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Optimal Quadrature Formulas in the Sense
of Nikolski !

Ana Maria Acu

Abstract

In this paper we will perform a method to obtain a quadrature

formulas and we will study the optimality in sense of Nikolski for this

quadrature formulas.
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1 Introduction

Let H be a linear space of real valued functions , defined and integrable

on a finite interval [a,b] C R and S : H — R be the integration operator

defined by .
st = [ e,
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Let
A={N]|N:H—Ri=1n}

be a set of linear functionals. For f € H, one considers the quadrature

formula
(1) Sf] = Qulf] + Ralf]

where

i=1
and R, [f] denotes the remainder term.

Remark 1.1. Usually , \i(f),i = 1,n are the values of the function f or

of certain of its derivatives on the quadrature nodes from [a,b].

Definition 1.1. The quadrature formula (1) is called optimal in the sense

of Nikolski in the space H | if

Fo(H, A, X) = sup [Rn[f]] ,

feHd
attains the minimum value with regard to A and X |, where A = (Ay, ..., A,)
are the coefficients and X = (xy,...,x,) are the quadrature nodes.

2 Main Results

Let (A;)men be a division of [a, ] ,
Apa=20<11<x3< < Tp1 < Ty, =b

and (&;);—1 a system of intermediate points ,

<& < <&, & Erig,mylfori=1,m.
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Theorem 2.1. If f € C" Y[a,b], f™V is absolutely continous , then

b n—1 m
(2) /f(t)dt:ZZAmf () + Rolf]
a o izo
where b
(3) Rulf] = (—1)"/ Kn(t)f(n)(t)dt
) . (t—n!&)n7 t€ iy, m),i=1,m—1
R TR L
n! ’ m—1,
and for k =0,n —1
L (g g
Akz:(_l)k( fZ)+k+(1Z' §z+)+ ,Z:]_’m_l
_ £ \k+1
Ao = (=1)H! (akfli '
(b~ )"

111

=—h]m &) ()
(i — ) (i) + (b — &) 1(B) @ml—@ﬁﬂnl+/fm
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b m b
+ [ f)dt == Agif(x:)+ [ f(t)dt
/ > dosf(a)+
Therefore

| rd =Y vt - [ Ko o

For n = 2 we have

m—1 _ £)2 x _ 2 b b
=Y el el - [ aoso
— (xi_gi)Q / = (xz—l_gz) /
= DE f(@) — > 5 fi(@ima)+
(b_gm)2 / (xm l_gm)z !
ol p ) - S, )
- [wsn= Yy B E bl )
(a=€)*,, (=&,
) + Tl ) -
~ [ K Od = =3 A ) = Y- Avf @) + [ ro
Therefore
b 1 m b
[ #wie =33 4y + [ Kalrf )at

Now suppose that (2) holds for an arbitrary n. We have to prove that (3)
holds for n — n + 1. We have

m t _ )n+1
n+1 (n+1) _ n+ (n+1) Hdt
/ Kot [Z/ (n+1)! s (t)dt +



Optimal Quadrature Formulas in the Sense of Nikolski 113

+/: (t(— fm)”+1f(n+1)(t)dt] _

n+ 1)
+%ﬂn>< | - / b Kn(t)f‘”)(t)dt] -
v m: xn_fﬁm <xi)_:§(xi;zfli))!nﬂf i)+
T IUN
e ]t

D B f<"><x,->+<—1>"—<a(;fi§f £ (a)+

+(—1>"“—<b(; Sl ) + (1 [ K 0 -

n—1

m b
:_ZAmf > A (a +/ ft)dt .

k=0 =0

Therefore

/ f Z Asz k:) n+1 / K n+l)
=0 i=

Remark 2.1. The quadrature formulas of type (2) with equidistant knots
had obtain from this method in [1], [2], [3], [5], [6], [7], [9], [10].

n

Remark 2.2. If {§ = a and &, = b then quadrature formula (2) is open
type.
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Next, we will study the optimality in sense of Nikolski for this quadrature
formulas. Let H™[a,b] = { fila,b] — R‘ fecma,b], f™ e Lp[a,b]} .

If f € H™P[a,b] for rest term we have the evaluation

S

5) Raulf]| < 1UWK w@

where
MUPI[f /\f t)|" dt, —+$:1

with remark that in cases p = 1 and p = oo this evaluation is

(6) IR.uLf]] < MU[£] sup 1K, (t)]
b

(7) WMNSMﬂﬂ/HMMﬁ

where

M) = [ 10| de
ME[f] = sup |F(t)]

tela,b]

The quadrature formula (2) is optimal in the sense of Nikolski in H"?[a, b],
if
’ 1
K,()|"dt, =+ ==
a5
attains the minimum value.

Theorem 2.2. If f € H™P[a,b], p > 1 ,then quadrature formula of the

form (2), optimal with regard to the error, is
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where , fork=0,n—1

. (b _ a)k+1
Ao = Frt i 1 1]
o R ) e p—
ki = [1 + (_1) ]2k+1mk+1(k—|— 1)‘ y U= 17m —1
(b _ a)kJrl

* _ (_1\k
Am = (=1) QFLk+1(f + 1)
G i=Tm—1

Ty =a+

with

1
(b—a)" b—a \¢ 1
R* < . . M[P] P
RN < g (gnss) L)
Proof. We will determine the parameters A and X for which
b
PX) = [ (o) d
attains the minimum value . We have

F(A,X) Z/

_ fz (t _ £m>n

b
e
Tm—1

1 qn+1 qnl
:mlz ~6m Y ) ]

The optimal nodes constitute the solution of the system

OF (A, X 1 -
(8) éxk - (n!)? (2 = &)™ = (&pr —21)™] =0, k=1,m—1
8 !
0F (A, X 1 o
(85’; ) - (n!)4 [—(zr — &)™ + (& —21-1)™] =0, k=1,m
From (8) we obtain
Y b= =T

(10) Tpo1 — 20+ a1 =0, k=1,m—1.
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From recurrent relation (10) we obtain

(11) pe=at =2 m 1
From (9) and(11) follows that
VS|
Ao = i
T 2RIkt 4 1)
A . (b _ a)k—i—l . -
ki = (14 (=) ]2k+1mk+1(k Tt =bmol
(b _ a)k—H

_ k
Apm = (1) OkHLmk+1(k 4 1)! :

Because the quadratic form

m—1 m m m—1
PEAX) O2F(A
0= 22 “guae, Mt L2 Tacan, e b
=1 j=1 7=1 =1
+ - ~ Z j
i=1 j=1 ax’ i=1 j=1 a&a@

in cross point (A, X) is positive, namely

o=t (om) {Z_ g — b0+ (a5 — )] + 2 +b$n}

=1

then F'(A, X) attains the minimum value for the knots X* = (2}),_1 7

K3
: * x \n—1m
and coefficients A* = (A ;)iZ ~y, Where

bh—
vt=a+— i i=T,m—1
m

A (b_a)k+1

k0 — Qk-‘rlmkz-‘rl(k + 1)!
" R R (e —

b= U D g = b

(b_a)k+1

R h 1 (f + 1)
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Finally, we have
(b _ a)qn—l—l
(gn + 1)(nh)a(2m)am”’

F(A", X™) :IEI;?F(A’X) =

and

Rl < L= (f"a)é-wm?

(2m)rn! \gn+1
In this way we prove follow result:

Theorem 2.3. The quadrature formula of the form (2) is optimal in the
sense of Nikolski for p = oo if it has the coefficients and knots

(b _ a)k—i—l

Ao = S (k5 1)1
. . (b _ a)k—H . -
Ak,i = [1 + (_1> ]2k+1mk+1(/§—|— 1>' = 17m —1
(b _ a)k+1

* _ k
Ak,m - (_1) 2k+1mk+1(k + 1)!
b—a

T =a+ 1,1=1m—1
and there is for rest term evaluation

(b—a)+ %
(n+ 1)!(2m)" AMEL

The optimal quadrature formulas had obtain by S.M. Nikolski (see [8]).In

IRAAl <

[4] T. Catinag and G. Coman obtain the optimal quadrature formulas using
- function method.
For example if f € H"?[0,1] then quadrature formula of the form (2),

optimal with regard to the error, is

[ 025 (2) 0

where

* 1 /
Rilf) < =z 17,
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For f € H*?(0, 1] we have

1 1 T/ 1 1
[ s = g |0+ 2 X5 () + 50|+ g O R,
where
* 1 1!
IR51f]] < m I, -
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