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Weighted Markov inequalities for curved
majorants

Ioan Popa

Abstract

We give exact estimations of certain weighted L?-norms of the
derivative of polynomial, which have a curved majorant. They are

all obtained as applications of special quadrature formulae.
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1 Introduction

The following problem was raised by P.Turén.

Let ¢ (x) >0 for =1 < x <1 and consider the class P, of all polyno-
mials of degree n such that

pn(z)| <@ () for 1<z <1

pg{) (x)‘ be if py is arbitrary in P, , ¢

How large can mazx_y

23



54 Ioan Popa

The aim of this paper is to consider the solution in the weighted L?-norm

for the majorants ¢ (z)=,/ }f—i and Q, (z)= —(ﬁ:)l\;%'
Let as denote by

21— 1
(1) T;=COos (227)#, i=1,2,...,n,the zeros of T), (x)=cosnb,
n

x=cos f the Chebyshev polynomial of the first kind,

(2) y; the zeros of U,,_y (x), U,—1 (x)=sinnf/sinb,

x=cos ), the Chebyshev polynomial of the second kind and

_sin[(2n+1)0/2]
(3) W (2)= sin (0/2)

,x=cosf.

Let H; be the class of real polynomials p,,_;, of degree <n—1 such that

(4) 1Pn—1(z:)] < i=1,2,...,n,

]_—Ii

where the z;’s are given by (1).

Let Hs be the class of real polynomials p,,_1, of degree < n — 1 such that

n+1—nx;
(1—2;)/1—22

7

(5) [pn—1(zi)] < i=1,2,....n,

where the z;’s are given by (1). Note that P,_1, C Hi, P10, C Hs,
anl € Hlu anl ¢ Pnfl,gou W;L € H27 WA ¢ Pnfl,QTy
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2 Results

Theorem 1. Ifp,_; € Hy then we have

(©) / qli[p;_l(m)]2d$§27m(n_:13)(2n_1)

with equality for p,_1=W,_1.

Theorem 2. Ifp,_1 € Hy, and
r(z)=b(b—2a)z*+2c(b—a)x+a®+c?
with 0 < a < b,|c| < b—a,b+# 2a, then we have

1+z

7) [r@y i b @]

wn(nQ —1) (n+2)(2n+1) [[7(a—b+c)2+(a—b—c)2] (n2 +n—2) —4(a—b—c)?+28 (az—&—cQ”
105

with equality for p,_1=W).

Corollary 1. If p, 1 € Hy then we have

(8)/ lili[p%—ﬂx)fdxg&m(n —1)(n+21)(()§n+1)(n +n+1)

with equality for p,_,=W).

3 Lemmas

Here we state some lemmas which help us in proving the theorems.



56 Ioan Popa

Lemma 1. Let p,_; be such that |p,_1(z;)] < 1+"”1 i=1,2,...,n,

where the z;’s are given by (1). Then we have

(9) o1 ()| < [Wr_i(wy)|,i=1,...,n—1, and

(10) P (D] < W O] [P (D] < W (=)

Proof. By the Lagrange interpolation formula based on the zeros of T}, and
using 7 (x;) = (1)1;/2 , we can represent any polynomial p,_; by

l1—x

—~

T

LAy i 2
oo (@) =252 B 1y (1= a2) P, ().

From W,_; (z;)=(1""" 1”’ we have W,_ (z)=+ > T"_(;f) (1+x).

1— L4 T
=1

Differentiating with respect to x we obtain
Ly z)(x—x;)—Th(z 7 1/2
P (1) =4 3 BB (L) (1 =) P s ().

= (z—=;)

On the roots of T’ (x)=nU,—1 (z) and using (4) we find
[P ()] < 2 z G (14 ) = e z e = Wi ()]
For [; (x)= x_—(fz) taklng into account that l’~ (1 ) > 0 (see [5]) it folows

[Py 1>|S%Z ) (1) = \ (D)]-

Similarly | Dy ( ! ! ‘

Lemma 2. Let p,_; be such that |p,_1(z;)] < (lil;—_?\/_i_z?,izl,l

where the z;’s are given by (1). Then we have

(11) ’p;w—1<y])| < ‘W;L,(y])’ 7j:17 ey TV — 17 and

(12) P (D] < WYL [pa (1)) < (=)
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Proof. Using W/ (z;)=(—1)""" (111:;7111\/1_1 the proof is along the same lines

as in previous Lemma.

The following proposition was proved in [2]

Lemma 3. A real polynomial v of exact degree 2 satisfies r (x) > 0
for =1 < x <1 if and only if
r(z)=b(b—2a)z*+2c(b—a)x+a®+c?
with 0 < a <b, |c] <b—a, b# 2a.

We need the following quadrature formulae:

Lemma 4. For any given n we have the following formulae:

n—1

(13) / 1+a: x:%f (—1)—1—21: Cif (y;) of degree 2n — 2,

where the nodes are the roots of T) =nU,_1and C; > 0,

1

1) [re @ e +Zcryz )

-1

of degree 2n-4,
~ m(2n-1) 3
(15) / 1+:c = (n—l)f(_1)+2n (n—1) (2n—1)f(1)

Sorm)

(33) / _ . pl33)
of degree 2n-3, x, the roots of W! _| (x)=c- P,2}* (x),

(16) /1

NJIDJ
K\JI»—-

)= o g

el
=K
SRS
—
5
S
3
+
=
=)
3
+
D
3
—_
N’
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tolcw

:5M<1°g2;53”‘”>f<1>+M<2n+1>f' 0-gir e ar (o9,

of degree 2n — 51,3]\/[ m and the nodes are the roots of

W (r)=c- P53 (@),

Ve

1

(1) [ i)y et @) de=Af )+ BF )+CF €)=Df ()

-1

ST ECONPNCE .
+> er | flz; of degree 2n — 3, where
=1
A M (2n41)((6n2%+6n-11) (a-btc) *+10d) M (5(10n>+10n-11) (a-b—)*~210¢)
- 5 , B= 7(2ntl)
_ —15M (a—b—)?
C=M (2n+1) (a—b+c) D—T,

d=2ab+bc—ac—b?, e=b*>—2ab+bc—ac.

Proof. (13) is the Bouzitat formula of the first kind [3, formula (4.7.1)]
on the zeroes of U,,_1=c- P,Sff)
r(x) f (x) we get (14). (15) is the Bouzitat formula of the second kind [3,

31
formula (4.8.1)] on the zeroes of W/ _| (z)=c- P(2’22) (x).

n—

. If in formula (13) we replace f (x) with

We will write the formula (16) in the following way
1
[\ @0 de=Af (-1Bf Qe (a0 OFE af (4

i),
(1—z) (14+x)* P TEEQ%) (x) we obtain D,
for f(z)=(1-2)% (1+2) P52 (2) we get C, for f (2) = (14+2) P52 ()
we find B and for f(z)=(1—z)" P<_g %) (x) we find A.

If in formula (16) we replace f (z) with r (x) f (z) we get (17).

l\D\U‘

If in above formula we put f (z)=

4 Proofs of the theorems
)
(

]
-

1
Since W, (z) = L)”..Prggv

Bn DT x) we recall the formulae:
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d 1
(18) 9 pes) () = CFOTM AL plagioen) (.
dx 2
'm+a+1) (o) (=)"T(m+p+1)

P (1) =

(1) =

F(fa+1)T(m+1)" ™" r@Eg+1)r(m+1)

4.1 Proof of Theorem 1

Proof. According to quadrature formula (13), C; > 0 and using (9) and

(10) we have

_fl\/ﬂpnl dr=2 (s (~1))"+ ; (p;_1<yi>)2
< (W (0PSO 60) = | E T

In order to complete the proof we apply formula (1 ) to f= [ 1 (2)] 2
Using (18) we get W) _, (—=1)=(=1)""n(n—1) an

Wy (1) = meienn),
From (15) and having in mind that W, _, (zl(

WE do=333 Wi (D)

2 2mn(n—1)(2n—1)
+2n(n 1)(2n 1) [W/ ( )} - 3

3
27

l\)h-‘

)) 0, we find

4.2 Proof of Theorem 2

Proof. According to quadrature formula (14), C; > 0 and using (11) and
(12) we have

T s 0] dr < [ (o) [ W @)

To complete the proof we apply formula (17) to f = [W” (z)]°.

—1)""2(n3=n)(n -n)(n n
From (18), W (~1) = S0 ) - Lo,
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Wr(LS) (_1) _ —(n—25)(n+3) W;l/ (_1)’ Wr(L?:) (1) _ (n—2)7(n+3) W’r/z/ (1) )
5 3

Having in mind W)/ <x(“)) = 0 and using (17) we find

1

1

S ) i W @) de = AQV (=) + B OV (1)) +
20W" (=1) WP (=1) + 2DW” (1) WP (1)

. ﬂn(nzfl) (n+2)(2n+1) [[7(afb+c)2+(a7bfc)2} (n2+n72) 74(afbfc)2+28(a2+cz)]
o 105 :
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