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On higher order Cauchy-Pompeiu formula in
Clifford analysis and its applications

Heinrich Begehr, Du Jinyuan, Zhang Zhongxiang

Abstract

In this paper, we firstly construct the kernel functions which are
necessary for us to study universal Clifford analysis. Then we obtain
the higher order Cauchy-Pompeiu formulas for functions with values
in a universal Clifford algebra, which are different from those in [2].
As applications we give the mean value theorem and as special case

the higher order Cauchy’s integral formula.
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1 Introduction

As is well-known the Cauchy integral formula plays a very important role

in the classical theory of functions of one complex variable. R. Delanghe,
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F. Brackx, F. Sommen, V. Iftimie and many other authors have studied the
theory of functions with values in a Clifford algebra. In Clifford analysis,
the Cauchy integral formula has been set up and it leads to many impor-
tant theorems, which are similar to classical results in classical complex
analysis. Some examples are the residue theorem, the maximum modulus
theorem, the Morera theorem and so on (see, e.g., [5-9, 11-14, 16-17]). In
[9], R.Delanghe, F.Brackx have studied the k-regular functions and have
given the corresponding Cauchy integral formula. In [10], Du and Zhang
have obtained the Cauchy integral formula with respect to the distinguished
boundary for functions with values in a universal Clifford algebra and some
of its applications.

Let D be a bounded domain with the smooth boundary 9D in the com-
plex plane C, and w € C*(D,C) (N C(D,C). The following generalized form
of the Cauchy integral formula for functions of one complex variable is

known as the Cauchy-Pompeiu formula [15].

wiz) = %/m} ¢ —Cz //D c—c

we) =~ [ 2t~ ] %”%(gdsdn,

with the Kolossov-Wirtinger operators

_aw_ ow ow 7_811) ow . Ow
w3 (% im) w1 (Fia):

The Cauchy-Pompeiu formulae and the Pompeiu operators were recently

(=&+in, zeD,

extended to the situation of Clifford analysis in many papers (see, e.g., [1-
3]). In [4], the Cauchy-Pompeiu formulae for functions with values in a

universal Clifford algebra were obtained. In order to study higher order
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Cauchy-Pompeiu formulae for functions with values in a universal Clifford
algebra, in this paper, the Cauchy-Pompeiu formulae for functions with
values in a universal Clifford algebra will be considered only in the case of

s = n. The other cases will be discussed in a forthcoming paper.

2 Preliminaries and notations

Let V,,s(0 < s <n) be an n-dimensional (n > 1) real linear space with
basis {e1, ea, -, e,}, C(V,5) be the 2"-dimensional real linear space with

basis

{€A7A:(h17"’7hT)EPN7]-Shl<"'<hr§n}7

where N stands for the set {1,---,n} and PN denotes for the family of all
order-preserving subsets of N in the above way. Sometimes, ey is written
as ey and ey as ep,.., for A ={hy,---,h.} € PN. The product on C(V,,)
is defined by

eaep = (—1)#ANBNS) (_NP(AB)e o if A B € PN,

(2.1)

M= > > Adappeaep, if A= 3" Aaea, u= Y paea.
AecPN BePN AePN AePN

where S stands for the set {1,---,s}, #(A) is the cardinal number of the
set A, the number P(A, B) = Z P(A,j), P(A,j) =#{i,i € Aji > j}, the
symmetric difference set AAée?s also order-preserving in the above way,
and A4 € R is the coefficient of the e4—component of the Clifford number

A. It follows at once from the multiplication rule (2.1) that eq is the identity
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element written now as 1 and in particular,

e? =1, if i=1,---,s,
2.9 e?:—l, if j=s4+1,---,n,
eie; = —e€je;, if 1<i<yj<n,
L €h1Chy """ €h, = Chiho-hys if 1<h;<hy-- < hr <n.

Thus C(V,,s) is a real linear, associative, but non-commutative algebra
and it is called the universal Clifford algebra over V,, ;.

In the sequel, we constantly use the following conjugate:

T1 = (—1)7AH#ANSe - if A € PN,

)= 2 AA€a, if A= Z Aséa,
AcPN AePN

where o(A) = #(A)(#(A) + 1)/2. Sometimes A, is also written as [\,
in particular, the coefficient Ay is denoted by Ag or [A]o, which is called the
scalar part of the Clifford number A.

From (2.3), it is easy to check:

(
€ = €, if 1=0,1,---,s,
(2.4) € = —ej, if j=s+1,---,n,
\ ML= T\, for any A\, ue C(V,s).

We introduce the norm on C (V,, )

(25) N=ViN = (% Ai)%.

AePN
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Let 2 be an open non empty subset of R". Functions f defined in )

and with values in C' (V}, ;) will be considered, i.e.,
10— V).
They are of the form
flz) = ZfA(x)eA, r=(x1,Ta, -, x,) €,
A
where the symbol %: is abbreviated from > and fa(x) is the e4—component

AePN
of f(z). Obviously, f4 are real-valued functions in €2, which are called the

ea—component functions of f. Whenever a property such as continuity, dif-
ferentiability, etc. is ascribed to f, it is clear that in fact all the component
functions fa possess the cited property. So f € CU(Q,C (V,,)) is very
clear.

The conjugate of the function f is the function f given by
fl@) =) falx)ea, z€Q.
A

The following is an obvious fact.

Remark 2.1.f € C(Q,C (V,,)) if and only if f € CT(Q,C (V,,)).

Introduce the following operators

Dy =Y e CV(0,0(V,) — OO, (V,0),

D2 = Z Gki : C(r)(Q7 C (Vn,s)> - C(T_l)(Q’ ¢ (Vms)) :
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Let f be a function with value in C(V}, 5) defined in €2, the operators D; and

Dy act on function f from the left and right being governed by the rules

=33 eeadl? D=3 a2,

k=1 A k=1 A
- Sl =Y el
kCA ACE .
ox ox
k=s+1 A k k=s+1 A k

Definition 2.1.4 function f € C"(Q,C (V,..)) (r > 1) is called (D) left
(right) regular in Q2 if D1[f] = 0([f]D1 = 0).

A function f€C(Q,C (V,,.)) (r > 1) is called (Do) left (right) regular
in Q if Da[f] = 0([f]Dy = 0). f is said to be (Dy) ((D2)) biregular if and
only if it is both (D) ((D2)) left and (Dy) ((D2)) right regular.

Definition 2.2.4 function f € C"(Q,C (V,,,)) (r > 1) is said to be LR
reqular in ) if and only if it is both (Dy) left regular and (Ds) right regular,
i.e., Di[f] =0 and [f]Ds =0 in Q.

Frequent use will be made of the notation R, where z € R", which

means to remove z from R". In particular Rj = R" \ {0}.

Example 2.1. Suppose

x = (21,29, -, 2,) € RHg X R"®

where )

S 2

(z) = (z ) ,
k=1
and
1 - S n—s

E(@) = —=— Z Tpep, T = (T1,T2, -, %n) € R° X Ry

pg_s (l‘) k=s+1
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where

pQ(SL’) = (Z xi) )

k=s+1
then H, E, HE, and EH are both (D) and (D3) biregular, respectively, in

Ry x R"°, R x Ry and Ry x Ry~ (see [10]).

Example 2.2.Suppose that H(x) and E(x) are as above, then by (2.3) and
(24), H=H,E=-E, HE = —~EH and EH = ~HE, so H,E,HE,FH
are both (Dy) biregular and (Ds) biregular, respectively, in Ry x R"°,
R* x Ry™% and Ry x Ry ™°.

As can be seen from the above Example 2.1-2.2, we often need to con-
sider the especial case €2 = ) x €2y where 2; is an open non empty set in
R® and €25 is an open non empty set in R" °. In this case, the points in

Q1 x Q9 are denoted alternatively by

xr = (Z’l,l’g, to 7xn) = ($S7$N\S>

S _ N\S __
where z° = (z1,29, -+, z5) € O and 2™ = (X1, Teio, -+, Tn) € Q.

Correspondingly, the functions defined in €2 are denoted alternatively by

f(x) = f(z®,a™9).

It is also seen that H in Example 2.1 may be really treated as the function
from ; C R* to C(V,,5). In this manner, thereinafter we would rather
write f € C™ (Qy,C (V,,)) than f € C™ (Q,C (V,,)). The meaning of the
symbol C™) (Qy, C (V,,,)) is similar and obvious.

Example 2.3. For fired z=(2°,2"\%)e R", H(x—2z), H(z—2z), E(z—2),

E(x—2), (HE)(x—2), (EH)(x—2), HE(x—z), EH(x—z) are both (D)
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bireqular and (D) biregular, respectively, in Ris x R"™°, R* x RIy{s and

Ris x RIWs (see [10]).

Since we shall only consider the case of s = n in this paper, we shall

denote the operator Dy as D.

Definition 2.3.4 function f € C"(Q,C (Vo)) (r > 1) is called left
(right) regular in Q2 if D[f] = 0([f]D = 0) in §2;

A function f € CT(Q,C (V) (r > k) is called left (right) k-regular
in Q if D*[f] = 0([f]D* = 0) in Q.

Let M be an n—dimensional differentiable oriented manifold with bound-
ary contained in some open non empty set 2 C R". The differential space
with basis {dz!, d2? - - -, dz"} is denoted by V,. Let G (V,) be the Grass-
mann algebra over V,, with basis {da:A, Ae 72\7} The exterior product on
G (V,,) also may be defined by

)
dozt A daB = (=1)PABIdzAYB | if A Be PN, AN B =0,

(2.6) { dazt AdaP =0, if A/BePN,ANB#0,

nAv=> S nMBdat AdaB,  if =" nAdzt, v=>"vAda?,
A B A A

\

where 7 and v# are real and Y is the same as before. Obviously, as a rule,
A

da? = da® =1,
. " ANdz"? - ANdzr =dx™ 0 1 < Ay < hg o, < by <,
(2.7) & daM A dz" dzh dahihz=he if 1 < h h h

dzt A da? = (=1)#D#B)dzB A da?, if A, B € PN.
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If moreover we construct the direct product algebra W = (C' (V,,.5) , G (V,,)),

then we may consider a function Y : M — W of the form

Z Z TAB GAdI

A #(B)=p

where all T4 p are of the class C™ (r>1)in Q and p is fixed, 0 < p < n.
T is called a C (V,, s)-valued p-differential form.

Let furthermore C be a p—chain on M, then we define

/ T(z) = %:#%:pm C/ Y ap(z)de

c

In the sequel, since we shall only consider the case of s = n, we shall use
the following C' (V},,)-valued (n — 1)-differential form, which is exact and

written as

do = (—1)Ferdzy,
k=1

where

dzy =da' A+ Ada® Tt AdaT L A de™

3 Kernel functions

In this section, we shall construct the kernel functions which play a

crucial role to obtain the Cauchy-Pompeiu formula in universal Clifford
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analysis, and we will give some of its properties. Suppose

4 1 1 X2i
2i-1(; — 1)1 [ (2r — ) o P @)

r=1

j:2i’j<nai:1727'”7

1 1 X2i+1

2iit 1T (2r — ) " @)
r=1

j=2+1,j<mni=01,--,

\

SIS

n n
where x = Y xpey, p(z) = <Z x,%) , and w,, denotes the area of the unit

=1 k=1
sphere in R". We denote

j:2i7j<n7i:172a”'7

j=2i+1,j<ni=01,---,

then
A xI
H;(x):—JX . J<n.
wn p"()
From (3.1), it is easy to check that,
( 1 x
H; = —
1 ([E) w, pn<l') )
1
(3.3) H3iq () Q_Z-sz‘(f)xa
* 1 *
\ H;(x) = mHmfl(x)X-
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Lemma 3.1.Let H}(x) be as above, then we have,

(3.4)

(

D[H; ()] = [H;(2)] D = 0,z € Ry,
D [H;yy(2)] = [H}11(2)] D = Hj(z), 2 € Rf,

forany 1 <j<n—1.

15

Proof. First we know that the following equality is just the special case of

s = n of example 2.1:

D[H{(z)] = [H{(z)] D =0,z € Ry.

In the following, we will prove that the second equality in (3.4) holds by

induction, and in the sequel, we suppose x € Ry.

Step 1.
(3.3) we have

For j = 1, we xewrite Hi(x) as Hi(r) =

D [H;(x)]

= = DIH; (1)

- > i . zn: D[H?(x)z,¢:]
;;@H* )6ije: (sinceD [H} (z)] =
22 x)e; + 2H;;(x)eje;) b€

= 2in;< H; (e)e: + 2Hi ()

- S @ 2 @)

=

> Hi;(z)ej, then from
j=1

0)
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In view of Hj(z) being a scalar function, and so
[H; (2)] D = D[H;(x)] = Hi(z).

For j =2, from (3.3), and in view of Hj(z) being a scalar function, we

have,

BH; (a:)xkek]

I
NE
>

D[H;(x)]

—
3

(D [Hy ()] xxer, + Hy (x))

i
I

(H} (x)wrer + Hy (1))

b
Il
—

—~
=

(2)x + nHj(x))

I
N = N = N = N = ﬁ
(]

(2 =n)H;(x) + nH,(z))

= Hj(z).
Similarly, by (3.3) again, and in view of xHj(z) = H;(x)x = (2 —n)H;(z),

we have,

Step 2. Suppose (3.4) holds for j < 2k — 1, or clearly,

D [H},(z)] = [H}y ()] D = H} (x),j < 2k — 1.
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Now we will prove that the following equality holds for j = 2k:
D [HékkJrl(x)] = [HékkJrl(x)} D = Hj,(z).

From (3.3) and the induction hypothesis, in view of H;,(z) being a scalar

function, we have,

1 *
[ﬁHQk(x)xiez}

Il
-

.
Il
—

D [Hngrl(x)}

3

e L e L

(D [Hyp,(x)] wie; + Hyy(x))

<.
3
—

(Hyp 1 (x)xie; + Hy(x))

I
—_

—~~ .

Hyy oy (2)x + nHyy(x))

((2k = n)Hyy (x) + nHy ()

e
—~
8
N

Meanwhile, by (3.3) and the induction hypothesis again, in view of

xH3, () = Hj,_(x)x = (2k —n)H},(z), in a similar way one can check
[H§k+1($)} D = Hy ().
Step 3. Suppose (3.4) holds for j < 2k, or clearly,
D [H; (x)] = [H}y(x)] D= Hj(x),j < 2k.
Now we will prove that the following equality holds for j = 2k + 1:

D [H;k+2(95)} = [H;k+2($)] D = H§k+1($)-
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From (3.3) and the induction hypothesis, we have,

D [H o(x)] = M%_RD [y (2)x]
_ %;Q_n 2:; D [Hy, 1 (x)z:e1]
_ m (2 — n) Hypy () + 2H 1 ()
= Hps (@),

In view of H3, ,(x) being a scalar function, and so

[H;k+2($)} D=D {H;k+2($)] = H;k+1($)'

So, from the above three steps, the result follows.

Lemma 3.2.Let Hj(z)(k < n) be as above, then we have,

D* [Hy(x)] = [H(2)] D" = 0,2 € Ry,
(3.5)

DI [Hy(x)] = [Hp(2)] D7 = Hi_(z),z € Ry, j <k
Proof. It may be directly proved by Lemma 3.1.

Similarly, we have:

Lemma 3.3.Let H}(x) be as above, then we have,

(

D[Hi(x—2)] =[Hi(x—2)]D=0,zcR],

(36) ¢ D[H: (x—2)] =[H (x—z2)]D=H(x—z2),zeR]

z)

forany 1 <j<n—1.
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Lemma 3.4. Let H;(z)(k <n) be as above, then we have,

DF[Hi(x — 2)] = [H}(z — 2)] D" = 0,z € RY,
(3.7)

DI [H; (e - 2)) = [Hp(w — )] DI = Hf_j(z — 2),w € RY, j <.
Remark 3.1. From Lemma 3.2 and Lemma 3.4, H}(z)(k < n) are left
(right) k-regular functions with values in the universal Clifford algebra
C(Von) in Ry; Hji(x — 2)(k < n) are left (right) k-regular functions with
values in the universal Clifford algebra C'(V,,,,) in R”.

4 Higher order Cauchy-Pompeiu formula

Lemma 4.1. Let M be an n—dimensional differentiable compact oriented
manifold contained in some open mnon empty subset @ C R",
fec"Q,C(V,,), g€ CY(OC(V,,), r > 1, and moreover OM

18 given the induced orientation. Then
/f(x)d@(ff) Z/(([f(ﬂf)] D) g(x) + f(z) (D[g(x)])) dz".
oM M

Proof. It has been proved in [5,7].

Theorem 4.1.(Higher order Cauchy-Pompeiu formula) Suppose that
M is an n—dimensional differentiable compact oriented manifold contained
in some open non empty subset @ C R", f € C(Q,C (Von)), r > k,
k < n, moreover OM is given the induced orientation, H;(x) is as above.

Then, for z 6]\04
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(4.1) Fo) =3 (-1 /H;‘+1<x—z>deDjf<x>+
=0 oM
+(—1)’“/H;(:c 2) D" f(x)da™

Proof. Assume z 61\04. Take 0 > 0 such that B(z,0) C]\(}[, denoting

k—1
Hi (= 2)A0D7 f(2),

9:0 A(M\B(2,8))

A(d)= /Hkx—szf( yda™
M\B(z,9)

by Lemma 3.1, Lemma 3.2 and Lemma 4.1, we have
(4.2) O(9) = A(9).

In view of the weak singularity of the kernel H}, the existence of the integral

over the manifold M in (4.1) follows, and so we have,

(4.3) lim A(0 /H,~C x — 2)D* f(x)da™

6—0

Thus we have,

k—1

(@4 6= (-1 / e — 200D () — ©,(9).
where .
(4.5 ) [ - 28D (o)

9B(2,0)

where 0B(z,0) is given the induced orientation.
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By Stoke’s formula, it is easy to check that

(4.6) lim ©,(5) = f(2).

6—0

Taking limit § — 0 in (4.2) and combining (4.3), (4.4), (4.5) with (4.6),
(4.1) follows.

Remark 4.1.Introducing the operators

(4.7) (T f) ( /Hk T —2) dz™, 1 <k <n,

then (4.1) may be rewritten as

H

(4.8) flz / Tl =2 )dOD? f(x )+(Tkaf) (2).

]:0
For k = 1, the operator T} is just the Pompeiu operator 7', and we call (4.1)
the higher order Cauchy-Pompeiu formula in the universal Clifford algebra

C(Vin)-

5 Some applications

In this section, we will give some applications of the Cauchy-Pompeiu
formula and for example, the Cauchy integral formula and the mean value
theorem.

Theorem 5.1.(Cauchy integral formula) Suppose that M is an n—di-
menstonal differentiable compact oriented manifold contained in some open

non empty subset Q C R", and let f be a left k-regular function in M,
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moreover OM is given the induced orientation, H;(z) is as above. Then

??‘

-1

(5.1) / Fo(x—2)d0D f(x) =

J

0, if 2¢& M,

f(z), if z G]\}.

I
o

Proof. By Theorem 4.1 and Stoke’s formula, in view of function f being

a left k-regular function in M, the result follows.

Theorem 5.2.(Mean Value Theorem) Let 2 be an open non empty set

in R", and let f be a left k-reqular function in §2, t is chosen in such a way
that B(a,t) C Q, then

=]

1 , 4 .
fla) == D ¥ Ay / ((x —a)D¥™ f(z) + (n — 2§)D¥ f(z)) da™,
" =0 B(a,t)
(5.2)
27.‘_71/2
where  wy, ———— denotes the area of the wunit sphere in R",
I'(n/2)
1
Agji1 =

- :
251 ] (2r — n)

r=1
Proof. By Theorem 5.1 and Lemma 4.1, combining (3.1) with (3.2), we

have

1 k_laB(at)
VA [ (- ap a0 ()
J=0 oB(a,t)
1 k—1 .
WA [ k- deDi )+
=1 OB (a,t)
o | @)+ - @)D e
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Denote

—1)A; , :
(53) Aj:(t)—]—i_l / (X—a)J+1d9Djf(£lf), j:17._.’k_1’

LN
OB(a,t)
k—1
then by Lemma 4.1, form=1,-- -, {—2 } , we have
1 2m71A " .
(5:4) Aot + Doy = ( >tnw / (x —a)*™ d9D* L f(z)+
! OB(a,t)
—1)2mA
L) en )t 2mil / (x —a)*" T d9D*™ f(x) =
nwn
OB(a,t)
z52771
= / (Ao (x — @) D*™ ! f(2) 4+ (nAgpsr — Aoy) D*" f(2)) da™ =
nB(a,t)
Agpp i1 t?™ —_— o .
T (x—a)D*™ "' f(z) + (n — 2m)D*" f(z)) da™.
" B(a,t)

Obviously, if £ — 1 is an even number, then

fla) = ;(A%@q + Agp) + o, / (nf(x)+ (x —a)Df(x))da" =
B(a,t)
k ; 1 4 i o
- mz()% / ((x —a) D> f(2) + (n — 2m)D*™ f(x)) da™.
B(a,t)

(5.5)
If £ — 1 is an odd number, since f is a left k-regular function in 2, then by

Lemma 4.1, we have

(5.6) Apr = = —— / (x —a)* doD ' f(z) = 0,
" OB(a,t)
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and so,

k—1

=]

f(a) = Ak,1 -+ Z (Amel + Agm)+
m=1
1
(5.7 i [ @)+ - aDfw)
nB(a,t)

_ Z Appt™ / (x—a)D*™ ' f(z) + (n — 2m)D*" f(x)) dz™.

B(a,t)

From (5.6) and (5.7), the result follows.
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