + (I − AA^D )f^△= f_1 + f_2. It follows that ‖f − Au‖^2_P = ‖AA^Df − Au‖^2_P + ‖(I − AA^D)f‖^2_P + 2(AA^D f − Au)^T P^{−T} P^{−1}(I − AA^D)f.

(3.3) For any u ∈ N(A) + R(A^{k−1}), it can be easily deduced from (2.2) and (2.3) that the third term in (3.3) vanishes. Hence, ‖f − Au‖^2_P = ‖AA^Df − Au‖^2_P + ‖(I − AA^D)f‖^2_P ≥ ‖(I − AA^D )f‖^2_P ,

(3.4) whenever u ∈ N(A) + R(A^{k−1}). The equality in (3.4) holds if and only if Au = AA^Df, u ∈ N(A) + R(A^{k−1}).

(3.5) We are now in a position to prove the equivalence between (3.2) and (3.5). Multiplying both sides of (3.5) by A^k leads immediately to (3.2). Conversely, since (A^D )^{k+1}A^k = A^D, we can deduce that (3.2) is equivalent to A^D Au = A^Df, u ∈ N(A) + R(A^{k−1}).

(3.6) Assume that u^∗ is the solution of (3.6). Then A^D Au^∗ = A^D f_1.

(3.7) It follows from (3.7) that f_1 − Au^∗ ∈ N(A^D ) = N(A^k). Note that f_1 − Au^∗ ∈ R(A^k ) since u^∗ ∈ N(A) + R(A^{k−1}); therefore, f_1 − Au^∗ ∈ R(A^k) ⋂ N(A^k ) = {0}. Hence, Au^∗ = f_1 = AA^Df, showing that (3.2) implies (3.5).

Clearly, the general solution of the generalized normal equations (3.1) is

u = A^Df + z, ∀z ∈ N(A^k).

It is easy to show that

‖u‖^2_P = ‖A^Df‖^2_P + ‖z‖^2_P ≥ ‖A^Df‖^2_P .

Equality in the above relation holds if and only if z = 0, i.e., u = A^Df.

Remark 3. In general, unlike A^+f, the Drazin inverse solution A^Df is not a true solution of a singular system (1.1), even if the system is consistent. However, Theorem 3.2 means that u = A^Df is the unique minimal P -norm least squares solution of (1.1).

The following corollaries are obvious.

Corollary 3.3. ([26]) Under the assumptions of Theorem 3.2, if f ∈ R(A^k), then u = A^Df is the unique minimal P-norm solution of (1.1).

Corollary 3.4. ([27]) Let A ∈ R^{n×n} with Ind(A) = 1. Then, if f ∈ R(A), u = A^#f is the unique minimal P-norm solution of (1.1); if f ∉ R(A), u = A^#f is the unique minimal P -norm least squares solution of (1.1).

We now give the main results of this section.

Theorem 3.5. Let A ∈ R^{n×n} with Ind(A) = k. Let A = U − V be an index

splitting of A. Let L and K be full cones of R^n. If U^#L ⊆ K and U^#V^K≥ 0, then the following statements are equivalent: (a) A^DL ⊆ K;

(b) A^D V^K≥ 0;

(c) ρ(U^#V ) =^{ρ(AD V )}

1+ρ(A^D V ) < 1.

Proof. The proof of this theorem is similar to that of Theorem 3 in [3]. Similarly, we have the following result.

Theorem 3.6. Let A ∈ R^{n×n} with Ind(A) = k and A = U − V be an index

splitting of A. Let L and K be full cones of R^n. If U^#L ⊆ K and V U^{# L}≥ 0, then the following statements are equivalent: (a) A^DL ⊆ K;

(b) V A^{D L}≥ 0;

(c) ρ(U^#V ) =^{ρ(V AD )}

1+ρ(V A^D ) < 1.

As a result of Theorem 3.5 and Theorem 3.6, we have the following. Corollary 3.7. Let A ∈ R^{n×n} with Ind(A) = k and A = U − V be an index

splitting of A. Let K be a full cone of R^n. If U^{# K}≥ 0 and either U^#V^K≥ 0 or V U^{# K}≥ 0, then ρ(U^#V ) < 1 if and only if A^{D K}≥ 0.

Remark 4. Clearly, Corollary 3.7 extends the well-known results of Varga [25] and Ortega and Rheiboldt [21] for regular and weak regular splittings of a nonsingular matrix. When Ind(A) = 1, Theorem 3.5 reduces to Theorem 4.2 in [26].

4. Monotone-type iterations. Conditions under which iterations resulting from a proper splitting of a nonsingular matrix A are monotone were given by Collatz [8]. More research on monotone iterations of proper splittings is accomplished in [3, 19]. In this section these results are partially extended and generalized to index splittings; the requirement that A be nonsingular is removed and monotonicity is replaced by K-monotonicity.

Theorem 4.1. Let K be a full cone of R^n and let A = U −V be an index splitting of A ∈ R^{n×n} with Ind(A) = k. Assume that U^#V^K≥ 0.

(a) If there exist u^{(0)}, w^{(0)} such that u^{(1) K}≥ u^{(0)}, w^{(0) K}≥ u^{(0)} and w^{(0) K}≥ w^{(1)}, where u^{(i)} and w^{(i)} are computed by u^{(i+1)} = U^#V u^{(i)} + U^#f, w^{(i+1)} = U^#V w^{(i)} + U^#f,

(4.1) for i = 0, 1, 2, . . ., then

u^{(0) K}≤ u^{(1) K}≤ · · ·^K≤ u^{(i) K}≤ · · ·^K≤ A^Df^K≤ · · ·^K≤ w^{(i) K}≤ · · ·^K≤ w^{(1) K}≤ w^{(0)}, and for each real λ satisfying 0 ≤ λ ≤ 1, A^Df = λ lim_{i→∞} u^{(i)} + (1 − λ) lim_{i→∞} w^{(i)}.

(b) If ρ(U^#V ) < 1, then the existence of u^{(0)} and w^{(0)} satisfying the assumptions of clause (a) is assured.

Proof. The proof of this theorem is analogous to that of Theorem 4 in [3]. Remark 5. Clearly, if A^D V^K≥ 0, then there exist u^{(0)} and w^{(0)} such that the sequences {u^{(i)}} and {w^{(i)}} are K-monotone and converge to the Drazin inverse solution A^D f.

Theorem 4.2. Let A = U−V be an index splitting of A ∈ R^{n×n} with Ind(A) = k. Let L and K be full cones of R^n. Assume that U^#L ⊆ K and U^#V^K≥ 0. Let u^{(0)}, w^{(0)} ∈ R(A^k) satisfy

u^{(0) K}≤ w^{(0)} and Au^{(0) L}≤ f^L≤ Aw^{(0)}.

Then the sequences {u^{(i)}} and {w^{(i)}} computed by (4.1) converge to A^D f and

u^{(0) K}≤ u^{(1) K}≤ · · ·^K≤ u^{(i) K}≤ · · ·^K≤ A^Df^K≤ · · ·^K≤ w^{(i) K}≤ · · ·^K≤ w^{(1) K}≤ w^{(0)}.

Proof. In accordance with Theorem 4.1, it suffices to show that u^{(0) K}≤ u^{(1)} and w^{(1) K}≤ w^{(0)}. It follows form u^{(1)} = U^#V u^{(0)} + U^#f and u^{(0)} ∈ R(A^k) = R(U) that u^{(1)} − u^{(0)} = U^#V u^{(0)} − U^#Uu^{(0)} + U^#f = U^#(f − Au^{(0)}).

Hence u^{(1)} − u^{(0)} ∈ K, because U^#L ⊆ K and Au^{(0) L}≤ f. The proof of w^{(1) K}≤ w^{(0)} is analogous.

5. Comparison theorems. In this section we present some comparison theorems on index splittings of the same matrix. These comparison theorems are generalizations of some well-known comparison theorems for nonsingular matrices. For simplicity we consider only the case K = R^n_+.

Theorem 5.1. Let A ∈ R^{n×n} with Ind(A) = k and A^D ≥ 0. Let A = U_1 − V_1 = U_2 − V_2 be index splittings of A such that U^#_i ≥ 0, V_i ≥ 0 for i = 1, 2. If V_2 ≥ V_1, then

ρ(U^#_1 V_1) ≤ ρ(U^#_2 V_2) < 1.

In particular, if V_2 ≥ V_1 ≥ 0, equality excluded, and A^D > 0, then

ρ(U^#_1 V_1) < ρ(U^#_2 V_2) < 1.

Proof. The proof is analogous to that of Theorems 12 and 13 in [29]. Theorem 5.2. Let A = U_1 − V_1 = U_2 − V_2 be index splittings of A ∈ R^{n×n} with Ind(A) = k. Let A^D ≥ 0 and no column or row vanish. Let U^#_i ≥ 0, U^#_i V_i ≥ 0 and V_iU^#_i ≥ 0 for i = 1, 2. If U^#_1 ≥ U^#_2 , then

ρ(U^#_1 V_1) ≤ ρ(U^#_2 V_2) < 1.

Moreover, if U^#_1 > U^#_2 and A^D > 0, then

ρ(U^#_1 V_1) < ρ(U^#_2 V_2) < 1.

Proof. The proof is similar to that of Theorems 3.5 and 3.6 in [30]. Theorem 5.3. Let A = U_1 − V_1 = U_2 − V_2 be convergent index splittings of A ∈ R^{n×n} with Ind(A) = k, where A^D ≥ 0. Assume that U^#_i V_i ≥ 0 for i = 1, 2. Let y_1 ≥ 0, y_2 ≥ 0 be such that U^#_1 V_1y_1 = ρ(U^#_1 V_1)y_1, U^#_2 V_2y_2 = ρ(U^#_2 V_2)y_2. If either

V_2y_1 ≥ V_1y_1 or V_2y_2 ≥ V_1y_2,

with y_2 > 0, then

ρ(U^#_1 V_1) ≤ ρ(U^#_2 V_2).

Moreover, if A^D > 0 and either V_2y_1 ≥ V_1y_1, equality excluded, or V_2y_2 ≥ V_1y_2 with y_2 > 0 and V_2 ≠ V_1, then

ρ(U^#_1 V_1) < ρ(U^#_2 V_2).

Proof. The proof is similar to that of Corollary 6.3 in [30].

Remark 6. The hypothesis y_2 > 0 is immediately satisfied if U^#_2 V_2 is irreducible. Other comparison theorems of proper splittings for a nonsingular matrix can be similarly extended to our index splitting case; cf. [10, 18, 19].

6. Characterization of the iteration matrix. Let A = B − C, where B is nonsingular, and let T = B^{−1}C. If A is nonsingular, then I − T is nonsingular. When A is singular, a necessary and sufficient condition for the existence of a splitting A = B − C such that T = B^{−1}C is N(A) = N(I − T ). Furthermore, in the latter case, if a proper splitting exists, then there are infinitely many proper splittings such that T = B^{−1}C; see [1]. Now it is of interest to enquire about index splittings.

An n × n matrix with Ind(A) = k and rank(A^k) = r may be factored as

A = P [ A_{11} 0 0 Q ] P^{−1},

(6.1)

where A_{11} is an r × r nonsingular matrix and Q is nilpotent of order k. The following theorem gives a sufficient and necessary condition under which an index splitting of A can be found.

Theorem 6.1. Let A ∈ R^{n×n} with Ind(A) = k having the form (6.1). Then

R(U) = R(A^k) and N(U) = N(A^k)

if and only if

U = P [ U_{11} 0 0 0 ] P^{−1},

(6.2)

where U_{11} is an arbitrary nonsingular matrix of order r.

Proof. From (6.1) it follows that

A^k = P [ A^k_{11} 0 0 0 ] P^{−1}.

The remaining proof is analogous to that of Theorem 1 in [2].

Theorem 6.1 indicates that in order to obtain an index splitting, one should find a factorization (6.1) of A, then split A_{11} into

A_{11} = U_{11} − V_{11},

(6.3)

where U_{11} is nonsingular and form U as in (6.2).

Theorem 6.2. Let A ∈ R^{n×n} with Ind(A) = k having the form (6.1). Let U, U_{11} and V_{11} be as given in (6.2) and (6.3). Then

ρ(U^#V ) = ρ(U^{−1}_{11} V_{11}).

Proof. The group inverse of U is

U^# = P [ U^{−1}_{11} 0 0 0 ] P^{−1}.

Since

V = P [ V_{11} 0 0 −Q ] P^{−1}, then

U^#V = P [ U^{−1}_{11} V_{11} 0 0 0 ] P^{−1}.

Hence ρ(U^#V ) = ρ(U^{−1}_{11} V_{11}).

Finally, we present a characterization of the iteration matrix of an index splitting. Theorem 6.3. Let A ∈ R^{n×n} with Ind(A) = k having the form (6.1). Let T ∈ R^{n×n} be such that I − T is nonsingular. Then there exists an index splitting A = U − V such that T = U^#V if and only if T has the form

T = P [ G 0 0 0 ] P^{−1}, G ∈ R^{r×r}.

(6.4)

Furthermore, if (6.4) holds, then the index splitting A = U − V with T = U^#V is unique.

Proof. (⇐) Assume that there is an index splitting A = U − V such that T = U^#V . By Theorem 6.1 we have

U = P [ U_{11} 0 0 0 ] P^{−1}, V = P [ V_{11} 0 0 −Q ] P^{−1},

where U_{11} ∈ R^{r×r} is nonsingular, and V_{11} = U_{11} − A_{11}. So

T = P [ U^{−1}_{11} V_{11} 0 0 0 ] P^{−1 △}= P [ G 0 0 0 ] P^{−1}.

(⇒) Since I − T is nonsingular, I − G is also nonsingular. By Lemma 2.3 in [18] there exists a unique proper splitting A_{11} = U_{11} − V_{11} such that G = U^{−1}_{11} V_{11}. Setting

U = P [ U_{11} 0 0 0 ] P^{−1}, V = P [ V_{11} 0 0 −Q ] P^{−1},

one obtains the unique index splitting A = U − V such that T = U^#V .

Acknowledgment. The authors would like to thank Professor S. Kirkland and the referee for their useful suggestions.

REFERENCES

[1] M. Benzi and D.B. Szyld. Existence and uniqueness of splittings for stationary iterative methods with applications to alternating methods. Numer. Math., 76:309-321, 1997.

[2] A. Berman and M. Neumann. Proper splittings of rectangular matrices. SIAM J. Appl. Math., 31:307-312, 1976.

[3] A. Berman and R.J. Plemmons. Cones and iterative methods for best least squares solutions of linear systems. SIAM J. Numer. Anal., 11:145-154, 1974.

[4] A. Berman and R.J. Plemmons. Nonnegative Matrices in the Mathematical Sciences, Academic Press, New York, 1979.

[5] S.L. Campbell and C.D. Meyer Jr. Generalized Inverse of Linear Transformations, Pitman, London, 1979.

[6] G. Chen and X. Chen. A new splitting for singular linear system and Drazin inverse. J. East China Norm. Univ. Natur. Sci. Ed., 3:12-18, 1996.

[7] J.J. Climent, M. Neumann, and A. Sidi. A semi-iterative method for real spectrum singular linear systems with an arbitrary index. J. Comput. Appl. Math., 87:21-38, 1997.

[8] L. Collatz. The Numerical Treatment of Differential Equations Berlin Heidelberg New York, Springer, 1966.

[9] M. Eiermann, I. Marek, and W. Niethammer. On the solution of singular systems of algebraic equations by semiiterative methods. Numer. Math., 53:265-283, 1988.

[10] L. Elsner. Comparisons of weak regular splittings and multisplitting methods. Numer. Math., 56:283-289, 1989.

[11] R.W. Freund and M. Hochbruck. On the use of two QMR algorithms for solving singular systems and applications in Markov chain modeling. Numer. Linear Algebra Appl., 1:403-420, 1994.

[12] G. Golub. Numerical methods for solving linear least squares problems. Numer. Math., 7:206- 216, 1965.

[13] R.E. Hartwig and F. Hall. Applications of the Drazin inverse to Cesaro-Neumann iterations.

Recent Applications of Generalized Inverses, 66:145-195, Pitman, London, 1982. [14] R.E. Hartwig and J. Levine. Applications of Drazin inverse to the Hill cryptographic systems, Part III. Cryptologia 5;67-77, 1981.

[15] R.E. Hartwig, G. Wang, and Y.M. Wei. Some additive results on Drazin inverse. Linear Algebra Appl., 322:207-217, 2001.

[16] V.N. Joshi. A note on the solution of rectangular linear systems by iterations. SIAM Rev., 12:463-466, 1970.

[17] H.B. Keller. On the solution of singular systems and semidefinite linear systems by iterations.

SIAM J. Numer. Anal., 2:281-290, 1965.

[18] P.J. Lanzkron, D.J. Rose, and D.B. Szyld. Convergence of nested classical iterative methods for linear systems. Numer. Math., 58:685-702, 1991.

[19] I. Marek and D.B. Szyld. Comparison theorems for weak splittings of bounded operators.

Numer. Math., 58:387-397, 1990.

[20] V.A. Miller and M. Neumann. Successive overrelaxation methods for solving the rank deficient linear least squares problem. Linear Algebra, Appl., 88/89:533-557, 1987.

[21] J.M. Ortega and W.C. Rheinboldt. Monotone iterations for nonlinear equations with applications to Gauss-Seidel methods. SIAM J. Numer. Anal., 4:171-190, 1967.

[22] W.C. Pye. Nonnegative Drazin inverse. Linear Algebra Appl., 30:149-153, 1980. [23] A. Sidi. A unified approach to Krylov subspace methods for the Drazin-inverse solution of singular nonsymmetric linear systems. Linear Algebra Appl., 298:99-113, 1999.

[24] P.S. Stanimirovic. A representation of the minimal P-norm solution. To appear in Novi Sad J.

Math.

[25] R.S. Varga. Matrix Iterative Analysis, Prentice-Hall, Englewood Cliffs, N.J., 1962. [26] Y.M. Wei. Index splitting for the Drazin inverse and the singular linear systems, Applied Math.

Comput., 95:115-124, 1998.

[27] Y.M. Wei. Solving singular linear systems and generalized inverses. Ph.D Thesis, Institute of Mathematics, Fudan University, March, 1997, Shanghai, China.

[28] Y.M. Wei and H.B. Wu. Convergence properties of Krylov subspace methods for singular linear systems with arbitrary index. J. Comput. Appl. Math., 114:305-318, 2000.

[29] Z. Woźnicki. Two-sweep iterative methods for solving large linear systems and their application to the numerical solution of multi-group multi-dimensional neutron diffusion equations. Dissertation, Institute of Nuclear Research, Swierk/Otwocka, Poland, 1973.

[30] Z. Woźnicki. Nonnegative splitting theory. Japan J. Indust. Appl. Math., 11:289-342, 1994.