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Abstract

By using the Salagean operator D" f(z), z € U, we introduce
a class of holomorphic functions, denoted by Si(/3), and we obtain

some inclusion relations and differential subordination.
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1 Introduction and preliminaries
Denote by U the unit disc of the complex plane:

U={z€C: |z| <1}
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Let H(U) be the space of holomorphic functions in U. We let H[a, n]

denote the class of analytic functions in U of the form
f()=a+a"+an12"+..., z€U.
We let
Ap={f € HWU), f(2) =24 an12" +apy22"? +..., 2€ U}

For « real, let

G ()
W oosis) = (- F ra (10 52).

The class of a-convex functions (Mocanu functions) in the unit disc, are

defined by

M, ={f€A; Re J(o, f;2) >0, z€ U}.

If f and ¢ are analytic in U, then we say that f is subordinate to g,
written f < g, or f(2) < g(z), if there is a function w analytic in U with
w(0) =0, |w(z)| < 1, for all z € U such that f(z) = glw(z)] for z € U. If ¢
is univalent, then t < ¢ if and only if f(0) = ¢(0) and f(U) C g(U).

We use the following subordination results.

Lemma A. (Hallenbeck and Ruscheweyh [2, p.71]) Let h be a convex func-
tion with h(0) = a and let v € C* be a complex with Re v > 0. If p € H(U),
with p(0) = a and

ORESIORII0
then

p(2) < q(2) < h(2)
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where

nzn

q(z) = —- /0 ChE .

The function q is convexr and is the best dominant.
(The definition of best dominant is given in [1]).
Lemma B. (Miller and Mocanu [1]) Let g be a convez function in U and
let
h(z) = g(2) + nazg'(z),

where o« > 0 and n is a positive integer. If
p(z) =9g(0) + pu2" + ...
1s holomorphic in U and
p(2) + azp'(z) < h(z)

then
p(z) = g(2), z€U,

and this results is sharp.
Definition 1. (see [3]) For f € A and n € N* U {0} the operator D" f is
defined by

D°f(2) = f(2)
D" Hf(2) = 2[D"f(2)], z€U.
Remark 1. We have
D'f(z)= (K« K+« Kx*..xK=x f)(2)

where * stands for convolution, K (z) = —%— is the Koebe function and
—z

(1-2)

D"f(z) = z+2j”ajzj, z e U.
j=2
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2 Main results
Definition 2. We denote
Jl(Oé,f;Z):ZJ(Oé,f;Z), ZEUa

where J(a, f; z) is given by (1).
Definition 3. If 0 < f < 1, « € R and n € N* U {0}, let S?() denote the
class of functions f € A which satisfy the inequality

Re [D"Ji(a, f;2)] > 8, zeU.
Theorem 1. If0 < 3 <1, « € R and n € N*U {0}, then
SatH(B) € Sa(9),
where

§=06(8)=28—1+2(1—-8)In2.

Proof. Let f € S""!(3). By using the properties of the operator D™ f we

have

(2) D" (o, f;2) = 2[D"Ji(a, f;2)], z€U.
Differentiating (2), we obtain

(3)  [D"TUi(a, fi2)] = [D (e, f32)] + 2D i(a, f2)]", 2z €U
If we let p(z) = [D"Ji(a, f; )], then (3) becomes

(4) D™ Ty, f32)) = p(2) + 29'(2), 2 €U.
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Since f € S"T1(3), by using Definition 3 we have
(5) Re [p(z) + 20/ (2)] > 3, z€eU,

which is equivalent to

1+ (26 —1)z

T =h(z), zeUl.

p(2) + 2p'(2) <

By using Lemma A, we have

p(2) < q(2) < h(2)

1.e.

[D"Ji(av, f52)]" < a(2),

1P, In(1 + 2)

The function ¢ is convex and is the best dominant.

Hence p(z) < ¢(z), z € U, it results that
Re p(z) >Re g(1) =28 —-1+2(1 —3)In2

from which we deduce that S"**(a) C S”(9).
Theorem 2. Let g be a convex function, g(0) = 1, and let h be a function

such that
h(z) =g(z)+z¢'(z), zeU.

If f € SI(B) and verifies the differential subordination

(6) (D" T (o, f;2)] < h(2), z€U,
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then
(D" Ni(a, f;2)] < g(2), z€U,

and this result is sharp.

Proof. By using the properties of the operator D" f we have
D" i (a, f;2) = 2[D"Jy(a, f;2)], z€U,
we obtain
(D" (e, fi2)] = [D" (e, fr2)] + 2[D" i(e, £ 2)]".

If we let
p(2) = [D"Ji(e, f52)],

then we obtain
(D" (e, fr2)) = pl2) + 20/ (2), 2z €T,
and (6), becomes
p(z) +2p'(2) < g9(2) + z¢'(2), =ze€U.
By using Lemma B, we have
p(z) <g(z), ze€U

(D" Ji(ev, f12)]" < g(2)

and this result is sharp.

Theorem 3. Let g be a convex function, g(0) =1 and

h(z) =g(z)+2p'(2), zeU.
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If f € SH(B) and verifies the differential subordination

(7) D" Ji(a, f;2)] < W(z), ze€U,
then

D"J :

M <g(2), zel,
and this result is sharp.
Proof. We let

D" J :

) pe) = TAOSE ey
and we obtain
(9) D" Ji(a, f;2) = 2plz), =€ U.

By differentiating (9), we obtain
(D" Ji(ev, f12)] = p(2) +2p'(2), z€U.
Then (7), becomes
p(z) 4+ 2p'(2) < g(2) + z¢'(2) = h(z), zeU.
By using Lemma B, we have
p(z) <g(2), zeU,
le.

D" Ji(a, f; 2)

. <g(z), zeU,

and this result is sharp.
Theorem 4. Let h € H(U), with h(0) = 1, h'(0) # 0, which verifies the

inequality

S

W) >——, zel
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If f € SI(B) and verifies the differential subordination
(10) D™ f5 ) < h(z), 2 €U,

where

The function g is convex and is the best dominant.
Proof. A simple application of the differential subordination technique [2,

Corollary 2.6.g.2, p.66] shows that the function ¢ is convex. From
D" (o, f;2) = 2[D"Ji(a, f;2)], z €U,
we obtain
(D" (a, f;2)] = [D"Ji(a, f;2)] + 2[D"Ji(a, f;2)]”, z€U.
If we let

p(z) =]D"Ji(ev, f;2)],

then we obtain
(D" 0 (a, f32)] = p(2) + 20 (2), z€U.

By using Lemma A, we have

ma<m@—1é%mﬁ,

2
1.e.

(D" Ty (o, 3 2)] < 1/02 h(t)dt, e U

z

Theorem 5. Let h € H(U), with h(0) = 1, h'(0) # 0, which verifies the

inequality

) >——, zelU

o fi 200
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If f € SH(B) and verifies the differential subordination

(11) D"y, f2)] < h(z), =€l
then

—DnJl(j’ fi2) <g(2), z€U,
where

g(z) = é/oz h(t)dt, =zeU.

The function g is convex and is the best dominant.
Proof. A simple application of the differential subordination technique [2,
Corollary 2.6.g.2, p.66] shows that the function g is convex.

We let
D?’L .
p(z) = —Jl(j’f’ Z), zeU,

and we obtain

D"Ji(a, f;2) = zp(z), =ze€U.

By differentiating, we obtain
(D" Ji(a, f52)] = p(2) + 2p'(2), 2€U.

Then (11) becomes

p(z)+2p'(2) < h(z), zeU.
By using Lemma A, we have

p(z) <g(z), zel,

1.e.

D"J :
1(j7fa Z) 9(2), = U,
where
1 4
g(z) = —/ h(t)dt, zeU,
< Jo

is convex and is the best dominant.
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