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Optimal Quadrature Formulas in the Sense
of Nikolski 1

Ana Maria Acu

Abstract

In this paper we will perform a method to obtain a quadrature

formulas and we will study the optimality in sense of Nikolski for this

quadrature formulas.
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1 Introduction

Let H be a linear space of real valued functions , defined and integrable

on a finite interval [a, b] ⊂ R and S : H → R be the integration operator

defined by

S[f ] =

∫ b

a

f(x)dx .
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Let

Λ =
{
λi | λi : H → R, i = 1, n

}

be a set of linear functionals. For f ∈ H, one considers the quadrature

formula

S[f ] = Qn[f ] +Rn[f ](1)

where

Qn[f ] =
n∑

i=1

Aiλi(f)

and Rn[f ] denotes the remainder term.

Remark 1.1. Usually , λi(f), i = 1, n are the values of the function f or

of certain of its derivatives on the quadrature nodes from [a, b].

Definition 1.1. The quadrature formula (1) is called optimal in the sense

of Nikolski in the space H , if

Fn(H,A, X) = sup
f∈H

|Rn[f ]| ,

attains the minimum value with regard to A and X , where A = (A1, . . . , An)

are the coefficients and X = (x1, . . . , xn) are the quadrature nodes.

2 Main Results

Let (∆m)m∈N be a division of [a, b] ,

∆m : a = x0 < x1 < x2 < · · · < xm−1 < xm = b

and (ξi)i=1,m a system of intermediate points ,

ξ1 < ξ2 < · · · < ξm , ξi ∈ [xi−1, xi] for i = 1,m .
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Theorem 2.1. If f ∈ Cn−1[a, b] , f (n−1) is absolutely continous , then

∫ b

a

f(t)dt =
n−1∑

k=0

m∑
i=0

Ak,if
(k)(xi) +Rn[f ](2)

where

Rn[f ] = (−1)n

∫ b

a

Kn(t)f (n)(t)dt(3)

Kn(t) =





(t− ξi)
n

n!
, t ∈ [xi−1 , xi) , i = 1,m− 1

(t− ξm)n

n!
, t ∈ [xm−1, b]

(4)

and for k = 0, n− 1

Ak,i = (−1)k (xi − ξi)
k+1 − (xi − ξi+1)

k+1

(k + 1)!
, i = 1,m− 1

Ak,0 = (−1)k+1 (a− ξ1)
k+1

(k + 1)!

Ak,m = (−1)k (b− ξm)k+1

(k + 1)!

Proof. We prove (2) by induction. For n = 1 we have

−
∫ b

a

K1(t)f
′(t)dt = −

[
m−1∑
i=1

∫ xi

xi−1

(t− ξi)f
′(t)dt +

∫ b

xm−1

(t− ξm)f ′(t)dt

]
=

= −
[

m−1∑
i=1

(t− ξi)f(t)
∣∣∣
xi

xi−1

+ (t− ξm)f(t)
∣∣∣
b

xm−1

−
∫ b

a

f(t)dt

]
=

= −
[

m−1∑
i=1

(xi − ξi)f(xi)−

−
m−1∑
i=1

(xi−1 − ξi)f(xi−1) + (b− ξm)f(b)− (xm−1 − ξm)f(xm−1)

]
+

∫ b

a

f(t)dt =

= −
[

m−1∑
i=1

((xi − ξi)− (xi − ξi+1)) f(xi)− (a− ξ1)f(a) + (b− ξm)f(b)

]
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+

∫ b

a

f(t)dt = −
m∑

i=0

A0,if(xi) +

∫ b

a

f(t)dt .

Therefore ∫ b

a

f(t)dt =
m∑

i=0

A0,if(xi)−
∫ b

a

K1(t)f
′(t)dt

For n = 2 we have

∫ b

a

K2(t)f
′′(t)dt =

m−1∑
i=1

∫ xi

xi−1

(t− ξi)
2

2!
f ′′(t)dt +

∫ b

xm−1

(t− ξm)2

2!
f ′′(t)dt

=
m−1∑
i=1

(t− ξi)
2

2!
f ′(t)

∣∣∣
xi

xi−1

+
(t− ξm)2

2!
f ′(t)

∣∣∣
b

xm−1

−
∫ b

a

K1(t)f
′(t)dt

=
m−1∑
i=1

(xi − ξi)
2

2!
f ′(xi)−

m−1∑
i=1

(xi−1 − ξi)
2

2!
f ′(xi−1)+

+
(b− ξm)2

2!
f ′(b)− (xm−1 − ξm)2

2!
f ′(xm−1)−

−
∫ b

a

K1(t)f
′(t)dt =

m−1∑
i=1

(xi − ξi)
2 − (xi − ξi+1)

2

2!
f ′(xi)−

−(a− ξ1)
2

2!
f ′(a) +

(b− ξm)2

2!
f ′(b)−

−
∫ b

a

K1(t)f
′(t)dt = −

m∑
i=0

A1,if
′(xi)−

m∑
i=0

A0,if(xi) +

∫ b

a

f(t)dt .

Therefore

∫ b

a

f(t)dt =
1∑

k=0

m∑
i=0

Ak,if
(k)(xi) +

∫ b

a

K2(t)f
′′(t)dt .

Now suppose that (2) holds for an arbitrary n. We have to prove that (3)

holds for n → n + 1. We have

(−1)n+1

∫ b

a

Kn+1(t)f
(n+1)(t)dt = (−1)n+1

[
m−1∑
i=1

∫ xi

xi−1

(t− ξi)
n+1

(n + 1)!
f (n+1)(t)dt +
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+

∫ b

xm−1

(t− ξm)n+1

(n + 1)!
f (n+1)(t)dt

]
=

= (−1)n+1

[
m−1∑
i=1

(t− ξi)
n+1

(n + 1)!
f (n)(t)

∣∣∣
xi

xi−1

+

+
(t− ξm)n+1

(n + 1)!
f (n)(t)

∣∣∣
b

xm−1

−
∫ b

a

Kn(t)f (n)(t)dt

]
=

= (−1)n+1

[
m−1∑
i=1

(xi − ξi)
n+1

(n + 1)!
f (n)(xi)−

m−1∑
i=1

(xi−1 − ξi)
n+1

(n + 1)!
f (n)(xi−1) +

+
(b− ξm)n+1

(n + 1)!
f (n)(b) −

−(xm−1 − ξm)n+1

(n + 1)!
f (n)(xm−1)

]
+ (−1)n

∫ b

a

Kn(t)f (n)(t)dt =

= (−1)n+1

m−1∑
i=1

(xi − ξi)
n+1 − (xi − ξi+1)

n+1

(n + 1)!
f (n)(xi)+(−1)n (a− ξ1)

n+1

(n + 1)!
f (n)(a)+

+(−1)n+1 (b− ξm)n+1

(n + 1)!
f (n)(b) + (−1)n

∫ b

a

Kn(t)f (n)(t)dt =

= −
m∑

i=0

An,if
(n)(xi)−

n−1∑

k=0

m∑
i=0

Ak,if
(k)(xi) +

∫ b

a

f(t)dt .

Therefore

∫ b

a

f(t)dt =
n∑

k=0

m∑
i=0

Ak,if
(k)(xi) + (−1)n+1

∫ b

a

Kn+1(t)f
(n+1)(t)dt .

Remark 2.1. The quadrature formulas of type (2) with equidistant knots

had obtain from this method in [1], [2], [3], [5], [6], [7], [9], [10].

Remark 2.2. If ξ1 = a and ξm = b then quadrature formula (2) is open

type.



114 Ana Maria Acu

Next, we will study the optimality in sense of Nikolski for this quadrature

formulas. Let Hn,p[a, b] =
{

f : [a, b] → R
∣∣∣f ∈ Cn−1[a, b] , f (n) ∈ Lp[a, b]

}
.

If f ∈ Hn,p[a, b] for rest term we have the evaluation

|Rn[f ]| ≤ [
M [p]

n [f ]
] 1

p

[∫ b

a

|Kn(t)|q dt

] 1
q

(5)

where

M [p]
n [f ] =

∫ b

a

∣∣f (n)(t)
∣∣p dt ,

1

p
+

1

q
= 1

with remark that in cases p = 1 and p = ∞ this evaluation is

|Rn[f ]| ≤ M [1]
n [f ] sup

t∈[a,b]

|Kn(t)|(6)

|Rn[f ]| ≤ M∞
n [f ]

∫ b

a

|Kn(t)| dt(7)

where

M
[1]
n [f ] =

∫ b

a

∣∣f (n)(t)
∣∣ dt

M∞
n [f ] = sup

t∈[a,b]

∣∣f (n)(t)
∣∣ .

The quadrature formula (2) is optimal in the sense of Nikolski in Hn,p[a, b],

if ∫ b

a

|Kn(t)|q dt ,
1

p
+

1

q
= 1

attains the minimum value.

Theorem 2.2. If f ∈ Hn,p[a, b] , p > 1 ,then quadrature formula of the

form (2), optimal with regard to the error, is

∫ b

a

f(x)dx =
n−1∑

k=0

m∑
i=0

A∗
k,if

(k)(x∗i ) +R∗
n[f ]
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where , for k = 0, n− 1

A∗
k,0 =

(b− a)k+1

2k+1mk+1(k + 1)!

A∗
k,i = [1 + (−1)k]

(b− a)k+1

2k+1mk+1(k + 1)!
, i = 1,m− 1

A∗
k,m = (−1)k (b− a)k+1

2k+1mk+1(k + 1)!

x∗i = a +
b− a

m
i , i = 1,m− 1

with

|R∗
n[f ]| ≤ (b− a)n

(2m)nn!
·
(

b− a

qn + 1

) 1
q

· [M [p]
n [f ]

] 1
p .

Proof. We will determine the parameters A and X for which

F (A,X) =

∫ b

a

|Kn(t)|q dt

attains the minimum value . We have

F (A,X) =
m−1∑
i=1

∫ xi

xi−1

∣∣∣∣
(t− ξi)

n

n!

∣∣∣∣
q

dt +

∫ b

xm−1

∣∣∣∣
(t− ξm)n

n!

∣∣∣∣
q

dt

=
1

(qn + 1)(n!)q

[
m∑

i=1

(xi − ξi)
qn+1 +

m∑
i=1

(ξi − xi−1)
qn+1

]
.

The optimal nodes constitute the solution of the system





∂F (A,X)

∂xk

=
1

(n!)q
[(xk − ξk)

qn − (ξk+1 − xk)
qn] = 0 , k = 1,m− 1

∂F (A,X)

∂ξk

=
1

(n!)q
[−(xk − ξk)

qn + (ξk − xk−1)
qn] = 0 , k = 1,m

(8)

From (8) we obtain

ξk =
xk−1 + xk

2
, k = 1,m(9)

xk+1 − 2xk + xk−1 = 0 , k = 1,m− 1 .(10)
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From recurrent relation (10) we obtain

xk = a +
b− a

m
k , k = 1,m− 1(11)

From (9) and(11) follows that

Ak,0 =
(b− a)k+1

2k+1mk+1(k + 1)!

Ak,i = [1 + (−1)k]
(b− a)k+1

2k+1mk+1(k + 1)!
, i = 1,m− 1

Ak,m = (−1)k (b− a)k+1

2k+1mk+1(k + 1)!
.

Because the quadratic form

φ =
m−1∑
i=1

m∑
j=1

∂2F (A,X)

∂xi∂ξj

aibj +
m∑

j=1

m−1∑
i=1

∂2F (A,X)

∂ξj∂xi

bjai

+
m−1∑
i=1

m−1∑
j=1

∂2F (A,X)

∂xixj

aiaj +
m∑

i=1

m∑
j=1

∂2F (A,X)

∂ξi∂ξj

bibj

in cross point (A,X) is positive, namely

φ =
qn

(n!)q
·
(

b− a

2m

)qn−1

·
{

m−1∑
i=1

[
(ai − bi)

2 + (ai − bi+1)
2
]
+ b2

1 + b2
m

}

then F (A,X) attains the minimum value for the knots X∗ = (x∗i )i=1,m−1

and coefficients A∗ = (A∗
k,i)

n−1 m
k=0 i=0, where

x∗i = a +
b− a

m
i , i = 1,m− 1

A∗
k,0 =

(b− a)k+1

2k+1mk+1(k + 1)!

A∗
k,i = [1 + (−1)k]

(b− a)k+1

2k+1mk+1(k + 1)!
, i = 1,m− 1

A∗
k,m = (−1)k (b− a)k+1

2k+1mk+1(k + 1)!
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Finally, we have

F (A∗, X∗) = min
A,X

F (A,X) =
(b− a)qn+1

(qn + 1)(n!)q(2m)qn
,

and

|R∗
n[f ]| ≤ (b− a)n

(2m)nn!
·
(

b− a

qn + 1

) 1
q

· [M [p]
n [f ]

] 1
p .

In this way we prove follow result:

Theorem 2.3. The quadrature formula of the form (2) is optimal in the

sense of Nikolski for p = ∞ if it has the coefficients and knots

A∗
k,0 =

(b− a)k+1

2k+1mk+1(k + 1)!

A∗
k,i = [1 + (−1)k]

(b− a)k+1

2k+1mk+1(k + 1)!
, i = 1,m− 1

A∗
k,m = (−1)k (b− a)k+1

2k+1mk+1(k + 1)!

x∗i = a +
b− a

m
i , i = 1,m− 1

and there is for rest term evaluation

|R∗
n[f ]| ≤ (b− a)n+1

(n + 1)!(2m)n
·M∞

n [f ] .

The optimal quadrature formulas had obtain by S.M. Nikolski (see [8]).In

[4] T. Cătinaş and G. Coman obtain the optimal quadrature formulas using

ϕ- function method.

For example if f ∈ H1,2[0, 1] then quadrature formula of the form (2),

optimal with regard to the error, is

∫ 1

0

f(x)dx =
1

2m
·
[
f(0) + 2

m−1∑
i=1

f

(
i

m

)
+ f(1)

]
+R∗

1[f ] ,

where

|R∗
1[f ]| ≤ 1

2m
√

3
‖f ′‖2 .
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For f ∈ H2,2[0, 1] we have

∫ 1

0

f(x)dx =
1

2m
·
[
f(0) + 2

m−1∑
i=1

f

(
i

m

)
+ f(1)

]
+

1

8m2
f ′(0)− 1

8m2
f ′(1)+R∗

2[f ] ,

where

|R∗
2[f ]| ≤ 1

8m2
√

5
‖f ′′‖2 .
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